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Abstract. In this article, we introduce some results with respect to the integrality and
exact solutions of some 2nd order algebraic DEs. We obtain the sufficient and neces-
sary conditions of integrable and the general meromorphic solutions of these equa-
tions by the complex method, which improves the corresponding results obtained by
many authors. Our results show that the complex method provides a powerful math-
ematical tool for solving a large number of nonlinear partial differential equations in
mathematical physics.

Key Words: Differential equation, general solution, meromorphic function, elliptic function.
AMS Subject Classifications: 30D35, 34A05

1 Introduction

Nonlinear partial differential equations (NLPDEs) are widely used as models to describe
many important dynamical systems in various fields of sciences, particularly in fluid
mechanics, solid state physics, plasma physics and nonlinear optics Exact solutions of
NLPDESs of mathematical physics have attracted significant interest in the literature Over
the last years, much work has been done on the construction of exact solitary wave solu-
tions and periodic wave solutions of nonlinear physical equations. Many methods have
been developed by mathematicians and physicists to find special solutions of NLPDEs,
such as the inverse scattering method [1], Darboux transformation method [2], Hirota
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bilinear method [3], Lie group method [4], bifurcation method of dynamic systems [5-7],
sine-cosine method [8], tanh-function method [9, 10], Fan-expansion method [11], and
homogenous balance method [12]. Practically, there is no unified technique that can be
employed to handle all types of nonlinear differential equations. Recently, Kudryashov
et al. [13-16] find exact meromorphic solutions for some nonlinear ordinary differential
equations by using Laurent series and gave some basic results. Follow their work the
complex method was introduced by Yuan et al. [17-19]. It is shown that the complex
method provide a powerful mathematical tool for solving great many nonlinear partial
differential equations in mathematical physics.

2 The second order algebraic differential equations with degree
two

In 2013, Yuan et al. [17] derived all traveling wave exact solutions by using the complex
method for a type of ordinary differential equations (ODEqs)

Aw" +Bw+Cw?+D =0, (2.1)

where A, B, C and D are arbitrary constants.

In order to state these results, we need some concepts and notations.

A meromorphic function w(z) means that w(z) is holomorphic in the complex plane
C except for poles. «, b, ¢, c; and cjj are constants, which may be different from each other
in different place. We say that a meromorphic function f belongs to the class W if f is an
elliptic function, or a rational function of ¢**, x € C, or a rational function of z.

Theorem 2.1. Suppose that AC #0, then all meromorphic solutions w of an Eq. (2.1) belong to
the class W. Furthermore, Eq. (2.1) has the following three forms of solutions:

(I) The elliptic general solutions

Here, ADC=—12A%g,+ B?, F>=4E3—¢,E — g3, 3 and E are arbitrary.
(II) The simply periodic solutions

_ A 2& Ao, B
ws(z) = 6Coc coth 5 (z—2p) T Tol
where 4DC = — A%a*+ B2, z, € C.
(III) The rational function solutions
A
6c B

wir(2) =~ (z—z9)2 2C’
where 4CD = B2, zy, € C.



92 W.]. Yuan, Z. F. Huang, J. C. Lai and J. M. Qi / Anal. Theory Appl., 30 (2014), pp. 90-107

The Eq. (2.1) is a type of an important auxiliary equation, because many nonlinear
evolution equations can be converted to the Eq. (2.1) using the travelling wave reduc-
tion. For instance, the classical KdV equation, Boussinesq equation, (3+1)-dimensional
Jimbo-Miwa equation and Benjamin-Bona-Mahony equation can be converted to the
Eq. (2.1) [17].

The KdV equation
The KdV equation has the form as

ut+uux+,3uxxx:0/ (22)

where B is constant.
Substituting
u(x,t)=w(z), z=k(x—ct),

into Eq. (2.2), and integrating it yields
Bl*w' 4 %wz —cw—b=0.

It is converted to AOD equation (2.1), where

A=pK*, B=-—c, cz%, D=—b.

The Boussinesq equation
The Boussinesq equation is the form as

utt_cguxx_“uxxxx_,g(uz)xx:0/ (23)

where ¢y, «, [3 are constants.
Substituting
u(x,t)=w(z), z=kx+wt,

into Eq. (2.3) and integrating it gives
aktw” 4 Bw? + (c3k* — w?*)w+D =0.
It is converted to AOD equation (2.1), where
A=uk? B:cékz—wz, C=B.

The (3+1)-dimensional Jimbo-Miwa equation

The (3+1)-dimensional Jimbo-Miwa equation equation is considered as

Uy 33Uy Uy +3Ux Uy + 22Uy — 3ty =0. (2.4)
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Set k, m, r, w are constants. Substituting
u(xy,z,t)=w(z), z=kx+my+rz+wt,
into Eq. (2.4), and integrating it deduces
Cmw” +3k* mw? + (2mw —3kr)w-+D =0.
It is converted to AOD equation (2.1), where
A=Kkm, B=2mw-—3kr, C=23km.

The Benjamin-Bona-Mahony equation

The Benjamin-Bona-Mahony equation has the form

2

ut—uxxt+ux+(”7)x:0.

Let k, w are constants. Substituting
u(x,t)=w(z), z=kx—uwt,
into Eq. (2.5) and integrating it gives
wk*w' + ng-l— (k—w)w+D=0.
It is converted to AOD equation (2.1), where

A=wk?®, B=k—w, ng'

93

(2.5)

Yuan et al. [20] employ the complex method to obtain all meromorphic solutions of anther

Eq. (2.6) below
Aw" +Bw' +Cw+Dw?*+E=0,

where A, B, C, D, E are arbitrary constants.

Theorem 2.2. Suppose that AD #0, then the Eq. (2.6) is integrable if and only if

5 C2 E 5i C2 E
B=0, i%\/—mm/m—ﬁ, i%\/—ZAD\/m—B.

Furthermore, the general solutions of the Eq. (2.1) are of the form:

(2.6)
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(1) If B=0, then the elliptic general solutions of the Eq. (2.6)

de(z>:—6é{_p(z)+1[%>7fx]z} AN C

D 4
Here, 12A2¢, =C?, M?>=4N®—¢yN — g3, g3 and N are arbitrary.
In particular, which degenerates the simply periodic solutions

A, oa A, C
wos(z) = 6Drx coth 7 (z—2p) 5% " 3p’
where A2a*=C2, zy€C.
And the rational function solutions
A
65 c2 E C

wyr(z) == (z—z9)2 V4D?2 D 2D’

where C2=4DE, z € C.
1) If

5 /| C2 E
B_i%\/—ZAD 12D
the general solutions of the Eq. (2.6)
2 2D [ C?> E D 1 D /C> E
ng(Z):eXP{jF% TV 5l —Zexp{q:% ~2Vir %)
c2 E C
~s0i0) =\ 152~ 5~ 3

where \/C?2/4D?=—C /2D, both sy and g3 are arbitrary constants.
In particular, which degenerates the one parameter family of solutions

CZ_E 1 c2 E C
4D? D{

W (z)=2

_ 2
1-exp{ 2, /20, /G £

where /C2/4D?2=—-C/2D, zy€C.

(1) I
5i [C2 E
Y - _
b \f6\/ 2AP\ ip2




W.]. Yuan, Z. F. Huang, J. C. Lai and J. M. Qi / Anal. Theory Appl., 30 (2014), pp. 90-107 95

then the general solutions of the Eq. (2.6)

2D
wgz,i( eXP A 4D2
E 3C
—50,0,83) — V4D 2D 2D’

where \/C?/4D*=—C /2D, both sy and g3 are arbitrary constants.
In particular, which degenerates the one parameter family of solutions

0p2i(2) ’ C2 E 1 C2 E 3C
N 1o E . N "D 2D
(1-ep{siz [ 5

where /C2/4D?2=—-C/2D, zg€C.

The Fisher equation with degree two
Consider the Fisher equation

U =0vuyy+su(l—u),

which is a nonlinear diffusion equation as a model for the propagation of a mutant gene
with an advantageous selection intensity s. It was suggested by Fisher as a deterministic
version of a stochastic model for the spatial spread of a favored gene in a population in
1936.

Set t =st and x’ = (5/v)*/? and drop the primes, above equation becomes

U=ty +u(l—u). (2.7)

By substituting
u(x,t)=w(z), z=x—ct,

into the Eq. (2.7) and integrating it, we obtain
W' +cw' +w(1—w)=0.
It is converted to the Eq. (2.6), where
A=1, B=c¢, C=1, D=-1, E=0.

Three nonlinear pseudoparabolic physical models

The one-dimensional Oskolkov equation, the Benjamin-Bona-Mahony-Peregrine-
Burgers equation and the Oskolkov-Benjamin-Bona-Mahony-Burgers equation are the
specially cases of our Eq. (2.6).
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The one-dimensional Oskolkov equation is the form
ut_Auxxt_lXuxx+uux:O, (2.8)

where A #0, a € R.
Substituting
u(x,t)=w(z), z=x-—ct,

into the Eq. (2.8) and integrating the equation, we have
" / 1 2
Aw” —aw —Cwtw =0.

It is converted to the Eq. (2.6), where

The Benjamin-Bona-Mahony-Peregrine-Burgers equation is the form as
Up— Ut — Ky ++ YUy +0OUL +,Buxxx =0, (2.9)

where « is a positive constant, 6 and f are nonzero real numbers.
Substituting
u(x,t)=w(z), z=x-—ct,

into the Eq. (2.9), and then we get

0
(c+B)w" —aw' + (y—c)w+ szzo.

It is converted to the Eq. (2.6), where

0
A=c+p, B=—-a, C=7y—c DZE' E=0.

The Oskolkov-Benjamin-Bona-Mahony-Burgers equation is the form as
Up— Uyt — Bl yy ++ YUy +0u, =0, (2.10)

where « is a positive constant, 6 is a nonzero real number.
Substituting
u(x,t)=w(z), z=x-—ct,

into the Eq. (2.10), we deduce

cw”—zxw’—l—('y—c)w—l—ngzO.
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It is converted to the Eq. (2.6), where

A=c, B=—-a, C=7v—c, D:g, E=0.

The KdV-Burgers equation
The KdV-Burgers equation is of form

Ut Ul Uy — KU =0, (2.11)

where « is a constant.
Substituting the traveling wave transformation

u(x,t)=w(z), z=x+Ct,

into the Eq. (2.11), and integrating it yields the auxiliary ordinary differential equation
w”—aw’—i—%wz—l—Cw—i—E:O,

where E is an integral constant. It is converted to Eq. (2.6), where

A=1, B=—a, C=C, D:%, E=E.

3 The second order algebraic differential equations with
degree three

In 2012, Yuan et al. [21] employ the complex method to obtain all meromorphic solutions
of the auxiliary ordinary differential equations [AOD equation (3.1)] below

Aw" +Bw+Cw’+D =0, (3.1)

where A, B, C and D are arbitrary constants. And then find all meromorphic exact so-
lutions of the modified ZK equation, modified KdV equation, nonlinear Klein-Gordon
equation and modified BBM equation.

Theorem 3.1. Suppose that AC #0, then all meromorphic solutions w of an AOD equation (2.1)
belong to the class W. Furthermore, AOD equation (3.1) has the following three forms of solutions:

(I) The elliptic function solutions

wy(z) =411 ]2 (—p+c) (4pc? +4p%c+2¢'d— pga —cgy)
3d 2 C ((12c2—g2)p+4c3—3cg) ' + (49> +12cp* —3g290—cQo)d

Here, g3=0, d> =4c®—gac, g and c are arbitrary.
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(II) The simply periodic solutions

A « o o
was1(z) =wy/ BT (cothi(z—zo) —cothz(z—zo—zl) —cothzzl),

A «
Wasp(z) =w/ —ftanhi(z—zo),

1 3 A tanh4z4
_a.2(2 Y e S
z0€C, B=Ax (2+2sinh2%zl)' D 2Csinh2%zll z1#0,

in the former formula, or B= Aa?/2, D=0.
(I11) The rational function solutions

where

2A 1
wara (2) = CCz—z
2A 21 21
e[ i)
wsr2(2) Cz2\z—zp z—20—21

where zo€C, B=0, D=0 in the former case, or given z; 0, B= /23, D=F2C(—2A/Cz?)3/2.

The modified ZK equation, modified KdV equation, nonlinear Klein-Gordon equa-
tion and modified BBM equation are considered again and the exact solutions are derived
with the aid of the AOD equation (3.1).

The Modified ZK equation
The Modified ZK equation is expressed as
ut+,3u2ux+uxxx+uxyy:0/ (32)

where B is a constant.
Substituting
u(x,t)=w(z), z=k(x+ly—wt),

into Eq. (3.2) and integrating it yields
14+ + gws—ww—l—b:O.
It is converted to AOD equation (3.1), where

A=K(14+1%), B=-uw, czg, D=b.

The Modified KdV equation
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The Modified KdV equation has the form
U+ Tt + By =0,

where T, § are constant.
Substituting
u(x,t)=w(z), z=kx—uwt,

into Eq. (3.3) and integrating it yields
3,01 kt 3
Bk*w —I—?w —ww—+d=0.

It is converted to AOD equation (3.1), where

A=Bk, B=-w, cz%r, D=d.

The nonlinear Klein-Gordon equation
The nonlinear Klein-Gordon equation is of the form

Upt— CP Uy +TU— P’ =0,

where ¢, T, ,B are constants.
Substituting
u(x,t)=w(z), z=kx—uwt,

into Eq. (2.3) gives
Tw(z) — B (z) + (w? — k)W (z) =0.

It is converted to AOD equation (3.1), where
A=w?—c%*k?, B=r, C=-B, D=0.

The modified BBM equation
The modified BBM equation is considered as

Uty Ut Bt =0,
where B is constant. Substituting
u(x,t)=w(z), z=k(x—At),

into Eq. (3.5), and integrating it deduces

,B)\kzw"—%ws—(l—)\)w—bzo.

99

(3.3)

(3.4)

(3.5)
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It is converted to AOD equation (3.1), where

A=BAK}, B=—(1-1), c:—%, D=-b.

Recently, Yuan et al. [22] consider Eq. (3.6) below
Aw" 4+ Bw+Cw?4+w?+D=0, (3.6)

where A, B, C and D are arbitrary constants. They obtained the following result and gave
its two applications.

Theorem 3.2. Suppose that A#0, then all meromorphic solutions w of an Eq. (3.6) belong to the
class W. Furthermore, the Eq. (3.6) has the following three forms of solutions:
(I) All elliptic function solutions

C A
w4d(z):—§i\/—zx

(—p+E)(4pE*> +40*E+20'F— pgr —EQ)
((12E2—go)p+4E3—3Egy) o' +4F 3 +12FEp? —3Fgy0—FEg,’

where A(C?—9B) =12C\/—A/2, 27D =C?, g3 =0, F> =4E3—,E, ¢, and E are arbitrary
constants.

(1I) All simply periodic solutions

A o C
Wys,1 (Z) = :E\/_i E‘XCOthE (Z—ZO) — g/

A I o C A N
wis2(2) = i\/:"‘ (COth§ (z—20) —coth§> —3 ?\/—7 szcothEZp

where zo€C, A(2C?+9Aa®>—18B)=24C\/—A/2,27D—C3=27a2\/— A /2 in the former case,
or 21 #£0,8C\/—A/2+6AB=3A%?(3/sinh*4z; +1),

A A ® 108 An? ) A ®
162D\/—E - (ZC\/—E:FB)ArxcothEzl) X (MHC :F9Coq/—zcoth§zl>.

(111) All rational function solutions

2/-% ¢
Wy (z) ==+ \/ —=
Z—20 3
2\/—— 2,/-4  2./-4 .
War (2 + — =
z—20 tao 20—21 z1 3

where zy €C, A(C2 —9B)=12Cy/—A/2,27D= C3in the former case, or

A(54A+c2 93)_12(:\/*‘;1 42—‘22 (g—;+zc D) —?, 21 £0.
1 1
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All exact solutions of the Eq. (3.7) and Eq. (3.8) can be converted to the Eq. (3.6) mak-
ing use of the traveling wave reduction.

The variant Boussinesq equations

The variant Boussinesq equations are expressed as

{ ut+(uw)x+wxxx:0/ (3.7)

Wi+ Uy +ww, =0.

As a model for water waves, w is the velocity and u the total depth, and the subscripts
denote partial derivatives.
Substituting the traveling wave transformation

u(x,t)=u(z), w(xt)=w(z), z=kx+At,
into the Egs. (3.7), and integrating it yields
A+ kuw—+KBw”+C; =0,
Aw—l—ku—l—ng—l—Cz:O,

where C; and C; are constants.
Solving the system, we get the relation

15, A
U=—sw —%w—Cz,

and the auxiliary ordinary differential equation

2

k3 "
@ k 2V 72

where C3=C;—CoA /k.
It is converted to Eq. (3.6), where

2A4-2C 3A 2C3
_ o2 _ _ _
A=-2k", B R . P
The combined KdV-mKdV equation

The combined KdV-mKdV equation is of form
U+ auity +buPuy + Uy =0, (3.8)

where a, b and ¢ are constants. The Eq. (3.8) is a real physical model concerning many
branches in physics. The Eq. (3.8) may describe the wave propagation of bounded parti-
cle with a harmonic force in one-dimensional nonlinear lattice. Particularly, it describes
the propagation of ion acoustic waves of small amplitude without Landau damping in
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plasma physics, and it is also used to explain the propagation of thermal pulse through
single crystal of sodium fluoride in solid physics.
Substituting the traveling wave transformation

u(x,t)=w(z), z=kx+At,

into the Eq. (3.8) and integrating it yields the auxiliary ordinary differential equation

SKw" +Aw+ %wz—i— bskws—i—d 0,
where d is an integral constant.
It is converted to Eq. (3.6), where
36K3 3A 3a 3d
A—T, B—E, C—%, D_ﬁ

Very recently, Huang et al. [23] study the differential equation below.

Aw" +Bw' +Cw+Dw’ =0, (3.9)
where A, B, C, D are arbitrary constants. They got the following theorem.
Theorem 3.3. Suppose that AD #0, then the Eq. (3.9) is integrable if and only if

3
B=0, +—+AC.
V2

Furthermore, the general solutions of the Eq. (3.9) are of the form:
(1) (see [21]) When B =0, the elliptic general solutions of the Eq. (3.9)

2A p'(z—20:£2,0)
Wsg1(2) =ty ———F" =,
18 = = 20 72,0)
where, zo and g are arbitrary. In particular, it degenerates the simply periodic solutions and
rational solutions

A 2A 1
w5s,1(z)—zx\/—Etanhz(z—zo), ws(z) ==+ Dz

where C=Awa?/2 and zy €C.
(II) When

the general solutions of the Eq. (3.9)

Ea Eexp{%@z}—so:gzO)
exp \/—
. |

ZU5g’1 (Z)
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where p(s:g2,0) is the Weierstrass elliptic function, both sy and g» are arbitrary constants. In
particular, wsq,1(z) degenerates the one parameter family of solutions

ws;fl(z):i\/z ! ,
, Dl—exp{:F%\/g(z—zo)}

where zy € C.

All exact solutions of the Eq. (3.10), nonlinear Scrédinger Eq. (3.11) and Eq. (3.12) can
be converted to the Eq. (3.9) making use of the traveling wave reduction.

The Newell-Whitehead equation
The Newell-Whitehead equation is the form as

Uyy — s — 11U +su=0, (3.10)

where 7, s are constants.
Substituting
u(x,t)=w(z), z=x+wt,

into Eq. (3.10), and it gives
w" —ww' 4sw—rw®=0.

It is converted to Eq. (3.9), where
A=1, B=—-w, C=1, D=-1.

The NLS equation
The NLS equation is the form as

i+ oty + BluPu=0, (3.11)

where «, ,B are nonzero constants.
Substituting
u(x,t)=w(z)e* %, z=x4ct,

into Eq. (3.11), and it gives
aw” +i(2ak—c)w' + (w —ak?)w+ pw® =0.
It is converted to Eq. (3.9), where
A=uwa, B=i(2ak—c), C=w—ak?, D=8.

The Fisher equation with degree three
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The Fisher equation with degree three is the form as
ut:uxx—l-u(l—uz). (3.12)
Substituting
u(x,t)=w(z), z=x-—ct,
into Eq. (3.12), and it gives
" +cw' +w(1-w?) =0.
It is converted to Eq. (3.9), where

A=1, B=c¢, C=1, D=-1.

4 Some results and the complex method

In order to state our complex method, we need some notations and results.
SetmeIN:={1,2,3,--,},r,€No=INU{0}, r=(ro,71,-*,7m), j=0,1,--- ,m. We define a
differential monomial denoted by

My [w](2) = [w(2)] [ (2)]"* [w" (2))2 - [ ()]

p(r):=ro+ri+---+ry is called the degree of M, [w]. A differential polynomial is defined
by
P(w,w,- w™):=Y a, M, [w],
rel
where a, are constants, and I is a finite index set. The total degree is defined by
degP(w,w’,--,w™) :=max,c;{p(r)}.
We will consider the following complex ordinary differential equations

P(w,w’,o-o,w(’”)):bw”—l—c, (4.1)

where b #0, ¢ are constants, n € IN.

Let p, g €IN. Suppose that the Eq. (4.1) has a meromorphic solution w with at least
one pole, we say that the Eq. (4.1) satisfies weak (p,q) condition if substituting Laurent
series

w(z)= Z azt, >0, c_47#0, 4.2)
k=—q

into the Eq. (4.1) we can determinant p distinct Laurent singular parts below

-1
Z Cka.

k=—q
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In order to give the representations of elliptic solutions, we need some notations and
results concerning elliptic function [24].

Let wq, wy be two given complex numbers such that Imw; /ws >0, L = L[2w;,2ws]
be discrete subset L[2w,2ws] = {w|w =2nwy+2mw,, n,m € Z}, which is isomorphic to
Z x Z. The discriminant A= A(cy,c2) :=c3 —27¢5 and

sn=sn(L):=)_ i

welnfor@"

Weierstrass elliptic function p(z) := p(z,92,93) is a meromorphic function with double
periods 2wq, 2w, and satisfying the equation

(¢'(2))* =4p(2)° - 820(2) — 83, (4.3)
where ¢» =60s4, g3 =140s¢ and A(g2,93) #0.
Theorem 4.1 (see [24,25]). Weierstrass elliptic functions p(z):= p(z,92,83) have two succes-

sive degeneracies and addition formula:

(i) Degeneracy to simply periodic functions (i.e., rational functions of one exponential e¥*) accord-
ing to

0(z,3d%,—d*) =2d — %cothz \/ %z, (4.4)
if one root ej is double (A(g2,93) =0).
(i) Degeneracy to rational functions of z according to

1
p(Z,0,0) = 2_2’

if one root e; is triple (g2 = g3 =0).
(iii) Addition formula

olz—20)=~p(z) ~p(z0) + 5 [%f (4.5)

By above notations and results, we can give a method below, say complex method, to
find exact solutions of some PDEs.

Step 1 Substituting the transform T : u(x,t) — w(z), (x,t) — z into a given PDE gives a
non-linear ordinary differential equations (4.1).

Step 2 Substitute (4.2) into the Eq. (4.1) to determine that weak (p,q) condition holds,
and pass the Painlevé test for the Eq. (4.1).

Step 3 Find the meromorphic solutions w(z) of the Eq. (4.1) with pole at z =0, which
have m—1 integral constants.
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Step 4 By the addition formula of Theorem 4.1 we obtain all meromorphic solutions
w(z—2zp).

Step 5 Substituting the inverse transform T~! into these meromorphic solutions w(z—
zp), then we get all exact solutions u(x,t) of the original given PDE.
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