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Abstract. In this work, we propose an explicit second order scheme for decoupled
mean-field forward backward stochastic differential equations with jumps. The sta-
bility and the rigorous error estimates are presented, which show that the proposed
scheme yields a second order rate of convergence, when the forward mean-field
stochastic differential equation is solved by the weak order 2.0 It6-Taylor scheme.
Numerical experiments are carried out to verify the theoretical results.
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1. Introduction

Let (2, F,IF, P) be a complete filtered probability space with F = {F;}o<;<1 be-
ing the filtration generated by the following two mutually independent stochastic pro-
cesses:

* The m-dimensional Brownian motion W = (W})o<¢<7.

* The Poisson random measure {u(A x [0,¢]), A € £, 0 <t < T} onE x [0,T],
where E = R?\{0} and €& is its Borel field.

In this paper, we suppose that the Poisson measure ; has the intensity measure
v(de,dt) = A(de)dt = \F(de)dt,
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where A(de) is a Lévy measure on (E, &) describing the average number of jumps per
unit of time, A = A(E) is the intensity of the measure ; and F is the distribution of the
jump size e. Here A(de) is a o-finite measure satisfying

/ (LA ef?) A(de) < +oc.

E

Moreover, we have the compensated Poisson random measure
a(de, dt) = p(de,dt) — \(de)dt,

such that {fi(A x [0,t]) = (x — v)(A x [0,1]) }o<t<7 is a martingale for any A € €.
The Poisson measure ;. can generate a sequence of pairs (7;,¢e;),i = 1,2,... ,NT
with 7, € [0,T],7 = 1,2,..., Np, representing the Jump times of N; and ¢; € E,7 =

1,2,..., Nr the correspondmg jump sizes satisfying e; % F. Here Ny = p(E x [0,¢]) is
a P01sson process with intensity A, which counts the number of jumps of i occurring in
[0,¢]. For more details of the Poisson random measure and Lévy measure, the readers
are referred to [6,17].

We are interested in the following general mean-field forward backward stochastic
differential equations with jumps (MFBSDEJs for short) on (Q2, F,F, P)

0,x0ds

t
i

+/tIE[ (5, X0%0,2)] | o xodV,

/ / (s Xg’_m,x,e)] ‘m:Xo,xoﬂ(de,ds),

Y;O7XO = E XO xo )] ‘JC:XgXO

(1.1)

T
+/ E[f(s,007,0)]|,_ 60 %o ds
t

—/ z9Xoqw, — //UOX0 fi(de, ds),
t

@(S),m — (Xg],:v, szo,m’ Zg,m, Fg,:v)
with = ¢ and X, being the initial values of mean-field forward stochastic differential
equations with jumps (MSDEJs). Here, I'Y* is defined by

007 = [ U2 (eI
for a given function 7 : E — R satisfying sup.cg |n(e)| < +o0,
b:[0,7T] x R x RY — R,
0:[0,T] x R? x R — RI*™,
c:[0,7] x R x RY x E — R?

where
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are respectively drift, diffusion, and jump coefficients of MSDEJs, IE[@(X%IO, x)]|

z=x2%0

T
is the terminal condition with ® : R? x R — RP, and

f:]0,T] x RE x RP x RP*™ x RP x RY x RP x RPX™ x RP — RP

is the generator of mean-field backward stochastic differential equations with jumps
(MBSDEJs). A quadruplet (X0, v,>*0, z»X0 179X0y js called an L2-adapted solution
of (1.1), if it is F;-adapted, square integrable and satisfies (1.1). In general, the initial
values X, and z( are different, and (Xto’x",Y;O’x“, Zto’x", Uto’x") is the solution of (1.1)
with Xy = xg.

The theory of mean-field forward backward stochastic differential equations (MF-
BSDEs for short) was initially developed by Buckdahn et al. [3] in 2009. Since then,
MFBSDEJs have become an important tool in many research areas such as the nonlo-
cal diffusion problems [2—4, 11], stochastic optimal control [7,13,25,26], and mean-
field games [1,5,8,12]. Furthermore, Li [14] extended the theory of MFBSDEs to the
framework of MFBSDEJs. MFBSDEJs can obviously model the event-driven stochastic
phenomena much more accurately by comprising Lévy jump processes, and hence ad-
mit much wider applications in the above research areas [10, 15, 16,21, 24]. In view
of its wide applications, it is important and interesting to study numerical methods for
solving MFBSDEJs. Due to the Poisson random measure and the nonlocal properties of
MFBSDEJs, it is very difficult to construct numerical methods for MFBSDEJs.

To prepare for the numerical methods for MFBSDEJs, we developed the It&’s for-
mula and It6-Taylor expansion for mean-field SDEs and SDEJs, and constructed gen-
eral It6-Taylor schemes for them in our previous works [18,21]. Then the authors
presented high order #-schemes for MBSDEs in [22]. Furthermore, a second order
one-step scheme and a third order multi-step scheme were proposed in [19, 20] for
solving decoupled MFBSDEs. To our knowledge, nevertheless, there are few works on
MFBSDEJs in the literature.

In this paper, we are devoted to numerical methods for solving decoupled MFBS-
DEJs. By solving MSDEJs with the It6-Taylor schemes proposed in the paper [21], we
will design a second order numerical scheme for solving decoupled MFBSDEJs. By us-
ing the It6 formula in mean-field version, we will first rigorously analyze the stability
of the proposed scheme, and then derive its error estimates from the obtained stability
results. The error estimates show that the proposed scheme admits a first order con-
vergence rate when MSDEJs are solved by the Euler scheme or the Milstein scheme,
and a second order convergence rate when MSDEJs are solved by the weak order 2.0
It6-Taylor scheme. Our numerical results show that the proposed scheme is stable, ef-
fective and can be of second order rate of convergence, which are consistent with our
theoretical conclusions.

It is worth pointing out that compared with the numerical methods for solving
FBSDEs (short for forward backward stochastic differential equations), the methods
for mean-field FBSDEs with jumps are computationally expensive and complicated.
The main reasons are listed as below.



246 Y. Sun, J. Yang and W. Zhao

* First, we need to approximate the expectations with respect to the solutions con-
tained in the coefficients of mean-field FBSDEs with jumps. Since the probability
density functions of the solutions are unknown, it is not easy to approximate
these expectations efficiently.

* Second, our constructed Scheme 3.1 contains several conditional expectations
with respect to the solutions. It can be very time-consuming and complicated
to approximate these conditional expectations because of the existing of the dis-
crete Poisson jumps in the solutions, whose numbers and sizes are both random
variables.

To overcome the above two difficulties, we first apply the Monte-Carlo method to simu-
late the expectations contained in the coefficients of MFBSDEJs. As for the conditional
expectations in our scheme, we write them in the form of multiple integrals by using
the distributions of the Brownian motion, the jump numbers and the jump sizes, and
the independence of these random variables. Then we approximate the corresponding
integrals by using the high-efficient Gaussian quadrature rules. For more details, please
refer to Section 5.

The paper is organized as follows. In Section 2, we present some preliminaries
including It6’s formula and the Feynman-Kac formula. In Section 3, by discretizing MF-
BSDEJs in time, we develop an explicit second order numerical scheme for MFBSDEJs.
Stability analysis and error estimates are performed in Section 4. In Section 5, some
numerical experiments are carried out to verify our theoretical results, and we finally
conclude the paper in Section 6.

We close this section by listing some notation that will be used in what follows:

* | - |: the standard Euclidean norm in the Euclidean space.

. Cf’Z: the set of continuous differential functions ¢(x, y) with uniformly bounded
partial derivatives 8518’;% for k1 <2 and ky < 2.

. C’I} 22: the set of continuous differential functions ¢(t, x,y) with uniformly bound-
ed partial derivatives ailqb and 8’;185% for [y <1 and k; + ky < 2. Moreover, we
can define 05’2’2’2’2’2’2’2’2 in a similar way.

2. Preliminaries

In this section, we will introduce some useful results including the nonlinear Feyn-
man-Kac formula and It6’s formula for general MSDEJs.

2.1. The nonlinear Feynman-Kac formula

To show the representations of the solutions of decoupled MFBSDEJs, we recall
the nonlinear Feynman-Kac formula in this subsection, which explains why we can
numerically solve the MFBSDEJs (1.1) in spatiotemporal framework in this paper.
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For simplicity, we make the following assumption on the coefficients and the termi-
nal condition.

Assumption 2.1. Assume that b,0 € C§’2’2 and c(-,-,-,e) € C§’2’2 with the bound

of K(1 A le|) for all its derivatives of first and second order, f € 05’2’2’2’2’2’2’2’2 and
ey’

Now we present the following nonlinear Feynman-Kac formula [14].

Lemma 2.1. Under Assumption 2.1, the solutions of the MBSDEJs in (1.1) have the fol-
lowing representations:

YR =t X)),
20 = Vou(t, X Elo (8, X7, 2) ]| ,_yooxo, (2.1)
UPX =u(t, X0+ Ele(t X070, 0)] |, _yoxo ) —u(t— X2),
where u(t, x) is the classical solution of the following nonlocal quasi-linear PIDE:
Alu)(t, ) + E[f (t,Xf’xo,u(t,Xl?’mO),
Vot X0 S0 (1, X070 2))

Bu] (t—, X?fvo) ,xyult, ),
Vau(t, z)E[o(t, X, )], Blul(t, CE))] =0 (2.2)

0,
=X, 0

with the terminal condition u(T,z) = IE[@(X%IO, x)]. Here A is a second order integral-
differential operator defined as

d
AR (t, ) = %(t, £+ 3 Kb (1. X0 )]

i=1

d
1 x T T
+3 ; (Blo(t, X7, 2) |E[o(t, X%, 2)] )

_|_/E(u(t’x—|—E[C(t,XtOjBO,I',€)]) —u(t, )

0%u

i 8.%'1((’)1'3

(t,z)

d

- Sl X0 .0 2

~
i=1 v

(t, 7)) A(de),
and B is an integral operator defined as

Blu(t, z) = /

A (u(t, z+Efe(t, X", x,e)]) — ult, x))n(e))\(de). (2.3)
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Note that
ﬂ“=4@%wmuwm

then by (2.1) and (2.3), we get
Y0 = Blu] (t—, X7°).

Lemma 2.2. It is known that when the functions b, o, ¢, f and ® are bounded and smooth
enough with bounded derivatives, the PIDE (2.2) has a unique solution u(t,x) which is
also bounded and smooth with bounded derivatives [14].

2.2. Itd’s formula for MSDEJs

Let 3; be a d-dimensional It6 process with jumps defined by
dﬁt == TIZ)tdt + thth + / ht, (e),u(de, dt), (24)
E

where ), ©; and h; are progressively measurable processes satisfying

T T T
/ || dt < +o0, / Tr[gpsgo;r]dt < 400, / / |he(e))? M(de)dt < +o0, a.e..
0 0 0 E

For notational simplicity, for two given functions g; : RT x R x R — R and g, :
Rt x R? x R? x E — R, we define

gi (t,x) = E[g1 (t, Br, )],
g (t,:ﬂ, 6) = E[QQ (t,ﬁt,x, 6)],

Consider the following general MSDEJ:
dX; = VP (t, X;)dt + 0P (t, X;)dW; + / At—, X, e)p(de, dt). (2.5)
E

Note that under Assumption 2.1, the MSDEJ (2.5) has a unique solution. Now we state
the It6’s formula [21] for the MSDEJ (2.5) in the following theorem.

Theorem 2.1. Let X; be the unique solution of the MSDEJ (2.5). Then for f € C122,
fP(t, Xy) is an Itd process with jumps satisfying

ﬁuxn:ﬁmx@f[ﬂﬂ@xgw+£fvﬂ&&mm

t
+/ /Lelfﬁ (5, Xs_) pu(de, ds) (2.6)
0 JE
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where the operators LY, ' and L. are defined as
B
LOfB(s,x) = % (s,2) + Vo f? (s,2)b° (s, 2)
s

5T [ ) (0 (5.0)) (0% (5,2)) ] 2.7)
L1f8(s,2) = (L'f%(s,2),.. LMfB (5,7)),
L P (s,2) = fP (s, + cﬁ(s—,x,e)) — B (s—,x)
with

ofB 0
8—.]; (37-%') =K [a_.i (37/857-%') +Vau f (375871') ps + %TI‘ |:fm/:v’ (87587'7;) ‘105‘10;—]] s

Vof? (s,0) =E[Vaf (s.852) |, fon (5,2) = E[fuu (5,85 2) ],
d
Ljfﬂ(t,x):Ziﬁ(t,x)a,fj(t,x), j=1,2,...,m.

Here o; denotes the j-th column of the matrix o and

of of _ ([ 9f
:vf ( . %) ) f:m: — (a%.iaxj)dXd-

We remark that the above It6’s formula for MSDEJs will play an important role in
the numerical analysis of our scheme. For the details of the It0’s formula (2.6), the
readers are referred to [21].

3. Numerical scheme for MFBSDEJs

In this section, we first introduce the general It6-Taylor schemes for solving MSDEJs,
then based on which, we develop an explicit second order numerical scheme for solving
the MFBSDEJs (1.1). For notational simplicity, we letd = m = p = 1.

Let N be a finite positive integer. For the temporal partition, we introduce a regular
time partition on [0, 7]

T={0=to<t1<---<ty=T}.
For the above regular time partition, we let
Aty =tyi1 —tn, AW, =W, —Wi, AN, =N, ,, —Ni,.
Here the regularity means there exists a constant ¢y > 1 (independent of N) such that

maXOSnSN,l Atn

- < ¢p. (3.1
mlDOSnSNfl Atn 0
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3.1. The general It6-Taylor schemes for MSDEJs

Let X X0 (X?0) be the approximation values of the solutions XtO’X0 (Xto’x“) of the
MSDEJ in (1.1) attime ¢t = ¢, (n = 0,1, ..., N), solved by a It6-Taylor scheme proposed
in [21] in the form

Xfﬁl = Xé(" +E [gp(tn, Aty X730 x,w,m, T, e)] (3.2)

withz = XX0, w = AW,,, m = AN,,, 7 = T and e = e, where ¢ is a method dependent
function, 7 = (1,...,7anN, ) and e = (eq,...,ean, ) with AN,, the jump number and
(7i, €;) the pairs of jump time and jump size occurring in (¢, t,11].

Define

B(t,:ﬂl,ﬁﬂ) =b (t,x',x) — / c (t,x',x, e) A(de). (3.3)
E

Then by taking different forms of the function ¢ (depends on b, o, c and their deriva-
tives), we give three examples of the Ito-Taylor scheme (3.2), see [18].

1. The Euler scheme

XX0 = XX 1557 (8, X,X0) At + 05 (8, XX0) AW,
ANy

+Zc (tn, XX0, ;) . (3.4)

2. The Milstein scheme

XX0 = X0 4 55 (1, XX0) Aty 4+ 0¥ (£, XX0) AW,
AN,
£ 30 (1, X0, e0) 4 5L (1, X20) (AW,) - At

AN, ,
+ 3L (1, X0 ) (W, — W)

ANy,
T Z Le, L t"’Xé(O) (th+1 - WTi)

ANy 7'1

+30> L (8, X0 ). (3.5)

i=1 j=Ni,+1
3. The weak order 2.0 Ito-Taylor scheme

X0 = X0 4+ 0 (tn,X,i“)Atn + 0% (b, XX0) AW,
AN, L oe
+ Z X (g, X0, e;) + §L0bX"O (£, X2X0) (AL,)?
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+ %LIJX?J (tn, X;0) ((AW,)? = Aty,)
AN, "
+ 3L (t, X0 e) (W, — WA,)

ANy,

+ Z L o™ (b, X750) (Wi, — W)

AN, Nr—
§ § 1 X X
+ L n7Xn O,Gi)
i=1 _7 Nthrl
AN,

+ Z LOCszlO (tn,Xyi(()?ei) (Ti — tn)

AN,
+ Z Le_ing”O (thé(o) (tn+1 — Ti)

1 ~ 3T x
5 (LB (b X00) + LN (0, X00) ) AW AL (3.6)

Remark 3.1. Note that to solve the MSDEJ in (1.1) for Xy # x(, we need two steps in
succession. We take the Euler scheme (3.4) for instance to illustrate this procedure.

e Step 1: solve the MSDEJ with X, = z¢ to obtain { X0}V,

Xmo +1 — XJUO + bX (tn’ XﬁO)Atn + O-Xﬁ() (tn, XgO)AWn
ANp

+Z"tX"”)

* Step 2: solve the MSDEJ with X # z to get { X0}V after we get { X%}V,

XX0 = XX 1 55 (1, X0 Aty + 0 (£, XX0) AW,
AN,

+Z”tXX)

Let C}} be the set of continuously differentiable functions ¢(z) such that all its partial
derivatives up to order k£ have a polynomial growth. Then we state some approximate
properties of the It6-Taylor scheme in (3.2) in the following proposition, which will be
used in our error analysis.

Proposition 3.1. Let {XX0.n = 0,..., N} denote the numerical solutions of the It6-
Taylor scheme in (3.2). Then there exist positive numbers 11,72, 13, 1, @3 and [ such that
forany g € C¥ 2 andn =0,1,...,N,

[E [g(x07) = g(x20)] | < Cp(a0),
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EtXnn (Xttnjﬂ ) (Xr)z(+01):| ' < Cg (1 +E [’XﬁO’Qﬁ} + |X7’)L(0|2r1> (At)l+17

c Xq ~

| (st - a(0%) ) A0
[ X

| (o0Xi ) o) ) A7

where C, is a positive constant independent of At and [ is called the global weak conver-
gence order of the It6-Taylor scheme in (3.2).

Remark 3.2. In Proposition 3.1, it holds that [21]:

< Oy (1B [IX50] + 00 (anm,

< Gy (U B[] + X0 (e,

1. a1 = ap = | = 1 for the Euler scheme (3.4) and the Milstein scheme (3.5).

2. a1 = ag = | = 2 for the weak order 2.0 It6-Taylor scheme (3.6).

3.2. The explicit second order scheme for MFBSDEJs

Based on the nonlinear Feynman-Kac formula (2.1), we first discretize the MBSDEJ
in (1.1) in time. Then by solving the MSDEJ in (1.1) using the It6-Taylor scheme,
we propose an explicit second order semi-discrete numerical scheme for solving the
decoupled MFBSDEJs (1.1).

To derive the reference equations for constructing the numerical scheme, we define
the following two stochastic processes AW, ; and Aji;. s by

Ath,S :/ p(T)dWr, :u'tn s / / d€ d?")
tn tn

for t,, < s < T, where p(r) =2 — (3(r — t,,))/Aty,. It is obvious that f;’: p?(r)dr < +o0,
and thus the Itd integral AW},  is a martingale satisfying

g, [() ] =i, | ([ o) | =2 [ [ o]

= (s —tn) (1 + A?;Q (s — tn+1)2> :

and Afiy, = Apiy ;. Then by taking s = ¢,,4.1, we obtain

Let AWn = Ath,tn+1

Ef [AW,] =0, Ef, |[(AW)°] = At

Since sup,cg |n(e)| < 400, it holds that

/ / wu(de,dr) < 4o00.
tn
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Thus Aji, , is a martingale satisfying

Bf (i) =0, B [|am] = A, /E 2 (e)A(de).

Let ©5% = (XL", Y, 25" Th") denote the unique solution of the MFBSDEJs (1.1)
with the forward MSDEJ starting from the time-space point (¢,x). Then forn = N — 1,
.., 1,0, we have

tn+1

Ytn,ai _ Ytn,ai + bnt E [f( (_)O,aﬁo 0 d
etz [ B 1(5.00.0)) g

tn+1 tn+l
—/ ZnTqW, — /Ugn’x(e)ﬂ(de,ds). 3.7)
tn E

tn

In the following, we first solve the unknowns Zf:’”c and FiZ’”” based on (3.7). Using the
obtained values of Z,"* and I';""", we solve Y,""** in an explicit way.
To solve Zf:’m, we multiply (3.7) with ATV, and take the conditional expectation

E? []:=E[ - |F,, X0 = a]

on both sides of the derived equation to deduce

tn+1

5 tnt1 -
0=E} [ytmm AWH} + / Ef [E [£(s,0%%,0)] | 9:®tn,xAWn] ds
tn °
tn+1 -
—Ef. [ / Zin Tt qW, - AWn} :
tn
From the above equation, we get the reference equation for solving Zf:x

1 )
A2 =B, [Yt”’xAWn}

tn+1

07
+ AtnEfn |:E |:f (tn+1’ th:j»ol ) 9)] ‘Gz@t"’x

tn+1

AWH] + RXo, (3.8)
where R0 — RZ{XO + RZZ;X" with

tn4+1 ~
R Yo — /t "B [ [£(5,007,0)] |y_ginr AW, ds

S

— At Ef. [E [ f(tnﬂ,@gﬁol,e)} ‘9:@””” AWN},

2tn+1

n,Xo 1 tn,T x tnt tn,x T
RIY = DAt 27" — B, | ZnT AW, - AW, | .
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To solve I‘:EZ’I, we multiply (3.7) by Afi;; and take Ef [-] on both sides of the derived
equation to obtain

tn+1
0=Ef, [vinram] + /t Bf [ [f (5,09%0,0)] |, Afin] ds
tn+1
—up [T [oreontes) - s
tn E
from which, we get the reference equation for solving I‘ﬁzm

1

SAnTLT = [via]

+ At BT [IE (£t 027.0)] | .. Aﬂ;} + RN (3.9)

tng1?
tn41
where R0 = R0 + R0 with
X, tn+1 0
~ %
RXo = / 7, [E [ (5, 0070.6)] |, _qgne A5 ds
tn

— AtEZ [IE [/ (tns1, 0075, 0)] (ezew Ag;;] ,

tn+1

o = Lag ptne e [ [ Ul fi(de, ds) - Aji
Y2 - 9 n-t, tn ] £ S 1% ) Ky | -

Now we consider the reference equation for solving Yti"’x. Using the fact that the

tn,x tn,T

stochastic integrals {f; Z& AW by, <i<r and {ft’; Je Us™™(e)i(de, ds)}y, <i<7 are both
martingales, we take Ef [-] on both sides of (3.7) to get

tn
v =g, [vin] + [ [ 5. 00.0)] i) 0
tn

=, [vi] + LALE £ (1, 007,0)] ‘

1] 72 g=0!m"
1
+ §AtnEfn [E [f (t"“’ @gﬁ)l’a)] ‘G—th,z ] * RZ{XOv (3.10)
- 2tn+1

where

tnt1
ry¥o = [ B [E 7 (5:0070.0)]|p_gper] ds
1

- §AtnE [f(tn’ @;);Lm’@)} ‘0:9?“96

1 z 0,z
T

tn+1
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The expectations in (3.10) make it inefficient to solve K;"’x implicitly. To overcome this
difficulty, in this paper, we will propose an explicit scheme for solving Yti"’x. To this
end, we first present K;"’x in the form

Vi B, (Y] + AEL [£(t0n, 0070.0)] | . + RIS

tn+1 tn+1 ?
- 2tn+1

where

X, tn+1
R0 :/t EZ [E [f (5,027 )] |9:®gn,x] ds

— At Ef, [f(tnﬂ’@gﬁol’a)] ‘ezet"’w '

tn+1

Define the prediction value Y, of Y by

vt =B, (Vi - AtE, [IE |/ (tns1,0075,0) | (Ggfnfj , 3.11)
and let
O = (i v 2 ).
O = (X0, Y0, 207, 1))
We then get the following reference equation for solving Y;i"x
v =B V] + %AtnE [/ (tn ©070,0)] ‘e:@;w
+ %AtnEfn {E [ f(tnﬂ,@?ﬁ’l,a)] ‘eeinfj + Ry, (3.12)

where Rp™° = Ry + R with R, defined as

o= o, (2[00 |, E [0 )

o=0;m"
n

Note that by the Feynman-Kac formula (2.1), the prediction values Yti"x and Ytg’xo are
functions of (¢,,z) and (¢, X&IO), respectively, which can be interpreted as

Yot =Y, @), Y=Y, (X0T).

Using the reference equations (3.8), (3.9), (3.11) and (3.12), we are ready to con-
struct our explicit second order semi-discrete numerical scheme for solving the MFBS-
DEJs (1.1).
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Let
@ﬁo — (Xé(o, YnXO7 Zr)l(()’ PnXo)

denote the numerical approximations of the solution (XP’XO,YtO’XO, Z?’XO,I‘g’XO) of
(1.1) at time ¢ = t,, and define

fnm’XOZE[f(tn,@ﬁoaH)”@:@Xm n=0,1,...,N.

Then by letting = XX and removing the truncation error terms R2°, R0, Ry
and RZ’XO in (3.8), (3.9), (3.11) and (3.12), we propose the following explicit second

order scheme for solving (1.1).

Scheme 3.1. Step 1. Given initial value x(, solve X0 forn = 1,..., N by the It6-Taylor
scheme (3.2).

Step 2. Given initial value X, and terminal conditions YA),(“, ZJ)\?O and I‘?\’,XO, for
n=N-1,...,0,we solve VX0 = Y, (XX0), ZXo = Z,(X;X0) and I')}0 = T,,(X;X0) by

%Athffo — g5 VAW + At [SNIaE (3.13)
SAY =X [V ] + AnES [frieag) . (3.14)
Vo = BN [vn] + AnES" (o] (3.15)
yXo = gXn° v+ %Atn froXo 4 %AtnEff "], (3.16)

where Xﬁl is solved by the It6-Taylor scheme (3.2), and
FaoX = E[f (t2, 07°.0)] |,_g%0

with ©% = (X2,Y,*, ZZ T'2) for x = x¢ and Xo.

n»-—n>

We remark that the terminal conditions used in Scheme 3.1 are given by

Ve E[@ (X3, 2)]],_ o

2370 = VoE[2(X7™,2)]|,_ oo Elo (T, X3, 2)] |,

x:XT 7X;7X07
vy = [ (= [o (x84 B X0 )] |,
£ r=Xp"

~E[o(X%™,2)]| Xg,igo)n(e))\(de).

Remark 3.3. It is clear that Scheme 3.1 is explicit for solving Y,7, Z¥ and I'},, calculating
from the time level ¢,,.1 to ¢,. And the approximations of the conditional expectations
in the scheme are presented in detail in Section 5.2.

We also remark that Scheme 3.1 can not be applied to solve general mean-field
FBSDEJs whose coefficients depend on the probability distribution P x00 of X>™ in

a nonlinear way as shown in [9, 23].
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4. Stability analysis and error estimates

In this section, we first study the stability of Scheme 3.1, and then give its error
estimates using the derived stability results. For simplicity, we only perform the analysis
in the one-dimensional setting. But all the conclusions hereafter can be extended to
multidimensional cases.

4.1. Stability analysis
To analyze the stability of Scheme 3.1, we define
YO0 =Y{O + &%,
750 = 730 4 N,
IN0 =0 + e,
fe=f+eg,

N, Xo NXO N.Xo
(ey ey"’)

where ¢; and ,Ez denote the random perturbations on the generator

f and the terminal condltion (Y]\),(O, Z ])\[(07 Fﬁo), respectively. Here we assume that

f=¢f (t’w/7y,7z,77,7x7y7377)

is a F;-adapted stochastic process for any given (t,2',v/, 2,7, x,y,2,7) € [0,T] x R®.
For notational simplicity, we let

$07X0 _

(t @ﬁoa, )] o XO,

E[f |
mO’XO_ [ 75 szsa )] {9 o0’

xO’Xo = [e’:‘f (t @1 s
E [

)] |9—@X0
)

X
407 0 _ €f( @ﬁo@@ ] |9 7X07
where
@ﬁ = (Xx ers’Zﬁe’Ffz,s) )
One =X, Yo Zy o Th )

for z = xo and X, with Y,;%0, ¥,;X0, Z¥0 and I';}¢ being the solutions of Scheme 3.1 with

perturbations on f and (YNX", Zﬁo, I‘%O), Wthh satisfy

1 X - X ~
SO Z2 =B [V AW A (£ + ) AW

1 X0 - X0 -
AT =B [V A+ AnE (R0 + <) il

X, X,
v Xo _ mXn© Xo X0 | pz0,Xo0 x0,X0
Yn,e - Etnn |:Yn+1 5] + AtnEtnn fn-‘,—l,a + 8f,n+1 ’



258 Y. Sun, J. Yang and W. Zhao

Xo 1 - X, 1 Xo X X
o =B [V ]+ 5ot (Fre +55070) + SALES [l + &0

or equivalently

%Ath,fg ~ g5 (vl aw,] + At EX° [HINIA R 4.1)
SALNY =B [V Aj] 4 ARES [freoam] + R, 4.2)
v = g [Yrﬁl,e} +ALES [fffi’fé’ ] + R, 4.3)
v =X [y ] + %Atn fro.Xo 4 %AtnEff "] + Ry, 4.4)

=1, X, X, X, X, .
where RZ;°°, Re;"°, Rz and RZ;™° are the perturbation terms

X ~
- s 0]

X
e = A o]
)
_n,Xo _ Xr)x(o $07X0 (4 )
R = AtpEy €pmil |

1 1 X
RE¥o = S A2 + SAtEN [0

Define the perturbation errors of Scheme 3.1 as

n,Xo _ v Xo Xo n,Xo _ v Xo v Xo
Ey = Ynﬁ - Yo, Eg = Ynﬁ —-Y"0,

n,Xo _ Xo Xo n,Xo _ 1Xo Xo
€z _Zn,a_Zn ) {-_‘,y _Pn,e_rnv

then by subtracting (3.13) and (3.16) from (4.1) and (4.4), respectively, we get the
perturbation error equations

1 X -
S At = BN [n X0, |

+ ALES [(fo0o — o) AV] + RIS, (4.6)
L

+AREN (7107 - Fio) A + R, @7
0 =B [ N) + AGED (10 - gl 4 RS, @48)

€Z’XO — Et),(;(o [ +17X0] + %Atn( rro,Xo __ fnﬂﬁo,Xo)

€ n,e

n
Yy
1 X0 [ pao,Xo z0,X0 n,Xo
S ALES ool — o] + R, 4.9)
Based on the above perturbation error equations, we first consider the stability of
Scheme 3.1 for Xy = x¢ in Theorem 4.1.
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Theorem 4.1. Suppose that f is uniformly Lipschitz continuous with a Lipschitz constant
L7, and Assumption 2.1 holds. Then for sufficiently small time step At, we have (for
n=0,1,...,N—=1)

E[lep=ol?] + at Y B [l + e ]

=n

< 0 (B[l ]+ aam [JeXof + el ])
+%J§ E |(A6)2|Rige|* + | R [* + [REze|” + [REze ] (4.10)

where At = maxo<p,<n—1 Aty, and C' is a positive constant depending on ¢ in (3.1), n,
LandT.

Proof. For simplicity of notation, we let X*° = X,, when X, = z( and denote

_ (fMWTO _m,ro  m,To Mo
(5. €5, €%, 65) = (g™, €™, €27, €5™),

(R?y’ R?y’ R?z’ R?y) = (R?z}xo’ Rgg}xo, R?zﬂm’ R?&xo)’
(fn,fn) = ( ;30710’ _ffo’xo), (fn,z—:afn,e) = ( 1:;3706,330, _rf,og’mo)-
By the uniform Lipschitz continuity condition, we have
e = fol < L(E[|ep] + 12+ [5]] + |ey| + 2] + [€5]) (4.11)
| Foe = Ful < L(E[|e2] + [e2] + |e2]] + |e2] + 2] + [€2]) - (4.12)
Then substituting (4.11) and (4.12) into (4.9), we deduce
es] < B [e5]]
1
LAt L(E ] + ]+ B [+ 2] + 2+ 2]
1
+ 5 AL (B + et + 1)
BN et | 4 et ] ) + Rz (4.13)
Similarly, by (4.8) and (4.11), we get
5] < B3 [leg™]]
+AtnL( HenJrl‘ + {enJrl{ + ‘enJrlH
BN (| + |+ ) ) + | R
fThe function f is uniformly Lipschitz continuous with the Lipschitz constant L, i.e.,
|f(t7x/17yl17Zl17717x17y17zl7’)/1) - f(t7$/27yé,Zé,ﬁé7$27y2722,’}/2)| < L(|xl1 - $/2| + |yi - yé' + |Zi -

Zé' + h/i - 7%' + |l’1 - l'2| + |y1 - y2| + |Zl - 22| + |71 - 72|) for any 37;::92722772{7-’52'71/2'7217% € R with
i=1,2.



260 Y. Sun, J. Yang and W. Zhao
Assume that AtL < 1, then it is easy to obtain
E([e5]] + |ej] < 4B [l + [e27 + [ ] + B (| Bz |] + | B2,
+ 2B, [[ey |+ 5] 4.14)
By inserting (4.14) into (4.13), we have
5] < [EX e+
+ AL (B [[ef ™| + e + 5] + B[] + e + |5 ]
+E [l + en] + el + |en| + E[|RL ] + | R5,| ) + | Rz,
Apply the inequalities

1
2<(14+9A0@ + 1+ — | b2
(a+b)* < (1+~At)a” + +’yAt b

for some v > 0 and (3" ; a;)®> <n Y. | a? with n = 13 to the above equation, and we
get

lep]” < (1+yAt) ‘Efi [ey“]‘ + 117 (1 + W)

(a2 (B[l + e e
+ B et P [en P+ |t ] + B Iz + )]
e+ e + B[ |R 7]+ 1RL ) + B, > (4.15)
By using
(a+b)* < (140)a® + <1+ %) b?
for some § > 0 and Hélder's inequality to (4.6), we deduce

1 - 12
(L)L < (14 9) ‘Efi” ERRINIA

(4.16)
1 -
#2 (10 5) (o (1o~ funi?] 83 2] + 1R
From (4.16) and the following inequalities:
Egin [T fn+1\2] < 6L2 <E UEZH‘Q n |€?+1|2 n ‘ngrl‘Z}
+E |+ [P+ e )
T B (et - B () AT

< Aty (B [ - ‘ngy [g;;“]‘z),

‘Efi" ERRINTA
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we derive

T R < (L 8)a (B [l ] - [ (=]

+12<1+5) (L2t (B [Jes 4 et + et ]
B et P [P e ] ) RSP ). @)

Now we divide (4.17) by 2(1 + §)(At,)?/At and take E[-] on the derived equation to
get

s [f] < 2 (B[l ] - B [0 5 ]) + el A

12L%(At)?
# <IE UgZH‘Q n |€?+1|2 + |en ] D ‘ (4.18)
Similarly, we can deduce

At 2] _ Co nt1/2 X [nt1 63 n |2
8no(1 +6) Uay‘ } SE<E Ugy ‘ } _EUE [ ” })+5770AtE “Rs“/ }
12L%(At)? " " "
# 22 (B [l P e ), @)
where 79 = fE n%(e)A\(de). Now by (4.15), (4.18) and (4.19), we deduce

oo [|5°] + g (2] + sy sy L3l

234L%  24L2At
< ¢ (1 + (v + 23412 At + + ) At> E [ [*]
Y dco

234coL?  24L2At
_|_
y )

+ <234COL2At + > AtE Uegﬂ{? + kzﬂﬂ
+ 234¢9L? (At + %) AtE [|e?|2 + \ggﬂ

1
r2saeor? (8t 1) LB (a0 R+ |y ]

600

N

IE[770|R *+ |RE, ],
which can be written as
oF |[eg[*] + CLALE [z + |e1)’]
< otr B 4] s e

T TN R
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where
Cr = ﬁ — 234¢y L <At + %) :
Cy =+ 234L*At + 23iL2 + 24?50&
Cy = 234 L2A7 1 2340L” 24L52 At
6¢2(1 + o)

1
Cy = 2340 L2 <At + —> Oy =2l T )
o dno

Taking § = 1 and choosing 7 to be large enough and At small enough in (4.20), and
letting vy < v < 279 and 0 < At < Aty, we get

ClSC, CQS07 C4§C7 C5S07 Cl_C3>C*>07
where C' and C* are constants depending on ¢, 79 and L. Then by (4.20), we obtain

oo [\e;}ﬂ + CLALE [|gg|2 n w?}
< (4080 (B [l ] + conrm [Jee [+ 147 1])
c

+ 5B [(At)Q Rz P+ | Rz [P+ | R + |RE 2} :

which leads to

oF [|ep)*] + Crat Nz_l(l +CAYTE [|e + | ]

i=n

<(1+CcAapNn (COIE Ue]yvﬂ + C3AtE Uei\/f + ‘gvvﬂ)

N-1
i—n C s i i i
+ Y (+ CANT B (A2 |RL [P+ B[P+ R + | R[]

<o (e[l f] +am et + 1)
O w0 A (]

=n
where the constant C' depends on ¢y, 1, L and 7T'. O

We give the stability results of Scheme 3.1 for X # z in the following theorem.
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Theorem 4.2. Under the conditions in Theorem 4.1, for sufficiently small time step At
andn =0,1,...,N — 1, we have

N—-1
E ||y 0" + ¢ 3 E |25 + [0
< C (B [[ef =] + | Xo*] + AR [[el =0 + |0 4 [ X0 4 | %o ] )
C N-—1
+E;E[At |REge” + [REge | + [REzo | + | R ||
+£N_1E[At ‘RzXO‘ +|R1X0| +‘R1X0| +‘szo‘]
At

where C'is a positive constant depending on cy,n, L and T.

The above theorem follows from Theorem 4.1 by the similar arguments used in the
proof of Theorem 4.1. So we omit it here.

Remark 4.1. From Theorem 4.2, we come to the conclusion that Scheme 3.1 is stable.

4.2, Error estimates

In this subsection, we will give the error estimates of Scheme 3.1 by applying the
stability results in Theorem 4.2.
For notational simplicity, we let

(YXO Y;XO ZXO FXO)

X, X,
_ Ytnvxn }_/‘tnan Ztnvxn 0 Ftnan 0
- tn [ 7% » “tn, - tn

= (%, (X3). T3, (X29). 2, (X013, (X29)).

and define
X Stn, X0
oo — E[f(tn,th ,9)} ‘e,étn xX0
—oin
X tn, Xn?
fi’ljlo (S E |:f (tn, @tn ,9)} ‘G_Qimxi(o .
-t

Then the reference equations (3.8), (3.9), (3.11) and (3.12) can be rewritten as

(2}

Xo X ~
%Atnztifo —Ex [V AW, + AGES [0 AW, | + R0 4 REY, (4.212)

X0 X ~
%Atnl“fflo —E [V Ay |+ AGES [ fr 0 Ay ] + RpYo 4 Ri¥o, (4.21b)

(2}
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_ X, X, _
7o =B [Kf&] + At BN [fi”;f”} + Ry, (4.21¢)

x 1 _ 1 X
Yoo =B [YXO ] + 5 A oo 4 gAtnEt)i"O [ ioifo}

tn+1

+ RpX0 4 Ry, (4.21d)

An.Xo pnXo Hn,X A, X, ,
where R;;"°, Ry, R2’°° and RY° are defined as

X X X
~n,)(() — Xno tann 0 _ XO 1 Xno 071'07tn7Xn _ 3307X0 I
RZ - Etn (}/tnﬁ»l }/tnﬁ»l ) AWn + AtnEtn (ftn+1 tn+1 )AWn ’

- X X X
RoXo =B | (v - v )Afu’i] T ALES [ (forete o) Az

tn+1 tn+1 tn+1 tn+1
xo [ X X
1, X X;0 tn,X. 0 Xo X;0 0,20,tn,X z0,X0
Ryr 0 — Et"n thnnﬂ n __ Y;fn+1 =+ AtnEtnn P n,Xn o ’ (422)

tn

- xo [ X 1 _
n,Xo _ mXn© tn, X © _vXo - £0,20,tn,Xn _ Fx0,X0
Ry - Etn }/thrl }/;nﬁ»l + QAtn ftn f

1 X
n 5 AtnEtXn”o [ FOa0tnXn _ ro,Xo}

tn+1 tn+1

: tn, X tn, X :
with f&xo’ ™2 and ffyﬁ?’ m2n defined by

70,20,tn,X A0,
ftnxo vt =K {f (tn, ®tnx0’ 9)] ‘eiétn,Xﬁ(O’
=0;"

f07x07tn7Xn —F |:f (tn+17 @071'0 ]

tn+1 tnt1? ):| ‘eigtn,X?fO :
- tn+1

Since the equations in (4.21) have the same forms as the equations (4.1)-(4.4), we can
take (thfo, ngo, Ft)flo) as the solution of Scheme 3.1 with perturbations, i.e.,

(3%, 750 T = (020 220130,

n,e » “n,e» tn ?

then the perturbation errors of Scheme 3.1 become its numerical errors, which are

n,Xo _ v Xo _ v Xo n,Xo _ 7»Xo _ 7Xo n,Xo _ 17Xo _ 17Xo
e, 0 =Y 0 =Y R0 et =250 — 250, el =100 =170,

and the perturbation terms become
(RZT’*X()?RZXO + RZ’XO,RZ’XO + RZ’XO,RQL’XO + RQL,XO).

Then by directly applying the stability results in Theorem 4.2, we deduce the error
estimates of Scheme 3.1 in the following theorem.

Theorem 4.3. Under the conditions in Theorem 4.1, for sufficiently small time step At
and n=0,1,...,N — 1, we have

N-1

E [[ep o]’ + At 30 B [|eb¥o]* + e ]

i=n
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< C(E|[eX=o® 4 ]eNXo*| 4 ALE [|eNmo* 4 [elwo|? 4 |el-X0 ? 4 |0 ?
— ) Y z Y z Y

#5720 Bl Rl R o R R

b S B [API R + Ry 4 | 4 | R

F S B[ A2 R RS+ RS 1 R[]

where C'is a positive constant depending on cy,n, L and T.

For the estimates of RjX°, R?X° and RZ™° defined in the reference equations

(3.8), (3.9) and (3.12), we have the following lemma.

Lemma 4.1. Under Assumption 2.1, forn = 0,1,...,N — 1, we have
E[|rpof] <0 (14 [lnof* + %] ) (a0,
B[R] < 0 (1+E [laof + 1% ) (20)°,
E[|ro] < 0 (14 [Jloof* + %] ) (A1),

where C'is a positive constant depending on n, T, and the upper bounds of the derivatives
of the functions b, o, ¢, f and ®.

Proof. Based on the Feynman-Kac formulas in Lemma 2.1, by using Lemma 2.2, the
It6’s formula (2.6) and the estimates of the solutions of MSDEJs in [10], the proof of
Lemma 4.1 is standard. We omit it here. Interested readers can refer to [20, 22]. O

We also have the following estimates for Rj"°, RyX°, R®*° and R™° given in
(4.22), which are generated by the It6-Taylor scheme (3.2) for solving MSDEJs.

Lemma 4.2. Assume that the conditions in Lemma 4.1 hold, then forn =0,1,..., N —1,
we have

) (At) 2+2,
) At) 242
)

At 2143 At)2a1+2)

B o] < 01+ Eflmol*™ + X"
175 ] < 01+ EfJaol™ + X0l
=

Rz <

ﬁﬁﬁﬁ

]
]
1+ Elao| 72 + [ X/177] )
]

_‘RQL’XOF_ C<1 +E[’$0‘4r3 + X, ‘47“3 )( At) 20+3 (At)2a2+2)7

where C is a positive constant independent of At and the values of a1, ao and | depend on
the specific Ito-Taylor schemes used to solve the forward MSDEJs.
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Proof. Based on Feynman-Kac formulas in Lemma 2.1 and the estimates of numeri-
cal solutions of It6-Taylor scheme (3.2) (see [21, Theorem 5.1]), Lemma 4.2 is a direct
application of Proposition 3.1. O

Combining Lemmas 4.1-4.2 and Theorem 4.3, we obtain the error estimates of
Scheme 3.1 in the following theorem.

Theorem 4.4. Assume that the conditions in Lemma 4.2 and Theorem 4.3 hold, then for
sufficiently small time step At and n =0,1,..., N — 1, we have

N-1
B [l ] + a0 B[+ ]
< C((AH)™ + (A + (A + (A1),
where C is a positive constant depending on cg,n, T, L, xog, X and the upper bounds of the

derivatives of b, o, ¢, f and ®.

Remark 4.2. From Remark 3.2 and the above theorem, we conclude that under certain
regularity conditions, Scheme 3.1 is convergent with first order when the Euler scheme
or the Milstein scheme are used, and second order when the weak order 2.0 It6-Taylor
scheme is used to solve MSDEJs.

5. Numerical experiments

To implement Scheme 3.1 into practice, we need to approximate the expectations
E[-] contained in the scheme (3.2) for solving MSDEJs and the conditional expectations
Ef [-] in Scheme 3.1 for solving MBSDEJs.

* For the approximations of E[-] in the coefficients b,0,¢c and f, we choose the
Monte Carlo method.

* For the approximations of Ef [-], we choose the Gaussian quadrature rules.

In this section, we first show how to approximate the expectations in the scheme
(3.2) and the conditional expectations in Scheme 3.1. Then we present some numerical
experiments to verify our theoretical results.

5.1. The approximations of the expectations

To apply Scheme 3.1, we first approximate the expectations contained in the scheme
(3.2) by using the Monte-Carlo method. We shall take the following Euler scheme as
an example to illustrate this procedure:

X0 = XX 4 B[ty X50,2)] |,y Al
+E[o(tn, X3°,2) ]|,y xo AW,
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ANy,
+ Z E[c(tn, X5, 2, €)] |m=XffO'
i=1

Now we use the Monte-Carlo method to approximate the expectations in the above
scheme to get

M
_ 1 L. 1
E[b(t,, X2, 2)] = = b(tn, XTF 2) + 0O <—> ,
B( ) =57 20 )+0 (757
1 U 1
E tn,XﬁO,x = — tn,Xﬁo’k,m +0 <—> )
o ) =37 20 )+0 (o

M
1 1
E [C(tna Xra‘;()? x, el)] - M l; C(tm X£07k7 x, ei) + O <\/—M> )
where M is the sample times and XZ°* is the numerical approximation solution at the
time ¢,, obtained by the Euler scheme for MSDEJs at the k-th sampling. Denote by E[-]
the approximated expectation obtained by the above Monte-Carlo method, i.e.,

M
(bt X30,2)] = 57 30t X0, 2).
k=1
| M
IAE[J(tn,Xﬁ",x)] = MZJ(tn,Xﬁo’k,x), (5.1)
k=1
. 1 X
E[c(tn,XﬁO,x,ei)} = MZc(tn,Xﬁo’k,x,ei).

Then we can write the Euler scheme as
X0y = X0 4+ B [b(tn, Xi0,2)] | xo Aty

+Efo(tn, X3°,2) ]|, _ (X0 AWy
AN, )

+ > Be(tn, X502, )] ,_yxo-
i=1

To be more specific, we solve the MSDEJs by the following two steps:
Step 1. Solve the MSDEJ with X, = z( to obtain the values {Xﬁ“’k nN:()

X0k = X R[b(1, X2, 2)]],_ oM

+I@[U(tn,Xﬁ°,x)] |$:Xzo,kAW:
ANE

+ Z E[c(tn,Xﬁo,x,ef)] |x:Xx0,k, k=1,..., M,
=1

where AWF, AN* and ef are the k-th samples of AW,,, AN,, and e;, respectively.
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Step 2. Solve the MSDEJ with X # x to get the random variables { XX}V after we

xOv

get the values { X;;"" 1N
X0 = XX 4 E[b(tn, X520, 2) ]| x0 Aty

+ B0 (tn, X5, 2)]|__ xe AW,
ANp

+ Z tnaX Cﬂaei)”x:XfO'

5.2. The approximations of the conditional expectations

In this subsection, we shall show how to approximate the conditional expectations
by using the Gaussian quadrature rules in detail. For simplicity, we write X;X° = X,,,
Y, X0 = Y;, and show the approximation procedures of

]Etxn [Yn+1:| ) ]Etxn [Yn+1AWn:| ’ ]Etxn [Yn+1A‘a;kl:|

with the Euler scheme being used to solve MSDEJs. Moreover, we let

by, = E[b(tn,XﬁO,x)], Oy = E[a(tn,XﬁO,x)], Cni = I@[c(tn,Xﬁo,x,ei)],

where [E[] is the approximated expectation defined as in (5.1) and ¢; € E is the i-th
jump size fori = 1,...,AN,, with AN,, = N;,., — NNy, the jump number occurring in
(tn,tn+1]. Let X, = x and we have

AN,
Xpy1=x+ buAt,, + on AW, + Z Cni-
i=1

Suppose that the Lévy measure A(de) is in the form of
A(de) = Ap(e)de,
where A = A(E) is the intensity of . and p(e) is the probability density at e. Then

Ef [Yos1] = Ef [YVas1 (Xng1)]

AN,
=FE |:Yn+1 <:U + by Aty + o AW, + Z cnﬂ-)}
i=1

Z Y1 <:U + by Aty 4+ 0, AW, + Z cn,i>H{ANnm}]

i=1

=0
= Z E[ 1 <x + by Aty + 0 AW, + Z cnﬂ‘)}]P’{ANn =m}

=1
fn,My Yoi1] + O ((At,)Met1), (5.2)
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where M, is the number of the truncated jumps, and

\ < (AAL,)"™ . u
Etn,My [Yn‘f'l] = mz_oexp(_)‘Atn)TE |:Yn+1 (-7; + bnAtn + UnAWn + Z Cn,i>:|

i=1

is the approximation of Ef [Y,41]. Since {e1,..., ey} are independent and identically
distributed, we have

(AAt,)™

m)!

m=0
RJE E i=1

2
—s°/2
" %p(el)...p(em)dwel...dem,

Ef a, [Yor1] = D exp(—AAty,)

which can be approximated by appropriate Gaussian quadrature rules according to the
probability density function p(e).

The other two conditional expectations Ef [V,,11AW,] and Ef [V,,41Af%] can be
approximated similarly, see more details in [27].

In our numerical tests, to keep Scheme 3.1 being second order convergent in time,
by (5.2), we take M, = 2. And we set the sample number in Monte Carlo method to
be M = 100000 and the number of Gaussian quadrature points to be L = 6 such that
the effect of the spatial approximation errors on the time discretization errors can be
neglected.

5.3. Numerical examples

For simplicity, we take uniform partition in time with time step At = T'/N where N
is a positive number. In all examples, we set the terminal time 7" = 1.0.

In the following tables, we denote by |V, — Yok |Zo — Z°| and |Ty — I'| the errors
between the exact solutions ¥;"X°, Z*° and I'"*° of the MFBSDEJs (1.1) at ¢ = 0
and the numerical solutions Y,X°, ZXo and I'’*° of Scheme 3.1 at n = 0, respectively.
The convergence rate (CR) with respect to At is obtained by using linear least square
fitting of the errors.

Example 5.1. The considered MFBSDEJs model is

dX?0 = bdt 4+ odW; + / cii(de, dt), (5.3a)
E

—dYtO’XO _ (YtO’XO (bX?,Xo . 1) . %ZP,X()((X?,XO)Q _ 1)

e -on (e 27 )

1
4o 4 SE
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— z>%0aw, — / UPX0(e)u(de, dt), (5.3b)
E
1
Y})’XO = exp (T — §(X%XO)2> ) (5.30)

where the Lévy measure

Ade) = Ap(e)de = A \/12_77 exp (-%) de

with A = A\(E) the intensity of 1. The analytic solutions Y,"*°, Z"*® and T'"*° are
1
VO —exp (1 3 (x0)?))

1
2% = xS (1 J(x00))

1 1
F?’X" =\ <exp <t — §(XtO’X° + c)2> — exp <t — §(X?’X°)2>> .
Note that the solution of the MSDEJ in (5.3) is
X0 = Xo + (b— At + oW, + Ny,

and hence there is no error in solving the MSDEJ. Therefore, we can expect that
Scheme 3.1 is second order accurate for solving the MFBSDEJs (5.3).

In our tests, we set A = 1.0 and take the coefficients b = 2.0 and 0 = ¢ = 1.0, and
solve (5.3) with different initial values of o and X|. All numerical results are listed in
Tables 1 and 2.

All numerical results listed in Tables 1 and 2 show that Scheme 3.1 is stable and
accurate for solving the decoupled MFBSDEJs (5.3) with different initial values of
and X,. Moreover, Scheme 3.1 is always convergent with second order when the
MSDEJ in (5.3) has analytic solution. All numerical results are consistent with our
theoretical conclusions.

Table 1: Errors and convergence rates of Scheme 3.1 with 2o = Xp.

20— Xo = 0.0 20— Xo— —0.5

N | YNo-Y° | [Z0—2° | [Lo—T° | [Yo-Y° | |Zo—Z2° | |To—TY
16 | 3.344E-03 | 5.507e-03 | 6.382e-03 | 2.744E-03 | 1.396e-02 | 2.670e-03
32 | 8.452E-04 | 1.327e-03 | 1.634e-03 | 7.723E-04 | 3.683e-03 | 8.507e-04
64 | 2.092E-04 | 3.273e-04 | 4.142e-04 | 1.733E-04 | 9.010e-04 | 1.642e-04
128 | 4.827E-05 | 8.146e-05 | 1.043e-04 | 4.163E-05 | 2.231e-04 | 3.567e-05
256 | 7.731E-06 | 2.032e-05 | 2.619e-05 | 1.119E-05 | 5.623e-05 | 9.235e-06
CR 2.164 2.019 1.983 2.009 1.996 2.093
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Table 2: Errors and convergence rates of Scheme 3.1 with z¢ # Xp.

20 =00, Xo= —1.0 20— —05, Xo =05

N | Yo-Y° | [Z20-2° | [Lo—T° | [Yo—-Y° | [Z0—2° | |[To—T"
16 | 5.962E-03 | 5.272e-03 | 1.202e-02 | 2.322E-03 | 6.616e-03 | 2.090e-03
32 | 1.549E-03 | 1.477e-03 | 3.102e-03 | 4.896E-04 | 1.463e-03 | 3.463e-04
64 | 4.060E-04 | 4.627e-04 | 8.026e-04 | 1.217E-04 | 3.673e-04 | 8.449e-05
128 | 1.064E-04 | 1.128e-04 | 2.017e-04 | 2.921E-05 | 9.063e-05 | 1.990e-05
256 | 3.117E-05 | 2.936e-05 | 5.077e-05 | 6.342E-06 | 2.185e-05 | 4.402e-06
CR 1.902 1.869 1.972 2.110 2.050 2.190

Example 5.2. Consider the following nonlinear MFBSDEJs:

dX0 = E[X™)dt + (1 — zgexp(t) + E[X"™])dW; + [ efi(de, dt),
t t (t) t £ )
E

—dY)0 = (%YtOvXO (1 —agexp(t) +E[X)™])* — Z0% (1 + E[X]™])

SR [sn (2(e + X07)) + ()] ) s (5.4)

— Z>%0aw, — / UL (e)ji(de, dt),
E

YIQ’XO = sin (T + X%XO) — cos (T + X%XO).

In this example, we choose the Lévy measure

A
A(de) = Ap(e)de = Zx (g (e)de
with the parameter § > 0. The analytic solution Y,>*°, Z"** and I'""** are
YtO’XO = <cos (t+ X?’XO) + sin (¢ + XS’X°)> (1 — xpexp(t) + IE[X?’IOD ,
A
r¥o — 25 <cos (t+ X0 §) —cos (t+ X0 4 6) — 26 sin (¢ + XtO’XO)>
A
~ 5 (sin (t+ X0 4 §) —sin (t + X0 — §) — 26 cos (t + X?’XO)) .

In our experiments, we take the intensity A = 26 and set 6 = 0.5, i.e., A = 1.0. Then
we implement Scheme 3.1 to solve the problem (5.4) with different initial values of x
and X,. We test the Euler scheme (3.4), the Milstein scheme (3.5) and the weak order
2.0 It6-Taylor scheme (3.6) for solving the MSDEJ in (5.4). These three schemes are
denoted by Eul, Mil and W-2.0, respectively.

The errors |Yy — Y|, |Zg — Z°| and |T'y — I'°|, and their convergence rates are listed
in the following Tables 3 and 4.
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Table 3: Errors and convergence rates of Scheme 3.1 with 9 = X¢ = 0.5.
N=8 N =16 N =32 N = 64 N =128 CR

[Yo — Y| | 4.495E-02 | 2.378E-02 | 1.202E-02 | 5.992E-03 | 3.099E-03 | 0.971
Eul |Zo — ZO| 4.489E-02 | 2.179E-02 | 1.120E-02 | 5.638E-03 | 2.797E-03 | 0.996
Ty — FO| 4.481E-03 | 1.349E-03 | 5.482E-04 | 2.531E-04 | 1.293E-04 | 1.265
[Yo — Y°| | 4.495E-02 | 2.378E-02 | 1.202E-02 | 5.992E-03 | 3.099E-03 | 0.971
Mil |Zo — ZO| 4.489E-02 | 2.179E-02 | 1.120E-02 | 5.638E-03 | 2.797E-03 | 0.996
Ty — FO| 4.481E-03 | 1.349E-03 | 5.482E-04 | 2.531E-04 | 1.293E-04 | 1.265
[Yo — Y°| | 1.269E-02 | 3.336E-03 | 8.703E-04 | 2.300E-04 | 2.282E-05 | 2.210
W-2.0 | |Zp — ZO| 2.862E-02 | 6.475E-03 | 1.708E-03 | 4.699E-04 | 1.443E-04 | 1.905
Ty — F0| 1.813E-03 | 1.933E-04 | 1.274E-05 | 3.584E-06 | 7.142E-07 | 2.837

Table 4: Errors and convergence rates of Scheme 3.1 with x¢p = 1.0 and X, = 0.0.

N=8 N =16 N =32 N = 64 N =128 CR

|Yo — YO| 6.082E-02 | 3.671E-02 | 1.990E-02 | 1.036E-02 | 5.316E-03 | 0.886
Eul |Zo — ZO| 8.414E-02 | 3.696E-02 | 1.779E-02 | 8.753E-03 | 4.377E-03 | 1.061
Ty — F0| 5.696E-03 | 2.184E-03 | 9.713E-04 | 4.610E-04 | 2.273E-04 | 1.154
|Yo — YO| 6.082E-02 | 3.671E-02 | 1.990E-02 | 1.036E-02 | 5.316E-03 | 0.886
Mil |Zo — ZO| 8.414E-02 | 3.696E-02 | 1.779E-02 | 8.753E-03 | 4.377E-03 | 1.061
Ty — F0| 5.696E-03 | 2.184E-03 | 9.713E-04 | 4.610E-04 | 2.273E-04 | 1.154
|Yo — Y0| 3.219E-02 | 8.075E-03 | 2.084E-03 | 5.258E-04 | 8.621E-05 | 2.103
W-2.0 | |Zg — ZO| 3.499E-02 | 8.082E-03 | 2.065E-03 | 5.887E-04 | 1.631E-04 | 1.927
Ty — F0| 1.395E-03 | 2.787E-04 | 5.883E-05 | 1.198E-05 | 4.858E-06 | 2.087

The numerical results in Tables 3 and 4 show that Scheme 3.1 is stable and accurate
for solving the decoupled MFBSDEJs (5.4), and its accuracy depends on the methods
used for solving the MSDEJ in (5.4). It is convergent with first order when the Euler
scheme (3.4) and the Milstein scheme (3.5) are used to solve the MSDEJ, and is second
order when the weak-order 2.0 It6-Taylor scheme (3.6). All the numerical results admit
a good match with our theoretical conclusions.

6. Conclusions

We proposed an explicit numerical scheme for solving decoupled MFBSDEJs. We
rigorously analyzed the stability of the scheme and theoretically obtained its error es-
timates. Numerical results are presented to verify our theoretical conclusions, which
show that the proposed scheme can be second order accurate when the weak order 2.0
Ito-Taylor scheme is used to solve the forward MSDEJ. In our future work, we shall
focus on deep learning methods for solving high dimensional MFBSDEJs.
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