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Abstract. Making use of Wright operator we introduce a new class of complex-valued

harmonic functions with respect to symmetric points which are orientation preserving, uni-

valent and starlike. We obtain coefficient conditions, extreme points, distortion bounds, and
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1 Introduction

Denote byH the family of functions

f = h+g , (1.1)

which are analytic univalent and sense-preserving in the unit disc U = {z : |z| < 1}. So that f

is normalized byf (0) = fz(0)−1 = 0. Thus, for f = h+ g∈ H, we may express the analytic

functionsh andg in the forms

h(z) = z+
∞

∑
k=2

ak zk
, g(z) =

∞

∑
k=1

bk zk |b1| < 1 . (1.2)
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whereh andg are analytic inD. We callh the analytic part andg the co-analytic part off . A

necessary and sufficient condition forf to be locally univalent and sense-preserving inH is that

|h
′
(z)| > |g

′
(z)| in H (see[4]).Hence

f (z) = z+
∞

∑
k=2

ak zk +
∞

∑
k=1

bk zk, |b1| < 1. (1.3)

We denoteH the subclass ofH consists of harmonic functionsf = h+g of the form

f (z) = z−
∞

∑
k=2

ak zk +
∞

∑
k=1

bk zk, |b1| < 1. (1.4)

Let the Hadamard product (or convolution) of two power series Φ(z) = z+
∞
∑

k=2
φk zk andΨ(z) =

z+
∞
∑

k=2
ψk zk be defined by

(Φ∗Ψ) (z) = z+
∞

∑
k=2

φk ψk zk = (Ψ∗Φ) (z).

Let α1,A1, · · · ,αq,Aq andβ1,B1, · · · ,βs,Bs (q,s∈ N) be positive and real parameters such

that

1+
s

∑
j=1

B j −
q

∑
j=1

A j ≥ 0.

The Wright generalized hypergeometric function[19] (see also [ 12)

qΨs [(α1,A1) , ...,(αq,Aq) ;(β1,B1) , ...,(βs,Bs) ;z] = q Ψs

[

(αi ,Ai)q ;(βi ,Bi)s;z
]

is defined by

qΨs

[

(αi ,Ai)q ;(βi ,Bi)s;z
]

=
∞

∑
n=0

q

∏
i=1

Γ(αi +nAi)

s
∏
i=1

Γ(βi +nBi)

zn

n!
, z∈U.

If Ai = 1(i = 1, · · · ,q) andBi = 1(i = 1, · · · ,s) , we have the relationship:

ΩqΨs

[

(αi ,1)q ;(βi,1)s;z
]

= qFs(α1, ...,αq;β1, ...,βs;z) ,

whereqFs(α1, ...,αq;β1, ...,βs;z) is the generalized hypergeometric function( see for details[6] ,

[7] , [8] , [9] , [13] ) and

Ω =

s
∏
i=1

Γ(βi)

q

∏
i=1

Γ(αi)
. (1.5)
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The Wright generalized hypergeometric functions were invoked in the geometric function

theory( see[5] , [6] , [15] , [16] and[17] ).

By using the generalized hypergeometric function Dziok andSrivastava[7] introduced a linear

operator. In[5] Dziok and Riana and in[3] Aouf and Dziok extended the linear operator by using

Wright generalized hypergeometric function.

First we define a functionqΦs

[

(αi ,Ai)q ;(βi,Bi)s;z
]

by

qΦs

[

(αi ,Ai)q ;(βi ,Bi)s;z
]

= Ω z qΨs

[

(αi ,Ai)q ;(βi,Bi)s;z
]

and consider the following linear operator

θq,s

[

(αi ,Ai)q ;(βi,Bi)s

]

: SH → SH ,

defined by the convolution

θq,s

[

(αi ,Ai)q ;(βi,Bi)s

]

f (z) = q Φs

[

(αi ,Ai)q ;(βi,Bi)s;z
]

∗ f (z) .

We observe that, for a functionf (z) of the form(1.1) , we have

θq,s

[

(αi ,Ai)q ;(βi,Bi)s

]

f (z) = z+
∞

∑
k=2

Ωσk (α1)akz
k
, (1.6)

whereΩ is given by(1.5) andσk (α1) is defined by

σk (α1) =
Γ(α1 +A1(k−1)) ...Γ(αq +Aq(k−1))

Γ(β1 +B1(k−1)) ...Γ(βs+Bs(k−1)) (k−1)!
. (1.7)

If, for convenience, we write

θq,s [α1,A1,B1] f (z) = θq,s [(α1,A1) , ...,(αq,Aq) ;(β1,B1) , ...,(βs,Bs)] f (z) ,

then one can easily verify from the definition(1.6) that

zA1(θq,s [α1,A1,B1] f (z))′

= α1θq,s [α1 +1,A1,B1] f (z)− (α1−A1)θq,s [α1,A1,B1] f (z) .

(1.8)

We note that forAi = 1(i = 1,2, · · · ,q) andBi = 1(i = 1,2, · · · ,s) , we obtainθq,s [α1,1,1] f (z) =

Hq,s[α1] f (z) , which was introduced and studied by Dziok and Srivastava[7] .
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Applying the Wright operator to the harmonic functionsf = h+g given by (1.1) we get

θq,s [α1,A1,B1] f (z) = θq,s [α1,A1,B1]h(z)+ θq,s [α1,A1,B1]g(z). (1.9)

Motivated by Jahangiri et al.[10,11] and Ahuja and Jahangiri[1], we define a new subclass

HSs∗ ([α1,A1,B1] ,γ) of H that are starlike with respect to symmetric points.

Definition 1. For 0≤ γ < 1 andz= reiθ ∈U , we letHSs∗ ([α1,A1,B1] ,γ) a subclass ofH

of the form f = h+g be given by (1.3) and satisfying the analytic criteria

Re

{

2z(θq,s [α1,A1,B1] f (z))
′

z′ [θq,s [α1,A1,B1] f (z)−θq,s [α1,A1,B1] f (−z)]

}

> γ , (1.10)

whereθq,s [α1,A1,B1] f (z) is defined by(1.9) andz
′
= ∂

∂θ
(

z= reiθ).

We also letHSs∗ ([α1,A1,B1] ,γ) = HSs∗ ([α1,A1,B1] ,γ)∩H.

The familyHSs∗ ([α1,A1,B1] ,γ) is of special interest because for suitable choices ofq, s, [A1] ,

[B1] and[α1] , we note that

(i) If Ai = 1(i = 1, · · · ,q) andB j = 1( j = 1, · · · ,s) , we haveHSs∗ ([α1,1,1] ,γ)= HSs∗ ([α1] ,γ) , which

was studied by Murugusundaramoorthy et al.[14];

(ii) If f (−z)=− f (z), Ai = 1(i = 1, ...,q) andB j = 1( j = 1, · · · ,s) , we haveHSs∗ ([α1,1,1] ,γ)=

S∗
H

(α1,γ) , which was studied by Al-Kharsani and AL-Khal[2].

Remark1. If the co-analytic part off = h+ g is zero, αi = Ai = 1(i = 1, ...,q) andβ j =

B j = 1( j = 1, ...,s) thenHSs∗ ([(1,1) ,γ ]) turns out to be the classS∗s(γ) of starlike functions

with respect to symmetric points which was introduced by Sakaguchi [18].

In this paper, we have obtained the coefficient conditions for the classesHSs∗ ([α1,A1,B1] ,γ)

andHSs∗ ([α1,A1,B1] ,γ) . Further a representation theorem, inclusion properties and distortion

bounds for the classHSs∗ ([α1,A1,B1] ,γ) are also established.

2 Coefficient Characterization

Unless otherwise mentioned, we assume throughout this paper thatq,s∈ N, a1 = 1,

α1,A1, · · · ,αq,Aq, β1,B1, · · · ,βs,Bs ∈ R+ and 0≤ γ < 1 . We begin with a sufficient condition

for functions inHSs∗ ([α1,A1,B1] ,γ).

Theorem 1. Let f = h+g be given by(1.3). Furthermore, let

∞

∑
k=2

[

2k− γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |ak|+

∞

∑
k=1

[

2k+ γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |bk| ≤ 1, (2.1)
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whereΩ and σk (α1) are defined by(1.5) and (1.7) . Then f is sense-preserving, harmonic

univalent in U and f∈ HSs∗ ([α1,A1,B1] ,γ).

Proof. According the condition (1.10), we only need to show that if (2.1) holds, then

Re

{

2z (θq,s [α1,A1,B1] f (z))
′

z′ [θq,s [α1,A1,B1] f (z)−θq,s [α1,A1,B1] f (−z)]

}

= Re
A(z)
B(z)

> γ ,

where

A(z) = 2z (θq,s [α1,A1,B1] f (z))
′

= 2z
′

[

z+
∞

∑
k=2

kΩσk (α1)akz
k−

∞

∑
k=1

kΩσk (α1)bk zk

]

and

B(z) = z
′
[θq,s [α1,A1,B1] f (z)−θq,s [α1,A1,B1] f (−z)]

= z
′

[

2z+
∞

∑
k=2

[

1− (−1)k
]

Ωσk (α1)akz
k +

∞

∑
k=1

[

1− (−1)k
]

Ωσk (α1)bk zk

]

.

Using the fact that Re{w(z)} > γ if and only if |1− γ +w|> |1+ γ −w|, it suffices to show

that

|A(z)+ (1− γ)B(z)|− |A(z)− (1+ γ)B(z)|> 0. (2.2)

Substituting forA(z) andB(z) in (2.2) and by using(2.1), we obtain
∣

∣

∣

∣

∣

2(2− γ)z+
∞

∑
k=2

[

2k+(1− γ)(1− (−1)k)
]

Ωσk (α1)ak zk

−
∞

∑
k=1

[

2k− (1− γ)(1− (−1)k)
]

Ωσk (α1)bk zk

∣

∣

∣

∣

∣

−

∣

∣

∣

∣

∣

−2γ z+
∞

∑
k=2

[

2k− (1+ γ)(1− (−1)k)
]

Ωσk (α1)ak zk

−
∞

∑
k=1

[

2k+(1+ γ)(1− (−1)k)
]

Ωσk (α1)bk zk

∣

∣

∣

∣

∣

≥ 4(1− γ)|z|−2
∞

∑
k=2

[

2k− γ(1− (−1)k)
]

Ωσk (α1) |ak| |z|
k

−2
∞

∑
k=1

[

2k+ γ(1− (−1)k)
]

Ωσk (α1) |bk| |z|
k

= 4(1− γ)|z|



1−
∞

∑
k=2

[

2k− γ(1− (−1)k)
]

2(1− γ)
Ωσk (α1) |ak| |z|

k−1



368 M. K. Aouf et al : A Class of Harmonic Starlike Functions w. r. t. Symmetric Points

−
∞

∑
k=1

[

2k+ γ(1− (−1)k)
]

2(1− γ)
Ωσk (α1) |bk| |z|

k−1





≥ 4(1− γ)



1−
∞

∑
k=2

[

2k− γ(1− (−1)k)
]

2(1− γ)
Ωσk (α1) |ak|

−
∞

∑
k=1

[

2k+ γ(1− (−1)k)
]

2(1− γ)
Ωσk (α1) |bk|



≥ 0.

This last expression is non-negative by(2.1).

The harmonic univalent functions

f (z) = z+
∞

∑
k=2

2(1− γ)
[

2k− γ(1− (−1)k)
]

Ωσk (α1)
Xkzk +

∞

∑
k=1

2(1− γ)
[

2k− γ(1− (−1)k)
]

Ωσk (α1)
Yk zk

,

(2.3)

where
∞

∑
k=2

|Xk|+
∞

∑
k=1

|Yk| = 1, show that the coefficient bound given by(2.1) is sharp. The func-

tions of the form(2.3) are inHSs∗ ([α1,A1,B1] ,γ) because

∞

∑
k=2

[

2k− γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |ak|+

∞

∑
k=1

[

2k+ γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |bk|

=
∞

∑
k=2

|Xk|+
∞

∑
k=1

|Yk| = 1.

This completes the proof of Theorem 1.

In the following theorem, it is shown that the condition(2.1) is also necessary for functions

f (z) of the form(1.4).

Theorem 2. Let f = h+g be given by(1.4). Then f∈ HSs∗ ([α1,A1,B1] ,γ) if and only if

∞

∑
k=2

[

2k− γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |ak|+

∞

∑
k=1

[

2k+ γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |bk| ≤ 1, (2.4)

whereΩ andσk (α1) are defined by(1.5) and (1.7) , respectively.

Proof. SinceHSs∗ ([α1,A1,B1] ,γ)⊂HSs∗ ([α1,A1,B1] ,γ), we only need to prove the ”only

if” part of the theorem. To this end, for functionsf (z) of the form (1.4), we notice that the

condition

Re

{

2z (θq,s [α1,A1,B1] f (z))
′

z′ [θq,s [α1,A1,B1] f (z)−θq,s [α1,A1,B1] f (−z)]

}

> γ
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is equivalent to

Re











2(1−γ)−
∞
∑

k=2
[2k−γ(1−(−1)k)]Ωσk(α1)akzk−1−

z
z

∞
∑

k=1
[2k+γ(1−(−1)k)]Ωσk(α1)bk zk−1

2−
∞
∑

k=2
(1−(−1)k)Ωσk(α1)akzk−1+

z
z

∞
∑

k=1
(1−(−1)k)Ωσk(α1)bk zk−1











> 0. (2.5)

The above required condition(2.5) must hold for all values ofz in U . Upon choosing the values

of z on the positive real axis where 0≤ z= r < 1, we must have







2(1−γ)−
∞
∑

k=2
[2k−γ(1−(−1)k)]Ωσk(α1)akrk−1−

∞
∑

k=1
[2k+γ(1−(−1)k)]Ωσk(α1)bk rk−1

2−
∞
∑

k=2
(1−(−1)k)Ωσk(α1)akrk−1+

∞
∑

k=1
(1−(−1)k)Ωσk(α1)bk rk−1







> 0. (2.6)

If the condition(2.4) does not hold, then the numerator in(2.6) is negative forr sufficiently

close to 1. Hence there existsz0 = r0 in (0,1) for which the quotient in(2.6) is negative. This

contradicts the required condition forf (z) ∈ HSs∗ ([α1,A1,B1] ,γ) and so the proof of Theorem

2 is completed.

3 Extreme Points and Distortion Theorem

Our next theorem is on the extreme points of convex hulls ofHSs∗ ([α1,A1,B1] ,γ) denoted

by clcoHSs∗ ([α1,A1,B1] ,γ).

Theorem 3. A function fk(z) ∈ clcoHSs∗ ([α1,A1,B1] ,γ) if and only if fk(z) can be ex-

pressed by the form

fk(z) =
∞

∑
k=1

[Xkhk(z)+Ykgk(z)] , (3.1)

where h1(z) = z,

hk(z) = z−
2(1− γ)

[

2k− γ
(

1− (−1)k
)]

Ωσk (α1)
zk (k≥ 2),

and

gk(z) = z+
2(1− γ)

[

2k+ γ
(

1− (−1)k
)]

Ωσk (α1)
zk (k≥ 1),

Xk ≥ 0, Yk ≥ 0,

∞

∑
k=1

(Xk +Yk) = 1.

Inparticular, theextremepointso fHSs∗ ([α1,A1,B1] ,γ)are{hk} and{gk}.
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Proof. For functionsfk(z) of the form (3.1), we have

fk(z) = z−
∞

∑
k=2

2(1−γ)

[2k−γ(1−(−1)k)]Ωσk(α1)
Xk zk +

∞

∑
k=1

2(1−γ)

[2k+γ(1−(−1)k)]Ωσk(α1)
Yk zk

.

Then by Theorem 2

∞

∑
k=2

[

2k− γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |ak|+

∞

∑
k=1

[

2k+ γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |bk|

=
∞

∑
k=2

[

2k− γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1)

2(1− γ)
[

2k− γ
(

1− (−1)k
)]

Ωσk (α1)
Xk

+
∞

∑
k=1

[

2k+ γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1)





2(1− γ)
[

2k+ γ
(

1− (−1)k
)]

Ωσk (α1)
Yk





=
∞

∑
k=2

Xk +
∞

∑
k=1

Yk = 1−X1 ≤ 1

and sofk ∈ HSs∗ ([α1,A1,B1] ,γ).

Conversely, iffk ∈ clcoHSs∗ ([α1,A1,B1] ,γ). Setting

Xk =

[

2k− γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |ak| , k≥ 2,

and

Yk =

[

2k+ γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |bk| , k≥ 1.

We obtain fk(z) =
∞

∑
k=1

[Xkhk(z)+Ykgk(z)] as required.

Theorem 4. Let the functions f(z) defined by (1.4) be in the classHSs∗ ([α1,A1,B1] ,γ)

Then for|z| = r < 1, we have

| f (z)| ≤ (1+ |b1|) r +
1

Ωσ2 (α1)

{

1− γ
2

−
1+ γ

2
|b1|

}

r2
,

and

| f (z)| ≥ (1−|b1|) r −
1

Ωσ2 (α1)

{

1− γ
2

−
1+ γ

2
|b1|

}

r2
.

The result is sharp.

Proof. We only prove the right-hand inequality. The proof for the left-hand inequality is

similar and will be omitted. Letf (z) ∈ HSs∗ ([α1,A1,B1] ,γ). Taking the absolute value off we
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have

| f (z)| ≤ (1+ |b1|) r +
∞

∑
k=2

(|ak|+ |bk|) rk

≤ (1+ |b1|)r + r2
∞

∑
k=2

(|ak|+ |bk|)

≤ (1+ |b1|)r + (1−γ)
Ωσ2(α1)

∞

∑
k=2

Ωσk (α1)

1− γ
(|ak|+ |bk|)r

2

= (1+ |b1|)r + (1−γ)r2

Ωσ2(α1)

∞

∑
k=2

{

[2k−γ(1−(−1)k)]
4(1−γ) |ak|+

[2k+γ(1−(−1)k)]
4(1−γ) |bk|

}

Ωσk (α1)

= (1+ |b1|)r +
(1− γ)r2

2Ωσ2 (α1)

∞

∑
k=2

{

[2k−γ(1−(−1)k)]
2(1−γ) |ak|+

[2k+γ(1−(−1)k)]
2(1−γ) |bk|

}

Ωσk (α1)

≤ (1+ |b1|)r +
(1− γ)r2

2Ωσ2 (α1)

(

1−
1+ γ
1− γ

|b1|

)

= (1+ |b1|)r +
1

Ωσ2(α1)

[

1− γ
2

−
1+ γ

2
|b1|

]

r2
.

The bounds given in Theorem 4 for functionsf = h+g of the form(1.4) also hold for functions

of the form(1.2) if the coefficient condition(2.1) is satisfied. The upper bound given forf ∈

HSs∗ ([α1,A1,B1] ,γ) is sharp and the equality occurs for the functions

f (z) = z+b1z +
1

Ωσ2(α1)

[

1− γ
2

−
1+ γ

2
b1

]

z2
,

showing that the bounds given in Theorem 4 are sharp. This completes the proof of Theorem 4.

4 Convolution and Convex Combination

For our next theorem, we need to define the convolution of two harmonic functions. For

harmonic functions of the form:

f (z) = z−
∞

∑
k=2

akz
k +

∞

∑
k=1

bkz
k
, |b1| < 1 (4.1)

and

G(z) = z−
∞

∑
k=2

Akzk +
∞

∑
k=1

Bkzk (Ak ≥ 0; Bk ≥ 0) (4.2)

we define the convolution off andG as

( f ∗G)(z) = f (z)∗G(z) = z−
∞

∑
k=2

akAkz
k +

∞

∑
k=1

bk Bkz
k
. (4.3)
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Using this definition, we show that the classHSs∗ ([α1,A1,B1] ,γ) is closed under convolu-

tion.

Theorem 5. For 0≤ µ ≤ γ < 1, let f ∈HSs∗ ([α1,A1,B1] ,γ) and G∈HSs∗ ([α1,A1,B1] ,µ).

Then f∗G∈ HSs∗ ([α1,A1,B1] ,γ) ⊂ HSs∗ ([α1,A1,B1] ,µ).

Proof. Let the functionf (z) defined by(4.1) be in the classHSs∗ ([α1,A1,B1] ,γ) and let the

functionG(z) defined by(4.2) be in the classHSs∗ ([α1,A1,B1] ,µ). Then the convolutionf ∗G

is given by(4.3). We wish to show that the coefficients off ∗G satisfy the required condition

given in Theorem 2. ForG ∈ HSs∗ ([α1,A1,B1] ,µ) we note that 0≤ Ak ≤ 1 and 0≤ Bk ≤ 1.

Now, for the convolution functionf ∗G we obtain

∞

∑
k=2

[

2k− γ
(

1− (−1)k
)]

Ωσk (α1) |ak|Ak +
∞

∑
k=1

[

2k+ γ
(

1− (−1)k
)]

Ωσk (α1) |bk|Bk

≤
∞

∑
k=2

[

2k− γ
(

1− (−1)k
)]

Ωσk (α1) |ak|+
∞

∑
k=1

[

2k+ γ
(

1− (−1)k
)]

Ωσk (α1) |bk|

≤ 2(1− γ) ,

since 0≤ µ ≤ γ < 1 and f ∈ HSs∗ ([α1,A1,B1] ,γ). Thereforef ∗G ∈ HSs∗ ([α1,A1,B1] ,γ) ⊂

HSs∗ ([α1,A1,B1] ,µ) , since the above inequality bounded by 2(1− γ) while 2(1− γ)≤ 2(1−µ).

Now, we show that the classHSs∗ ([α1,A1,B1] ,γ) is closed under convex combinations of

its members.

Theorem 6. The classHSs∗ ([α1,A1,B1] ,γ) is closed under convex combination.

Proof. For i = 1,2, · · · , let fi ∈ HSs∗ ([α1,A1,B1] ,γ), where fi is given by

fi(z) = z−
∞

∑
k=2

|aki | zk +
∞

∑
k=1

|bki | zk
, (aki ≥ 0 ; bki ≥ 0 ; z∈U).

Then by using Theorem 2, we have

∞

∑
k=2

[

2k− γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |aki |+

∞

∑
k=1

[

2k+ γ
(

1− (−1)k
)]

2(1− γ)
Ωσk (α1) |bki | ≤ 1. (4.4)

For
∞
∑

i=1
ti = 1,0≤ ti ≤ 1, the convex combination offi may be written as

∞

∑
i=1

ti fi(z) = z−
∞

∑
k=2

(

∞

∑
i=1

ti |aki |

)

zk +
∞

∑
k=1

(
∞

∑
i=1

ti |bki |)z
k
. (4.5)
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Then, by using(4.4), we have

∞

∑
k=2

[2k−γ(1−(−1)k)]
2(1−γ) Ωσk (α1)

(

∞

∑
i=1

ti |aki |

)

+
∞

∑
k=1

[2k+γ(1−(−1)k)]
2(1−γ) Ωσk (α1)

(

∞

∑
i=1

ti |bki |

)

=
∞

∑
i=1

ti

[

∞

∑
k=2

[2k−γ(1−(−1)k)]
2(1−γ) Ωσk (α1) |aki |+

∞

∑
k=1

[2k+γ(1−(−1)k)]
2(1−γ) Ωσk (α1) |bki |

]

≤
∞

∑
i=1

ti = 1,

this is the necessary and sufficient condition given by (2.4)and so
∞
∑

i=1
ti fi(z)∈HSs∗ ([α1,A1,B1] ,γ).

This completes the proof of Theorem 6.

5 Properties of Certain Integral Operator

Finally, we study properties of certain integral operator.

Theorem 7. Let the functions f(z) defined by (1.4) be in the classHSs∗ ([α1,A1,B1] ,γ)

and let c be a real number such that c> −1. Then the function F(z) defined by

F(z) =
c+1

zc

z
∫

0

tc−1 f (t)dt (5.1)

belongs to the classHSs∗ ([α1,A1,B1] ,γ) .

Proof. From the representation ofF(z), it follows that

F(z) =
c+1

zc

z
∫

0

tc−1
{

h(t)+g(t)
}

dt

=
c+1

zc





z
∫

0

tc−1

(

t −
∞

∑
k=2

ak tk

)

dt +

z
∫

0

tc−1

(

∞

∑
k=1

bk tk

)

dt





=
c+1

zc





z
∫

0

tcdt−
∞

∑
k=2

ak

z
∫

0

tc+k−1dt +
∞

∑
k=1

bk

z
∫

0

tc+k−1dt





= z−
∞

∑
k=2

Akz
k +

∞

∑
k=1

Bkz
k
,
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whereAk =
c+1
c+k

ak, Bk =
c+1
c+k

bk. Therefore

∞

∑
k=2

[2k−γ(1−(−1)k)]
2(1−γ) Ωσk (α1)

c+1
c+k

|ak|+
∞

∑
k=1

[2k+γ(1−(−1)k)]
2(1−γ) Ωσk (α1)

c+1
c+k

|bk|

≤
∞

∑
k=2

[2k−γ(1−(−1)k)]
2(1−γ) Ωσk (α1) |ak|+

∞

∑
k=1

[2k+γ(1−(−1)k)]
2(1−γ) Ωσk (α1) |bk| ≤ 1.

Since f (z) ∈ HSs∗ ([α1,A1,B1] ,γ) , we have from Theorem 2,F(z) ∈ HSs∗ ([α1,A1,B1] ,γ) .

Remark2. PuttingAi = 1(i = 1, ...,q) andB j = 1( j = 1, ...,s) in our results we obtain the

results obtained by Murugusundaramoorthy et al.[14].
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