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Abstract. In this note, the boundedness below of linear relation matrix Mc = (4 §) €

LR(H®K) is considered, where A € CLR(H), B € CLR(K),C € BLR(K,H), H,K are
separable Hilbert spaces. By suitable space decompositions, a necessary and sufficient
condition for diagonal relations A,B is given so that M¢ is bounded below for some
C € BLR(K,H). Besides, the characterization of 0;,(Mc) and o5, (Mc) are obtained,
and the relationship between 0, (Mp) and 05, (Mc) is further presented.
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1 Introduction

The linear relation established by Neumann [1] was first introduced into functional anal-
ysis, whose motivation is to consider the adjoint of linear differential operators that are
not densely defined. It has extensive applications in nonlinear analysis, differential equa-
tions, and optimization and control problems. For instance, the port-Hamiltonian for-
mulation can be conveniently established by the linear relation language, in which the
kernel of certain row relations (dually, the range of column relations) and the structure of
the involved port-Hamiltonian pencils play significant roles [2]. The simplest naturally
occurring example of a linear relation is the inverse of a linear mapping A:X—Y, defined
by the set of solutions
A ly:={xeX: Ax=y}
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of the equation Ax =y. Arens [3] studied the resolvent set and the spectrum of linear
relations, and obtained the existence theorem of self-adjoint relations.

Suppose H and K are separable Hilbert spaces with infinite dimension. A linear rela-
tion A:H— K is a mapping from the subspace

D(A)={x€eH:Ax#®}CH,

called the domain of A, into the set of non-empty subsets of K, and for all non-zero scalars
1,62 and x1,x2 € D(A) such that

A(crx1+caxp) =c1Axy+c2Ax).

We introduce LR(H,K) to represent the class of linear relation from H into K and write
LR(H)=LR(H,H). The graph of A is defined by

G(A)={(x,y)eH®K:xeD(A),y € Ax}.

Like operator case, A is called a closed linear relation provided that G(A) is closed. The
collection of all of closed linear relations is represented by CLR(H,K). The relation A~}
is determined by

G(A ) ={(y.x) eK&H:(x,y) eG(A)}.
The range of A is designed by ran(A) = A(D(A)), and the kernel by ker(A)={xe H:
(x,0)€G(A)}; write a(A)=dimker(A) and B(A)=codimran(A). If ran(A)=K (ker(A)=
{0}), A is called surjective (injective). Note that for xe D(A),

yeAx s Ax=y+A(0).

If A is a linear relation from H into K, then we use Q 4 to represent the quotient mapping
Q%E L(K,K/A(0)), and hence Q4 A is obviously an operator. For x € D(A),

QaAx=Qay, forallye Ax.

For xe D(A), we define

|[Ax[[=[|QaAx||.
The norm of A is denoted by ||A||=||QaA||. This quantity is semi-norm, because ||A||=0
does not imply A =0. If || A|| < +oo, then it is said that A is bounded. The set of all the

bounded linear relations defined everywhere is represented by BLR(H,K). The resolvent
set of a linear relation A € LR(H) can be expressed as

p(A)={reC: (A—A)"!isbounded and single valued},

and the spectrum is defined by o(A)=C\p(A). Recall that Ac LR(H,K) is called bounded
below if there exists J >0 such that ||Ax|| > J||x|| for each x € D(A). The approximate
point spectrum ¢, (A) and the surjective spectrum oy, (A) are defined respectively by

0ap(A)={A€C:A—Ais not bounded below},
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su(A)={A€C:A—Ais not surjective}.

The minimum modulus of a linear relation A is defined by

- || Ax]| }
A)= inf {————7,
rA)= it { d(x ker(A))
where d(x,ker(B)) indicates the distance from x to ker(B). For the aforementioned basic
knowledge on linear relations, we refer readers to, e.g., [4].
Recently, 2 x 2 block operator matrices have attracted attention of many scholars (See,

e.g., [5-10]). In this work, we consider the linear relations instead of operators and extend
some of the existing results. Assuming A and B to be linear relations acting respectively

on H and K, we use
A C
w5 )

with C € LR(K,H) to represent the relation matrix from H®K to H®K, which can be

determined by
G(Mc) = { < (;) , (Z)) ‘ue Ax+Cy,ve By}.

A number of authors have studied properties of Mc in the recent past, including the spec-
trum, essential spectrum, Browder spectrum, Weyl spectrum, etc. (see [11-20]). In this
paper, we consider the boundedness below for M¢, where A, B,C are all linear relations.

2 Auxiliary results

In this section, some lemmas are presented. We will use these results to prove our main
results in the sequel.

Lemma 2.1 ([4]). If A€ CLR(H,K), then a necessary and sufficient condition for A to have a
non-zero closed range is y(A) > 0.

Lemma 2.2 ([4]). If Ac CLR(H,K), then ker(A) and A(0) are closed.

Lemma 2.3. Let A€ CLR(H,K). Then A is bounded below if and only if A is injective and has
a closed range.

Proof. Suppose A is bounded below. For x € D(A), if 0 € Ax then Ax=0+A(0) =A(0)
and

0=[|Ax[| > 5][x]]

for some ¢ > 0. It can be obtained that x =0, that is, A is injective. Set {y,} Cran(A),
Yn—Yo(n—o00). Then there exists a sequence {x, } CD(A) such that Ax,=y,+A(0) and

Ol[xul| <[ Axn ]| =11Qaynll
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This together with the convergence of {y, } and the continuity of Q4 implies that {x, } is
a Cauchy sequence, and hence x,, — xo (1 — o) for some xo € H. Note that A is closed, so
xo € D(A) and yp € Axg. This proves ran(A) to be closed.

Conversely, suppose that A is injective and has closed range. By Lemma 2.1, y(A) >0
and forxe D(A),

[[Ax|[>~(A)]|x|].
Thus A is boundedness below, which ends the proof. O

Lemma 2.4. For A€ LR(H,K) and B€ BLR(K,G), if BA is bounded below then A is bounded
below.

Proof. For x € D(A), if ||x|| <7 !||BAx]||, then
[lx|| <oy |[BAx|| <47 ||B| ||| Ax||=6~"]| Ax|]

with §=6,||B|| 71, giving the conclusion. O

Lemma 2.5. Let A€ CLR(H,K). Then A can be expressed as the following block linear relation
matrix

A:( a ﬁ; ):ker(A)@(D(A)ﬂker(A)l)—>A(0)69A(0)i.

where Ay and Aj are surjective relations such that Ajxq = Axxp = A(0) for x1 € ker(A) and
xo € D(A)Nker(A)*; Ajs is injective and single valued.

Proof. The block representation of A holds obviously by using Lemma 2.2. We now prove
the properties of A;(1=1,2,3). Apparently, the result holds for x; =x, =0. If x; #0,x; €
ker(A), then

A1x1=0+4A, (0) =A; (O) :A(O)
since 0 € A1x1 and 0€ A1(0). For x2 #0,x, €ker(A)+, suppose
Ax2:y+A(O)r 2.1)

where y €ran(A). Denote by P; and P, the orthogonal projection from K onto A(0) and
A(0)*, respectively. Then

AzxzzpleZ:A(O), A3X2=P2AX2:P2y. (22)

Note that the single valued property of As is immediate from (2.2), and then it remains
to show that Aj is injective. Indeed, if A3x; =0, then Py =0 (for convenience, still use
(2.1) and (2.2)), which is equivalent to y € A(0). This in combination with (2.1) implies
Axy;=A(0), namely x, € ker(A), whence x, =0. Thus A3 is shown to be injective. O
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In [11] and [19], it is shown that the usual matrix multiplication formula need not
hold for relation matrices and some special cases are also mentioned. Here we have a
simple observation.

Lemma 2.6. Let A,A’ and B,B’ be, respectively, linear relations in H and K, and C be a linear
relation form K into H. Then

G (A CN(A 0\_(AA CB o .
(z)<0 B>< 0 B’>_< 0 BB,>,whenstsznglevalued,

(ii) A0 A C\ [(AA AC

Y\o B )loB)"\ o BB)

Lemma 2.7. Let A € CLR(H), B € CLR(K) and C € CLR(K,H) with D(B) C D(C) and
D(A*) CD(C*). Then the adjoint of Mc = (4 §) is of the form

A*
M;:< oD ):D(A*)@D(B*HH@K.

Proof. Let ((32),(;2)) € G((4. 2)). Obviously, u, € D(A*), v, € D(B*), x2 € A*u and
Y2 € C*up+B*vy. For yy € C*up+B*vy, there exist y,1 € C*up and y22 € B*v, such that
Y2=1Y21+y20. Then, for all (x1,u11) € G(A), (y1,u12) € G(C) and (y1,v1) € G(B), we have

<u1,1,u2> = <x11x2>/ <u1,2,u2> = <y1,yz,1>, <01,02> = <y1,}/2,2>~

Taking uy =u1,1+uq yields

() ()=o) ()

Note that the collection of all such ((3!),(5!)) is exactly G(Mc). It follows that ((22), (32)) €

G(ME). This means (4. 2.) C ME. On the other hand, assume ((2),(33)) € G(M{), i.e.,

(G ()= (GG
v1) "\ 02 i) \y2) /"
for all ((31),(3!)) € G(Mc). Since (u!) € Mc (31), it follows that v; € By; and there exist

u11 € Axy and u; o € Cy; such that u; =u; 1 +uq 5. Thus

(u1,u2)+ (U1 0,u2) +(v1,v2) = (x1,%2) + (Y1,Y2)

for all x; € D(A), y1 € D(B), u11 € Axy, 12 € Cyy and v; € By;. In particular, if y; =0,
u12=0and v; =0, then

<u1,1lu2> = <X1,X2>,
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which shows uy € D(A*) CD(C*) and xp € A*uy; if x; =0 and u1 1 =0, then

(01,02) = (y1,y2) — (U1,0,142)
= (y1,y2) — (Y1.y21) = (Y1, (V2= Y2,1))

for yp1 € C*uy, which implies v, € D(B*) and y, — Y21 € B*v2. In conclusion, (32) € D(A*)&®

D(B*) and
()=(e #)(%):

and hence Mg C (4. 2). This completes the proof. O

Remark 2.1. Proposition 2.2 in [14] also studied the adjoint of M¢ with everywhere de-

fined entries and it is only proved that Mé C ( ‘é: é)*).

3 Main results

This section will give the main results of this paper and their proofs. We start with the
boundedness below of diagonal relation matrices whose proof is obvious.

Theorem 3.1. Let A€ LR(H) and B€ LR(K). then My= <
only if A and B are both bounded below.

13 g > is bounded below if and

We now discuss the boundedness below of upper relation matrices by means of the
space decomposition technique and the minimum modulus.

Theorem 3.2. Let A€ CLR(H) and B € CLR(K), then Mc is bounded below for some C €
BLR(K,H) if and only if A is bounded below and

(i) a(B)<PB(A), if B has closed range;
(ii) B(A)=oco0, if ran(B) is not closed.

Proof. (i) Suppose A is bounded below, B has closed range and a(B) < (A). Combining
with the closedness of ker(A),ker(B),A(0),B(0), we can pick J, an arbitrary isometry
from ker(B) to ran(A)*, and let C be a linear relation from ker(B)* @®ker(B) to A(0)®
(ran(A)© A(0))dran(A)* defined by

o O O
— O O
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Applying the decomposition similar to Lemma 2.5 yields

Al Ay 0 0 A(0)
Az 0 0 O D(Allzrlzzr)(A)L ran(A)©A(0)
Mc=| 0 0 0 ] = ran(A)*+ , (3.1
0 0 B B D(Bizrlzzr)(B) B(0)
0 0 By 0 B(0)*
where

Ai(x1])=As(x2)=A(0)  forx;€ker(A) and x,€D(A)Nker(A)t, (4a)
Bi(y1) = Ba(y2) = B(0) for y; €ker(B) and y,€D(B)Nker(B)*; (4b)
Aj is an invertible operator, and Bj as an operator from D(B)Nker(B)+ to ran(B)SB(0) is

bijective. From (3.1), it can be easily seen that Mc is closed. Let (x1,x2,y1,y2)T €ker(Mc)C
ker(A)+@ker(A)@ker(B)+ @ker(B), then

0€ Ajx1+Arxy,
0= A3x1/

0=Jy2,
0€ Bix1+Boxy,
0:B3y1.

Thus
xp€ker(A), x1=0, y1=0, y2=0,
which leads to
ker(Mc) C {0} @ker(A)®{0}{0}. (3.5)

From Lemma 2.3, it follows that A is injective, whence ker(A) ={0}. This together with
(3.5) implies that Mc is injective. We now show that ran(Mc) is closed. Indeed, let

T T T
(Un1,Un2,Un3,0n1,0n2) €ran(Mc) such that (4,1,1n2,Un3,0n1,0n2) — (U1,12,U3,01,02)
as 1 — 0. Then

Noticing that these sets are closed, we have:

* uj € Arxy=A(0) for any x, € ker(A) from (4a);
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e There exists x; € D(A)Nker(A)* such that uy = A3x1, since Aj is invertible;

e There exists y, € ker(B) such that uz = Jy,, since there exists v, » € ker(B) satisfying
JYn2 = un3 — us, which together with the isometry of | leads to y,> — y» for some
y2 €ker(B) and hence uz = Jy»;

* 01 € Byy»=B(0) for any y, € ker(B) from (4b);

* There exists y; € D(B)Nker(B)* such that v, = B3y, since the operator Bz :D(B)N
ker(B)* —ran(B)©B(0) is bijective.

Obviously,
uq X
Uy X
us | € MC ,
01 Zl
02

which proves R(Mc) to be closed. Therefore M¢ is bounded below by Lemma 2.3.
Conversely, suppose Mc is boundedness below for some C € BLR(K,H). Note that

Mo — A C\ (1 0 I C A 0
c~\lo B) \o B 0 I 0 I
by Lemma 2.6. From Lemma 2.4, it follows that A is bounded below. Write M as

Mc=UV,

I 0 A C
=(o5) (0 7)

By Theorem 4.1 in [22], we can get

where

a(Mc)+B(A)+B(B)+dim(V(0))+dim(U(0)) — dim(Mc(0))
=B(Mc)+a(A)+a(B).

Applying a(M¢c)=w(A)=0and

dim(Mc(0)) =dim((A(0)+C(0))®B(0))
—dlm(A(O C(0))+dim(B(0))
im(V(0)) +dim(U(0))

\/\_/

to (3.6), we get
B(Mc)+a(B)=p(A)+pB(B).
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In view of B(Mc) > B(B), then B(A) > a(B). In conclusion, the proof of assertion (i) is
finished.

(il) Assume that A is bounded below, ran(B) is not closed and B(A) = co. Define
C= ((])) :K —ran(A)®ran(A)*, where | is an isometry from K to ran(A)*. The linear
relation matrix Mc can be expressed as

Aq
Mc=| o
0

defined from H®K to ran(A)®ran(A)* ®K. If (x,y)T €ker(Mc), then

0eAix,
0=]y,
0 € By.

N — O

Obviously, x € ker(A) and y =0, which implies
ker(Mc) Cker(A)@®{0} ={0},

whence Mc is injective. Next, we will show that ran(Mc) is closed. Assuming (x,y)T €
D(A)®&D(B), we have
[|Mc (5) 117 = || Ax| P+ |yl >+ |IBy|>

> || Ax|[P+[ ]yl

>9*(A)[x]*+]1yl1>

>min(y?(A), 1) (|[x[1+]]y]*).
Thus

v (Mc) =inf{||Mc (3)|: (3) € D(A)&D(B),||x|[*+||y|[*=1} >0.

From Lemma 2.1, it follows that Mc has closed range. Note that Mc is closed, so Mc is
bounded below by Lemma 2.3.

Conversely, suppose Mc is boundedness below for some C € BLR(K,H). As above, A
is bounded below. We now suppose B(A) < co. Since R(B) is not closed,

~(B) :inf{d(y%i% ye D(B)\ker(B)} 0.
For any y € D(B) \ker(B),
Byl |[Bya|| |[Bya||

d(y,ker(B)) _ inf —o[[Y inf _
(y,ker(B)) v611<1e1r(B){||y1+y2 ol|} veir;r(B){Hm o[}
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HBylH :||By1]|
i f 2 2 ’
vell<relr(3) [ya[ 12+l yal]

where y =y +y, with y; € D(B)Nker(B)* and y, € ker(B). Then
inf{||By||:y € D(B)Nker(B)*,[lyl| =1} =(B) =0,

which ensure that there exists a sequence {y, } C D(B)Nker(B)' of orthogonal unit vec-
tors such that By, —0 as n — co. This makes us claim that for some g9 >0,

d(ran(A),Cyn,) > €o forall ke N, (3.7)

where {y,, } is some subsequence of {y,}. Assume not and, without loss of general-
ity, let d(ran(A),Cy,) — 0. Therefore, there exists a sequence {x,} C D(A) such that
d(Axy,Cy,)— 0. Since Mc is injective, (xn,yn)T ¢ ker(Mc) and

d((yn) ker(Mc)) = /| |xul P+ 1yal[> = lyal | =1,

which indicates

[[Mc () |l
d((yn) ker(Mc))

This contradicts

<|IMc (y,) ||=\/lIAxn—Cyn||2+||Byn||2—>0-

(M) =inf{ d((!fﬁfei(}ﬂ i) eD(Mc>\ker<Mc>} >0

since M¢ has closed range by Lemma 2.3. Thus (3.7) holds true as expected. In what
follows, suppose {ej,.. /€B( A)} is a basis of ran(A)*, and write Py for the orthogonal pro-
jection from H to span{e;} (i=1,...,(A)). For k€N, let uy € Cy,,, and uy =y 1 +uy, with
upq €ran(A)*t and ug, €ran(A). Since ||uy1|| > e (1 €IN) by (3.7), it can be seen that

o]
X
k=1
[e]

Z lg( l/lkle ||

*Mk1

for a certain ip € {1,...,(A)} and 0< 6, <27 (k€ N). Let

Y=L e
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1
and then ||y|[>*=Y5, 12 < oo However

00 1 ‘
k=1
which is a contradiction. So f(A) = oo. This ends the proof. B

Remark 3.1. Note that the operator matrix version of Theorem 3.2 can be found in [6], in
which A, B, C and Mc are all operators of the corresponding Hilbert spaces.

Example 3.1. Let H=K= 12, and the linear relations A, B are defined as
Ax=(0,0,0,x1,0,0,0,x2,0,0,0,...)+ A(0), x=(x1,x,...) € 12,

A(0)={(y1,0,0,0,42,0,0,0,43,0,0,0,...) : (y1,y2,...) €I?},
Bx=(0,x1,x2,...), x=(x1,%2,...) el

It is obvious that A is bounded below with (A) =00, and B is a bounded operator with
closed range and a(B)=0. From Theorem 3.2, there exists C € BLR(K, H) such that M is
bounded below. On the other hand, defining the relation C by

Cx=1(0,0,x1,0,0,0,%,0,0,0,...)+C(0),  x=(x1,x2,...) €%,
C(O) - (0/21/0/0/0/22/01010/23,0,0,0,- .. ), (21,22,. . ) 6 12,

we then claim that C is such a candidate relation. In fact, if (;) €ker(Mc), then

0€ Ax+Cy;
0€ By,

which implies x € ker(A) and y =0 since B is injective. Thus
ker(Mc) Cker(A)® {0} ={0},
which in combination with ran(Mc) = H@ran(B) leads to boundedness below of M.

The above example illustrates the correctness of Theorem 3.2. Based on Lemma 2.7,
the dual result of Theorem 3.2 can be presented as follows.

Theorem 3.3. Suppose A€ CLR(H), B€ CLR(K), then for some C € BLR(K,H), Mc is sur-
jective if and only if B is surjective and

(i) B(A)<a(B), if the range of A is closed;
(ii) B(B)=oo, if the range of A is not closed.

From Theorems 3.2 and 3.3, we can directly get the perturbation results for the ap-
proximate point spectrum and surjective spectrum.
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Corollary 3.1. Suppose A€ CLR(H), B€ CLR(K), then
(\ ap(Mc)=04p(A)U{A€C:R(B—A) is not closed and p(A—A) < oo}
CECR(K,H)
U{AeC:R(B—A) is closed and B(A—A) <a(B—A)}.
Corollary 3.2. Suppose A€ CLR(H), B€ CLR(K), then

ﬂ Osu(Mc) =05, (B)U{A €C:R(A—A) is not closed and a(B—A) <oo}
CeCR(K,H)

U{Ae€C:R(A—A) is closed and «(B—A) < B(A—A)}.
Applying Theorem 3.2, we can discuss the relationship between o, (M) and 04, (Mc).

Theorem 3.4. Suppose A€ CLR(H), B€ CLR(K), then

Oap(A)U0ap(B) =04p(Mc)U(0su(A)Noap(B))
holds for every C € BLR(K,H).
Proof. Obviously,

Oap(A)U0ap(B) D oap(Mc)U(0su(A)Nogp(B)).
It is sufficient to prove

Oap(A)U0ap(B) C0ap(Mc)U(0su(A)N0ap(B)). (3.8)

Assume A € (0, (A)U0up(B))\0ap(Mc). Then Mc—A is boundedness below and, by The-
orem 3.2, at least any of the following two conclusions hold:

* B(A—A)=o0, if the range of B— A is not closed;
e B(A—A)>a(B—A), if the range of B— A is closed.
In view of A € 0,p(B), we know that a(B—A) > 0 if the range of B—A is closed, and

hence A—A is not surjective no matter which of the above conditions holds. Thus A €
0su(A)N0ap(B). This shows that

(0ap(A)Uap(B))\up(Mc) Cosu(A)Noup(B),
whence (3.8) is valid. The proof ends here. O
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