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Abstract. Body attitude coordination plays an important role in multi-airplane syn-
chronization. In this paper, we study the flocking dynamics of a modified model for
body attitude coordination. In contrast to the original body attitude alignment mod-
els in Degond et al. (Math. Models Methods Appl. Sci., 27(6):1005-1049, 2017) and
Ha et al. (Discrete Contin. Dyn. Syst., 40(4):2037-2060, 2020), we introduce the veloc-
ity alignment term and assume the velocity of each agent is variable. More precisely,
the adjoint coefficient will vary with the linked individual changes. In this case, syn-
chronization would include the body attitude alignment and velocity alignment. It
will generate a new collective behaviour which is called body attitude flocking. As
results, we present two sufficient frameworks leading to the body attitude flocking by
technique estimates. Also, we show the finite-in-time stability of the system which is
valid on any finite time interval. In addition, we formally derive a kinetic model of
the model for body attitude coordination using the BBGKY hierarchy. We prove the
well-posedness of the kinetic equation and show a rigorous justification for the mean-
field limit of our model. Moreover, we present a sufficient condition for asymptotic
flocking in the kinetic model. Finally, we also give the numerical simulations to verify
our analysis results.
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1 Introduction

Collective behavior is ubiquitous in the nature world: schools of fish, flocks of birds,
herds of animals, colonies, pedestrian dynamics, etc. Explaining the emergence of these
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collective behaviors in terms of microscopic decisions of each member is a hot topic of
research in the natural sciences. Recently, many mathematical models on the phenomena
of flocking have appeared, such as the Vicsek model [29], the Cucker-Smale model [6], the
Kromoto model [21], the Lohe model [24], etc, and these models have been extensively
studied in literature [3-5,10,11,14,16-20,23,26,31], more literature can be found in [1,25].

These models presented above are built with mass point particles as objects, when
collective behavior requires body attitude synchronization, such as synchronization of
satellite attitudes [22] and camera pose averaging [28], the mass point models fall short.
In this paper we are mainly interested in the model of self-propelled particles with body
attitude coordination.

Degond et al. [9] proposed an agent-based model for alignment of body attitudes
where the states of agents are described by the positions of their center of mass and
body attitudes. Specifically, agents move with the same speed and the direction of mo-
tions are determined by body attitudes and agents try to adjust their body attitudes with
their neighboring agents toward average orientation. For simplicity of modeling, other
detailed internal structures are ignored at the level of modeling. The body attitude model
is as follows:

dxi = Z)()Al'eldt,

dA;=vPr, o [(PD(M;)-A4;)PD(M;)dt-+2v/Daw] (1.1)

M= % S K(xi—x)Aw  (x6(0),4,(0)) €R*xSO(3),
k=1

where v is a constant, K(x) is the communication function, x; € R® is the position of
the i-th agent and A; € SO(3) is the body attitude of the i-th agent, PD(IM;) denotes the
orthogonal matrix which comes from the polar decomposition of ]Mi,Wtk is a noise term
and Pr, is the projection operator on the tangent space T4,50(3),

1
Pr,(B)= E(B—ABTA), A€SO(3), BeM(R,3).

The term A;e; describes the direction of movement for the i-th agent where vy denotes
a constant common speed of the agents and (e1,ez,e3) denotes the canonical basis. The
authors of [9] formally derived system (1.1) corresponding kinetic and hydrodynamic
model, and studied the hydrodynamic limit for body attitude coordination. Based on [9],
Ha et al. [15] studied the following orientation flocking model (OFM):

Xi:vOAielr t>0, izl,...,N,

AAT = Ht K Y p(xn) (AT - 44T, (x(0),A0) = (2,47, P
1i_lNk:llk k41 i), i(0),A4;(0)) =(x;,4A;),

where (x;,A;) €ER?xSO(d), the skew-symmetric matrix H; is a generalized frequency-like
matrix, ¥ denotes the coupling strength between the agents. 1(r) is the communication
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function and satisfies
0<¢ <¢(r)<t¢p, r>0, (1.3)

where 1, and ¢y are positive constants. In the system (1.2), the dynamics of A; obey the
Lohe matrix model in SO(d). The authors of [15] presented orientation flocking estimates
and showed the system (1.2) is stable with respect to the initial data in any finite time
interval. For more studies of body attitude coordination models, refer to [7,8,12,13].

The models (1.1) and (1.2) are regarded as the Vicsek-type flocking model, i.e. all
agents travel at a constant speed in given directions. The states of agents are described
by the positions and body attitudes. However, in many collective phenomena, each agent
has a different speed and is constantly changing. Therefore, we would like to address the
following question:

¢ Can we design a body attitude coordination model with velocity alignment? Such
as every agent adjusts its velocity by the velocity of the other agents. If so, under
what conditions on system parameters and initial data can the proposed system
exhibit asymptotic flocking and body attitude alignment?

We obtained the following body attitude coordination model by considering the addition
of velocities in the rotating coordinate system (modeling details see Section 2). The model
is as follows:
xX;=v;, t>0, 1<i<N,

kY C a1
0i =7y 2 Pik (v —vi) +AAT (x—x1)),

j=1

i a-1_ ke al -1 —1 0.0 A0

AiA' :_leik(AkAi _AiAk )/ (xi(())Ivi(O)IAi(O)) = (xilvi/Ai)/

1
N&

(1.4)

where ki,k; >0 are the coupling strength, (x?,v?,A?) € R?* xSO(d). The communication
weight ¢ and i are bounded, positive, non increasing and Lipschitz continuous on RR,

Yie=p(lxi—xc]),  pie=(|xi—x).
We consider the channel capacity in the Cucker-Smale model whose form
g(r)=(1+r*)"F.
And y(r) follows the form in [15] to satisfy (1.3), i.e.

b <P(r) <pum.

But we consider the case of (r) without a positive lower bound in Theorem 3.2. Com-
paring models (1.1) and (1.2), the speed of every agent in our model is variable and the
direction of velocity is not determined by body attitude.
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The model (1.4) is a particle description to collective behaviors. When the number
of agents is sufficiently large N — oo, we are forced to study the mean field limit of the
system (1.4). Hence, we present the kinetic model of (1.4). Let f = f(t,x,0,A) be the
one-particle distribution function of the system (1.4) infinite ensemble at the phase space
point (x,v,A) at time ¢. By the BBGKY hierarchy, we formally derive the following kinetic
equation (see Appendix B):

O f+0-Vaf +Va (L) + V- (A1) =0,
LUfI(tx0,4) =kt [ g(lx=y]) [(0. =) +kap(Jx—y)K(A,A")(x )]
X f(t,y,0,Ax)dydv.dA,,

QUfl(tx0,A) k2 [ pllx=y])(A—AAT A)f(ty,0.,A.)dydv.dA,,

where K(A,A*) = A,A"'— AA;! and Q =R* xSO(d), V4 is divergence in SO(d). For
a detailed calculation of V 4 and integration with respect to A can refer to [9].

In this paper, our main results can be summarized as follows. The first result is that
we present two sufficient frameworks leading to the body attitude flocking (see Defini-
tion 2.1). In the first sufficient framework, we require the communication function ¢ (r)
to satisfy (1.3) and obtain a body attitude flocking estimate that is independent of the
number of agents N. In the second framework, we remove the requirement for a positive
lower bound on (r) but place a restriction on its growth rate, and we present a body
attitude flocking estimate associated with N. In addition, we present the finite-in-time
stability estimate which is valid on any finite time interval.

The second result of this paper is that we prove the well-posedness of the kinetic
equation based on the framework of [3] and we show also the convergence of particle
systems (1.4) to their corresponding kinetic equations (1.5), i.e. convergence of the par-
ticle method towards a measure solution of the kinetic equation (1.5). Moreover, we
present a sufficient condition for asymptotic flocking in the kinetic system (1.5).

The rest of the paper is organized as follows. In Section 2, we discuss physical deriva-
tion of our model and present definitions and lemmas needed in the later section. In
Section 3, we give two sufficient frameworks leading to the body attitude flocking and
show that the system (1.4) is stable with respect to the initial data in any finite time in-
terval. In Section 4, we prove the existence and uniqueness of measure solutions to the
kinetic equation (1.5) and present the stability estimate of the measure-valued solutions
in Wi-distance. In Section 5, we provide several numerical simulations consistent with
the theoretical analysis obtained in Section 3.

Notation. For x; = (xfl),- - ,xgd)) and a matrix A= (a;;) €SO(d)

(1.5)

d . % 1
|\xi|\p=<2|xﬁ|p> , NIAll= (r(AAT))?,
=

and |x;| denotes ¢, norm ||x;||2-
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2 Model formulation and preliminaries

In this section, we present physical derivation of our system, the definition of the body
attitude flocking and review some background on Wasserstein distances.

2.1 Model formulation

The Cucker-Smale-type flocking model postulates every agent adjusts its velocity by
a weighted average of the differences of its velocity with those of the other agents. We
can design our model based on this postulate. Consider the following system:

xi(t):vi(t), t>0, 1<i<N,

al 2.1
5i(1)= 1 3 @13 — ) Vi &y

where Vj; denotes the relative velocity of the j-th agent and the i-th agent.

In order to obtain the expression for Vj;, we need to consider motions in moving coor-
dinate systems. The inertial system is denoted by L (laboratory system) and the moving
system by M; (moving system). O is the origin of L,0; is the origin of M; (o; can be re-
garded as the center of mass of the i-th agent). According to [2], a motion of M; relative
to L is a map smoothly depending on ¢

D!:M;— L,

and every motion Di can be uniquely written as the composition of a rotation Alt- ‘M;— L
and a translation Cf :M;—L,ie.

Di=CioAL

Let x;(t) be the displacement vector of o; relative to O, x;(t) be the displacement vector
of o; relative to O and Qj;(t) be the displacement vector of o; relative to o; in the moving
system M;. Then we have

xj(t) =Dy Qji(t) = AjQji(£) +xi(t).
Taking the derivative of the above equation with respect to t we can obtain
(1) = AjQii (1) + AL Qi (1) + ().

We set v;(t) =1;(t) is the absolute velocity of 0;, Vj;(t) = AjQji(t) € L is the relative velocity.
Note that Vj;(t) € L and Qji(t) € M; are different. Qj;(t) is the velocity of o; relative to o; in
the M; reference system, while V]-l-(t) is the velocity of o; relative to x; in the L reference

system. Since ‘
Qji(t) = (A " (xj(t) —xi(1)).
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We can obtain the following expression in the inertial system L:

03(1) =0i(1) + Vi(1) + A1 (A7) (xi() (1))
=0;(t)+ Vji(t) +w;(t) x (xj(t) —x(t)),
where wj(t) is the angular velocity of the i-th agent, w;(t) x (x;(t) —x;(t)) is the trans-
ferred velocity of rotation. Let Al= A;(t) € SO(3) denote the rotation of the i-th agent,
A;(t)(e1,ez,e3) = (e],e,,e;) (see Fig. 1). Hence, we can obtain
Vii(t) =0;(t) —0i(8) + Ai() A7 () (xi(8) —x;(1)).-

The above equation also holds in the d-dimension. Clearly, the system (2.1) degenerates
to the Cucker-Smale model when agents are not rotating, i.e. A;=0.

Next, we need to give the dynamic system of A;. Similar to [9,15], we set the dynamics
of A; is the gradient flow of the weighted average IM;

Ai(t) =2,V 4(M;-A) | a=a, =Pr, (M;)

k N
INZZ%lP(\xj—xiy)(Aj—AiAj1Ai). 2.2)
]:

The Eq. (2.2) means that agents try to coordinate their body attitude with other agents. In
summary, we obtain the following body attitude coordination model:

X;=v;, t>0, 1<i<N,

kY A
vizﬁl2¢ik((vk—vi)+AiAi Ho—x1)),
=1

. ky X
AAT =T i (AAT = AALT), (x:(0),0:(0),A:(0)) = (0, A7).
j=1

T€3

€1

Figure 1: Addition of velocities.
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2.2 Definitions and lemmas

We introduce the definition of the body attitude flocking and the finite-in-time stability
in the following. Before we proceed further, we give the following notation:

X:<X1,"',XN>, V:(Ul/"'/vl\])/ A:<Al/"'1AN>/
and
D(X(F)) = ],
(X(1))  max i~

D(V(t)) :lg}?i(N‘Ui—Uj’,

D(A(t)) = max [[4i— 4]l
We set Z=(X,V,A) and define the ¢, ..-norm as follow:

| Z||2,00 = max [x;[+ max |v;|+ max [|A;]]. (2.3)
1<i<N 1<i<N 1<i<N

Definition 2.1. Let (X,V,A) be a global solution to (1.4). We say that system (1.4) exhibits
body attitude flocking if and only if the solution {x;,v;, A;}N | to (1.4) satisfies the following three
conditions:

1. (Group formation). The position fluctuation is uniformly bounded in time t

sup max [x;— ;| <co.
0<t<ool<ij<N

2. (Velocity alignment). The velocity fluctuation goes to zero time-asymptotically

lim max |v;—v;|=0.
t=001<ij<N

3. (Body attitude alignment). The body attitude fluctuation converges to zero as time goes to
infinity

lim max ||A;—A;||=0.

t%oolgll]gl\]
Definition 2.2 ([15]). For any two global solutions Z and Z, there exists a positive constant
G=G(T),T € (0,00), which is depending on the initial data and independent of time t and the
number of agents N. If the following estimate holds, then we say the system (1.4) is finite-in-time
stable with respect to the initial data:

sup [|2— 2|20 < G(T) || 2°— 2% |2.0- (24)
t€[0,T)

In what follows, we present a selection of lemmas devoid of accompanying proofs.
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Lemma 2.1. Let A,B be d xd matrices and x be a d-dimensional vector. Then the following
relations hold:

IABI<[IAIIIB, |Ae|<[|All, |Ax|<Vd|A]lx],
where e is an any unit vector in R?. If A, B€SO(d), the following equation holds:
|A—B||=2d—2tr(ATB).
Remark 2.1. In Lemma 2.1, the third inequality can be easily obtained. In fact, for any
X= (x1,‘ o de) eRd,
d
|Ax| = [x1 Aey -+ xgAeal < | Al Y Jxil < VAL A3,
i=1

Lemma 2.2 ([15]). Let (X,.A) be a global solution to (1.2). Then the following estimate holds for
all t>0:

d
77 D(A) < —ka (3¢ —a) D(A) +2kapm D(A)*.
Proof. The details of the proof are similar to [15, Lemma 2.4]. O

Lemma 2.3 ([15]). Let y=y(t) denote a nonnegative function in the class of C', which satisfies
the following differential inequality:

y<—py+qy*, t>0,
y(0)=yo,

where p,q are positive constants. Then we have

() oo

2.3 Wasserstein distances

In this subsection, let us recall some notations and known results about mass transporta-
tion that we will use in the Section 4. For a more detailed approach, the reader can refer
to [30]. We set Q=1R?*! xSO(d). Let Q equip with the norm ||-||q,

zllo=lx|+[o|+][All,  z=(x0,A4)€Q.

The Frobenius norm of SO(d) CR?* corresponds to the £,-norm of R%. AcSO(d) is con-

sidered as a vector in R™. Thus, (),||-]|q) is a Polish space. We denote by P;(Q)) the
set of Borel probability measures with finite first moment. Let f,g € P1(Q), then the
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Wasserstein metric W; (or Monge-Kantorovich-Rubinstein distance) between f and g is
given by

wa(fg) =sup | [ 0(2) (7(2) g2z

where Lip(Q)) denotes the set of Lipschitz functions on Q) and Lip(¢) is the Lipschitz
constant of the function ¢. Let I(f,g) is the set of transport plans between f and g, i.e.
the set of elements in P;(Q) x ()) with first and second marginals f and g, respectively.
By Kantorovich duality we have

Wi(f,g)= inf / —ldn(z1,2) V.
(8= _int L[ —zlin(a ) |

(P1(€2),W;) is a Polish space. In the following proposition, we recall some of its proper-
ties.

, ¢ €Lip(Q), Lip(¢) Sl},
QO

Proposition 2.1. The following properties of the distance Wy hold:

(i) The infimum in the definition of the distance W can be achieved. If the probability measure
7T, satisfying

Wi(f,g) :/anle—zz\dﬁ* (z1,22),

then 1, is called an optimal transference plan.
(ii) Given { fi }x>1 and f in P1(Q), the following assertions are equivalent:

(a) Wi(fx, f) tends to 0 as k goes to infinity.
(b) fx tends to f weakly-* as measures and

[lellafi@ds — [ llellofG)z as k = +oo

For T >0 and a function f:[0,T] x R" =™, we set Lip(f) to denote the Lipschitz
constant of f in the closed ball Bg C R" with center 0 and radius R > 0. That is

|f(t,x1) = f(t,x2)| <Lipg (f)[x1—x2|
for all x1,x, € By, t€ [O,T)

3 Emergence of body attitude flocking

In this section, we present two body attitude flocking estimates for (1.4) using different
methods. In the first estimate, it is required that ¢ (r) satisfies (1.3), and we use Lem-
mas 2.2 and 2.3 to obtain an estimate that is independent of the number of agents N. In
the second estimate, we remove the requirement for a positive lower bound on ¢(r) and
we obtain a body attitude flocking estimate associated with N. In addition, we show that
the system (1.4) is finite-in-time stable.
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3.1 The body attitude flocking estimates

3.1.1 Flocking estimates independent of the number of agents N

Compared to the model (1.2), the body attitude evolution equation in our model (1.4) is
a special case of model (1.2), i.e. H;=0. Therefore, we directly quote the conclusion about
the diameter functional D(A) in Lemma 2.2. By Lemmas 2.2 and 2.3, if ¢ satisfies (1.3),
we can obtain

1 _ 21”)M ko (3tpm—1m)t 2lI)M ) - —at
DM)S((D(AO) 3¢m_¢M>e Fp—yu) = O

where

= 1 29m ! B -
CO—<D(A0)_3¢m_¢M> , a=ka(BPm—1m).

Next, we show our first result on the emergence of body attitude flocking of system (1.4).

Theorem 3.1. Let (X,V,.A) be a global solution to (1.4). If the system parameters and initial
data satisfy 0<p<1/2,
a 2k1

D(A(0)) <2k2¢M, 0<a< DX

and 1 satisfies (1.3), i.e. 0 <tpy, <P(r) <pp. Then, system (1.4) admits a body attitude flocking
in the sense of Definition 2.1. Furthermore, there exist positive constants C, M, c such that
D(X(1)) <CD(X(0)) +D(V/(0)),
D(V() <Me #D(V(0),
D(A(t)) <coe ™.
Proof. Note that there exist at most countable number of increasing times t; such that we
can choose indices 7 and j such that D(V(t))=|v;(t) —v;(t)| on any time interval (f, tx11)
since the number of agents is finite and continuity of the velocity trajectories. This allows
us to estimate the time evolution of D(V(t)) as
~E D)= 1djoi—ojf*
2.dt 2 dt

< Z Pir(vk—0:) Z Pjk(vk—0j), Uf>
+ <W1 ) i AiA (xi—x Z <P]kA A ( —Xx),j Uj> .
k=1

= <T>i—7>j,7)i—7)j>

Because
(i)~ (5) (1) ~0i(£)) <O, (wi(t) ;1) wi() ~ (1)) 20,
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we can obtain

N
< Zq)lk O — 7)1 Z%k —7)]>< kl@m( )‘Ui(t)_vj<t)‘2/

where ¢,,(t) =¢@(D(X(t))). By Lemma 2.1,

L D(V(1)* < ~2kigu(DD(V (1)
2 kﬁli%‘kAiAi_l(xi ZQDJkA A Y(xj—x¢) | D(V (1))
k=1

< —2k1¢m(t)D(V(t))2+4k1\fHAiAj—1HD( (H))D(V(1).
According to (3.1), we know
D(.A) = HAZA]_l — IH < coe_“t.

Thus,
. ky &
HAZA;1H < NZ ZlIJMHAkAjl—A]Alzlu SZkzl/JMD(A) SZkzl/JMC()efat.
k=1

We can get the following estimation:

d

SD(V(1) < ~2kipu(1)D (V (1)) +4kiko VApuD (A(H) D(X (1))

—2k19m(H)D(V (1)) +8kikaVdpprcoe ™D (X(t))
—2k1@m(t)D(V (1)) +c1e""D(X(t)), (3.2)

where c; = 8k1kov/dpico. By (1.4) and the definitions of D(X(t)), D(V(t)) and D(X(t))
has a bound ,
D(X(t)) §D(X(O))+/ D(X(s
0
We substitute this into (3.2) to get

LDV (1) <ereD(X(1) <cre™ (D(X(O)) +f tD(V(s))ds) .

Then we can obtain the following estimation for D(V):

D(V(H) <D(V(0)+e; [ e ((D<X<o>> T /OSD(WW) -
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For all T<t, we consider the maximum of D(V (7)) in the interval [0, ]

max D(V(T)) SD(V(O))—}—C]/Ote—ut (D(X(O))—}—/{:D(V(u))du) ds

T€(0,4]

<D(V(0)) +cl/0te_”t (D (X(0)) 4+ max D(V(T))S) ds

T€(0,s]

<D(V(0)) —l—ca—lD(X(O)) —|—c1/0te“t max D (V(7))sds

T€(0,5]
‘1

< (D(V(0)+2D(X(0)) ) e.

The last inequality is obtained by Gronwall’s lemma. Because the above equation is in-
dependent of t. For all t >0,D(V (t)) has a bound

Thus,
D(X(t)) <D(X(0)) +cat <cz(1+t),

where c3 =max{c2,D(X(0))}. We can get a estimation of ¢,,(f)

1
(1+c2(1+)2)"

on(1)=p(D(X(1))) < p(es(1+5)) =

We return to the estimation for D(V). We set 2k; / (1+c3(1+t)%)P =g(t), then

LD(V(1) <—g(OD(V(H) +are “D(X(1).

The differential inequality can be integrated to get

D(V(t)) <D(V(0))exp (_/Ofg(s)ds>

t t
+crexp _/Og(s)ds /OeaseXp<(1flc§)ﬁs> c3(1+s)ds

<D(V(0))exp <—/Otg(s)ds> +crexp <—/Otg(s)ds> /Ote_(“_c4)SC3(1 +s)ds
<exp (_/O'tg@)ds) <D(V(0))+aclr:3 4 (a(if:i)2>’ (3.3)
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where
2kq 2k,
4= ——

+r 7 (1+D(x(0))*)" =

When 0 < B <1/2, it is trivial to check that lim;_,e(1+¢)g(#) =co. Thus, for any K >0,
there exists T >0 such that if > T, then (1+t)g(¢) > K, and

t T
/0 g(s)dsz/o g(s)ds+KIn(1+t)—KIn(1+T),

then

exp <—/Otg(s)ds> <exp <—/0Tg(s)ds+Kln(1+T)> (1+t) X=F(T)(1+1t)7K,
where .

F(T)=exp (—/0 g(s)ds+Kln(1+T)>.

We can derive the estimate

D(X(t)) SD(X(O))+/OtD(V(s))ds

<D(X(0)) +F(T) (D(V(O)) ot (;_1(;;2) /Ot(l—l—s)_de. (34)

Because the constant K can be chosen arbitrarily large by choosing T big enough, we can
know the integral is bounded, and that there exists xo such that D(X(#)) < xe. Hence,
(3.2) can be writed

%D(V(t)) < —2k19(x00)D(V (1)) +c1e "D (X(t)).

Because a > ¢4, we can obtain that
t

D(V(£) < e~ 290D (V(0)) +cre~ 200t [ e@raoia)ascys
0

<e “'D(V(0)) +c1e"'D(V(0))css?,

where ¢5 =2k; ¢(x« ). We take the constants My =8c1¢3/c3. Then we have

D(V(#)) < (1+M;)e 2D (V(0)) =Me™ 2'D(V(0)),

D(X()) < 22D(V(0)) +D(X(0)),

where M =1+ M. O
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3.1.2 Flocking estimates without positive lower bound of i

In Theorem 3.1, we require 0 < ¢, < (1) < . This assumption is reasonable, and we
obtain an estimate of the flocking convergence rate independent of N. This is crucial in
the later analysis of finite-time stability. Next, we give another body attitude flocking
estimate for (1.4), which removes the requirement for a positive lower bound on ¥(r).

Lemma 3.1. Let (X,V,A) be a global solution to (1.4). If D(A(0)) < V2, then the following
estimate holds for all t > 0:

D(A(t)) <exp <—17/(:1/Jm(s)ds> D(A(0)),
where 4 1 1DA02
1= (1-30(40)7).
Proof. See Appendix A. O

We make the following assumptions on the communication function ¢ (r):

(H): ¢(r)=(14+7r%)F, B<1/2 and ¢(r) is not increased, positive, Lipschitz continuous
on R and satisfies

eP1(t)—11(t) (& +t)C4 <1, eP2(t)—1a(t) (& +t)§4 <1, &>0, &>2, (3.5)
where @;(s) and ¥;(s),i=1,2, denote that

P1(s) =2k /(:4’(?1 (s+1)e™)ds,  ¥i(s)= ’7/0%’7’](51 (s+1)e")ds,

@2(5):2k1/0tq0(D(X(0))+C4S)dS, ‘I’z(s)zn/ottp(D(X(O))+C4S)ds,
CQI/OOO@,?A{W, C3:4k1k2\/ElPMD(A(0))D(x<O))/Ot@,?)jis)gds,

Cs=(D(V(0)) +4kik2v/dpmD (A(0)) D(X(0))C2 ).
Here 1, satisfy
max{D(X(O)),D(V(O)) } S Cl/ 4k1k2dl[]M S (32.

Remark 3.1. The assumption (H) can be satisfied, we can choose

¢<t>=‘2,7ﬁ¢<t>+q><t>.

Then (3.5) holds is equivalent to the following inequality holds:

[ np(e(9)as>in(z +) (36)
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where 0(t) =& (t+1)ef2!”. We can choose

_ {5
&+In(In(t+e))’

¢(t)

We can compare the derivatives of both sides of the above inequality

d (! &os? _ 1765
7 J, 10 (@ s+ s = G In (In (& (t+ el 1 e))’

and

(@i (in (@ () )
o0 Ga(Ga+t)!
Therefore, the left side of inequality (3.6) grows faster than the right side. Therefore,

choosing the appropriate 5 can make (3.6) hold. Note that when 6(t)=D(X(0))+Cat, as
long as (s is chosen large enough (3.6) still holds.

= —}—OO'

Theorem 3.2. Let (X,V,A) be a global solution to (1.4). If the system parameters and initial
data satisfy D(A(0)) < /2 and the assumption (H) holds. Then, system (1.4) exhibits a body
attitude flocking in the sense of Definition 2.1.

Proof. Firstly, we roughly estimate the upper bound of D(X(t))

%D(X(t)) gD(X(o))Jr/(:D(V(s))ds.
Because ,
D(V(t)) gD(V(O))—i—/O dkikoVdpmD (A(s)) D (X (s)) ds
and D(A(t)) <24,
2 D(X(1) <D(X(0)) +D(V(0))t+ t [ $kikadgnaD (X(0) duds.

Similarly to the estimate in the proof of Theorem 3.1, we have

D(X(#)) < (D(X(0)) +D(V(0)))ethrhat¥nt’ < (141)eb",
By Lemma 3.1, we can obtain
—D(V(t)) < —2k19m(t)D(V (1)) +4kikaVdpmD (A(t)) D (X (1))

< —2ky @ (t)D(V(t)) +4kikoVdprrexp (—U/Otgbm(s)ds> D(A(0))D(X(t)).
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According to Gronwall’s lemma and the assumption (H), we can get
t
D(V(t)) <e"©ID(V(0)) +4k1k2\/EzlpMe*q’1<S>/ e ) =1D (A(0)) D (X(t))ds.
0
Then we have

D(V(t)) <D(V(0)) +4kikoVdyuD (A(0)) /te(I’l(S)—‘f’l(S) (D(X(0))+ max D(V(7))s)ds

0 7€(0,5]

<D(V(0)) +4k1k2\/al/JMD(A(O)) /(: (mD(X(O)) —l—g[aO’)S(]D(V(T))s) ds

<D(V(0)) +4kikaVdypD (A(0)) D (x(0))C,

S
- D(V d
o max DV(m)ds

< (D(V(0)) +4kik: VgD (A(0)) D(X(0)) C ) @ = Cs. (3.7)

+ 4k ko V/dpuD (A(0)) D (x(0)) /O t

Thus, we can get D(X(t)) <D(X(0))+Cyt. We set
—P
g1 =2k (1+(Cat+D(X(0)))?) .
Obviously,

2k @ (t) <2k <1+ (C4t+D(X(O)))2) 7ﬁ:gl(t).

Hence,
t
D(V(£)) <D(V(0))exp <_ / g1(s)ds>
t
+4kikoVdpmD (A(0) )exp (—/0 gl(s)ds>
t
X/ e®2()=%0) (D (X(0)) +Cyt) ds.

0

Because e®2(5)~12(s) (E3+1)% <1 and & >2, we know
t

/e@z(s)%(s)(D(X(O))+C4t)dszc5<oo,

0

Then we can get a estimate similar to (3.3)

D(V(H) < (D(V(o)) +4k1k2\/E¢MD(A(0))c5>exp (_/Ofgl(s)ds> .

We come back to the same situation as for (3.4). Therefore, the system (1.4) has a body
attitude flocking. O



Z.Qiao, Y. Liu and X. Wang / CSIAM Trans. Appl. Math., 5 (2024), pp. 73-109 89

Remark 3.2. If 0 < ¢, <¢(r) < ¢y, then the assumption (H) is easily satisfied. But this
does not mean that Theorem 3.1 is a special case of Theorem 3.2. Both the conditions
and the conclusions in Theorem 3.1 are independent of the number of agents N. But in
Theorem 3.2, 17 is dependent on N. The number of agents become larger, then the flocking
converges rate will become smaller. Thus, the result of Theorem 3.2 is not extendable to
the macroscopic or kinetic case.

3.2 Finite-in-time stability

In this subsection, we study the finite-in-time stability of system (1.4) with respect to
initial data.

Theorem 3.3. Suppose Z and Z are two global solutions to system (1.4), the system parameters
satisfy B<1/2,0<a=ko (3P —1Pm),0< Py <P(r) <ihum,

max{D(A(0)),D(A(0))} < 2k2al/)M'
<1+ (max{D(x(0)),D(F(0)) })2>ﬁ 2

Then, for any T >0, there exists a positive constant G = G(T) such that

sup |2~ 220 < Gl|2°~ 2°|2.0.
telo,T)

Proof. We firstly define some symbols for concise representation. Let Z = (X,V,A) and
Z= (f(, V,fl) are two solutions to (1.4). The initial data Z°, Z0 satisfy the conditions of
Theorem 3.1. We set
X = max |x;— %, V= max|v;—7;|, A= max |A;—A].
1<i<N 1<i<N 1<i<N

Step A. (Estimate of A(t)). For the estimate of A we directly use the following con-
clusion in [15]:

d
S A S 4ka (14d) (parmax| A — Al +yu ) A. (38)

The proof of (3.8) can be referred to [15, Theorem 4.4]. Because

max|| A;— Ay || <2max|| A|| =2V,
i, i

we have p
aA(t) <SA(t), 3.9)

where 8 =4k, (1+d)pp(2v/d+1). Thus, A <e’* A(0).
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Step B. (Estimate of V(t)). There exist at most countable number of increasing times f;
such that we can choose index i such that V = |v;(t) —;(t)| on any time interval (t,f;1)

d y _ "
a’vi_vilz = (0;—0;,0;—0;)

Z<901k — @i (0x—0;),0i— ;)

+ Nl Z <§9ikAiAi_l<xi_xk) — P A A (% %), v —77i>
k=1

=hL+D,
N
:NZ Pir(v — Qi (T —0i) + @i (O — ;) — Pir (G — ), vi — Ty )
k
K N k&
=N (pix(vk—0i— T +77), +NZ Pik— Pir) (T —0;),0i — 0;)
k k
=+ 1.
Because |v; — ;| = max|v; —7j,
j
<(Uk—Ui—?7k+Z7z‘) Ul> <?Jk Uk,Z)Z ?71'>—’UZ'—?71'|§0.

Hence, we can get I;; <0. According to Theorem 3.1, we can get

k & o L N
112§ﬁZW(\xi—xk!)—@(!xi—ka(!vk—vi\\vi—vi\

IA
ZI*‘

lM —2f ZLlp )Hxi—xk\—\fc‘i—ka]vi—ﬁi\

k . ¢ . 3 "
<MD (V(0))Lip(p)e ZtZ(!xi—xi\+\xk—xk!)\vi—vi!
k

<2k; MLip(¢)D(V(0))e 2 V(1) X (1),

where M and c are defined in Theorem 3.1. For I, we have the following estimate:

Z

k P
L= Z\l];<§01kA AT (x—x) — P AAT (% — %), 0 — 0 >
_h 3 < k(AAT (xi—x) — A; AN (%— %)) v'—6'>
N Pik i41 i k k))/Yi i

k

k -
+ : < Pik— Qolk)A

:m
/—\
><
=
~—r

01—5i> = I +1»,
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kl N £ 2 q - or 1 o
= ) A 0

+ (AlAl_l — AlAl_l) (xi —xk)] ,U; —5i>.

Because

, 2o ky & L _ -
|AAT —AAT | < 1 || (AeAT - AAT) — P (AAT - AAY|
k=1

ko & - .
< L (el A AT - A+ AAL
k=1
+ || =) (AeAT = LA )
= D+ Do

Because ”AkH = \/E and maxlSiSNHAi_AiH :A(t),

(Ac(AT = AT + (A=A AL

b2y,
211= Nk;ll%k
—A(A AT - (A=A A
<4VdkyppA(H).
The last inequality sign is due to
1A =AT =l A=Al
for A;,A;€S0(d). And

N

1212<—L1p )Y (|xi— %]+ |xx— %] ) D (A(t)) <4koLip(y)doe " X (t),
k=1

5_( 1 2y )1
"\D(A) 3m—ym/)

| AAT —AiAi—l | <4VdkopmA(t)+4koLip(p)doe "X (t).
Then we can obtain that

k d N o~ L~
MZ(HAiAi_lH!xi—fz‘|+HAiAi_l\ka—fk!)V(t)

kl\/_llJM

where

Hence,

I <

—~ lAat — A AT 13— V(1)
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< (4k1k2\/_lI)MD(A<t))X(t)+k1l/)M\/EHAiAi 1_AA 1on<,>v(t)

(4kakxvVdpracoe ™ X (1) + 4k Ak (1) ) V(1)

+4k1kyVdLip (1) Goxee X () V(1)

Similarly, we can obtain an estimate of I,
|x1 x1|+|xk_xk’) HA A 1H ’xl_kaUl Uz’

§4k1k2\/_L1p(g0)COxooe_"‘tX( )V(t).

In summary, we can obtain
'D(V(0)) X () V(t) +4kikaVdLip(¢)GoFee X () V(1)

%V(t)2§2k1MLip(q))
ko dipu (Soe X (1) + VAo A () + Lip () Soxee "X (1) ) V(1)

Hence,
%V(t) <k MLip(¢)e='D(V(0)) X (t)+2k k2 VdLip(¢)GoFeoe ™ X (t)
2k VA (coe LY (1) + VAP xeo A () +Lip (1) Goxeoe X ( ))
=E1e "X (t)+EA(H),
where E1 and &, represent the coefficients and y =min{c/2,a}. Note that Z; and &, are

independent of t and N. Since A(t) <e’’ A(0)

d 't
dtv( ) <Ee <X(O)+/ V(s)ds) +E2A(t).

0
Integrating this differential inequality yields
V(t)SV(O)—F&/ e 75< +/ )ds—i— 5 e’ A(0),
V(0)+E1 / e 7S(X<o>+maxv<r> (0)
T€(0,4]

= £
0)+ —Ze‘”A(O)> er.

<(vor+ 5
Then, for t€[0,T),
V(t) < (V(0)+%X(0)+%e”/\(o)>

s) ds+ %e‘”A

s

&}

=1

‘>
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Step C. (Estimate of X' (t)).

X(t) < (V(0)+%X(o)+%e”/\<o)> AT,

To sum up, we can get

sup [|Z2— 2|20 =X (t)+V(t) +A(t)
te[0,T)
g1
=)

§e72(T+1)V(0)+ry (T+1)X(0)
—|—e‘5T<; 521(1+T)+1>A(0)

The positive constant G(T) is given by the following explicit form:

2 (T41),¢f <%e (1+T)+1> }

Nl_“

El
2

G(T):max{ (T+1),

—
H
—1

The proof is complete. O

4 The well-posedness of the kinetic equation and mean field
limit

In this section, we consider the well-posedness of the kinetic equation (1.5) and give
a rigorous proof for the mean-field limit. Firstly, we define some notations

E=C([0,T;P.(Q)),

where Q =R? xSO(d), P.(Q) denotes the space of probability measures with compact
support in () and endowed with the 1-Wasserstein distance W;. By is the closed ball with
center 0 and radius R >0 in R?%.

Lemma 4.1. Take any Ro>0and f,g € & such that
supp(ft)Usupp(gt) C Bg, xSO(d), Vte[0,T].
Then for any B x SO(d) C Q), there exist a constant C=C(R,Ry) such that

rr}g>T<]L1pR(LLf])<C trr}ax}LlpR(Q[f])SC, (4.1)
and
sup {[|Q[f] —Qlg]llL (B xso(a)) } <CWi(£.8),
t€[0,T]
(4.2)
sup {[IL[f]=L[g]l|L= (B xs0a)) } < CWi(f,8)-

t€[0,T]
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Proof. We first prove that (4.1). Fixing v and A,
|L[f](t,x1,0,A) —L[f](t,x2,0,A)]
§k1/0!@(!m—y!)<v*—v)—cp(\Xz—y!)@*—v>\f<t,y,v*,A*)dydv*dA*

ik [ @5 —yD9(xn—yDK(A4,A) (1 =) f (49,0, A)dydo.dA,

—kiks | g(lx2 =y (12 =yDK(A,A) (xa=1)f(ty,0.,A.)dydo. dA,

=L+

Because the compactness of the rotation group and supp( f;) Usupp(g:) C Br, xSO(d) and
|v] < R. This is equivalent to |v, —v| <R+Ro=c(R,Ry)

Ilgkl/ Lip(¢)]x1 — x| |05 — 0| f(£,y,0., AL )dydo.d A,
(@)

§k1Lip(q))c(R,R0)|x1 —x7_|.

We define h(r) = ¢(r)(r)r. We can get h(r) is locally Lipschitz. Lip (k) is the Lipschitz
constant in By

L< \/o_lklkz/QLipR(h)m — x| [IK(A, A f (0., A dydodA,

§2\/21k1k2/QLipR(h)\x1 || AATYf (0., AL dydo. dA,
<2dkikyLipg (h)|x1—x2|.
The uniform Lipschitz continuity of L[f] with respect to v is obvious
{L[f](t,x,m,A) —L[f](t,x,02,A)| < |v1 —03].
Fixing x and o,
|L[f](t,x,0,A1) —L[f](t,x,0,A2)|
gklkzx/a/éwyxl—xﬂ 1AL (AT1— AT Y) + (A1 — A AT || £(t,y,0., AL )dydo, dA,
<2dc(R,Ro)pm|A1— Azl
Thus, we can obtain
Lipy (L[f]) <max {kiLip(¢)c(R,Ro)+2dk:k;Lipg (),1,2dc(R,Ro) } =w1(R,Ro).
The uniform Lipschitz continuity of Q[f] with respect to v is obvious. Fixing v and A,
1QLfI(Ex1,0,A) = QUf(£,x2,0,A) |
<k [ (s =y —p(la—y) I 4.~ AA. A~ [dydo. da.
<2V dkyLip () |x1 — x2).
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By
|A1A AL — A A Ao || = || (A1 — A2) AL LA+ A AL T (A — Ag) || <2Vd|| Ay — As

7

we have
1QUAI(E,x,0,A1) = QIf](E,x,0,A2) |
:kz/ﬂt/;MHA1A;1A1—AZA,lezHf(t,y,v*,A*)dydv*dA*
<2vVdks || Ay = Ao|.
Hence, Q[f] is uniform Lipschitz continuous

Lip (Q[f]) < max{2V/dky, 2V dk,Lip(9) } = w2 (R, Ry).

Next we prove that (4.2). By Proposition 2.1, let 7t be an optimal transportation plan
between the measures f and g. The 7t has marginals f and g and the support of 7 is
contained in (Bg, x SO(d)) x (Bg, x SO(d))

1Q[f1(t,x,0,A)—Qlg](t,x,0,A)|
:kz/nl'b(’x_yl ) (A1 = AAT A) =y (|x—y2]) (A2 — AA T A)d7e(y1,01, A1, 2,02, A2)
Skz/QEIJMHAl—AAflA—A2+AA£1AHdn(yllpllAl,yzlvzlAz)
+k2/()Llp(lI)) ‘]/1 _y2’ HAZ_AAEIAHdT[(yl,Z)l,Allyzlvz,Az)
Skz/ﬂwM(\/E—i—l)HAl—AzHdﬂ'(yl,vl,Al,yz,Uz,Az)+2\/Ek2Lip(¢)Wl(f,g)
<2k, (VAdLip () + (Vd+1)ar) Wi (£,8) = w3 (R, Ro) Wi (f,g)-
For L[f], we can obtain the following estimate:
IL[f)(t,x,0,A) — L[g] (t,x,0,A)]|
:kl/n (@(lx—=y1)(01—0) —@(|x—y2|) (v2—0)) 7T(y1,01,A1, 2,02, A2)
ke [ g(lr—yaDp(x—yi ) K(A,Ar)dr(yn o1, A ya, 02, A2)
—klkZ/Qso(\x—J/ZI)lP(\x—yz!)K(A/Az)dﬂ(y1,v1,A1,yz,vz,Az)
=L+
We can obtain that
=1 [ gl 1)~ p(lyz—x]) (o1~ 0) 1,01, Av .02, 4)

+k1 /Q §0(|X—y2!)(01 _UZ)n(ylrvlel/yZIUZIAZ)
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gkl/QLiP(st))\yl—ysz—v)+90<!x—yz\)(vl—02>”<V1'01'A1'V2'”2'A2)
< (k]LlP(QD)C(Ro,R) —|—k1) Wy (f/g)/

Li=kika | g(x=yDp(lx—y1]) =y K(A, A)dr(ys 01, A1 2,02, A2)
—k1k2/0§0(|x—y1!)¢(|x—y1!)(x—yl)K(A,Az)d”(ylfverlryzfverz)
+k1k2/090(\x—]/1!)¢(\x—3/1!)(x—y1)K(A/Az)dﬂ(ybvl/Abyz/Uz/Az)

—kika [ @(x—yaJp(Jx—y2)) (s —y2) K(A, A2)dr(y1,01, A1, y2,02, ).

For I,

I4<kiko /Q YmVdc(Ro,R) |A1AT = AAT = Ay A + AAS H|dr(y1,01, Av, 2,02, Ad)
+k1k2/QLiPR(h)!}/1—]/2!HK(A/Az)Hdﬂ(ylfvlelfl/zfvzfAZ)

S k]kz /QZdl/JMC(Ro,R) ||A1 — AZH +2dLlpR(l’l) !]/1 —yz ’dﬂ'(yl,vl,Al,yz,Uz,Az)
< k]kz (2d1IJMC(R0,R) —|—2dLlpR(l’l)) Wi (f,g)
Thus, we can obtain

IL[f](tx,0,4) = L[g](t,x,0,A) || < wa(R,Ro) W1 (f,8),

where
w4(R,Ro) =kika (2diparc(Ro,R) +2dLipg (1)) +kiLip(¢)c(Ro,R) +ki.
In summary we can set C(R,Ro) =max{w;(R,Ro)}{_;- O
The associated characteristic system of (1.5) is

X=0,
o=L[f](t,x,0,A), (4.3)
A=QlfI(tx,0,4),

where (x,0,A) € Q). The system (4.3) can be conveniently written as
d

where Q= (x,v,A) and ¥5:[0,T] x Q— Q is the right-hand side of (4.3). We denote a flow
atte€l0,T) of (4.3), i.e.

I (x0,00,A0) = (x(t),0(t),A(t)), (x0,00,A0) €Q.

Next, we give the definition of weak solution of system (1.5) (see [3]).
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Definition 4.1 (Weak Solution). Take a measure fo € P1(QY). We say that a function f:[0,T]—
P1(Q) is a weak solution to (1.5) with initial condition fy, if it satisfies that

fi=Ti#fo, Vte[0,T),

where T'#f is defined as

J 8 (Zffo) (x) = [ S(Zfx)afo(x)
for every measurable function {: Q) —R.
We give some basic regularity results for the (4.3).
Lemma 4.2. Consider the closed ball Bg CR*,R>0and T>0
(1) ¥y is bounded in compact sets. For Q € Br xSO(d) and t € [0,T]

1, Q)lla <Ce,
where Cy, which depends only on R.
(2) ¥y is locally Lipschitz with respect to x,v,A. For all Q1,Q € Bg X SO(d) and t€10,T],
5 (£, Q1) =¥y (t, Qa) || <Lipg (¥f)[| Q1 — 2|

Proof. 1t is obvious for (1). And (2) can be obtained by Lemma 4.1. O

Based on Lemmas 4.1, 4.2 and the framework developed in [3], we can provide ex-
istence and uniqueness of a compactly supported global weak solution to Eq. (1.5) in
a compactly supported measure initial condition, see [3, Theorem 4.11] for details. We
give the following results about existence, uniqueness and stability of weak solutions to
the kinetic equation (1.5).

Theorem 4.1. Let fo be a measure on () with compact support. There exists a solution f; on
[0,+c0) to (1.5) with initial condition fy. Furthermore

fr€C([0,+00);Pc(Q2)), (4.4)
and there is an increasing function R=R(T) such that for all T >0,
supp f: € Br(r) xSO(d) €Q, Vte|0,T]. (4.5)

This solution is unique among the family of solutions satisfying (4.4) and (4.5). Moreover, given
any other initial data go € P.(Q)) and g its corresponding solution. Then there exists a strictly
increasing function r(t) >0 with r(0) =1 the size of the support of fo and go such that

W1 (ft,gt)gr(t)Wl (fo,go), tZO. (46)
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Proof. According to Lemmas 4.1 and 4.2, the proof can be done using the framework
developed in [3]. We briefly state the main ideas here. Suppose fy € P.(Q)) with the
support contained in Br,. We define a set as follows:

F={feC((0,T};P:(Q)),suppf C Br},
where R=2Ry. For f € F, we define
TLf1(t) =Z#fo.
For any Q € Bg, xSO(d), because [|'¥(t, Q)| o <Cy, we have
I}(Q) <Cy,T.

Aslong as T is small enough we can obtain supp(IjE# fo) € Bgr xSO(d). The continuity of
I}#fo can be referred to [3, Theorem 3.12]. Hence, we have I': ¥ — F. For f,g € F and
Qp € Bg, xSO(d), we set

Q1(1)=T}(Qu), Qa(t)=I}(Q).

Then we have

1Q1(5) - (Bl < /OtHlFf(s,QM)—‘Fg(s'%@)“ods
< [[11%5(5,21(9) = ¥1(5,Q2()) | s
+/Otwf(s,gz(s))—‘f’g(s,Qz(s))Hads
gLipR(‘Ff)/otH% —Qallads

t
+/0 (HQm—Q[g]||L°°(BRst(d))+HLm—L[g]||L°°(BRst(d)))dS«
By Gronwall’s lemma,

IZ—Tela<Cr Sl[lpl{IIQ[f]—Q[g]l\Lw(Rst(d))}
tel0,T

+C1 sup {IIL[f]—LIg]llL=(Brxs0()) }-
te[0,T]

where C; = (eMPr(¥1)T 1) /Lip (¥5). By [3, Theorem 3.11] and Lemma 4.1,

Wi (Z#fo, Zetfo) < Cr Sl[épﬂ {1Q1f1— QI8N L= (rxso(a)) }
te|0,

+C1 sup {IIL[f]—LI[g]llL= (B xs0(@)) }
te[0,T]

S 2CC1W1 (f,g)



Z.Qiao, Y. Liu and X. Wang / CSIAM Trans. Appl. Math., 5 (2024), pp. 73-109 99

We can in addition choose T small enough so that 2CC; <1. Thus, I' is contractive, and this
proves that there is a unique fixed point in /. We obtained local existence and uniqueness
of solutions. For initial value Qp, by (4.3) we can get

1Q]lq <e™, (4.7)

where C, depending on || Qo ||, T, k1, k2. According to (4.7), we can estimate the support
set Bg xSO(d) for any T > 0. Hence, we can extend this solution as long as the support
of the solution remains compact. The stability result (4.6) is similar to the proof of [3,
Theorem 3.16]. O

Next we investigate the mean-field approximation, i.e. the approximation of a con-
tinuum measure by empirical measures. Firstly, we introduce the empirical measure

N N
fo' =Y mido a0y Yomi=1, (4.8)
= =1

and denote f}N is the weak solution to Eq. (1.5) with initial value f¥ on t €[0,T). By
[3, Lemma 5.1], we know f] is the empirical measure with trajectories (x;(t),v;(t),A;(t))

N
=Y mids 00,40, tEOT),
i=1

where (x;(t),v;(t),A;(t)) satisfies the following equation:

(

Xi =0,
i N
v;= ) _mL[f;" | (t,x;,01,Ap),
i=1 (4.9)

N
Ai:ZmiQ[ftN}(t,xi,vi,Ai), xi(O):x?, 7)1'(0):2)?, AZ(O):A?
i=1

\

When m;=1/N,1<i<N, obviously the above equation is system (1.4) by the properties
of Dirac measure. The mean-field limit of the system (1.4) is given by the following
corollary.

Corollary 4.1 (The Mean-Field Limit). Let f¥ be a sequence of empirical measure with the
form (4.8) and fo € P.(Q) with compact support. f)¥ and fy satisfy

. N _
Lim W, (fo.fo ) =0.

For T >0, f; and fN are the unique weak solutions to the kinetic equation (1.5) with initial value
fo and fY, respectively. Then, there exists T, € (0,T) such that

Jim W, (fu.f')=0, Vte(0,T*. (4.10)
—00
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Proof. By (4.6), we can find a strictly increasing function () such that

Wi (fi, f) < r(E)Wr, g

forall t€[0,T*) and N € N. Because r(t) is bounded on [0,T7*), when N — oo, it is clear
that (4.10) holds. O

Remark 4.1. By the stability result (4.6), we can extend the result of Theorem 3.1 to the
kinetic system (1.5). We define

Dy[f]=diam(supp, f),
Dy[f]=diam(supp, f),
D4[f]=diam(supp, f),

where supp, f denotes the x-projection of supp f and similarly for supp, f and supp 4 f.
Suppose f; € C([0,T],P.(Q)) is a weak solution of (1.5) subject to a compactly supported
initial datum fy € P.(Q)). And we assume that 0< < 1/2, ¢ satisfies (1.3),

2k
Dalfo] < kaM 0<a<—(1+Dx[lfo]2)ﬁ'

Because (P.(Q), W) is a Polish space, we can find a N-particle approximations of f, and
denoted as {f } nen, ie.

1 N
=~ L0 (x—xi(0) @6 (v-0i(0)) @3(A-A(0)), te[0,T),
and
dim Wa (o', fo) =
By Theorem 3.1, we have
Dy [fN] <MD, [f e, Da[fN] <coe™, te[0,T),

where f} is a weak solution of (1.5) subject to the initial datum f}¥ and
. _( 1 2yy )‘1
U \DARYT 3gm—tm)

Wi (fi fN) <r(TYWi (fo, fY),  t€[0,T].
Because 7(T), M, c,co,a is independent of N. Fixing T >0, letting N — oo, then D,[f}N] =
Dv[ft] and DA[ftN] :DA[ft]; ie.

Do[fi] <MDy [fole™ 2", Dalfi]<coe ™, te[0,T).

According to (4.6),

And sup; o 11 Dx[f:] is obvious.
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5 Numerical simulations

In this section, we show the numerical simulations for the emergent dynamics of the
system (1.4). Let (ej,ez,e3) denote the canonical basic, where {ei}?:l are standard unit
vectors. We use (e}, e},e}) to denote the body attitude of the i-th agent

(e],e)el) =(Aje, Aier, Aes).

Display e}, e}, e} axes in colors red, green, blue, respectively as in Fig. 2.

b
!/
A/T !
0

€1
Figure 2: Illustration of the body attitude.

In Figs. 3(a)-3(b), we can find the asymptotic synchronization of the body attitude
of agents. And in Figs. 4(a) and 4(b) illustrate the asymptotic alignment of the velocity
fluctuation and the body attitude fluctuation, the position fluctuation is bounded. This
implies the existence of asymptotic body attitude flocking for the system (1.4).

3 30

20

25

Figure 3: (a): Agents with no coordinated body attitude at the initial moment. (b): Alignment of body-
orientations at the final moment.
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— Velocity fluctuation Position fluctuation
—— Body attitude fluctuation F ]

(a) (b)

Figure 4: (a): Velocity fluctuation and body attitude fluctuation. (b): Position fluctuation.

6 Conclusion

In this paper, we have studied body attitude flocking behaviors of a new model for body
attitude coordination. Unlike the body attitude alignment models in [9, 15], the veloc-
ity of each agent is constantly adjusted according to the velocity of other agents. In this
case, flocking would include the body attitude alignment and velocity alignment. It will
generate a new collective behaviour which is called body attitude flocking (see Defini-
tion 2.1). We present two sufficient frameworks leading to the body attitude flocking.
The first framework requires a positive lower bound on communication function (r),
which yields flocking estimates that are independent of the number of agents N. The
second framework removes the assumption that the communication function (r) has
a positive lower bound, but obtains flocking estimates related to the number of agents.
Based on the sufficient framework, we present the finite-in-time stability estimate which
is valid on any finite time interval. In addition, we formally derive a kinetic model of
the model for body attitude coordination using the BBGKY hierarchy. We prove the well-
posedness of the kinetic equation based on the framework of [3] and give a rigorous proof
for the mean-field limit of the system (1.4). We extend the result of Theorem 3.1 to the
kinetic system (1.5) and present a sufficient condition for asymptotic flocking in the ki-
netic system (1.5). Of course, there are still lots of interesting open questions such as the
extension of stability estimate to the whole time interval and uniform-in-time asymptotic
flocking dynamics of the kinetic model. These issues will be addressed in future works.

Appendix A. Proof for Lemma 3.1
In this appendix, we provide the proof of Lemma 3.1.

Proof. Firstly we estimate d (Al-TAj) /dt. Although the estimate is similar to [12, Theo-
rem 5.11], we provide the details here for the readers’ convenience
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4 (ATA))=ATA+ AT A;
dt i) A Y i4Y

1 N
=~ (wik(A,fAj—AiTAkAiTAj) +pi (A] Ak—AfAjAkTAj)>.
k=1

We make the following transformations:

AfAj— AT ALAT A =2AT Ai— (I4+ AT AL AT Ar) AL A,
=2AFAj—2ATA;j— (1-2AT Ay + AT A AT A) AL A;
=2(Ar—A)TA;—(I- ATAk) ALA;.

Taking the trace of the above equation yields

tr(A,fA'—ATAkAiTAj)

:2tr(( ANTA)) —tr((I- AT A)? AL A))
2tr((A—Ai)TAj) —tr (A] (Ai— Ax) (Af — AT) 4))
2tr((A ANTA)) —tr ((Ai— Ax) (Af — AT) A AT)
=2tr((Ay— A0 A7)~ tr((Ai— Ax) (AT~ AT) (A AT + A,AT))
=2tr((Ac— AT Aj) - % tr((Ai—Ap) (Af —AT) 21— (Ai— Aj) (Ai—A))T))
=2tr((Ax—A)TAj) +tr ((Ai— A (Ai— A)T)
—%tr((Az AQ(Ar—A)T (A= A) (A= A)T)

:2tr((Ak—Ai)TAj)—|-HA1‘—AkHZ_%H(Ai—Ak>T<Ai_Aj)“2'
Then we can get
tr(A{Aj— AT AATA))
>2(i(ALA) +5(AT4) ) 141 A (1- 14 4P)
>2(tr(A] A) +tr(AT Ay) )+ Ai— Acl? (tr(RTR;) —d+1).

Repeating the above estimation for (A7 Ay — AT A; Al Aj) yields

d N
SATA;> < kzl(zplk(tr AL Ay —tr(AT A7) )+ (tr(AT Ay —tr(A] 4))) )
1 N
+ = (tr(AT ) =d+1) 3 (gl A= AP+l A= A1) (A1)

k=1
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There exist at most countable number of increasing times t,, such that we can choose
indices 1 <1i,j < N such that ||A;—Aj|| = D(A) for t € (t,tm11). Because ||A;—A;j||> =
2d—2t1‘(AlTA]‘),

tr(Af Aj) = tr(A{A

r(A; Aj)= min tr(A;Ay).

By (A.1), we can obtain

N
Lir(ATA) >  (tr(AT A)) ~d 1) ) L (#ilAi= A+ 4y Al
1
> N(tr(AiTAj)—d+1) (il Ai— AP+ sl A — Al ?)
> 2 p(0)(1r(A A7) —d +1) (24-21r(AL A7)
> (1) (ir(AT A7) —d+1) (d—tr (AT A))), (A2)

where ¢, (t) =¢(D(X)(t)). Since D(A(0)) < v2 and ATA;<d, we have
d-1<tr((a})' A7) <d.
Hence,

d—%D(A(O))2<tr(AiTA]-) <d, vte[00),

d

T (a-te(ATA)) < <pu(t) (r(ATA) —d+1) (tx (AT A)) —d).

Then we can obtain

1d|
2dt

T D(AW) < () (1—%13(«4(0))2) D(A() < —9m(HD(A(H)),

A= 412 <~ 1 pn(0) (1- 3D(AQ)) ) A=A,

where
4 2
n= (1——D(A(O)) >
The above differential inequality can be integrated to get

D(A() <exp =1 [ pu(s)ds ) D(A()).

The proof is complete. O
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Appendix B. Derivation of a mean-field model

In this appendix, we use the standard BBGKY hierarchy to derive the mean-field kinetic
model of the system (1.4) formally (see [14,20,27] for related results). Let

fN :fN(t,X1,U],A1,xz,'UZ,A2,' t ,XN,UN,AN)

be the N-particle distribution function. Since particles are indistinguishable, f Nis sym-
metric

fN(t/ o ,xl',vj,Aj,‘ o /xj/vlej/' : ) :fN(t/ o /x]'/U]'/A]'/' o /xl'/UiIAZ‘/' : ')'

Based on the Liouville equation, we have
N N N .
ofN+Y divy, (xifN) + Y dive, (0 fN) + Y _diva, (AifN) =0. (B.1)
i=1 i=1 i=1
Let fN1(x1,01,A1,t) denote the marginal distribution

fN:l(t/xllvllAl) - /;)N_lfN(t/xllvl/AlleIUZIAZI' : ‘,XN,UN,AN)dx_dU_dA_,

where
QO=R*xS0(d), (x_,v_,A_)=(x2,02,A2,---,XN,UN.AN).

We integrate (B.1) with respect to variables x_,v_, A_ to get
N1+ L+ L+ 13=0,

N
L= .Z;/Qw—l divy, (UifN)dx,dv,dA, —01-V, V1,
i=

k N ) N N —
Iz:ﬁl;/@Nldlvvi <<};q)ij(vj—vi)—;goi]-AiAi 1(x]-—xi)>fN> dx_dv_dA_

]

=1 —In.
By the symmetry of fN
=S [ v (Sontomoor) ox-ao-aa
21 Ni:l QN-1 Ui j:1§01] ] i _dv_ -~
k1 . N N
N QN—ldlvvl E(Pij(vj_vl)f dx_dv_dA_
(N=-1) [ ..
:%/QN—ldlvvi<(qolz(vz_vl)fN))dx_dU_dA_
ki (N—1)

= Tdin,- (/Q P12(v2 —01)fN:2dx2dvsz2> ,
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where
PN (31,01, Av i 0a, A) = [ fNdradosd Az dndond A,
Q —
and
ki & . N N
Izz:ﬁ;/gw-ldlvvi ;qoifAiAi (xj_xi) Y ) dx_dv_dA_
kq
N QN- 1d1V”1 <29"1]A1A ( —x1)fN> dx_dv_dA_
ki(N—
:¥/QN divy, (p12A1A] (xg—x7) fN)dx_dv_dA_
ki(N—-1 . .
G,
Because

. ky Y
AA =1 L (A - A,
]:

by the symmetry of fV, we have

kiko(N—1 .
%dlvv1 (/ 4)1221/)1] Aj A* AlA )( xl)fN‘zdxzdvsz2>

7k1k2(N ) divy, (/ P12 (ArAT — A1 Ay )(xz—xl)szdeZdUZdA2>'

I =

Then we have

k
12: <k1——l> Vz;l </ P12 Uz—vl)f dedUp_dA2>
k ko :
<k1 I\ll> Vvl . </ (kz — —> q0121.l)12 (AzA —A1A2_1) <X2—X1)fN'2dX2d7)2dA2> .
By divergence theorem on SO(d), we have
/S o (A )40, /Q div(AifN)dx_do_dA_=0, i=2,..,N.
Hence,
N N
h=). /Q divy, (AifN)dx_do_dA_

_ : i £N
= /Q divy, (ArfN)dx_dv_dA_
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ko . N B -
N QN—lleAl < 1¢11(AJ'A1 l_AlA]- l)AlfN> dx_dv_dA_
j=

(N-1) [ . .
- % /QN—] div 4, (12 (A2 — A14; 1A1)fN)dx,dv,dA,

k(N=1) [ .. _
= % /deAl (Y12(A2— A1 AT A7) FN/2) dxadvad As.

Then we have

. . k : .
0=0:fN1+0;-V,, fN1+ (kl - N1> Vo, - < /Q P12(v2—11) fN'dezdvsz2>

k k )
— <k1 — ﬁ) Vz;l . (/Q (kz — N2> P12P12 (AzAl_l — AlAz_l) (xz— xl)fN'dezdvsz2>

ky(N—1)
N

Now we take the mean-field limit N — co and obtain the one- and two-particle limiting
densities

+ V- (/Q 1IJ12(A2—A1A21A1)fN:2dx2dvsz2> .

fl :I\llgrlofNJ(t/-xl/vl/Al)/
f2:I\lligloszz(t,XLUl,Asz,Uz,Az),

which satisfy
0=3,f +01-V '

+kq Vvl . </Q {q)lz(vz —?J]) —kzqolzl/J]z (AzA;l — AlAgl) (JCZ —xl)} fzdedUp_dA2>

—|—k2VA1 : </Q l/J]z(Az —AlAglAl)fzdedvsz2> .
We make the molecular chaos assumption that

fz(t/xl/UlIAllXZIUZIAZ) :fl (t,X1,Ul,A1)fl (tIXZIUZIAZ)

to close the above equation. Then we can obtain one-particle distribution function f
satisfies the following equation:

3 f+01- Vo f+ Vo (LIfIf)+ YV a-(QUf1f) =0,
LIfI(tx0,4) ks [ @(lx=y]) [(0:=0) ko (lx—y]) (A, A~ = AA) (y=x)]
X f(t,y,0.,AL)dydv.dA,,

Qlfl(t,x,0,A) =k /01,1)( Ix—y|) (A —AATA) f(t,y,0., AL )dydo,dA..
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