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Abstract. In this paper, we propose a method for solving semilinear elliptical equa-
tions using a ResNet with ReL.U? activations. Firstly, we present a comprehensive
formulation based on the penalized variational form of the elliptical equations. We
then apply the Deep Ritz Method, which works for a wide range of equations. We
obtain an upper bound on the errors between the acquired solutions and the true
solutions in terms of the depth D, width W of the ReLU? ResNet, and the num-
ber of training samples n. Our simulation results demonstrate that our method can
effectively overcome the curse of dimensionality and validate the theoretical results.
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1. Introduction

Solving semilinear partial differential equations in high dimensional space is a chal-
lenging problem in physics and engineering with applications in hydromechanics (Nav-
ier-Stokes equations, Burgers equations) [5,11,23], quantum mechanics (Gross Pitaev-
skii equations) [3], variational geometry (Plateaus equations) [13], and more. Tra-
ditional numerical methods such as finite element, finite difference, and finite vol-
ume encounter the curse of dimensionality, where the number of parameters expo-
nentially increases as the dimension grows, rendering these mesh-based methods im-
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practical. Recent attempts have been made to overcome this challenge, with one of
the most promising tools being deep neural networks (DNN). The approximability of
DNNs has been shown to overcome the curse of dimensionality, leading to the de-
velopment of related methods [16, 38, 39], such as physics-informed neural networks
(PINNSs) [10, 20,21,31-33], Deep Galerkin method (DGM) [9, 22, 26, 36], and weak
adversarial networks (WAN) [2,7,40].

The Deep Ritz method (DRM) is one of the most renowned approaches in the field
of elliptic equations, capable of solving both the equations and the eigenvalue prob-
lems [9,12,14,17,19, 25,27, 28,30]. In this article, we present its application in
nonlinear elliptic equations and provide a convergent analysis. To apply the method,
we identify the functional variation that corresponds to the PDEs, and then replace the
trial function with a deep neural network (DNN). We subsequently discretize it using
the Monte Carlo algorithm [18,37] and solve the discretized variation to approximate
the solution. By following these steps, we can divide the error into two components:
the approximation error and the statistical error. To bound the statistical error, we need
to calculate the infinity norm of both the solution and its derivative [14,28]. However,
this requirement narrows down the method’s applicability. To address this issue, we
can use one of two methods. The first is to restrict the feasible parameter region of
DNN [27]. In this case, the statistical error can be easily estimated, as the Rademacher
complexity can be computed in the parameter space. However, the approximation er-
ror can be challenging to compute, especially for DNN with large depth. The second
method is the one we propose in this article. By directly bounding the W* norm of
the neural networks, we estimate the Rademacher complexity in the function space,
and we can obtain the approximation error through the traditional mollifier technique.

The outline of this paper is as follows. In Section 2, we establish the primary prob-
lem of our article and introduce the notation we use. In Section 3, we present the
variational loss of the problem and construct a simple error decomposition. The main
theorem of the article is presented in Section 4 before its proof, for ease of reading.
In Section 5, we provide numerical results to verify the effectiveness of the proposed
method. Finally, we conclude the main body of our article with a discussion in Sec-
tion 6. In Appendix A, we provide some lengthy proofs of the lemma in Section 4.3.

2. Preliminaries and notations
In this article, we consider the semilinear elliptic equation

—Au+ f(u)=g in Q,
1 (2.1)
U+ —@ =h on 01},
edn
where ¢ € (0,400]. The interval for ¢ includes the cases of Dirichlet boundary condition
(¢ = +00) and Robin boundary condition (¢ € (0, +00)). We limit our equation to the
following assumption.



Deep Ritz Methods for Semilinear Elliptic Equations 183
Assumption 2.1.
¢ O c R?is bounded and smooth.

* fis Lipschitz continuous increasing function and

d_
|f(x)] < C(|z] +1)7=
for some constant C.
* g € LP for some p > 2.

* There exists a harmonic function w on Q" O € such that

1
w29 _ 1 on a0,
e on

We denote F' being the primitive of f, therefore F' is a convex function.
Schauder’s theory gives.

Proposition 2.1. Under Assumption 2.1, there exists a unique solution u¢ € W*2(Q) of
Eq. (2.1), and ||u®||y22 can be dominated by g and h.

Proof. See [34, Proposition 2.104]. O
Next, the neural network we used is introduced together with its notation. A deep
neural network u, : RY — R is defined by
:I:?
Ug(AgUg,1+bg), (=1,2,...,L—1,

u=ur(x) = Arur—1 + br,

uo(x
ug(x

) =
) =

where 4, € RNexNe-1 p, ¢ RV and o, denotes the activations of layer ¢. The depth D
and the width W of neural networks w4 are defined as

D=L, W=max{N,:¢{=1,2,...,L}.

S, Ny is called the number of units of uy, and ¢ = {Ay, b} | is called the free
parameters of the networks.

Definition 2.1. The class N“(D, W, B) is the collection of neural networks u, such that:
(i) Depth and width are D and W, respectively.
(ii) The function values of ug(x) and its derivative Vuy(x) are bounded by B.

(iii) Activation functions are given by ReL.U®, where « is a multi-index.

For example, N2(D, W, B) is the class of networks with activation functions as
ReLU?, and N''2(D, W, B) is that with activation functions as ReLU! or ReLU?. We
may simply use N if there is no confusion.
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3. Model construction

Theorem 3.1. For v € HY(Q), set

L5 (v) = /Q Vo3 + 2F(v) — 2vg da —|—e/(99 v? — 2vhds. (3.1)

Then

* For ¢ € (0,+00), there exists one and only one minimizer u° of L. It is the solution
to Eq. (2.1).

e For ¢ — +o0o, let u™ be the solution of Eq. (2.1) with the Dirichlet boundary condi-
tion. Then we have

o 1
Hue_u HHl SC(Q,f,g,h)g
Proof. If ¢ < +00, the Euler-Lagrange equation of Eq. (3.1) writes

0L (v) = 2/ Vol Vv + f(v)dv — gov dz + 26/ (v—h)dvds
Q o0N

:2/ (—Av+f(v)—g)5vdm+2€/ (v—l—la——h)évds.
Q o0 ed

All critical points of Eq. (3.1) must be the solutions to Eq. (2.1) and vice versa. Con-
sequently, there exists a unique critical point. Moreover, the convexity of Eq. (3.1)
guarantees that this critical point is the minimum.

Considering the Dirichlet boundary condition, we set w® as the solution satisfying
the following equations:

—Aw® + f(u*®) =g in Q,
1 €

w o+ 22y, on 90
€ On

It is known that )
0 — 1 < O, Fu),9,1) 2,

cf. [29, Proposition 2.3]. The classical linear elliptic theory provides us with
[ Iv =)o ve | wf s < 17) = £ s < OO0 F),
given f(u®), f(u®) € L?. Then {u} is a bounded series in H'. But
/QHV(U uf)||3 dx = / V(u u®) T vu™® d:ﬂ—/ V(u u$)TVus da
= /Q (u™ —u®) Au™> dx — /— (u™ —u®) Auf dx
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ou™ ou®
+ —(u>™ —u)ds —
aq On ( )

- /Q [F(™) — f(uf)] (u* — uf) da
1 ou>® ou® 1 ous \ 2
T2 Lo on on dS_ZAQ<an> ds
1 / ou>\ 2 o\ 2
< — — — ds
2e | Joa \ On on

noticing that f is non-decreasing. Next, we proceed with the substitution of ©® into
LF, yielding

© _ w8 d
396n(u u®) ds

< OO, f9,h)-, (3.2)

L5 (u) < L5(u™®) < C(Q, f,9,h) — 8/ h2.
o0
Therefore,
o [ -nP <c@ fgh).
Gly)
In conjunction with Eq. (3.2), we can deduce the desired conclusion. O

Moving on to the second step of the DRM, we substitute the trial function with
neural networks

ug € argmin L°(v).
veEN?

The discrete version of the loss function is expressed as follows [8]:

N
Zi0) = [y LIV + 2 (060 - 2 (XX0)
W Z — 20(Y;)h(Y;)] , (3.3)

where {X;}1L, ~ U(Q) iid, {Y;})1, ~ U(69) iid. and gx = min{g, K} with some
constant K. The truncation bound K is introduced to avoid the discontinuity of the
discrete £°. Let ug, be the minimizer of the loss over N2

ug € argﬁén L5 (v). 3.4
vE.

In the subsequent discussions, we denote n being the sample number N or M.
Lemma 3.1. Let 1 < ¢ < p <oo. Ifu € L? and uy = ulj, <y, then we have

1
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Proof. Letv = |u—un|, fu(t) = m({z : v(z) < t}), where m is the Lebesgue measure
ol =a [ e o
=q / =L f, ()P dt

N
o0
= gNI7P / tP=L £, (1) dt
N
= qNTP|v|7,,
which leads to the conclusion. O

Lemma 3.2. Let a; be the function defined above, we have

L° (ﬂz) —L°(u®) < inf , [£°(ug) — L5(u®)] +2 sup |L5%(ug) — E‘%(uw{
U¢GN U¢€N2

/

Eapp Esta

+ C(g)BK™P,
&

which are called the approximation error, the statistical error, and the truncation error
respectively.

Proof. Set
£ (v) = / V|2 + 2F(v) — 2vgx da + 5/ W2 — 2hds.
) o9
With the help of Lemma 3.1, we have
Cictue) = £(1a)] < | Jualy — gx)| do < Clg) B
for any u, € N2(D, W, B). Therefore for any u € N
L8 (u3) — L7 (u®)
= |7 (@) - £ (a5) | + |5 (35) - Lk (a5)
+ [ 25 (@) — B (ug)] + [ B (o) — Lic (ug)]
L5 (ug) = £° (ug) | + |7 (ug) — £5(u) .

The given expression consists of six terms, where the first and fifth terms represent the
true error denoted by &y, the second and fourth terms correspond to the statistical
error denoted by &, the third term is negative, and the infimum of the last term is
precisely equal to the approximate error denoted by &,pp. O



Deep Ritz Methods for Semilinear Elliptic Equations 187

4. Main results

4.1. Main theorem

For Robin boundary condition, we have

Theorem 4.1. Let Assumption 2.1 holds and @‘; be the functions defined in Eq. (3.4). We
have
@5 — uf | g < C(,45, f,g,R)VS

with
5 < C (2, f,g,h) (B2 w1y 4 C(9)BK' P
logn

+ C(, £, h)(K 4 eB)BD*W+/D + log W

n

Proof. By Lemma 3.2 and the estimation of both the approximation error in Sec-
tion 4.2 and the statistical error and Section 4.3, we have

L8 (ug) — L7 (uf) < C (s, f,g,h) 0.
Let
L5 (u) = L5 (u) — 2/ F(u)dx.
We can deduce that )
L (u +v) — L° (u)

:cg(u6+v)—zg(uf)+2/ﬂp(u€+u)—F(uf) di
= [ IV @ 0B -2 +o)gdote [ (w40
Q o9
—2(u€—i—v)hd5—£8(u€)+2/f(u€+9v)vd:c
Q
:/ HVUH%—%gdx—i—s/ v? — 20 (h — ) ds
Q o0
+2/VUTVuadx+2/f(u€+9v)vdx
Q Q
:/||Vv||§dac—|—e/ v2d5—|—2/ [f (u® +6v) — f (u°) |vdz
Q o0 Q
> [IVolde+e [ dsz o0 0l
Q oN

where 0 € (0, 1) is the parameter of Lagrange remainder. The second-to-last inequality
holds due to the following reasoning: Given that f is a monotonic function, it follows
that for any 6 > 0, both f(u® + v) — f(v°) and v exhibit the same sign, leading to
P +v) — f@)]o > 0, O
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Corollary 4.1. Under the same condition of the Theorem 4.1, if we take
D=0(1), W=0(n"), B=0(n"?), K=0(n®),

we can acquire that
Haz) - u€HH1 < C (Qvu67 f7g7 h’) n_t4/27

where
1) L =21
3dp —2d —p+1’ 2(3dp —2d—p+1)’
d -1
tg = ty = p

2(3dp —2d —p+1)’ 3dp—2d—p+1
are all positive numbers.
For the Dirichlet boundary condition, we have

Theorem 4.2. Let Assumption 2.1 holds and ug, be the functions defined in Eq. (3.4). We
have
@5 — g < C(QF, f,9,h)VS

with
5 < C (N, f,g,h) (B2 p w1y 4 C(g)BK' P

logn

1
+ C(Q, f,h)(K + eB)BD?*W+/D + log W +C(, £, 9, )

Proof. Itis a direct deduction of Theorem 4.1 and the conclusion in Theorem 3.1. O

Corollary 4.2. Under the same condition of the Theorem 4.2, if we take
e=0m"?), D=0@1), W=0(®m"), B=0(n?), K=O0(n?).

We can acquire that
5, — u[| g < Clp)n~"/*,

where {t;}} are the numbers in Corollary 4.1.

4.2. Approximation error

Theorem 4.3. If D, W, and B are large enough, we can establish the following result:

B . B —2/(d-2) ~1/d
Eapp = u¢e/\/§(11{;,w,8) [£7 (ug) — L5 (u¥) ] < C(Q, 07, fle(B +we).

Proof. Our proof is based on some classical polynomial approximation results [35].
Let p € Cg° be a mollifier, i.e.
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. /pdle,

*p=>0,
* p(x) =0 for ||z| > 1,
* |lp(x)]|o = 2V; where V is the volume of the unit ball.

Take ¢ = 2d/(d — 2) and

iy (z) = /qu,o () v+ ) dy.
We claim that:
o Jugllwieo@) < (2Vallu®]lF, 2(q) +2)B,
o lug — ufll gy < 20U lwze )B4,

* fugllwz2) < llufllw22)-

For the first claim, let
Eg ={x:|u’(x)| > B},

then we have
g1 < 20|, B

according to Lemma 3.1. Thus
Y
@1 < | B (o) e+ )l dy

:/E B () o (x+y)|dy+/ B'p () l(a + )l dy

SHB(’P(Bq/OH gl + | B (523)]),, I Leg o
< (2Vallw®|f. +1) B.

Since Vu® € L9 and the differential operator commutes with the mollifier, the same
argument stands for Vuj as well.
For the second claim, we have

e = / </ )[u (@ + B7%) - u*(a)] dy>2 dw] 1/2
/ </ /tB " p(y) [y Vu (z + ty)| dtdy>2 d;,;]

1/2

IN
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B-a/d 9 1/2
[/ <//t Ylyl2l Ve (x-l-ty)Hgdtdy) dw}
/[BMT/ Hmuvu@+wmﬂ4”ﬂmw

B—a/d

<[ [, oIV )l ey
t

= ||Vu| 2B~

which also stands for Vu® since Vu® € W12,

The third claim is a direct conclusion of Fubini’s Theorem.

Next, we demonstrate that any function in W*?(Q2) can be approximated by a neural
network f in W'? norm, where s > 1, f € N2. Without loss of generality, we assume
that Q C [0,1]? and extend the function into it. Let

¥(2;0) = = |ReLU?(x) + ReLU?(z + §) — 2ReLU? <x + é)] .

62 2

Then ¢ is a ReLU?-network with width {1, 3,1} and

(O, €T € (—C)O7 _5],
2

Y(x;0) = &

2
—5et+ 1,z € (=5/2,0),

1, z € (0,00).

(z+0)% =z € (-6,-6/2],

For any multi-index I € {1,2,3,..., N}%, we define

=T (- 5] o (-5

Then \; forms a positive partition of unity in [0,1]%, and it is supported on Uy =
[1;[(X(5) — 1)/N, (I(j) + 1)/N]. Taking note that Ar is a piecewise polynomial function
of at most degree d, and observing

1
fla)g(z) = [ReLU?(f + g) + ReLU?(— f — g) — ReLU?(f — g) — ReLU?(g — f)] .
It can be easily deduced that \; can be exactly expressed by a ReLU?-network with

width 4d and depth [log, d| + 3.

Lemma 4.1. Let f € W*SP(Q) N WL>(Q), where s € (1,2]. For any I, let Vi =
[1;[(Z(5) —2)/N,(I(j) +2)/N]. Then there exists a ReLU%-neural network Uy[f] with
width {d, (d* + 3d + 2)/2, 1} such that
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* Wl flllwree gy < 20w @),
s If = alflllwrraq) < Clspd)[flspi N5,

* NIf =il ey < C(s,0, d)[flspyi N 72

Proof. By judiciously choosing the values of {a;,b;}, we can ensure that the set
{ReLU?%(alx + b;)} forms a complete linear basis of P(V;), where

P (V1) = {All polynomials on Vj with degree less than 2}.

The dimension of P(V;) is (d? + 3d + 2)/2. The result of polynomial approximation is

a direct consequence of the work of [35]. O
Now for any f € W*P(Q2), define
f= Z MVr[f].
I

As A1 and Ug[f] are both ReLU?-neural networks, it follows that f is a neural network
with width at most N¢(2d? + 6d + 2) and depth at most [log, d] + 5. Further, we have

015 = 05 ey = |

9> M (f = vilf])
I

LP(Q)

< D10 (f = Wil Dl oy + D 1010 (F = Uil fDll ooy
I I

< Z 10iALl| oo vy I1CF = WAl Dl o vy + Z 10: (f = PrlfDl Lo g
I I

<3 2NC(s,p, D flspiN 7+ Y Clo,pod)[ s N
I I
S C(S,p’ d) [f]s,p,QNlis-
Summary it all up, now we have proven the Lemma 4.2.

Lemma 4.2. Forany f € W*P(Q)NWH>(Q), s € (1,2], there exists a fs € N?(W, D, B)
s.t. D.B
Ilf - fd)HWLp < C(s,p,d, Q)[f](gp,QW(lis)/d

as long as B > 2|/ f|lw1.(q) D > [logy d] + 5 and W is large enough.

Now, we turn our attention to the approximation error. Let L; be the Lipschitz
constant of f. Apparently, we have

£ e 0) = [ I (e ) [ + 2P (e + ) = 20+ 0) g da
Q

+€/ (ue +v)? — 2 (uz +v) hds
09
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= [ IVl + 19013 — 28070 + 2F (e + 1) = 2 (e +0) g do
Q

£

+€/ (u5+v)2—2(u5+v)hds+/ 2vau ds
o0 el on

= [ IVl + 19013 + 2P (e + 0) — 25 (00 — 2ucgdo
Q

€

d
e On 5

- /Q IV0ll3 + 2 [F(ue + v) = Fue) — f(u)v] do

1 3
+€/ v2—|—2<u€—|——au —h>vd8+£€(u€)
o0 e on

S/HVvH%dx—i—QLf/vzdx—i—a/ v?ds + L° (uf).
Q ) o9

10
+€/ (ue +v)* — 2 (ue +v) h + 20= Y
o

It leads to
Eapp = Inf _[L7 (ug) — L° (u°)]

<C(Q, f)e mf N

(9, /) ( inf s =il + ub — I3

<O, f,u)e (W*l/d + B*q/d> .

The first inequality arises from the continuity of £¢. The second inequality is obtained
by applying the triangle inequality. By incorporating Lemma 4.2 with the definition of
ug, we deduce the final inequality. O

4.3. Statistical error

This section focuses on bounding the statistical error
Esta =2 sup | L5 (ug) — D}((u¢)|
U¢€
We begin by decomposing the statistical error into five parts to estimate them sepa-
rately. Thus we set
5

sup | L (ug) = Lic(us)| <D sup_ |£5(ug) = L5(ug)], (4.1)
U¢€N j= 1 Ugp €
where
Q N
LS =0 E Vu(lX 2 , £€ I bl V
i) =10l _E_(IVo(0] Ng IVo(x
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N
G0 =200 B FOEOL 20 =20 S IR0,
N

i) =200 B R (X)) E5) = 2 3 Ko (X))
L) =coo] £ [v(Y)], Fe() = 12U f: W2(v;)]

Y ~U(89) M =
L50) = <200 B WM. 25 = 222 S ey,

Y ~U(09) M e

Here, U(2) and U(0%2) represent the uniform distribution on €2 and 02, respectively.
Given n i.i.d samples Z,, = {Z;}} , from a uniform distribution, we can utilize the
Rademacher complexity to assess the capacity of a given function class N restricted on
n random samples Z,,.

Here is the sketch of bounding the statistic error: First we define the Rademacher
complexity R, covering number C,, and pseudo-dimension Pdim from Definitions 4.1
to 4.5. Then Lemma 4.3 bounds every part of the statistical error by the Rademacher
complexity. Lemma 4.4 dominates the Rademacher complexity by an integral of the
covering number, which is controlled by the pseudo-dimension through the Lemma 4.5.
Finally, Lemma 4.6 expresses the order of the pseudo-dimension through the width and
depth of the neural networks. It leads to the Theorem 4.4 combining them all together.

For ease of reading, we state the above lemmas and theorems first and leave their
proofs in Appendix A.

Definition 4.1. The Rademacher complexity of a set A C R" is defined as

|

where {o;}}" , are n i.i.d Rademacher variables with P(0; = 1) = P(0; = —1) = 1/2. The
Rademacher complexity of function class N associated with random sample Z,, is defined
as

1
R(A) =Ez, o, [21615) E‘ ZZ: oia;

RWN) :=Ez, 0, [sup l‘ Z oiu(Z;)

Definition 4.2. Suppose that W C R". For any ¢ > 0, let V. C R™ be an e-cover of W
with respect to the distance d., that is, for any u € W, there exists a v € V such that
doo(u,v) < €, where do, is defined by

doo (u,v) == ||u — V|| 0o

The covering number C(s, W, dw) is defined to be the minimum cardinality among all
e-cover of W with respect to the distance d..
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Definition 4.3. Suppose that N is a class of functions from € to R. Given n sample
Z, = (21,29, - ,Zy) € Q", N|z, C R" is defined by

Nz, ={(u(Z1),u(Z2), - ,u(Z,)):ueN}.
The uniform covering number Coo (g, N',n) is defined by

Coo(e,N,n) = max C (e, N | zp,d) -
ZneQn

Definition 4.4. Let \ be a set of functions from X to R. Suppose that S={z1,x2, -+ ,x,}
C X. We say that S is pseudo shattered by N if there exists y1,- - ,y, such that for any
b € {0,1}", there exists a u € N satisfying

sign (u(z;) —yi) =b;, 1=1,2,...,n,
and we say that {y;}}" , witness the shattering.

Definition 4.5. The pseudo-dimension of N, denoted as Pdim(N), is defined to be the
maximum cardinality among all the sets pseudo-shattered by N.

The following lemma elucidates the relationship between statistical errors and the
Rademacher complexity of the function class.

Lemma 4.3. We have
By, S [£10n) - L5 ()] < Q0 (N2
Eixy, S [£au) - Cau)] < 20| FlN (V) |
E{xiir, Sup, [£5(u) = Li(u)] < 210K (M),
By, 39 [£3(w) - Li(u)| < 2:00)B% (V7).

E(y;ym  sup | £5(u) — E‘g(u)‘ < 42|09 || hlloc M (V) .
= ueN?

The proof is given in the Appendix A.
To bound the Rademacher complexity by using the covering numbers defined in
Definition 4.5, we refer to Dudley’s classical result.

Lemma 4.4 (Dudley’s Entropy Formula [15]). Assume that 0 € N and the diameter of
N is less than B, i.e., |Jul| () < B,Yu € N. Then

T 0<6<B

RN) < inf (45+ % /5 ® /loaie (6,N,n))de> .

The proof is given in Appendix A.
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The subsequent lemma uncovers the interrelation between covering numbers and
pseudo-dimension. In pursuit of an upper bound on the Pdim of piecewise polynomial
functions, we refer to the conclusions presented in [4], which are adaptable to the
function class defined in our formulation.

Lemma 4.5. Let N be a set of real functions from a domain X to the bounded interval

[0, B]. Let ¢ > 0. Then
Pdim(N)

CeNm) < Y (’Z) (g)

i=1
which is less than (enB/(e - Pdim(N\)))FP4mN) for n > Pdim(N).
Proof of the lemma can be found in [1, Theorem 12.2].

Lemma 4.6. Let \ be a set of functions that can be implemented by a neural network
with its depth at most D and its width at most W, and the activation function in each unit
is the ReLU or the ReL U2 Then

Pdim(N) < C1D*W?(D +logW).
The proof is given in the Appendix A. Particularly, based on Eq. (A.1), we have
Pdim(N"2) < Cod®D*W?(D + log W),

where C4, C5 are constant independent of d, if W > d.
With the help of these preparations above, the statistical error can easily be bounded
by a simple calculation.

Theorem 4.4.

Esta < C(Q, f,h) (K + B) BD*W+/D + log W

logn
—

Proof. Combining Lemmas 4.3-4.6, it can be obtained that

Sl'l/\I;2 |/_,'5(U) — Ee(u)‘ < C(Q)B‘ﬁ (N1,2) + C(Q,f, h) (&“B + K)‘ﬁ (./\/2) 7

where

B
NN < 46 + % /5 /108(2C(e, N, ) de

12
<46+ %B\/log(QC(é,./\/', n))

192 ) enlB
<45+ %B\/10g2 + Pdim(N) log <m)
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for that apparently C(e, NV, n) is a decreasing function of . By choosing

5B Pdim(./\/)’

n

it can be acquired that

N(N) < 49 {4+3 P;ﬁzv) + 3\2/6\/1055 (#W))}

< CB\/Pam(N)y | 28"

n

Then by Lemma 4.6, the proof is finished. O

5. Numerical experiments

As indicated in the introduction, conventional grid-dependent PDE numerical so-
lutions encounter challenges in high dimensions due to the curse of dimensional-
ity. However, through our comprehensive analysis, we have theoretically established
a dimension-independent convergence analysis for the Deep Ritz method. To further
validate the efficacy of our theory in high dimensions, we conducted a series of numer-
ical experiments.

In this section, we provide examples of approximating solutions to semilinear el-
liptic equations, including Dirichlet problems with homogeneous and inhomogeneous
boundary conditions.

We utilize a neural network consisting of two blocks for solving the equations. Each
block comprises two linear transformations, two activation functions, and a residual
connection, which can be viewed as a four-layer deep neural network. We use the Ada-
grad or Adam algorithm with a stepwise decreasing learning rate to minimize Eq. (3.1)
during optimization.

All experiments and implementations are conducted in Python 3.9.12 with Py-
Torch on CentOS, using two Intel(R) Xeon(R) E5-2640 v4 x86_64 Processors clocked
at 2.40 GHz and a Nvidia Tesla V100 GPU with 16 GB of graphics memory.

5.1. Dirichlet problem with homogeneous boundary condition

We first consider the following homogeneous boundary condition Dirichlet prob-
lem:

(5.1)

—Au+ S(u) = gi1(z) on £,
Tu=0 on 01,

where Q = [0, 1]!° and S(z) is the sigmoid function
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and

d d
gi(x) =8 Z H:Uj(l —x;)+ S H4:cl-(1 -z |,
1<i<d j=1 =1
7]
S(z) is a nonlinear function in L*°(2), and is both Lipschitz continuous and non-
decreasing. Consequently, it satisfies Assumption 2.1. The exact solution of Eq. (5.1) is
given by uy () = [T, 42:(1 — ;).

We commence by examining the scenario where d = 2. A multitude of numerical
experiments have been conducted across various network parameter configurations.
These empirical findings offer robust evidence supporting the convergence properties
of our algorithm.

Initially, we focus on assessing the influence of sampling size n on the solution
accuracy. We set the network parameters as YW = 120 and D = 4, while employing
different sampling sizes to address problem (5.1). The outcomes are illustrated in
Fig. 1, and as anticipated in Fig. 2, a larger sampling size leads to higher accuracy. This
observation aligns with the conclusion of Theorem 4.2.

It is worth noting that in the aforementioned numerical experiment, we only sam-
pled {X;}! , once at the outset of the calculation. When n is small, the algorithm
exhibits poor performance and converges slowly. To enhance both the accuracy and ef-
ficiency of the algorithm, we implemented a strategy of resampling { X;}!" ; after each

Sample Size=2000/600

o Sample Size=5000/1500 10 Sample Size=10000/3000 10 Sample Size=20000/6000 10 Sample Size=50000/15000

+

0.5 0.51 0.51 0.00

-

Figure 1: (Dirichlet problem with homogeneous boundary condition, d = 2). The pointwise difference
between the Deep Ritz solution upras and the true solution u;(x) under different sample sizes n.

1.0 0.03

0.5

1 0.0 0.0
0.0 0.5 1.0 0.0 0.5 1.0 0.0

0.0

0.0 0.0 —0.03
1.0 0.0 0.5 1.0 0.0 0.5 1.0

Solution Error under different samlpe size

4e-2

solution error

01— T T T T
Samlpe size=  Samlpesize=  Samlpesize=  Samlpe size=  Samlpe size=
2000/600 5000/1500 10000/3000 20000/6000 50000/15000

Figure 2: (Dirichlet problem with homogeneous boundary condition, d = 2). The L2 solution error under
different sample sizes n.
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Width=10 Width=20 Width=50 Width=100 Width=150
X 1.0 1.0 0.012

0.51 0.51 0.000

-0.012

T 0.0 T 0.0 T
0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0

Figure 3: (Dirichlet problem with homogeneous boundary condition, d = 2). The pointwise difference
between the Deep Ritz solution upras and the true solution uq(x) under different network widths W.

Solution Error under different W Logarithmic loss of solution error

10° — W=10

w=20
— W=50
N — w=100
A — W=150

le-2

solution error
solution error

W=10 W=20 W=50 W=100 W=150 ) 10000 20000 30000 40000 50000
epoch

a) Lo solution error b) The error during the training process

Figure 4: (Dirichlet problem with homogeneous boundary condition, d = 2). The convergence performance
of Deep Ritz Method under different network widths W.

training step or several steps. This process is analogous to batch training on an infinite
sample set. By adopting this approach, we can effectively achieve a larger n with rela-
tively modest computational resources, subsequently improving the algorithm’s gener-
alization performance. Our extensive experiments have also substantiated the efficacy
of this technique. Unless specified otherwise, the sampling size n mentioned in our
subsequent experiments refers to the resampled n.

The influence of the network width YW on the method is depicted in the Figs. 3
and 4. We conducted experiments with D = 4 and n = 150000. The experimental
results demonstrate that a wider network can attain superior accuracy and converge
more rapidly. This finding is consistent with our previous conclusion.

We then investigate the case where d = 10. Due to the high dimensionality and
the non-linearity introduced by S(z), solving the equation becomes notably challeng-
ing. Traditional computational techniques such as Finite Difference Method (FDM) and
Finite Element Method (FEM) have proven ineffective. Despite these challenges, the
Deep Ritz method remains effective, as depicted in Fig. 5. We plot the approximation
and exact solutions on the diagonal of € as shown in Fig. 5(a). The trend of L? error
with epoch is shown in Fig. 5(b), and the loss is shown in Fig. 5(c).

The parameters for this numerical experiment are configured as follows: ¢ = 2000,
depth D = 4, width W = 80, sample size as 200000, and boundary sample size as 80000.
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Solution approximation

—— approximation o
/_\ reference 10

/
0.2 /
/

0.0 — -

Logarithmic loss of solution error

H
2

solution error

,4
<

0.0 0.5 1.0 15 2.0 25 3.0

distance from x to origin 0 10000 20000 30000 40000 50000

epoch
a) The approximation of the solution on the diagonal line

of the cubic area b) The Lo error during the training process

loss

0 10000 20000 30000 40000 50000
epoch

¢) The loss during the training process

Figure 5: (Dirichlet problem with homogeneous boundary condition, d = 10). Due to the inability to directly
visualize functions in high-dimensional spaces, we exclusively present their values along the diagonal of the
cubic area and subsequently compare these values with the corresponding values of the true solution.

We employed the Adam algorithm to minimize the objective function, initializing the
learning rate at 1.8e — 3. An equidistant learning rate reduction strategy was employed,
where the learning rate was reduced by a factor of 0.9 every 5000 step.

5.2. Dirichlet problem with inhomogeneous boundary condition

To illustrate the generality of our theory, we consider the following inhomogeneous
Dirichlet problem:
—Au+ S(u) = g2(z) on £,

Tu=Tgs(x) on 012, -2
where Q = [-1,1]'°, and
2 1Y 1
E—i—S E;xl , E;% > /0.3,

92(z) =

d
1
5(0.3), y > x| < V03
i=1
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The solution of the above inhomogeneous problem is given by

P P
E E ZT; s E E xi| > \/0.37
i—1 i=1

d
1
0.3, y le < 0.3.

ug(x) =

In contrast to the previous equation, this problem (5.2) is not only a non-homogeneous
boundary problem but also involves a non-smooth solution.

The parameters for this numerical experiment are configured as follows: ¢ = 2000,
depth D = 4, width W = 150, sample size as 150000, boundary sample size as 40000,
and other parameters are the same as before. As shown in Fig. 6, the proposed method
also accurately approximates the solution in this setting.

Solution approximation

Logarithmic loss of solution error

1.0 —— approximation /

0
reference 10
0.9
/

o
o
solution error

-3 -2 -1 0 1 2 3 - - - - -
distance from x to origin 0 20000 40000 60000 80000 100000
epoch

a) The approximation of the solution on the diagonal line

of the cubic area b) The Lo error during the training process

loss

0.7 X

0 20000 40000 60000 80000 100000
epoch

¢) The loss during the training process

Figure 6: Dirichlet problem with inhomogeneous boundary condition, d = 10.

6. Discussion

In this paper, we investigate the use of ResNet with ReLU? activations for solving
semilinear elliptic problems. We propose a general formulation for computing the so-
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lution to semilinear elliptical equations based on a penalized variational form. The
penalized variational form is then solved using the Deep Ritz Method. We derive an
upper bound on the errors between the estimated solutions and true ones in terms of
the depth D and width W of the ReL.U? ResNet, as well as the number of training sam-
ples n. Our simulation results demonstrate the effectiveness of the proposed method in
circumventing the curse of dimensionality and validate our theoretical results.

Appendix A

In this appendix, we present comprehensive proofs of several lemmas introduced in
Section 4.3. The statistical error analysis of the Deep Ritz Method follows a standard-
ized process, and thus, it is omitted from the main body of the text.

Proof of Lemma 4.3. We will present the proof in two parts, each of which can
be obtained separately using two distinct facts. The first fact is that the Rademacher
complexity can be passed on through a Lipschitz continuous function. This fact enables
us to establish the last four inequalities.

Lemma A.1. Suppose that 1) : R? x R — R, (x,y) > 9 (x,v) is ¢-Lipschitz continuous on
y forall x. Let N be a class of functions on Q and 1Yo N = {¢pou : x — (x,u(z)),u € N'}.
Then

R(Y o N) <L RWN).

For the deduction of this statement, we cite [24, Corollary 3.17].

Obviously, the Lipschitz constant for the 2nd, 3rd, 4th, and 5th terms are 2| f||~,
2K, 2eB, and 4¢||h||~, respectively. Therefore their conclusion can be yielded directly
in the same manner.

The first term requires special treatment due to the fact that the V operator is not
Lipschitz continuous. This consideration follows directly from the following claim.

Claim A.1. Let u be a function implemented by a ReLU? network with depth D and
width W. Then ||Vu||3 can be implemented by a ReLU-ReLLU? network with depth
D + 3 and width d(D + 2)WV.

Denote ReLU and ReLU? as o, and o9, respectively. As long as we show that each
partial derivative D;u,i = 1,2,...,d can be implemented by a ReLU-ReLU? network
respectively, we can easily obtain the network desired since | Vul|3 = Z?Zl |D;u|? and
the square function can be implemented by 22 = o9(x) + o2(—2).

Now we show that for any « = 1,2,...,d, D;u can be implemented by a ReLU-
ReLU? network. We will focus on explaining the first two layers in detail, as the process
for the layers with &£ > 3 is similar and can be derived through induction. For the first
layer, since o)(z) = 201 (z), we have for any ¢ = 1,2,...,n

d d
R Do) RERY D ot PR I
j=1 J=1
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Hence, Diugl) can be implemented by a ReLU-ReLU? network with depth 2 and width 1.
For the second layer,

2)—D02<Za2) (1) +b(2>—201<2a u —|—b2)> ZCLQ)Dul)

7=1

Since o1(3_7L, ag)u(l) + b(2 ) and > 0%, q] ) p; u(l) can be implemented by ReLU —

ReLU? subnetworks, respectively, and the multlphcation can also be implemented by

zoy==[(x+y)? - (-7

p-lklr—‘p-lklr—l

[o2(z +y) + o2(—2 —y) — o2(x —y) — o2(—x + y)] .

We conclude that Diu((f) can be implemented by a ReLU-ReLU? network. We have

ni n
D| oy <Z ag)uy) + bg2>> =3 Wlo (Z afj»)uﬁ” n bg2>> W
j=1 =
S, p !
D < a’q] ) < Z CLq] ) < W
j=1

Thus D(Djul?) = 4, W(Dwu'?) < max{2W, 4}.
Now we apply induction for layers k& > 3. For the third layer,

D;u D@(Z@g) 2) b(3>—201<2aq]u +b ) Zag)DUQ)

7=1

ng o
D (01 <Z aé:;)ug,?) + bf”)) =4, W (0—1 (E :aé‘})uf) n bg?’))) W
j=1 =

no
D ( Z ag“;’,)Diqu)) <Z a 3)D U > < max{2W,4W} = 4W,
j=1

and

Since

and

we conclude that Diug3) can be implemented by a ReL.U-ReL.U? network and

D(Du{) =5, W(Dul) < max{sW,4} = 5W.
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We assume that Diugk),q = 1,2,...,n; can be implemented by a ReLU-ReLU?

network and
D(DuP) =k +2, W(DulP) < (k+2)W.
For the (k + 1)-th layer,

D, u(k+1) — Dyos <Za(k+1 (k) | b((}k—f—l))

7=1
Nk

= 201 <Z a(kJrl + b(k"'1 ) a((;frl

j=1
Since

Ny
D | oy (Z a((ll;+1)u§k) + bgkﬂ)) =k +2,

j=1

nk
W oy <Za(k‘+l)“(‘k) + b((]kJrl)) <W,

q7] J

ng
o) -1
j=1

ng
okt p o, k) —
W< ag; " Dyl ) < max{(k + 2)W,4W} = (k + 2)W,
j=1
we conclude that Diugkﬂ) can be implemented by a ReLU-ReL.U? network and
D(Dzut(lk-f-l)) =k+ 3,
W(Dl-ug“l)) < max{(k +3)W,4} = (k+ 3)W.

Hence, we derive that D;u = D;uP can be implemented by a ReL.U-ReL.U? network
and D(D;u) = D + 2, W(D;u) < (D + 2)WV. Finally, we obtain

D(||[Vul?) =D +3, W(|Vul?) <d(D+2)W. (A.1)
The proof is complete. O

Proof of Lemma 4.4. First, we introduce Massart’s finite class lemma whose proof
can be found in [6].

Lemma A.2 (Massart’s Finite Class Lemma [6]). For any finite set V' € R™ with diameter
D=3 cv vl then

Eo, [sup

veV T

> ow ] < 2 \/3log@lV]),

where {o;}}"_, are the Rademacher variables defined the same as in Definition 4.1.
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Set ¢; = 27%*1B. We denote F}, as an ¢j-cover of F and |Fi| = C(ex, F, || - |loo)

s .
Hence, for any u € F, there exists u; € Fj such that ||u — ug|lcc < k. Let K be
a positive integer determined later. We have

Zaz

E{Uivzi}zn:l [SUP

eFn

1
= }E{Jivzi}:’lzl [ sup -

er i
K—-1 n n
+ al(u]_H (Zz) — Uj (Zz) ) + Za,ul (Zz)
j=1 i=1 =1
1|
< E{O—”ZZ}Z 1 [ilelgg ag; (u (Zz) — UK (ZZ) )'
=1
K-1 n
+ Z B,z [5161?: - ZU’ wj1 (Zi) —uj (Z;) )'
7j=1 i=1

ozt [Sggn

E alul

Since 0 € F, we can choose F; = {0} to eliminate the third term. For the first term

n

> oi(u(Zi) —uk (ZZ-))‘

=1

1
]E{Uivzi}?:l [SUP "

ucF N

1
< E{o’i,Zi}?:l [Zlelg_)_g Z |JZ| Hu - uKHoo] < ek.
i=1

For the second term, defining vf = uj+1(Z;) — u;(Z;), and applying Lemma A.2, we
have

K—-1 1
E{U} sup —
1 ueF 1

n

> oi(uj (Zi) = (Zi))'

i=1

K—1
= Ey Y [sup —
J=1 t vev;

Zaz

=1

K-1
D.
] <3722 Lo 21,

Jj=1

By the definition of V;, we know that |V;| < |F;||Fjt1| < |Fj+1/* and

" 1/2
V]2 = (Z w1 (Zi) — uj (Zi)!2>

i=1

<Vnllujrr — ugll
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<Vnllujr —ull o + Vi llug —ull
nej+1 + \/ﬁ&j = 3\/ﬁ€j+1.

[e.9]

Hence,

Z

7j=1 e]:n 2:1
K-1 K-1
D 3
<3 D frog vy < 3 2 \/zlog (2150 P).
J=1 " J=1 vn

Now we obtain

Zaz

K1,
Sex+ ) ];2 21g<2|}}+1|)

NG

E{oi,Zi}?:1 [SEE_ n

J=1

K-1
6
=€ + vn ng (€j+1 —€j+2) \/2 log <QC (&1, Fo - H°°)2>

6 B/Q\/ 9
< — 21 2 Nloo)” ) de.
Sext g [ (s (@RI

The lemma can be concluded by selecting an appropriate K such thatex o < 6 < egy1
forany 0 < 6 < B/2. O

Proof of Lemma 4.6. The sketch of the proof is given as follows: Firstly, the VCdim
and pseudo-shattering is introduced as a lower bound of the Pdim. Then the VCdim
for a polynomial is estimated through a lemma in [1]. Based on the conclusion above,
the proof can be finished by a deduction similar to [4, Theorem 6].

Here are the definitions of pseudo-shattering and VCdim.

Definition A.1. Let N be a set of functions from X = Q(99Q) to {0,1}. Suppose that
S ={x1,29, -+ ,x,} C X. We say that S is shattered by N if for any b € {0,1}", there
exists a u € N satisfying

u(mi):bi, i:1,2,...,n

Definition A.2. The VC-dimension of N, denoted as VCdim(N'), is defined to be the
maximum cardinality among all sets shattered by N.

Lemma A.3 is introduced to estimate the Pdim for polynomials. The proof can be
found in [1, Theorem 8.3].
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Lemma A.3. Let p1,- - - , pm be polynomials with n variables of degree at most d. If n < m,
then

{(sign(pr(2)), - ,sign(pm(2)) : & € R"}| <2 <2emd>

n

The argument follows from the proof of [4, Theorem 6]. The result stated here is
somewhat stronger than [4, Theorem 6] since VCdim(sign(N')) < Pdim(N).
We consider a new set of functions

N = {u(z,y) = sign(u(z) —y) 1 u € N'}.

It is clear that Pdim(N) < VCdim(AN). We now bound the VC-dimension of A/. Denot-
ing M as the total number of parameters (weights and biases) in the neural networks
implementing functions in V, our objective is to derive a uniform bound for

Kz gy (m) == [{(sign(u(z1,a) — y1), . .., sign(u(zm, a) — ym)) :

over all {z;}1", C X and {y;};; C R. Actually, the maximum of Ky, y r,,1(m) over all
{z:}2; € X and {y;};%; C R is the growth function G(m).

In order to apply Lemrna A.3, we partition the parameter space R into several
subsets to ensure that in each subset u(z;,a) — y; is a polynomial with respect to a
without any breakpoints. In fact, our partition is the same as the partition in [4].

Denote the partition as { P, P, - -- , Py } with some integer N satisfying
D1 . i1y M
2emk; (1 + (i — 1)207 1)\
N<TT2 : A2
< 1;[1 ( o, (A2)

where k; and M; denote the number of units at the i-th layer and the total number of
parameters at the inputs to units in all the layers up to layer i of the neural networks
implementing functions in \V, respectively. See [4] for the construction of the partition.
Obviously we have

N
Ky quy(m) <Y H(sign(u(zr,a) —y1), -+ ,sign(u(@m, a) = ym)) : a € B} (A3)

=1

Note that u(x;,a) — y; is a polynomial with respect to a with degree the same as the
degree of u(z;,a), which is equal to 1 + (D — 1)2P~! as shown in [4]. Hence, by
Lemma A.3, we have

{(sign(u(z1,a) —y1),--- ,sign(u(zm,a) —ym)) : a € Fi}

2em(1 + (D — 1)2Dl)>MD
<2 ( Mo . (A4)

Combining Egs. (A.2)-(A.4) yields

D — M;
2emk; (1 + (i — 1)2071)\ 7
Ka} qyiy (m H ( Mz‘ :
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We then have

D . 1\ M
2emk; (14 (i — 1)2071)\ 7
v < 2
gm) < [ ]2 (7 ,
since the maximum of Ky, ¢,.1(m) overall {z;}]"; C X and {y;};, C Ris the growth
function G(m). Using algebras as that of the proof of [4, Theorem 6], we obtain

Pdim(N) < C (D*W?logl + D*W?) < C (D*W? (D + log W),

where U refers to the number of units of the neural networks implementing functions
in \V. O
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