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1 Introduction

Recently, non-convex analysis has found some applications in optimization theory, and so
there have been some investigations about non-convex analysis, especially ordered normed
spaces, normal cones and topical functions. Huang and Zhang[s] have replaced the real num-
bers by an ordering Banach space and define cone metric spaces. They have proved some fixed
point theorems of contractive mappings on cone metric spaces.

Let (E,||.||) be a real Banach space and P be a subset of E, then P is called a cone whenever

(1) P is closed, non-empty and P # {0}.

(2) ax+ by € P for all x,y € P and non-negative real numbers a, b.

(3) PN (—P) ={0}.

For a given cone P C E, we can define a partial ordering < with respect to P by x <y if
and only if y—x € P. We write x < y if x <y and x # y and write x < y if y —x € int P, where
intP denotes the interior of P. The cone P is normal if there is a number M > 0 such that for all
x,yeE

0=x =Xy = |lxl| <Myl
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The least positive number M satisfying the above inequality is called the normal constant of P.
Rezapour and Hamalbarani'® proved that there are no normal cones with normal constant M < 1
and for each k > 1 there are cones with normal constant M > k. The cone P is called regular
if every increasing sequence which is bounded from above is convergent, that is, if {x, },eN is
sequence in £ such that x; <x; = --- < x, 2y for some y € E, then there is x € E such that
lim,, . ||x, — x|| = 0. Equivalently, the cone P is called regular if every decreasing sequence
which is bounded from below is convergent.

A subset F' C E is called bounded if there exists u € E such that x < u for every x € F, in
this case we say u is an upper bound of F'. Similarly the lower bounds can be defined for F'. The
set F' is said to be bounded if F is bounded from both below and above. We say that E has the
supremum property, if every non-empty above bounded subset of E has a least upper bound in
E. It is easy to see that if E has the supremum property, then E is regular.

The concept of 2-Metric space as a generalization of metric space was first defined by
Gahler® in 1963, but some other authors proved that there is no relation between these two
concepts. Dhagel?! defined D-metric space as a generalization of the metric space, later Mustafa
and Sims”) showed that most of the claims concerning fundamental topological properties of
D-metric spaces are incorrect and reintroduced a new structure of generalized metric spaces,
called G-metric space. Recently Beg et, al. 2/ introduced the G-cone metric space and proved
some common fixed point theorems in this space.

Throughout this paper we suppose that (E, ||.||) is a real Banach space and P is a normal cone
with a constant M and the supremum property in E and intP # (). The purpose of this paper is to
generalize and unify a version of Banach contraction principle and Kannan fixed point theorem
on complete generalized cone metric spaces. First we briefly recall the definitions and basic
properties of generalized cone metric spaces. For more information we refer to the articles by

Mustafa and Sims!” and Beg et al?).

Definition 1.1. Let X be a non-empty set, then the mapping G : X x X x X — E is called
a generalized cone metric or simply a G-cone metric on X if it satisfies the following axioms:
(G1) G(x,y,2) =0ifx=y=z.
Gy) G
G3
Gy
Gs

(G2) G(x,x,y) = 0, whenever x # y, for all x,y € X.
(G3) G(x,x,y) < G(x,y,z), whenever y # z.

(G4) G is a symmetry function of its three variables.
(Gs) G

(x,5,2) 2 G(x,y,u) + G(u,u,z) for all x,y,z,u € X.
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If G is a G-cone metric on X, then (X,G) is called G-cone metric space. A G-cone metric
space (X, G) is called symmetric if G(x,y,y) = G(x,x,y), for all x,y € X.

In the following we give examples of the symmetric and nonsymmetric G-cone metric space.

Example 1.2. Let (X,d) be a cone metric space. For all x,y,z € X define

(1) Gy : X x X XX — E by Gi(x,y,z) =d(x,y) +d(x,2) +d(y,2).

(2) G2 : X x X x X — E by Ga(x,y,z) = max{d(x,y),d(x,z),d(y,2) }.
Clearly (X, G;) for all i = 1,2 is a symmetric G-cone metric space.

Example 1.3. LetX = {a,b}, E=R?and P = {(x,y,z) € R?| x,y,z > 0}. Define G: X> —
E by

G(a,a,a) = G(b,b,b) = (0,0,0),
Gla,b,b) = G(b,b,a) = G(b,a,b) = (0,1,1),
G(a,a,b) = G(b,a,a) = G(a,b,a) = (0,1,0).

Then (X, G) is a nonsymmetric G-cone metric space.

Definition 1.4. Let {x,},en be a sequence in G-cone metric space (X,G). Then

(1) We say that {x, },en converges to x € X, if for every ¢ € E with ¢ > 0 there is N € N
such that for all m,n > N, G(x,X,,x) < c. In this case we write Ji_rgx,, =XO0rXx, — X

(2) {xn}nen is said to be a Cauchy sequence if for every ¢ € E with ¢ > 0 there is N € N
such that for all m,n,k > N, G(x, X, %) < c.

(3) A G-cone metric space (X,G) is said to be complete if every Cauchy sequence in X is
convergent in X.

The following results are studied by Beg et al. in [2].

Proposition 1.5. Letr (X,G) be a G-cone metric space and {x, },en be a sequence in X.
Then the following conditions are equivalent

(1) {xn }nen is converges to x.

(2) G(xy,xn,x) — 0 as n — oo.

(3) G(xy,x,x) — 0 as n — oo.

(4) G(xpn,%,x) — 0 as n,m — oo,

Proposition 1.6. Ler (X,G) be a G-cone metric space and {x, },en be a sequence in X.
Then

(1) If x,y € X and if {x, }neN converges to x,y, then x = y.

(2) {xn}nen is a Cauchy sequence if and only if G(x,,Xm,Xx) — 0 as n,m,k — oo
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(3) Every convergent sequence in X is a Cauchy sequence.
Proposition 1.7. Let (X,G) be a G-cone metric space and let {x,}neN,{¥n}neN » {20 tneN
be sequences in X such that x, — X, y, — Y, zn — z. Then G(x,,ym,z2x) — G(x,y,2) as n,m,k — oo.

From the definition we have

1
5Gxyy) 2 Glxxy) 22G(x,yy),  VryeX. (1)

2 Fixed Point Theorems

In this section we study some fixed point theorems which are generalizations of the Banach
contraction principle and Suzuki fixed point theorem!®). The following theorem is referred to as
the Banach contraction principle[l].

Theorem 2.1. Let (X,d) be a complete metric space and let T be a contraction on X, i.e.,
there exists r € [0,1) such that d(Tx,Ty) < rd(x,y) for all x,y € X. Then T has a unique fixed
point.

Let (X,G) be a G-cone metric space, then a mapping 7 : X — X is called a G-contraction

mapping if there exists a real number r € [0, 1) such that
G(Tx,Ty,Tz) 2rG(x,y,2),  Vxryz€X.

The following theorem is a generalization of Theorem 2.1 in G-cone metric spaces.
Theorem 2.2. Let (X,G) be a complete G-cone metric space and let T : X — X be a G-

contraction mapping on X, that is, there exists r € [0,1) such that
G(Tx,Ty,Tz) < rG(x,y,z2)
for all x,v,z € X. Then there exists a unique fixed point z € X for T. Moreover,
lim7T"x =z
n—oo

forallxeX.
Proof. For each u € X define the sequence {u,},cN in X by u, = T"u, then for all n > m

we have

G(umaum’un) = G(umaumaum+l) +G(um+laum+laun)

n—1 nl
<. = Z G (up, ug, uier1) = G(u,u,Tu) Z *
k= k=m

rm
= I—G(u,u,Tu) — 0, as  m— oo,
—r
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This shows that {u, },en is a Cauchy sequence in (X, G). Since (X, G) is complete, there exists
z € X such that u,, — z. Thus for all ¢ € E with ¢ > 0 and m € N there exists N € N such that

G(uy,up,z) < 3L, for all n > N. Hence we have
m
c
G(z,2,Tz) = G(z,z,upn) + Gup,un, Tz) =< 2G(tty,tty,2) + rG(up—1,Upn—1,2) <K o

This shows that — — G(z,z,Tz) € P. Since < G(z,z,Tz) — —G(z,z,Tz) and P is closed,
m m

—G(z,z,Tz) € P, but G(z,z,Tz) € P. Therefore G(z,z,Tz) =0 and so Tz = z. Now if x is

another fixed point of 7', then

G(z,2.x) = G(Tz,Tz,Tx) = rG(z,2,x).

Hence G(z,z,x) = 0 which implies z = x. Therefore the fixed point of T is unique.
The following theorem introduces a new type of mappings which generalizes Theorem 2.2.
1
Theorem 2.3. Let (X,G) be a complete G-cone metric space and let A : [0,1) — (8’ 1] be

a non-increasing and onto function defined by

1, 0<r<¥3l
— 1-2 3—1 1
l(}")— Tzra \[TSI’< ﬁ,
L <
T B :

Suppose that T : X — X is a mapping on X and there exists r € [0, 1) such that
A(r)G(xx,Tx) 2G(x,3,2) = G(Tx,1y,Tz) 2rG(x,y,2)
forall x,y,z € X. Then there exists a unique fixed point z € X of T. Moreover,

Iim T"x =z

n—o0

forallx € X.
Proof. Since A(r) <1 hence A(r)G(x,x,Tx) = G(x,x,Tx). Using the hypothesis we have

G(Tx,Tx, sz) =< rG(x,x,Tx),

so G(T"x,T"x,T""'x) < r""G(x,x,Tx) for all n € N, x € X. Choose u € X and define the se-
quence {uy, }pen in X by u, = T"u. As in the proof of Theorem 2.2, we can prove that {u, },eN
converges to some z € X. Thus for all x € X — {z} there exists N € N such that for all n > N

G
G(Mn,un,Z) = ()C%’Z)
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We also have

(unvunvun-‘rl) j G(umumz) + G(sza un-i-])
1

G(x,x,z) = G(x,x,2) — ZG(x,x,z)

(x,x,2) — G(un,un,z) < G(x,x,up)

which implies G(Tx, Tx,u,+1) = rG(x,x,uy,). If n — o we obtain

G(Tx,Tx,z) = rG(x,x,z) (2)

for all x # z. Arguing by contradiction, assume T¥z # z for all k € N. By (2) we have

G(TkHz7 TkHz,z) = rkG(Tz7 Tz,2), Vk € N. (3)
. \/§ - 1 2 2
By the hypothesis for r have three cases: If 0 < r < 7 then 2r-+2r—1<0and 3r- < 1.

Also if we assume G(T?z,T%z,z) < G(T?z,T?z,T3z), then we have

G(Tz,Tz,2) = G(Tz, Tz, T?2) + G(T?z,T?z,z) < rG(z,2,Tz) + G(T*z, Tz, T>z)
=rG(z,2,T2) +1°G(z,2,T2)
= (P +1)G(2,2.72) 2 (27 +21)G(T'2,T2,2) 2 G(T2,T2.2)
which is a contradiction. Hence we have
A(r)G(T%2,T?2,T32) = G(T%2, %2, T32) < G(T?2,T%z,2).

By the hypothesis and (3) we obtain

G(Tz,Tz,z) X G(Tz,Tz,T?2) + G(T°2,T%2,2) < 2G(T°2, T2, Tz) + G(T°2, T z,2)

=< 2rG(Tzz, Tzz,z) + rZG(Tz, Tz,z) < 3r2G(Tz, Tz,z) < G(Tz,Tz,z).

.. .. o V3-—1
This is a contradiction. In the second case, if \/_T < r< —, then 32 < 1. If we assume

V5

G(T?z,T?z,7) < A(r)G(T?z,T?z,T3z), then we obtain

G(Tz,Tz,2) < G(Tz,Tz,T*z) + G(T?2,T%2,2) < rG(z,2,Tz) + A(r)G(T?z,T%z,T?7)

=rG(z,2,T2) + rzl(r)G(z,z, Tz) < (2r+ 2rzl(r))G(Tz, Tz,2) =G(Tz,Tz,z2),
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which is a contradiction. Thus A(r)G(T?z,T%z,T%z) < G(T?z,T?z,z). As in the previous case
we obtain

G(Tz,Tz,2) < 3r*°G(Tz,Tz,2) < G(Tz,Tz,z).

1
This is a contradiction. In the third case, let — < r < 1, then for all x,y € X, either

V3

A(r)G(x,x,Tx) < G(x,x,y) or A(r)G(Tx,Tx,T*x) = G(Tx,Tx,y).
Because if

G(x,x,y) < A(r)G(x,x,Tx) and G(Tx,Tx,y) < A(r)G(Tx,Tx,T*x),
then we get

G(Tx,Tx,x) < G(Tx,Tx,y)+ G(y,y,x)
< (T, T, y) +2G(5,5,y) < A()G(Tx T, T2%) + 2 (1) G, T)

=< rA(r)G(x,x,Tx) 4+ 2A(r)G(x,x,Tx) < (2r+4)A(r)G(Tx,Tx,x) = G(Tx,Tx,x)
which is a contradiction. Therefore for all n € N either
A(r)G(uzn, U, tont1) = G(ugp,uan,z)  or  A(r)G(upst,uzns1,Uant2) = G(Uani1,U2041,2)-
This yields
G(uoni1,uon11,T27) 2 rGlugp, an,z) or  G(uapia,uoni2,T2) 2 rG(ugni1,Uont1,2)-

Since u, — z, there exists a subsequence {u,, }xen such that u,, — T'z. This shows 7z = z which
is a contradiction. Thus there is some j € N so that T/z = z. Using the Cauchy property of
{un}nen we obtain Tz = z. That is, z is a fixed point of 7. The uniqueness of fixed point follows
from (2). This completes the proof.

Theorem 2.4. Let (X,G) be a complete G-cone metric space and let A : [0,1) — (%, 1] be

a non-increasing and onto function defined by

15 OSFS\/E_L

Mr=q =2 ai<r<

<r<l.

[\S]

+

%
S

5
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Suppose that T : X — X is a mapping on X and there exists r € [0, 1) such that
A(r)G(Tx,Tx,x) < G(x,y,z2) = G(Tx,Ty,Tz) < rG(x,y,2)
forall x,y,z € X. Then there exists a unique fixed point z € X of T. Moreover,

Iim7T"x =z

n—oo

forall x € X.
Proof. Since A(r) <1, we have A(r)G(Tx,Tx,x) < G(Tx,Tx,x) for all x € X. Using the
hypothesis we have

G(T?x,T?x,Tx) < rG(Tx,Tx,x).

This shows G(T""!x, 7" !x,T"x) < r"G(Tx, Tx,x) for all n € N. Choose u € X and define the
sequence {uy, }neN in X by u, = T"u. As in the proof of Theorem 2.2, we can prove that {u, },en

converges to some z € X. Thus for all x € X — {z} there exists N € N such that for all n > N

G
G(l/l”,un,Z) = w

‘We also have

A(r)G(Tuy, Tuy, ) = Gty 1, Uni1,Un) = Gttnr1,Uny1,2) +G(2,2,Up)
= Glunt1,Unt1,2) +2G (up, tn,2)
= %G(x,x,z) =G(x,x,2) — %G(x,x,z)
= G(x,x,2) — G(un,un,2) =2 G(x,x,uy).

Using the hypothesis we have
G(Tx,Tx,Tu,) <X rG(x,x,uy).

Let n — oo, we get

G(Tx,Tx,z) = rG(x,x,z) 4)

for all x # z. Arguing by contradiction, assume 7%z # z for all k € N. By (4) we have
G(T?2,T%2,2) =< rG(Tz,Tz,72).
Hence for all £ € N we obtain

G(T* 'z, T 2,2) < *G(Tz, Tz,2).
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By the hypothesis for  have three cases. In the first case, let 0 < r < v/2—1, then r2+2r < 1

and 372 < 1. Also if we assume
G(T?2,T%z,7) < G(T32,T32,T%).
Then we have
G(Tz,Tz,2) = G(Tz,Tz,T*2) + G(T?2,T?2,2) < 2G(T%z,T%2,Tz) + G(Tz, T2, T%2)
=2rG(Tz,Tz,2) + rzG(Tz, Tz,z2)
= (2r+)G(Tz,T2,2) 2 G(Tz,Tz,2)
which is a contradiction. Hence we have
G(T3z7 T3z7 Tzz) =< G(Tzz7 T2z7 z).
Since A(r) = 1, we have
A(r)G(T32,T32,T%2) = G(T32,T32,T%2) < G(T%2,T%z,7).
By the hypothesis we obtain
G(T3z7 T3z7 Tz) < ;’G(Tzz7 T2z7 z).
This yields
G(Tz,Tz,z) 2= G(Tz,Tz, T3z) + G(T3z, T3Z,Z)
<2G(T32,T32,Tz) + G(T32,T%z,2)
=< 2rG(T2z, Tzz,z) + rZG(Tz, Tz,z2)
= 2r2G(Tz, Tz,z)+ rzG(Tz, Tz,z)
=3r2G(Tz,Tz,2) < G(Tz,Tz,7).
This is a contradiction. In the second case if

1
V2—1<r<—,
A

1-2
" and 32 < 1. Let G(T?z,T%z,z) < A(r)G(T3z,T3z,T%z), then we obtain

72

then A(r) =

G(Tz,Tz,z) = G(Tz, Tz, T*2) + G(T?*2,T%2,2)
<2G(T?2,T%2,Tz) + A(r)G(T3z, T3z, T?z)
=< 2rG(Tz,Tz,z) + *A(r)G(Tz,Tz,2)

=(2r+ rzl(r))G(Tz, Tz,2) =G(Tz,Tz,2).
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Which is a contradiction. Thus A (r)G(T3z,T3z,T%z) < G(T?z,T?z,z). By the hypothesis we
have

G(TSZ, T3z, Tz) < rG(Tzz, TZZ,Z),

consequently

G(Tz,Tz,2) < G(Tz,Tz,T32) + G(T32,T%z,2)
<2G(37,T32,Tz) +r*G(Tz,Tz,2)
< 2rG(T%z,T%2,2) +*G(Tz,Tz,2)
<2r2G(Tz,Tz,z) +r*G(Tz,Tz,2)

=3r°G(Tz,Tz,2) < G(Tz,Tz,7).

This is a contradiction. In the third case, if 1 < r < 1 then by the proof of Theorem 2.3 we can
obtain a subsequence {u, } jeN of {u, }nen such that u, — Tz, and consequently 7'z = z, which
ia also a contradiction. Hence there is some j € N so that T/z = z. Using the Cauchy property
of {u, }nen We obtain Tz = z, which implies that z is a fixed point of 7. The uniqueness of fixed
point follows from (4). From this the proof is complete.

Definition 2.5. Let (X, G) be a G-cone metric space, then a mapping 7 : X — X is called a

Kannan mapping if there exists a real number « € [0, §) such that
G(Tx,Ty,Tz) 2 aG(x,x,Tx)+aG(y,y,Ty) + aG(z,2,Tz), Vx,y,z € X.

Also T is called a generalized Kannan mapping if there exists a real number r € [0, 1) such that
G(Tx,Ty,Tz) < rmax{G(x,x,Tx),G(y,y,Ty),G(z,2,T2)}, Vx,y,z € X.

Theorem 2.6. Let (X,G) be a G-cone metric space and let T : X — X be a mapping on X.
Suppose that x € X satisfies

G(Tx,Tx,T?x) < =G(x,x,Tx)

N~

for some r € [0,1). Then fory € X, either

G(x,x,Tx) = G(x,x,y) or G(Tx,Tx,T*x) < G(Tx,Tx,y).

I+r 1+r

Proof. Let

1
mG(x,x, Tx) > G(x,x,y) and T+

G(Tx,Tx,T*x) = G(Tx,Tx,y).
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Then we have

G(x,x,Tx) = G(x,x,y) + G(y,y,Tx) = G(x,x,y) +2G(Tx,Tx,y)

< G( T)—i—zG(TTTZ)
57 x,x,Tx 7 x,Tx, T x
1
< I—HG(X’X’ Tx)+ ILHG(x,x, Tx)=G(x,x,Tx),

which is a contradiction. Therefore we obtain the desired result.

The following theorem is a Kannan version of Theorem 2.3 (See [6]).

1
~1

Theorem 2.7. Let (X,G) be a complete G-cone metric space and let ¢ :[0,1) — ( 3 | be
a non-increasing and onto function defined by
1, 0<r< L,
er)=9 | 1 V3
1—+r’ ﬁ <r<l.
Suppose T : X — X is a mapping on X and there exists o, € [0, %) and r = 14__O£a €10,1) such

that

o(r)G(x,x,Tx) = G(x,y,z) = G(Tx,Ty,Tz) 2 aG(x,x,Tx) +aG(y,y,Ty) + aG(z,z,Tz)

forall x,y,z € X. Then there exists a unique fixed point z € X of T. Moreover,

lim 7"x =z

n—oo

forall x € X.

Proof. Since ¢(r) <1, @(r)G(x,x,Tx) =< G(x,x,Tx). Using the hypothesis we have

G(Tx,Tx,T*x) < 20G(x,x,Tx) + aG(Tx,Tx, T*x).

(5)

7
So G(Tx,Tx,T?x) < %G(x,x, Tx) which implies that G(T"x, T"x, T"*1x) < %G(x,x, Tx) for

all n € N. Choose u € X and define the sequence {u, },en in X by u, = T"u. As in the proof of

Theorem 2.3 we can prove that {u, },cn converges to some z € X, and for all x € X — {z} there

exists N € N such that ¢(r)G(uy,u,, Tu,) = G(x,x,u,) for all n > N. Using the hypothesis we

have

G(Tx,Tx,Tuy) =20G(x,x,Tx) + G (uty, 4y, Tutp).

(6)
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If n — o we have

G(Tx,Tx,z) = im G(Tx,Tx,up+1) = lim G(Tx,Tx,Tu,)

n—oo n—oo

=< lim 2aG(x,x,Tx) + aG(uy, un, Tuy))

n—oo

= lim (2aG(x,x,Tx) + oG (up, tp, un+1)) = 200G (x,x, Tx).

n—oo

Hence for all x € X and x # z we have
G(Tx,Tx,z) <20G(x,x,Tx). (7)

1
By the hypothesis r have two cases: If 0 <r < ﬁ, and arguing by contradiction, assume 7'z # z.

By (7) we have G(T?z,T?z,7) < arG(z,z,Tz). Therefore we obtain

G(Tz,Tz,2) < G(Tz, Tz, T?2) + G(T*,T%,2) = =G(z2,2,T2) + 0rG(z,z,Tz)

N~

=rG(Tz,Tz,2) +20rG(Tz,Tz,2)

4r+ 312
44r

= (r+20r)G(Tz,Tz,2) = G(Tz,Tz,z) < G(Tz,Tz,z2),

1
which is also a contradiction. In the second case, — < r < 1, then by Theorem 2.6 and the

proof of Theorem 2.3 we can obtain a subsequence {uy; } jeN of {u }neN such that
(P(F)G(Mnjaunjaunﬁrl) j G(unj’unjaz)
for all j € N. From the assumption we have

G(Z,Z, TZ) = llm G(Mnj+1 s unj+1 s TZ)

J—eo

= lim rmax{G(u,,,un;, tn; 11),G(2,2,T2)} = rG(z,2,Tz).

00
This shows that Tz = z. Therefore z is a fixed point of 7. The uniqueness of fixed point follows
from (7). This completes the proof.
Theorem 2.8. Let (X,G) be a G-cone metric space and let T be a mapping on X. Suppose
that x € X satisfies
G(Tx,Tx,T*x) < rG(x,x,Tx)

for some r € [0,1). Then fory € X, either

1
44-2r

G(x,x,Tx) 2 G(x,x,y) or G(Tx,Tx,T?x) < G(Tx,Tx,y)

44-2r
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holds.
Proof. Suppose that

G(x,x,Tx) > G(x,x,y) and G(Tx,Tx,T?x) = G(Tx,Tx,y).

4+ 2r 44 2r

Then we have

G(x,x,Tx) 2 G(x,x,y) + G(»,y,Tx) = G(x,x,y) +2G(Tx,Tx,y)

1 2 142
< mG(x,x, Tx)+ mG(Tx, Tx,T%x) < %G(x,x, Tx) < G(x,x,Tx).

Which is a contradiction. Therefore we obtain the desired result.

The following theorem is a generalized Kannan version of Theorem 2.3.

Theorem 2.9. Let (X,G) be a complete G-cone metric space and let A : [0,1) — (é, 1] be
as in Theorem 2.3. If T : X — X is a mapping on X and there exists r € [0, 1) such that

A(r)G(x,x,Tx) 2 G(x,y,2) = G(Tx,Ty,Tz) = rmax{G(x,x,Tx),G(y,y,Ty),G(z,2,Tz)}
for all x,y,z € X. Then there exists a unique fixed point z € X of T. Moreover,

lim 7"x =z

n—o0

forall x € X.
Proof. Since A(r) < 1 hence A(r)G(x,x,Tx) = G(x,x,Tx). Using the hypothesis we have

G(Tx,Tx,T*x) < rmax{G(x,x,Tx),G(Tx,Tx,Tx)},

and so G(Tx,Tx,T*x) < rG(x,x,Tx) for alln € N, x € X. Choose u € X and define the sequence
{tty }nen in X by u, = T"u. As in the proof of Theorem 2.3 we can prove that {u, } ,cn converges
to some z € X. Moreover, for all x € X — {z} there exists N € N such that for all n > N

G
G(Mn,un,Z) = ()C%’Z)

We also have

(s sty 1) = Gty tn,2) + G(2,2, Ui 1)

1
G(x,x,2) = G(x,x,2) — ZG(x,x,z) = G(x,x,2) — Gy, un,z) = G(x,x,uy)
which implies G(Tx, Tx,u,11) = rmax{G(x,x,Tx),G(uy,un, Tuy,)}. If n — co we obtain

G(Tx,Tx,z) < rG(x,x,Tx), Vxe€X,x#z (8)
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1 1-2
Now we show that z is a fixed point of 7. In the case where 0 <r < %, we have A (r) < 2—2r
I
First, by induction we show that
G(T"z,T"z,Tz) < 2rG(z,z,Tz), Vn>2. 9)

Since for all x € X we have
G(T?x,T*x,Tx) < 2G(Tx,Tx,T*x) < 2rG(x,x,Tx),

hence (9) holds for n = 2. Suppose G(T7"z,T"z,Tz) < 2rG(z,z,Tz) for some n € N for n > 2.
Since

G(z,z2,Tz) 2 G(z,z,T"2) + G(T"z,T"z,Tz),

1
we obtain G(z,z,Tz) < ———G(z,2,T"z), and hence

—1-2r
1-2 1-2
)L(I’)G(T”Z, T"z, Tn—HZ) < . ZrG(TnZ, T"z, Tn—HZ) < : an(TnZ, T"z, Tn-HZ)
r r
1-2r 1 n 0
=5 6(22T2) 2 56(2,2,T"2) 2 G(T"2,T"2,2).

Therefore by the assumption we obtain
G(T" 2, 7"z, T2) < rmax{G(T"2,T"2,T""'2), G (2,2, T2)} 2 2rG(2,2,T2).

It follows that (9) holds for n > 2. Arguing by contradiction, assume Tz # z. Then from (9)
T"z # z holds for all n € N. By (8) we also have

G(T"2, 1" '2,2) X rG(I"2, T", T"'2) 2 P G(z,2,T2).

1
This shows that 7" — z which contradicts to (9). Thus we obtain Tz = z. If —5 < r < 1 then by
Theorem 2.8 and the proof of Theorem 2.3 we can obtain a subsequence {u, } jeN of {us }neN
such that A (r)G(u; , Un; , tn;+1) = G(n,, Uy, 2) for all j € N. From the assumption we have
G(z,2,Tz) = lim G(up; 1 1,n;+1,772)
J e !

= lim rmax{G(u,, un;, un,+1),G(z2,2,T2)} =rG(z,2,T72).

j~>oo
Since r < 1 the above inequality implies 7z = z. The uniqueness of fixed point follows from (8).
This completes the proof.
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