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Abstract. In this paper, we construct, analyze, and numerically validate a family
of divergence-free virtual elements for Stokes equations with nonlinear damping
on polygonal meshes. The virtual element method is H!-conforming and exact
divergence-free. By virtue of these properties and the topological degree argument,
we rigorously prove the well-posedness of the proposed discrete scheme. The con-
vergence analysis is carried out, which imply that the error estimate for the velocity
in energy norm does not explicitly depend on the pressure. Numerical experiments
on various polygonal meshes validate the accuracy of the theoretical analysis and
the asymptotic pressure robustness of the proposed scheme.
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1. Introduction

In the past years, there has been a growing emphasis on studying the Stokes equa-
tions with damping due to their widespread applications in fluid mechanics, geophysics,
and ocean acoustics [2,31,39]. In this paper, we investigate the steady Stokes equa-
tions with damping in a polygonal domain €2 C R? subject to homogeneous Dirichlet
boundary conditions: Find a pair (u, p) such that
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—vAu+aju/"2u+Vp=f in Q,
divu=0 in Q, (1.1)
u=20 on 0f),

where u = (uy,us3), p and f represent the fluid velocity, pressure and external force,
respectively, v > 0 is the viscosity coefficient, 2 < r < oo and a > 0 are two damp-
ing parameters, and | - | denotes the Euclidean norm, i.e. |u| = y/u-u. The damping
term arises due to its hindering effect on fluid motion and plays a crucial role in char-
acterizing various physical properties of the fluid, such as flow within porous media,
resistance near the Earth’s surface in atmospheric flows, friction effects, and other dis-
sipative mechanisms [6,16,31,32].

Over the past few decades, numerous academics have investigated and developed
theoretical analyses of partial differential equations (PDEs) with damping terms. For
nonlinear hyperbolic problems, the presence of the damping term «|u|"~2?u may re-
sult in blow-up of solution within a finite time [31,48]. Therefore, it is imperative to
conduct rigorous theoretical analyses and extensive simulation experiments to ascer-
tain the critical value and parameter range of the damping term. For fluid problems,
Constantin and Ramos [16] conducted an investigation into the long-time behavior
of solutions to the two-dimensional Navier-Stokes equations with a linear damping
term au as the viscosity coefficient approaches zero. Cai et al. [8,9] delved into the
long-time behavior of solutions to the Navier-Stokes equations with nonlinear damping
terms, and examining the existence of global weak solutions and strong solutions.

On the numerical level, several methods have been developed for solving the Stokes
equations with damping term (1.1). Liu and Li [38] proposed and analyzed the mixed
finite element method for the Egs. (1.1), and proved the well-posedness and error esti-
mates of the proposed scheme. In [47], the weak Galerkin method combined with the
two-level method were considered for the Stokes equations with damping term on gen-
eral meshes and optimal error estimates of velocity and pressure were obtained. Then,
by using the interior penalty discontinuous Galerkin (IPDG) method, Zhang et al. [57]
proved the consistency and stabilization of the numerical schemes for the Egs. (1.1) and
established the error estimation of k-order of the DG-norm for velocity and L?-norm
for pressure. As highlighted in [12, 14], applying the standard finite element method
to solve the such systems often leads to inaccurate and poor numerical solutions, that
is, the accuracy of the approximate velocity depends on the pressure. Therefore, in or-
der to surmount this problem or eliminate the influence of pressure on error estimates
for the velocity, many scholars have done a lot of research and proposed some feasible
and effective algorithms, such as the grad-div stabilization method [34, 45, 46], the
pressure-robustness method [29,37,52], and the divergence-free method [12, 24, 58]
to be utilized below.

On the other hand, most of the numerical methods for solving the Stokes equations
with damping use triangular (simplicial) and quadrilateral meshes. However, with the
fact that in regions of high curvature, the utilization of highly-stretched triangular or
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quadrilateral elements may result in element self-intersection, causing numerical insta-
bility and inaccuracies in the solution. To address the aforementioned challenges and
ensure the stabilization of the numerical method, extensive mesh refinement is often
necessary. Hence, a natural idea is to use polygonal or polyhedral meshes which pro-
vide new flexibility in domain discretization and improved mesh adaptivity, especially
in complex geometry [49]. The extension of conforming finite element method (FEM)
to general meshes with polygonal elements is far from straightforward, because of the
intricacies of constructing basis functions and the elevated computational costs associ-
ated with Gaussian integration evaluations. In the recent years, the numerical methods
allowing for arbitrary-order discretizations and general meshes have significantly de-
veloped [10, 15,17]. The virtual element method used in this article also belongs to
the category of (conforming) polytopal element method.

The virtual element method (VEM) was initially proposed by Beirdo da Veiga et al.
[17,20] as an alternative way of looking at mimetic finite differences for the numerical
approximation of the PDEs. The virtual element space is constructed by a polyno-
mial subspace and the remaining non-polynomial virtual subspace. Non-polynomial
components of the discrete bilinear forms are approximated using appropriate projec-
tion operators, which can be computed solely from the degrees of freedom associated
with the virtual element space. Consequently, we can effectively handle meshes with
more general polygonal elements, avoiding the direct computation of non-polynomial
functions. Another crucial property of VEM is that the space of the basic functions is
associated with the PDE problem inside the element, thus it is convenient to define
divergence-free or rotation-free virtual elements [18]. For a thorough description of
the VEM, see [3,19,41]. The (divergence-free) VEM are used to discretize the Stokes
problem [12,24,29,40,42], the Brinkman problem [33,44,51], the Navier-Stokes prob-
lem [25,56] and so on [21,28,30,43,53]. So far, we have not found any literature on
divergence-free VEM for the Stokes equations with a nonlinear damping term, which
constitutes another motivating and innovative aspect of this paper.

In this paper, we shall apply a Stokes-like virtual element [21, 24] for the Stokes
equations with nonlinear damping term (1.1), where the method is exact divergence-
free and H'-conforming (for the velocity). By projecting the variables in the local
trilinear form onto the polynomial space of degree k using L? projection operator H%E ,
we effectively address the challenges posed by the nonlinear damping term. With help
of divergence-free properties and the topological degree argument described in [27],
we rigorously prove the existence of the solution for the numerical scheme and pro-
vide an upper bound for it. Thus, the uniqueness of the VEM solution can be directly
established. Several nonlinear analysis techniques are employed to derive the error es-
timation of k-order of the energy norm for velocity and L?-norm for pressure. It should
be emphasized that the velocity error does not explicitly depend on the pressure, but
only indirectly through the approximation of the nonlinear damping term and the load-
ing terms. The numerical examples on several different polyhedral meshes validated
the theoretical analysis. Additionally, we conducted an analysis of the impact of the
damping coefficient and the viscosity coefficient on the algorithm’s solution.
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The remainder of this paper is summarized as follows. Section 2 introduces the
divergence-free space to transform the variational formulation of problem (1.1) into
an equivalent divergence-free problem. In Section 3, we describe the detailed dis-
cretization process of the virtual element method. This leads to the formulation of
the discrete divergence-free virtual element problem. Section 4 is dedicated to estab-
lishing the well-posedness of the discrete divergence-free virtual element problem. In
Section 5, we derive the optimal error estimates for velocity and pressure. Finally, we
present four numerical examples to validate the theoretical analysis. We also investi-
gate the effects of the viscosity and damping coefficients in Section 6.

2. The continuous Stokes equations with damping

First of all, we will introduce some fundamental notations and function spaces. Let
Q) € R? be a convex, polygonal domain with Lipschitz boundary 0. For any open
subset w C (2, we use the standard Lebesgue space LP(w),1 < p < oo with norm
| - [|£#(w), and denote the L?(w) inner product by (-,-),. Let WHP(w), k > 0 be the
k-th order of Sobolev space based on LP(w) and H*(w) := W*2(w), along with the
corresponding norm | - [|yykp(.y and [| - || g (), respectively. Set

Hj(w) == {v e H'(w) : v|g, =0} .

We denote, as usual, H!(w) the dual space of H}(w) equipped with the dual norm
| - [|=1. Then we consider the spaces

V= [H(Q)]?, Q:=IL3Q)= {q € L*(Q) such that / qdQ = o}
Q

with norms
Ivliv == Vvlo= v, llallq = llallr2(q)- (2.1)

Having these, the weak formulation of (1.1) is to find a pair (u,p) € V x @ such
that

va(u,v) + ac(u;u,v) + b(v,q) = (f,v), VYveV, 2.2)
b(u,q) =0, Vg € Q, '
where the source item f € [L%(Q)]?, and consider the following linear forms:
a(,-): VXV =R, a(u,v) = / Vu:VvdQ, Yu,v €'V, (2.3)
Q

c(5): VXV XV SR o(wyu,v) = / lw|"2uvdQ, Yw,u,v €V, 2.4)
Q

b(-,-): VxQ—R, b(v,q) ::—/pdivvalQ7 YwevV, qge@, (2.5
Q
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and
(f,v) ::/f-VdQ. (2.6)
Q

By employing a topological degree argument (as presented in [26]) and nonlinear
functional analysis techniques, we can easily prove the well-posedness of the solution
for the weak formulation (2.2).

Theorem 2.1. We assume that f € [H~1(Q)]? and that v € L*°(2) is a uniformly positive
constant in ). There exits a solution (u,p) € V x Q of weak formulation (2.2) satisfying

the following estimates:

|-
fufly < 1=, 2.7

where

(f,v)
€11 = 1]y o= sup =
vev HV‘ \%
The proof of the uniqueness for the solution (u,p) € V x @ is straightforward.
Throughout the remainder of the paper, C represents a positive constant that may
assume varying values in different contexts. Additionally, we will employ the following
assumption in our subsequent proof:
fll_
= I£l-s ¢ (2.8)

14

Let Z denote the divergence-free subspace of V, defined as the following:
Z := {v € V such that b(v,q) =0Vq € Q}. (2.9)

Then the problem (2.2) can be reformulated as the equivalent divergence-free problem:
Find u € Z such that

va(u,v) + aclu;u,v) = (f,v), VveZ (2.10)

3. Virtual element discretization

In this section, we develop the divergence-free virtual element formulation for the
model problem (2.2). To achieve this, we first introduce the concept of polygonal
subdivision of €2 and the virtual element spaces in Subsection 3.1. Subsequently, in
Subsection 3.2, we introduce the discrete bilinear forms in the virtual element spaces.
With these preparations, we derive a discrete divergence-free virtual element problem
in Subsection 3.3.

3.1. Virtual element spaces and polynomial projections

Let {Q} represent the sequence of 2 subdivided into a set of general polygonal
elements E with
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hg := diameter(E), h:= sup hg.
EeQy,

As mentioned in [7], there are certain restrictions on the polygon FE.

Assumption 3.1. There exists a positive real number p such that for all » and for every
E e Qy

* the ratio between the shortest edge e, and the diameter hg of E is greater than

p, ie.,
€min

> p,
hg P

* F is star-shaped with respect to a ball of radius phpg.

We note that the assumptions above are common and can be further relaxed, as
discussed in [23]. Here, we provide a remark about the star-shaped region.

Remark 3.1. We refer to the domain Q C R? as star-shaped with respect to a circle
B (referred to as a ball in R?) if, for all = € Q, the closed convex hull of z U B is
still a subset of ). In Fig. 1(a), §2; is star-shaped with respect to circle By, while with
respect to Bo, it is not. In Fig. 1(b), Q2 is not star-shaped with respect to any circle.

o (B % (B

(@) (b)
Figure 1: (a) ©, is star-shaped; (b) Q2 is not star-shaped.

Following [24], we introduce some well-known virtual element spaces for the Stokes
problem on polygonal meshes. For any & € N, we define the spaces as follows:

* Px(F) denotes a set of polynomials on E of degree < k,
e B.(OF) := {v € C°OF) such that v|. € Py(e), Ve C OE},
* Gi(E) == V(Bri1(E)) C [Pr(E)P,

* GY(E) := x[Py_1(E)] C [Pr(E))* is defined as the L2-orthogonal complement
to Gi(E), where x := (9, —21).
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For a geometric domain D of dimension d (d = 1,2), as an edge or an element, let xp
and hp be the barycenter and the diameter of D, respectively. We denote by M (D)
the scaled monomial set as the basis for the polynomial space P (D) defined on D
[1,17,20]. Define My (D) as the set of scaled monomials with degrees less than or
equal to k

X — XD

hp

Mk(D)::{m\m:< ) foraeNd,Og\algk}.

Remark 3.2. As a basis for the polynomial space P (D), the set of scaled monomials
M(D) offering adaptability to various complicated geometric conditions and mesh
types. This advantage is particularly significant in specific fields, such as fluid dynamics
or structural mechanics.

Then we briefly introduce the (original) finite-dimensional local virtual space [24]

on each element F € ),

wWE .= {v € [Hl(E)]2 such that vpp € [Bx(0E)]* and — Av — Vs e G ,(B),

divv € P,_1(F) foran s ¢ LQ(E)}. (3.1

It is worth mentioning that all operators and equations presented above should be
interpreted in the distributional sense. Obviously, we notice that [P (E)]> € W¥. And
the global original virtual element space defined as

W), i= {v e [H}(©)]” suchthat vip € WE, VE € Q).

For the sake of simplicity, we define the degrees of freedom (DoFs) in the local space
WE. For a function v € W¥, we determine its corresponding DoFs by specifying the
linear operators Dy, which are divided into four distinct subsets as illustrated in Fig. 2:

Dv 1. The values of v at the vertices of polygon F.

Dv 2. The values of v at k — 1 distinct points on every edge e € JF (for example,
we can use the k — 1 internal points of the (k + 1)-Gauss-Lobatto quadrature
rule on e, as recommended in [20]).

D+3. The moments of v,
/ v-g? (E)dx forall ¢@ ,(E)eGE (E).
E
Dv4. The moments up to order k — 1 for & > 1 of divv, i.e.

/(diV V)qk,1 dx for all qr—1 € ]P’k,l(E)/R.
E
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@ b)

Figure 2: Degrees of freedom. (a) k = 2. (b) k = 3. We represent Dv1 with the black dots, Dv2 with
the red squares, Dv 3 with the green cross, Dv4 with the blue circles.

Proposition 3.1 ([24]). The linear operators Dv; constitute a unisolvent set of DoFs for
the virtual space WE.

Next, we introduce the H' seminorm projection operator HZ’E and the L? projec-
tion operator HZ’E for all £ € Q) and k € N as follows:

* The H! seminorm projection operator HZ’E V= [Pu(E)]

/ Va : V (v - HZ’EV) dx =0, YveV, Vaq,c|[Py(E)?,
E

(3.2)
/ Q- (v — H,Yva) ds = 0, Vv eV, VYaqoe [Po(E)2.
OF
* The L? projection operator for scalar functions HZ’E : LA(E) — Pr(E),
/EQk <v — HZ’EU) dx=0, Yve LQ(E)7 Var € Pp(F). (3.3)

Additionally, it is obvious that the L? projection operator can be extended to vector
functions

e [22Q)]° = Pe(B)?, 1o [12(E)]**°

— [PR(E))***.

It is worth noting that the positive integer & > 2 represents the polynomial degree of
accuracy in the virtual element method. We can confirm that the DoFs enable accurate
calculation of the L? projection operator 1", : W — [P}_(E)]?, as demonstrated
in [24, Section 3.3]. Nonetheless, we have observed that accurate calculation of the
L? projection cannot be achieved using the DoFs on polynomial spaces of degree k — 1
and k. Inspired by [1], we introduce the modified local virtual element space for the
discrete problem.
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First of all, we introduce the enlarged (also called augmented) virtual local space

E
Uh,

Ul .= {v € [Hl(E)]2 such that vipp € [BL(0E)]” and — Av — Vs € G (E),

divv € P,_1(FE) foran s € L2(E)}. (3.4

Next, we define the modified virtual element space V¥, by restricting UZ to a subspace

V.,E
Vf = {v € UE such that <v =11, va/i>[L2(E)]z =0,

Vel e 9?@)/92%@)}, 3.5)

where GP(E)/G? ,(E) represents the subset of polynomials in G;”(E) that are L>-
orthogonal to all polynomials in G;” ,(E). Clearly, the dimension of the modified space
VE is equal to that of the original space WZ.

Proposition 3.2 (Projections and Computability). The DoFs D~ enable us to compute
exactly

" VE o [Py(BE)?, IDP:VE = [Py(B)?, IDF YV (VE) = [Pei(E)?

in the sense that, for all v, € VE, we can compute the polynomials HkV’Evh, Hg’Evh and
Hg’ivh solely based on the DoFs values Dv of vy,.

Furthermore, for any polynomial ¢, of arbitrary degree n and any v € V¥, integra-
tion by parts allows us to calculate the moment

/an-vdx:/ qnv-ndS—/qndivvdx.
E OF E

Concerning the pressure, we utilize the standard finite-dimensional polynomial
space denoted as

QY =Py_1(E) (3.6)

with a dimension

(k+ 1)k

—

For each ¢ € QE , we introduce related DoFs with the linear operators Dq defined as
the moments up to £ — 1 of ¢, i.e.,

dim (QF) = dim (Py_1(E)) =

/qpkldx forall px_1 € Pr_1(E).
E
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Finally, the global virtual element spaces is defined as
2
V), = {v € [HY(Q)] such that v|p € VE, VE ¢ Qh} , (3.7)

Qp = {q € L2(Q) such that ¢|z € QF, VE € Qh} (3.8)

with the obvious corresponding sets of global DoFs. It is easy for us to compute the
dimension of V;, and @,

dim (Vh) =np <w -1+ w> + 2(77,\/ + (k - 1)ne),
and k+ 1)k
dim (Qr) = np% -1,

where np denotes the number of elements, while n. and ny represent the count of
internal edges and vertices in €, respectively. As noted in [24], it is noteworthy that

divVy, C Q. (3.9

3.2. Discretization of linear form

Firstly, we decompose the bilinear forms a(-,-) and b(-, -), the trilinear form ¢(-;-,-),
as well as the norms | - |v and | - | into local contributions through the following
definitions:

a(u,v) = Z af(u,v) forall u,veV,
EeQy,
b(v,q) :== Z vE(v,q) forall veV and q¢e€Q,
EeQy,
c(w;u,v) := Z cE(w;u,v) forall w,u,veV
EeQy,

with broken norm

1

Iv|v :== ( Z Hv||%,7E>2 forall veV,

EEQ}L

1
2
lallo = ( 3 Hqué,E) forall qc Q.

EeQy,

Then we give the discretization of linear form. Concerning b(-, -), we have

b(v,q) = Z bE(v,q) = Z /Edivvq dx forall veVy qe€Q. (3.10)

Eeqy, Eeqy,
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Therefore, there is no need to introduce any approximations of b(-,-), as mentioned
in [24], since ¢ can be expressed as a scale polynomial in each element £ € (.
Obviously, (3.10) can be exactly computed from the DoFs.

We observe that the quantities a”(u,v) and ¢ (w,u, v) are uncomputable for an
arbitrary (w,u,v) € V¥ x VE x VE Therefore, following a standard procedure within
the VEM framework, we introduce computable discrete local forms o (-,-) and ¢ (-; -, -)
as approximations to the continuous form a”(-,-) and c¢”(-;-,-), respectively. For all
(w,u,v) € VE x VE x VF we define

af (u,v) = o (I Pu, P 4 82 (1= P)u, (1 -7 F)v) @1
cE(wiu,v) =P <H2’Ew; Hg’Eu,Hg’Ev> ) (3.12)
where the bilinear form S¥(.,-) is expected to possess continuity and coercivity on

vE ﬂker(Hkv’E ) uniformly in the mesh element. Fortunately, [42] has established a valid
stability bounds: the symmetric stabilizing bilinear form S¥ : VF x V& — R satisfies

aaf(v,v) < SP(v,v) < a*af(v,v) (3.13)

for all v € V}, such that HkV’E v = 0, where the positive constant «, and o* remain
independent of both the element FE and the mesh size h, but they are dependent on the
polynomial degree k.

Proposition 3.3. For each element E € §, the discrete local bilinear o (-, -) satisfies the
following properties:

(i) k-Consistency: for all w € L*(E), qi € [Px(E)]?> and v € VZ,

af, (ax,v) = a” (qi, v) . (3.14)

(ii) Stability: there exist two positive constants o, and o (as shown in (3.13)) that are
independent of h and E, such that for all v € V¥, the following inequality holds:

aaf(v,v) < af(v,v) < a*aP(v,v). (3.15)
Remark 3.3. In fact, we can readily verify that the definition of the projection operator
(3.2) and the property (3.13) imply the consistency (3.14) and stability (3.15). The
stabilization term S¥(vy,, v;,) has the same scale as a” (v, v;,). For instance, following
the most standard VEM choice [17,20,22], the stabilization term S¥ can defined as

NV
SE(uh, vp) 1= eff Z Xi(Vi)Xi(Vh),
=1

where N7 = dim V¥ and y;(v;,) denotes the i-th local DoFs on V¥ and £” is a suitable
positive constant that is dependent on FE.
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Subsequently, we define the bilinear form and the trilinear form of global approxi-
mation ap(-,-) : Vp,xVy, — Rand ¢, (-5, ) : Vi XV, xV;, — R by simply accumulating
the local contributions

ap (u,v) == Z aE (u,v), Yu,v € Vy, (3.16)
EeQy
cp (wia,v) = Z cE(wiu,v), Yw,u,veV, (3.17)
EeQy,

Finally, we will construct a computable approximation of the right-hand side (f, v)
in (2.2) by using H%E defined in (3.3). The approximated load term f}, is defined as
follows:

f, = TFf forall E e Q. (3.18)

And the associated right-hand side

(fh,Vh): Z /fh-VthE Z /Hg’Ef-Vth
E E

EecQy, EeQy,
-y / £ 1%y, dx (3.19)
Eth E

can be exactly computed from DoFs for all v, € V}, representing the internal moments.

3.3. The discrete problem

With these preparations completed, it is not difficult to derive the following virtual
element problem: Find (up,pn) € Vi, x @, such that

vap (ap, vi) + acp (Wpiup, Vi) + 0 (Vi pr) = (f,vp) forall vy € Vi, (3.20)
b (uh, qh) =0 for all qn € Qn. '
We define the discrete divergence-free subspace of V}, as follows [24]:
Zy, := {vi € V}, such that b(vy,qy) =0, Vg, € Qn}. (3.21)

By virtue of the stability (3.15) and the inclusion Z; € Vy, the bilinear form ay(-,-) is
coercive on Zj,. From [13,24], we have the following inf-sup condition for b(-, -): there
exists a positive constant 3, which is independent of both h and the degree of accuracy
k such that
) b(Vn,qn)
sup —_

> Bllanll, forall gy € Qp (3.22)
VLEV L, vLF#O ||VhHV

With help of the divergence-free space Zj, the virtual element problem (3.20) can be
also reformulated as the equivalent divergence-free form: Find u,;, € Z;, such that

yah(uh,vh) + ac(uh; uh,vh) = (fh,Vh) forall vy € Zy,. (3.23)



222 Y. Xiong et al.

Remark 3.4. The discrete divergence-free space provides a crucial property for the
method, ensuring that the discrete velocity is pointwise divergence-free. This property
enables the velocity error to be independent of the pressure in the convergence analysis
of Section 5. In certain cases, such as hydrostatic fluid problems, the partial decoupling
of errors exhibits a favorable impact on the velocity approximation.

4. Existence and uniqueness

The aim of this section is to prove that the divergence-free virtual problem (3.23)
is well-posedness. To this purpose, we firstly provide the following upper bound of the
trilinear form c(+; -, -).

Lemma 4.1. For any u,v,w € V, we have
cn(wiu,v) < Clwly 2 (luflvvilv, (4.1)
where C' is a constant independent of h but dependent on k.

Proof. Employing the continuity of the projection H%E with respect to the L?-norm,

we can readily get HHZ’E ullo,z < |lullo,z. Then by using local inverse theorem and
Holder inequality in F € 0}, we have

[

Lm(E) = Che % HH%EUHO,E < Ch%i%HUHO,E

2_2
< ORI, 2y, ey

2_2 9 r=2
< Chr72h™ > fJul[pr )
Throughout the remainder of the paper, we also refer to (4.2) as the continuity of the
projection HZ’E with respect to the L"-norm. Then, by using Hoélder inequality and
(4.2), we have
cE(wiu,v) = (‘H%EW‘PQHg’Eu,Hg’Ev)

r—2

e ([ e o) (f ) o)
[ ey o)’

= C|[Tm w1

ey

L"(E) | L7 (E)

< ClIwll5 2 Il ) 1] e
Using once again Holder inequality and Sobolev embedding (H'(2) < L"(2)), it holds
that

cn(win,v) == Y e (wiuv) <C Y Wil Eg lullore) VI )
EEQh EEQ}L
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r—2 1 1
<o( X ) T (X Mli) (2 W)
Ee€Qy, EcQy, EeQy,
< C||W||27(2Q) lallzr @) Ivllizr @
< Clwlly? [ullv [[v]v-
The proof is complete. O

In the following, we introduce some useful inequalities for proving the uniqueness
of the divergence-free virtual element problem (3.23), and these will also be used for
convergence analysis in Section 5.

Lemma 4.2 ([36]). For any a,b € R? and r > 2, there holds

a2 = o2 < C (la|"=® = [b]"~®) |a — b, (4.32)
lla]"2a — |b]"=2b| < C(ja| + |b])"*|a — b, (4.3b)
a2 = o2 = (r = 2)p|"*b(a — b)| < C (la]"~* = p[" ) [a = b2,  (4.30)
(|a|’"_2a — |b|7"_2b, a— b) > |la—0b|". (4.3d)

To prove the existence of the solution for the problem (3.23), we introduce the
following topological degree lemma (as outlined in [26]).

Lemma 4.3. Let Y be a finite dimensional functional space equipped with a norm || - ||y,
0>0and ¥ :Y x [0,1] — Y, satisfying the following assumptions:

(i) VY is continuous;
(i) for any (y,\) € Y x [0,1], ¥(y, \) = 0 implies ||y|ly # 6;

(iii)) U (-,0) is an affine function and the equation ¥(Y,0) = 0 has a solution y € Y such
that ||y|ly < 6.

Then, there exists y € Y such that ¥(y,1) = 0 and ||y|ly < 6.

Utilizing the lemmas presented above, we now provide the result of the well-
posedness for the divergence-free virtual element problem (3.23).

Theorem 4.1 (Existence and Boundedness). Assume f;, € [H~1(Q)])? and v € L>®(Q) is
a uniformly positive constant. There exists a solution u;, € Zj of the discrete divergence-
free virtual element problem (3.23) satisfying the following estimate:

|-
Japllv < % = Yh, (4.4)

*

where «, derived from (3.13), is a constant independent of h but dependent on k.
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Proof. Let Y}, := Zj. It is obvious that Y}, is a finite dimensional functional space.
For any w € Y}, the norm ||w|y, is given by

Wiy, = [wllv-

Then we define the mapping ¥}, : Y}, x [0, 1] — Y}, such that, for (wp, A) € ¥}, x [0,1],
&, = ¥(wp, A) is defined as the unique solution to the following equation:

(&n, Vi)yv = vap (Wh, Vi) + dacy, (Wh; Wi, vi) — (£, V) (4.5)

for any v, € V;,,. Now we check the conditions in Lemma 4.3 in turn. Firstly, it is
evident that ¥ is a continuous function from the definition (4.5).

To check the second point in Lemma 4.3, let £, = ¥(wp,\) = (0,0) for some
A € [0, 1]. Taking v;, = wy, in (4.5) and using (3.15), we have

vwily = va(wy, wp)

1%
< —ap(Wh, Wp)
(o™
1 0,E T
< a_*<7/ah(whawh)+)\a Z [hus Wh{LT(E)>
EeQy,
1
= a—(u an, (Wh, W) + Aac, (Wh; Wi, wy))
1
—
Oé*( hywh)’
fhen (Fwn) _ [l
W _
[whllv < —2 =R < ML (4.6)
V|| wplv Y

Taking into account the inequality (4.6), we consider that

g Il

QuV
where § is a positive constant. It is obviously that ||w},|| # 6, then the second point in
Lemma 4.3 is verified.

Finally, we check the third point in Lemma 4.3. Note that ¥(z;,0) is an affine
mapping when A\ = 0. The equation ¥(z;,0) = 0 is equivalent to the divergence-free
virtual element scheme of the Stokes equations without damping, i.e.: Find z; € Z,
such that

v ah(zh,vh) = (fh,Vh) forall v, € Zy

as noticed in [24], whose well-posedness is easy to prove, due to the evident stability
(see (3.11), (3.13) and (3.15)) of the discrete bilinear form ay(-, -) with respect to the
norm of V. Denote the solution by z, = w;, € Y},. Then the solution satisfies the
estimate ||wy||y, < 6. According to Lemma 4.3, there exists z; = u;, € Y}, such that
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¥ (z},,1) = 0 and |[z}[|,. < 6. From the definition of ¥, we know that uy, is a solution
of divergence-free virtual element problem (3.23), and satisfies (4.4). The proof is
complete. O

Finally, we prove the uniqueness of the virtual element solution uy,.

Theorem 4.2 (Uniqueness). The solution of the divergence-free virtual element problem
(3.23) is unique.

Proof. Let uy,1,upe € Zj, be two solutions of the problem (3.23) satisfying the priori
bound (4.4). Then we have, for any v, € Z;,
vap (Up1 — Up2, Vi)

0,E r—2+0,F 0,F r—20,F 0,F
+ o E ‘Hk uh1| Hk uhl—‘Hk up2 Hk U.h27Hk Vp =0. (47)
E
EeQy,

Taking v, = up; — uye in (4.7), we have

vap (Up1 — Upg, Upp — Up2)

0.E.  |r—210,E 0,E.  |r—20,E 0,E 0,E
+« Z (‘Hk uh1| Hk up1 — ‘Hk uh2| Hk UhQ,Hk up1 — Hk uhg)E =0.
EeQy,

From inequality (4.3d) in Lemma 4.2 and (3.15), we know that

2 0,F 0,E r
vas [[up — upslly + Z [T wpn — T e e =0
EeQy,
which means uy; = uys. The proof is complete. O

5. Error analysis

The goal of this section is to derive optimal error estimates for the velocity and
pressure. To accomplish this, we will first introduce an interpolation error estimate
and four technical lemmas. Subsequently, the optimal error estimates will be derived.

5.1. Interpolation estimate

In this subsection, we provide the following classical interpolation estimate for the
enhanced space Vy, as detailed in [25,42].

Theorem 5.1. Let v € H*t1(Q)N'V for 0 < s < k. Then there exists an approximation
vy € Vy, such that
v = villo + hllv = villv < Ch* vl 41, (5.1)

where the constant C' is only dependent on the degree k and the shape regularity constant p
(see Assumption 3.1).
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5.2. Convergence analysis

To establish the optimal error estimate, we need to introduce the following lemmas.
First, we present the following classical approximation result for the P, space on star-
shaped domains [5].

Lemma 5.1. Let E € Qp, and let two real numbers s,pwith 0 < s < kand1 < p < cc.
Then for all u € [H*+1(Q2)]?, there exists a polynomial function u, € [P (Q)]? such that

|lu — uﬂ—HLp(E) + hglu— uﬂ—’WI,p(E) < ChSE+1’u‘Ws+1,p(E) (5.2)
with C only depending on k and the shape regularity constant p in Assumption 3.1.

Lemma 5.2. Let v € H*T1(Q) NV with 0 < s < k. Then for all w € V, it holds that
le(viv,w) — cn(viv, w)| < CR(||v|sr1 + VI IVIY 2wl
Proof. First, by definition (2.4) and (3.12), we obtain that

c(viv,w) —cp(viv, w)

= Z / V" 2v - w — ‘Hg’EVV_QH%EV . H%EW dx
Eth E

= Z / <\V!’"—2V cw— |[v[ v HZ’EW)
E

Eeqy,

+ (|v|r72v . H%EW — |H2’EV{T_QH2’EV . H%Ew) dx

=y /E A(w) 4+ B(w) dx.

EeQy,

Then, we estimate the right hand side of (5.2) term by term. For the term f pAWw) dx,
by definition of L? projection Hg’E , Holder inequality, the continuity of H%E with re-
spect to L5-norm (see Lemma 4.1) and Lemma 5.1, we have

/E A(w) dx = /E v 2y <w - Hngw) dx
— [ =) iv] (w- ) ax
< (= TR5) 12 oy | (2 = TEE) V| sy (2 = T )W
<C (HIV\’“’zHLe(m + Hﬂiﬂlv\“ﬂ!m@)) (2 = 1)Vl s gy e Wl
< Chil[IVI|] oy | (1 = T2 V]| s gy W e

< O |1vI 2| o gy 1V w1302y W1,
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Applying once again the Holder inequality (for sequences), we get

> [ A

EeQy,
< OB S (912 oy IVl 1y [
EeQy,
: : :
<o (S I ey ) (X Wl ) (3 )
EeQy, EcQy, EeQy,

= C||[v]" 72| Loy IV lws-13 @y Iw v

= Ch* V] 12 gy IV lws—180) Wl
Then by the Sobolev embedding theorem, i.e. H'(Q) — L5"~'2(Q) and H*(w) —
Ws=14(Q), we obtain

Z /A ) dx < O8IV 2 v]slwllv. (5.3)

Eeqy,

For the second term [, B(w) dx, by using (4.3b), Holder inequality, the continuity of

110" with respect to L*"~8-norm and L*-norm, embedding theorem and Lemma 5.1,
we obtain

/ B(w) dx = / <\V]r_2v — ‘Hg’Ev{PzHg’Ev> H%Ew dx
E E
< [ v =] (W ) ] dx
<0 [ jo= IR (i + 2P ) [0
< Clv =1 vllg <H|V|HHL4(E) I o) I

E
< Clv -1 v e (||VHL4T samy + | VHLM S(E) ) Wl £k
< ChilvlssrmlIVITas g 1wl 1 )
= Chg|v]st1,E - H|V|r 2HL4(E)||W||L4(E)

Applying the Holder inequality, we have

> [ Bowa

Eth
<COW Y Vs ||V gy Wl
Eeq,
: e ;
con( X M) (2 IV ) (X i)

EEQ} EEQh Eth
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= CR s ||V 72| a1l 21 )
= Ch°[V]sra|Ivll7ats Q)\IW\|L4(9)-

And by using the Sobolev embedding theorem, i.e. H!(Q) — L*"~8(Q) and H'(Q) —
L4(92), we obtain

3 /B ) dx < CR2|Ivllsat VI Iwllv- (5.4)

EEQ}L

By combining (5.3) and (5.4) in (5.2), we conclude that
le(viv,w) — en(viv, w)| < CR*(|[v]|lsr1 + VI IVIG 2 Iwllv, (5.5)
and the proof is complete. O
Lemma 5.3. For any v,z,w €V, it holds that
len(v; v, w) —cn(z;2,w)| < C (IvIy 2 + [lzly ) [Iv — zllv [wllv-
Proof. By the definition (3.12) and inequality (4.3b) in Lemma 4.2, we have
(e (Vi v, W) — (22, )|

Z/ HOE "By — % E | 2H2Ez> 1P w dx

EeQy,
< S0 (] ) 11 ) P ax
EeQy,
< S0 [ (o ) P - 1 P ax
EeQy,
= [/ |HOE {T 2|HOE —HgEzHHOEw| dx
EeQy,
+ [Py - T 11w ax
Z /Ml ) + p2(w) dx. (5.6)
EeQy,

By using the Holder inequality, the continuity (4.2) of H%E, and Sobolev embedding
theorem (H'(Q) < L"(Q2)), the term -, [ 1 (w) dx can be estimated as

Z/Nl

EeQy,

Z/|H°E "2y — 0| N0 Fw| dx
Eth
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0,F
< Z [T "]
EEQh

<C Z HVHZ(QE)HWHLT(E) v =zl g
Eth

o 1T W i [T (v = 2)

L7 (E) | L"(E)

(r=2)

L\ ; :
<o( X (W52)77 ) T (X W) (X vl

EeQy, EeQy, EeQy,
< ClvI iy Iwlier@llv = 2llr @)

< CIvIv P lIwlivlv - zllv. (5.7)

Following same arguments as (5.7), we obtain that
> [ ) dx < Clally *wivilv - zlv. 58)
EEQh E

We infer the proof by combining (5.7) and (5.8) in (5.6). O

Furthermore, we state the following result concerning the load approximation,
which can be proved using the standard arguments [17].

Lemma 5.4. Let f; be defined as in (3.18), and assume f € H5t1(Q), -1 < s < k. Then
for all v, € Vy, it holds that

(£, — £, vi)| < CR¥P2E| Ly lvally -

We observe that for a given v € Z, the application of the inf-sup condition (3.22)
(see [4] for detail) leads to the following inequality:

inf v—villv <C inf v — wWp|v
VhE€Zp,vi#0 ” hH wWprEV Wy #0 ” hH ’

which implies that the Z can be approximated by subspace Z; with an accuracy order
equivalent to that of the entire space V. In particular, applying Theorem 5.1 and
assuming v € H*T1(Q) N Z, 0 < s < k, we can obtain

inf V-V < Ch®|v . 5.9
N L e (5.9)
Subsequently, we establish optimal error estimates for the velocity and pressure.

Theorem 5.2. Under Assumption 3.1, let u and uy, be solutions of the divergence-free
problem (2.10) and divergence-free virtual element problem (3.23), respectively. Setting
u,f € [H51(Q))% for 0 < s < k, we have

[a—upllv < REF(50, 0, y) + CREF2|f 541, (5.10)

where F is a suitable function independent of h.
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Proof. Subtracting (2.10) from (3.23), we have the following error equation, for
any (Vh, qh) S Vh X th
va(u,vy) — vap(up, vy) + ac(u;u, vp,)

— ach(uh; uh,vh) — (f,Vh) + (fh,Vh) =0. (5.11)

Let wy, be an approximant of u in the discrete divergence-free space Zj, satisfying (5.9).
And setting e, = uy, — wy, it holds that e, € Zj. Then, selecting v;, = e, in the error
equation (5.11), we get

vap(en, en) + acy(up; up, e) — acy(Wp; Wi, ep) (5.12)
= {Va(u,eh) — yah(wh,eh)} + {ac(u; u, ep) — acy(Wp; Wh,eh)} + (f, — £, ep).

From the inequality (4.3d) in Lemma 4.2 and using the definition (3.12) of trilinear
form ¢y (+; -, -), we have

cn(upsup, ep) — cn(Wps Wi, ep)
= (‘Hg’Euh‘r_Qﬂg’Euh,H%Eeh) — <|H27Ewh|r—2H2,Ewh,Hg,Eeh)
— (\H%Euh"‘JH%Euh _ |H2’EWhV72H2’Ewh,HZ’Eeh>
2 [0 en]” 2 0 (5.13)

Noting that . |le,||3; < an(en,epn) and a > 0, as well as employing the above result,

we further obtain that
a*uHehH%, < vap(en,en) + acy(up;up, ep) — acy(Wp; Wp, ep). (5.14)
Hence, error equation (5.11) can be reduced as
avllen||y < {va(u,ep) — vap(wh,ep) }

+ {ac(u; u,ep) — ach(wh;wh,eh)} + (f, — f,ep)
=: Ry + Ry + Rj3. (5.15)

Next, we estimate the right hand side of (5.15) term by term.

1. By using the stability (3.15) and the consistency (3.14) properties of the bilinear
form ay (-, ), the triangular inequality, Lemma 5.1 and (5.9), we get

Ry :=va(u,ep) — vap(wp,ep)
—v Z (a® (0 — ur,ep) + ay (ur — wh,ep))
Eeq,
< Ov(|lu—uxlvlenllv + [[u—wrllvlenv)
< Oh’vlufsia|len|lv + Cv|u— wy|vlenlv
< ChPv|ulsiilenv, (5.16)

where u, is the piecewise polynomial of degree k for u.
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2. For the term R», using the Lemmas 5.2-5.3 and (5.9), it holds that
Ry := ac(u;u, ep) — acp(wp; wp, ep)
= alc(u;u,ep) — ca(uyu, ep)] + afen(usu, en) — cp(wWh; Wi, ep)]
< CB* ([ ufls1 + Julls) [l llenlv
+C ([ulli? + wally ) lu = wallvllenllv
< O [([ulls+1 + ulls) [l + [wall ™ 2[uls] llenlv-

Noting that the assumption (2.8)
v < Pty <
14
and by applying the triangle inequality and (5.9), we have
[whllv < [lwn —ullv + [Jullv < Ch*ufsp1 + [lullv < Clufspr + 7.
Thus,
Ry < OB [(ullass + ullo) ully? + [l + o] lenlly. (5.17)
3. Utilizing the Lemma 5.4, the term R3 can be estimated as
Ry = (£ — £,e) < Ch2f] o1 lenllv- (5.18)
Then combining (5.16)-(5.18) in (5.15) yields
awlenllv < Ch*vlulser + h2[Elsir + (Jullsn + [ulls) [ul?
+ [ule 4+ 2ul . (5.19)
which further implies that

lenllv < hEF(w;v, cu, ) + Ch* V2| o1, (5.20)

where the function

c _ _ _
Flusv,0,7) = ~— [vfulysn + (fullsrs + lall) a4+l + 47 2ula).

Thus, by using the triangle inequality and (5.9) in (5.20), we complete the proof. [

Remark 5.1. The present method in this paper removes the pressure-dependence of
the velocity approximation. However, the method exhibits a locking-phenomenon for
v — 0, as it is also observed for the classical divergence-free VEM [29, 54]. This phe-
nomenon can be attributed to the projection operator HZ’E changes the divergence,
and therefore destroys the L2-orthogonality between discretely divergence-free test
functions and arbitrary gradient fields. Fortunately, our method has the optimal con-
vergence rate for any reasonable viscosity coefficient (e.g. v = 1072 or 1) and is only
asymptotically pressure-robust for h — 0. The numerical examples below demonstrate
this lack of pressure-robustness.
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The pressure estimate can be readily derived from the discrete inf-sup condition
(3.22) using standard arguments, as outlined in [25].

Theorem 5.3. Let (u,p) € V x Q be the solution of weak problem (2.2) and (up,pp) €
V1, x Qp, be the solution of virtual problem (3.20). Then it holds that

Ip —prllg < CR|pls + Ch¥ 2 [f| g1 + Rk (w; v, 7y, 7n), (5.21)

where k(-;-,,-) is a suitable function independent of h.

6. Numerical implementation

In this section, we conduct four sets of numerical experiments to evaluate the
method’s practical performance. We utilized the mVEM package [55] and customized
it to facilitate the implementation of our numerical examples. All of the tests are pre-
formed with the second-order VEM, i.e., k=2. The Picard iteration method is applied
for the nonlinear term and set the error tolerance is ¢ = 10!, To detail the proposed

Picard iteration method, give (u}, p}), such that (u}™!, p}*!) satisfies
vay (uptt ve) +acp (i up ™ ve) +0 (Vi pp) = (£, va) 6.1)
b( n+17 Qh) — 0 *

for all (vp,qn) € Vi xQp, where n > 0is iteration parameter. Then, the Picard iteration
algorithm can be outlined as follows:

Algorithm 6.1 Picard Iterative Algorithm.

1: Given tolerance e and initialize an initial guess solution (u),p)) = (0,0).
2: Set the iteration step n = 0.

3: Solve the discrete problem (6.1) with n = 0 to obtain (u}, p}).

4 while [[u*! — u?[l < e and [P+ — pils < ¢ do

5:  Update the iteration stepn = n + 1;

6:  Solve the discrete problem (6.1) with n to obtain (u}'*, pi).

7: end while

It needs to be emphasized that we cannot pointwise access to the numerical solution
u;, within the element. In other words, we only possess information about the degrees
of freedom of u; and not its values at any point within the element. Consequently, we
use IT°uy, as a substitute for uy, to calculate the error. Considering the computable error
quantity

1
error (u H1 = < Z HVu HOE (Vuy) H(2)E>2

EEQ}L
For the error of pressures we simply compute

error p,L2 = < Z lp — thOE>

EEQ}L
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Example 6.1. Let the domain be 2 = (0,1) x (0, 1), and take the parameters as v = 1,
r = 3,a = 1. We test six types of meshes in this example, as shown in Fig. 3, that
is, uniform triangular mesh 7', uniform rectangular mesh 7?2, quadrilateral mesh 73
generated by perturbing the interior nodes of 72 with a parameter 0.3 (see [11] for
detail), polygonal mesh 7* generated by the dual of the triangle mesh 7!, distorted
polygonal mesh 7, Voronoi polygonal mesh 7° generated by PolyMesher package
[50]. The exact solution for the Egs. (1.1) is chosen as follows:

ui(z,y) = 102%(z — 1)*y(y — 1)(2y — 1),
ug(x,y) = —10z(z — 1)(22 — 1)y (y — 1), (6.2)
p(z,y) =102z —1)(2y — 1),

where the load function f is suitably chosen.

We conducted tests on six different mesh types and the obtained results are pre-
sented in Tables 1-3. We listed the result of errors on two successive meshes and the

Table 1: The errors for a series of the uniform triangular meshes 7 (upper) and uniform rectangular meshes
T? (below) for Example 6.1.

mesh | # Dof h error(u, H') | order | error(p,L?) | order
226 1.768e-01 | 5.95238e-02 - 1.54626e-01 -
1046 | 7.857e-02 | 1.43369e-02 | 1.76 | 3.97800e-02 | 1.67
Tt 3202 | 4.419e-02 | 5.03761e-03 | 1.82 | 1.44408e-02 | 1.76
7702 | 2.828e-02 | 2.18255e-03 | 1.87 | 6.33725e-03 | 1.85
29206 | 1.443e-02 | 5.93595e-04 | 1.93 | 1.73744e-03 | 1.92
242 | 2.000e-01 | 3.88289e-02 - 1.30865e-01 -
882 | 1.000e-01 | 1.04228e-02 | 1.90 | 3.27082e-02 | 2.00
T? 1922 | 6.667e-02 | 4.69530e-03 | 1.97 | 1.45373e-02 | 2.00
5202 | 4.000e-02 | 1.70197e-03 | 1.99 | 5.23357e-03 | 2.00
10658 | 2.778e-02 | 8.22414e-04 | 1.99 | 2.52393e-03 | 2.00

Table 2: The errors for a series of the quadrilateral meshes 7 (upper) and polygonal meshes 7* (below)
for Example 6.1.

mesh | # Dof h error(u, H') | order | error(p,L?) | order
242 2.000e-01 | 5.14844e-02 - 1.40774e-01 -
882 1.000e-01 | 1.51945e-02 | 1.76 | 3.54895e-02 | 1.99
T3 1922 | 6.667e-02 | 6.99338e-03 | 1.91 | 1.56968e-02 | 2.01
5202 | 4.000e-02 | 2.61640e-03 | 1.92 | 5.70448e-03 | 1.98
10658 | 2.778e-02 | 1.30431e-03 | 1.91 | 2.76113e-03 | 1.99
354 | 2.000e-01 | 7.19723e-02 - 2.31081e-01 -
1334 | 1.000e-01 | 1.60291e-02 | 2.17 | 4.24836e-02 | 2.44
T4 3714 | 5.882e-02 | 5.08237e-03 | 2.16 | 1.29071e-02 | 2.25
8502 | 3.846e-02 | 2.05324e-03 | 2.13 | 5.19902e-03 | 2.14
30774 | 2.000e-02 | 5.21532e-04 | 2.10 | 1.34010e-03 | 2.07
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Table 3: The errors for a series of the distorted polygonal meshes 7° (upper) and Voronoi meshes Tt
(below) for Example 6.1.

mesh | # Dof h error(u, H') | order | error(p, L?) | order
354 2.000e-01 | 1.00805e-01 - 3.15028e-01 -
1334 | 1.000e-01 | 3.14291e-02 | 1.68 | 8.28310e-02 | 1.93
75 3714 | 5.882e-02 | 1.00862e-02 | 2.14 | 2.79014e-02 | 2.05
8502 | 3.846e-02 | 4.03940e-03 | 2.15 | 1.16901e-02 | 2.05
30774 | 2.000e-02 | 1.01548e-03 | 2.11 | 3.10411e-03 | 2.03
770 1.250e-01 | 1.83375e-02 - 4.46046e-02 -
1534 | 8.839e-02 | 9.19132e-03 | 1.99 | 2.15685e-02 | 2.10
T 3074 | 6.250e-02 | 4.62813e-03 | 1.98 | 1.07248e-02 | 2.02
6134 | 4.419e-02 | 2.31399e-03 | 2.00 | 5.33404e-03 | 2.02
12254 | 3.125e-02 | 1.14256e-03 | 2.04 | 2.64384e-03 | 2.03

G ® 77 7°
@ 7 (e 7° " 7°

Figure 3: lllustration of meshes 7%, 72, 73, T4 7° and T5.

corresponding order of error with respect to the mesh diameter h. As expected in The-
orems 5.2 and 5.3, we can observe that the errors of the numerical solution exhibit the
optimal order, that is, the H' error of the velocity and L? error of the pressure are of
order O(h?).

Example 6.2. To demonstrate the flexibility of the virtual element method (VEM) con-
cerning mesh requirements (see Assumption 3.1 for details), we selected the parame-
tersv =1 x 1072, a = 1 x 1072, and r = 2.9 for conducting numerical experiments
on a series of non-convex meshes 7' and hybrid meshes 7% (as depicted in Fig. 4). Let
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(a) non-convex mesh 7" (b) mixed mesh 7°

Figure 4: lllustration of meshes 77 and T°.

= (0,1) x (0,1), and the exact solutions are given as follows:

up = — sin(mz)? sin(7y) cos(ry),
ug = sin(mx) cos(mz) sin(my)?, (6.3)

p = sin(mx) cos(my),

then, the source term f is determined by the above prescribed velocity and pressure.

In Fig. 5, we provide visual representations of both the numerical and exact solu-
tions of velocity on a mesh with 3902 degrees of freedom. It is evident from the figures
that the divergence-free virtual element method performs well for steady Stokes equa-
tions with damping. Similar to Example 6.1, we conducted numerical experiments to
determine the error convergence rate between two successive non-convex meshes and
mixed meshes, and the results are presented in Table 4. Notably, achieving the op-
timal error convergence rate even on non-convex and mixed meshes underscores the
excellent flexibility of the VEM in handling complex domains.

Example 6.3. In this example, we investigate the influence of the viscosity and damp-
ing coefficients, denoted as v and « respectively. We will choose different values for
v to verify the convergence of the problem on the Voronoi polygonal mesh 7°, and
explore the effect of damping coefficient « on the number of iterations on non-convex
mesh 77. Let Q = (0,1) x (0,1), and without loss of generality, we utilize the same
exact solution as presented in (6.3).

To verify the influence of the viscosity coefficient on the accuracy of the proposed
method, we implement the nonlinear problem (1.1) with the viscosity coefficient v =
1071,1072,1073,107%,107°,1075. Setting r and « as fixed constants, that is, r = 2.9
and o = 1072. The error profiles on the Voronoi polygonal mesh are displayed in
Tables 5-6. From these tables, the proposed method still have optimal convergence
rate for the velocity and pressure when v = 10~2. However, as the viscosity decreases,
we observe that an increase in the velocity error (from Tables 5) and the proposed
method fails to converge even on the finest mesh (from Tables 6). Moreover, the error
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Table 4: The errors for a series of the non-convex meshes 77 and mixed meshes 7% on the parameter
v=1le-2, a=1e-2, r=2.9 for Example 6.2.

mesh | # Dof h error(u, H') | order | error(p,L?) | order
1026 | 1.250e-01 | 4.15982e-01 - 2.22504e-02 -
4098 | 6.250e-02 | 7.44477e-02 2.48 | 6.26340e-03 | 1.83
77 | 10002 | 4.000e-02 | 2.81178e-02 | 2.18 | 2.62549e-03 | 1.95
20738 | 2.778e-02 | 1.32032e-02 | 2.07 | 1.27457e-03 | 1.98
32402 | 2.222e-02 | 8.38221e-03 | 2.04 | 8.17000e-04 | 1.99
262 1.961e-01 | 1.22574e+00 - 5.46574e-02 -
986 | 1.026e-01 | 3.19845e-01 | 2.07 | 1.70149e-02 | 1.80
T8 3902 | 5.090e-02 | 6.88956e-02 | 2.19 | 5.37271e-03 | 1.64
15470 | 2.534e-02 | 1.58872e-02 2.10 | 1.30671e-03 | 2.03
61562 | 1.267e-02 | 3.82267e-03 2.05 | 3.38960e-04 | 1.95

Table 5: The errors for a fixed Voronoi polygonal mesh 7° on the parameter a=1e-2, r=2.9 and varying
values of viscosity v for Example 6.3.

xe viscosity v | error(u, H') | error(p, L?)
le-1 4.87994e-02 | 4.19320e-03
le-2 5.39411e-02 | 4.12717e-03

r=209, le-3 1.00950e-01 | 4.11588e-03
a = le-2 le-4 3.05452e-01 | 4.07627e-03
le-5 4.60663e-01 | 4.07240e-03
le-6 4.88016e-01 | 4.07357e-03

Table 6: The errors for a series of the Voronoi polygonal meshes 7° on the parameter a=1e-2, r=2.9 and
varying values of viscosity v for Example 6.3.

viscosity | # Dof h error(u, H') | order | error(p, L?) | order
770 1.250e-01 | 2.52236e-01 - 1.82068e-02 -
1534 | 8.83%9e-02 | 1.23351e-01 2.06 | 8.43372e-03 | 2.22
v =1e-2 | 3074 | 6.250e-02 | 5.39411e-02 | 2.39 | 4.12717e-03 | 2.06
6134 | 4.419e-02 | 2.39696e-02 | 2.34 | 2.03280e-03 | 2.04
12254 | 3.125e-02 | 1.36804e-02 | 1.62 | 9.71930e-04 | 2.13
770 1.250e-01 | 1.26512e+00 - 1.54389¢e-02 -
1534 | 8.839e-02 | 9.69139e-01 | 0.77 | 7.51311e-03 | 2.08
v =1e-4 | 3074 | 6.250e-02 | 3.05452e-01 | 3.33 | 4.07627e-03 | 1.76
6134 | 4.419e-02 | 1.47392e-01 2.10 | 2.05912e-03 | 1.97
12254 | 3.125e-02 | 1.07834e-01 0.90 | 9.68447e-04 | 2.18
770 1.250e-01 | 1.49533e+00 - 1.49948e-02 -
1534 | 8.839e-02 | 1.47480e+00 | 0.04 | 7.19463e-03 | 2.12
v =1e-6 | 3074 | 6.250e-02 | 4.88016e-01 3.19 | 4.07357e-03 | 1.64
6134 | 4.419e-02 | 3.25200e-01 | 1.17 | 2.08235e-03 | 1.94
12254 | 3.125e-02 | 2.73259e-01 | 0.50 | 9.76194e-04 | 2.19
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Figure 6: The iterative errors are compared on a non-convex mesh with different values of the parameter
a=le-1, 1e0, lel, le2.

of pressure remains almost unchanged with the viscosity decreases. As discussed in the
Remark 5.1, due to the lack of pressure-robust [29], the velocity error increases with
decreasing values of viscosity coefficient, but the method still is asymptotically pressure
approximation for h — 0 (see [29, Remark 3.2]).

Moreover, from the Fig. 6, it is evident that regardless of the chosen parameter
configurations, the L>°-norm error of velocity and the L?-norm error of pressure con-
sistently exhibit proximity. As the damping coefficient increases, we need to do more
iterations for the iterative algorithm to reach convergence.

Example 6.4. Considering a classical lid-driven cavity flow problem [35,38,47], which
is called benchmark problem, in a square cavity 2 = (0,1) x (0,1). There is no body
load, i.e., f = 0. The Dirichlet boundary condition is given as

1.0)7, if z=1 0,1
u: (7)7 1 $ ) y€(7)7 (6,4)

0, otherwise.

The Voronoi polygonal mesh 7% and the mixed mesh 7® were used in this experiment.
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(a) on Voronoi mesh 7° (b) on mixed mesh 72

Figure 7: Vectorgraphs and contours of velocity of velocity uy, in the cavity.

We depicted the vectorgraphs and contours of velocity with » = 2.9, o = le — 2, v =
le — 2 (as shown in Fig. 7). It is evident that under two different mesh configurations,
the lid-driven cavity flow problem yields nearly identical velocity distribution results,
underscoring the remarkable flexibility of the VEM.

7. Conclusion

This paper explores the application of a divergence-free virtual element method
in solving the Stokes equations with nonlinear damping. At the numerical level, this
method, characterized by preserving velocity exact divergence-free, ensures mass con-
servation. By exploiting these properties and topological degree arguments, we proved
the well-posedness of the virtual element discretization scheme. Optimal error esti-
mates for velocity and pressure are derived, where

|u—upllv < RF(w;v, ax,y) + Ch2E] 1

reveals that the error estimate for velocity is explicitly independent of pressure. Nu-
merical experiments have validated the theoretical analysis, demonstrating the stabil-
ity of the proposed divergence-free virtual element scheme even on various polygonal
meshes, including non-convex mesh and mixed mesh with hanging nodes (see Fig. 4).
In the third numerical experiment, we analyze the influence of viscosity and damping
coefficients on the numerical solution. The experiment revealed a noteworthy phe-
nomenon: the velocity error increases with decreasing values of viscosity v, but as
h — 0, it still exhibits asymptotically pressure-robust [29]. Finally, a classical lid-
driven cavity flow problem is studied, once again showcasing the excellent flexibility of
the VEM in handing complex domains.
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