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Abstract. In this paper, we formulate and analyse a kind of parareal-RKN algo-
rithms with energy conservation for Hamiltonian systems. The proposed algorithms
are constructed by using the ideas of parareal methods, Runge-Kutta-Nystrém (RKN)
methods and projection methods. It is shown that the algorithms can exactly pre-
serve the energy of Hamiltonian systems. Moreover, the convergence of the integra-
tors is rigorously analysed. Three numerical experiments are carried out to support
the theoretical results presented in this paper and show the numerical behaviour of
the derived algorithms.
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1. Introduction

In computer science and engineering, the effective numerical solution of time-
dependent ordinary and partial differential equations has traditionally been a key area
of study. By discovering new parallelization techniques, we can use the many-core
high-performance computing architectures to achieve faster simulations. After spatial
parallelization, the idea of the time-related problem of parallelization in the time direc-
tion has received increasing attention, such as parareal (parallel in real time), PFASST
(parallel full approximation scheme in space and time), MGRIT (multigrid reduction in
time) [7,22,24], etc.

*Corresponding author. Email address: wangbinmaths@xjtu.edu.cn (B. Wang)

http://www.global-sci.org/nmtma 121 ©2024 Global-Science Press



122 Z Miao, B. Wang and Y.-L. Jiang

Hamiltonian systems are widely recognized to occur often in many fields of re-
search and engineering, including applied mathematics, molecular biology, electronics,
chemistry, astronomy, mechanics, and quantum physics [9, 17]. There is potential to
parallelize the Hamiltion equation based on the time-consuming problem solved in long
times. About the parallelization methods, we are interested in a kind of multiple shoot-
ing methods focusing entirely on the time direction, i.e., the parareal method proposed
by Lions et al. [22] (see also [13,18,30]). The parareal method adopts two types of
calculation strategies: coarse propagator and fine propagator. They are combined for
the prediction and correction to bring updates to the values at the coarse time points.
The iteration sequence will converge to the solution of the fine propagator in the whole
time interval. Here, the fine propagator in time subintervals is only performed sequen-
tially, which can be implemented in parallel. Further studies based on the parareal
method include the parallel implicit time-integrator (PITA) [8], ParaExp [10], adap-
tive parareal method [19, 23], etc. Parareal can also be constructed by combining with
other techniques, such as the strategies of domain decomposition and waveform relax-
ation [3,12,20], the diagonalization technique [14], and the application of probabilistic
methods to time-parallelization [25].

Although the common parareal method is efficient in theory, direct application of
parareal has some problems in some specific cases, such as the Hamiltonian systems.
Some related studies on Hamiltonian systems provide several ideas. Among them, [5]
has pointed that even when the coarse and fine propagators in parareal use symplectic
and symmetric integrators which are known to be suitable integrators for Hamilto-
nian systems, the whole algorithm does not enjoy adequate geometrical properties.
So they put forward a symmetric version of the parareal algorithm, which contains
a projection in each iteration, to guarantee the long-time properties of the numerical
flow. After that, [11] presents the long-time error estimates for the parareal iterates for
Hamiltonian systems and present a variant of the parareal algorithm for high accuracy
computations. The parareal based on the projection of each iterative solution onto the
manifold can also be used to solve hyperbolic type problems [6].

As an important class of structure-preserving algorithm, the energy-preserving al-
gorithm has been widely studied in many problems in recent years [1,2,4,21,26-29].
However, for the standard parareal algorithms, the energy conservation does not hold.
Motivated by the above projection approach, we intend to provide a class of spe-
cific energy-preserving parareal algorithms for Hamiltonian systems but in another
approach. This work focuses on the structure-preserving algorithms of Hamiltonian
systems which can be expressed by a system of differential equations of the form

¢=VpH(q,p), q(0)=qo,
p=—Vg¢H(q,p), p(0)=po,

(1.1)

where H : R? x R? — R is the Hamiltonian function, the dimension d is the number
of degrees of freedom, ¢(t) : R — R? represents generalized positions, and p(t) :
R — R9 represents generalized momenta. The Hamiltonian function often has the
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special separable structure H(q,p) = T (p) + U(q). In this paper, we are interested in
a Hamiltonian system of the form (1.1) with the following Hamiltonian:

1
H(q,p) = PP+ Ul(q), (1.2)

where U(q) is a real-valued function with continuous second derivatives. In this paper,
|| - ]2 presents the Euclidean norm of a vector or spectral norm of a matrix. This Hamil-
tonian system is in fact identical to the following second-order differential equations:

q(t) = F(a(t)), a(0)=qo, ¢(0)=4qo, t€[0,7], T>0, (1.3)

where F(q) = —=V,U(q).

In the existing literatures of the parareal algorithms, we found that the algorithm
construction for second-order differential equations or hyperbolic problems are often
achieved by transforming into a first-order differential systems. The coarse and fine
propagators are not constructed based on direct integrators. To be precise, the con-
struction of a coarse propagator of parareal directly for second-order differential equa-
tions means that the approximation of both the solution and its first-order derivative at
the coarse points should be calculated in each iteration. Based on this idea, we adopt
the Runge-Kutta-Nystrom (RKN) integrator [17] to approximate and analyze a class of
parareal-RKN algorithms which are energy-preserving.

The paper is organized as follows. We will construct the energy-preserving parareal-
RKN algorithms in Section 2 by introducing the RKN-type coarse and fine propagators
and providing some practical schemes. In Section 3, the main results of the energy
conservation and convergence are first given, and then the proofs. We also show that
the projection does not deteriorate the convergence result of the underlying method.
Finally, the energy errors of three numerical experiments with respect to the time ¢
and the iterations are illustrated in Section 4 to verify the convergence orders of these
parareal-RKN algorithms.

2. Energy-preserving parareal-RKN algorithms

In this section, we present the formulation of the algorithms, which starts by the
restatement of parareal algorithms.
Consider a system of first-order initial value problem

a(t) = f(u(t), uw(0)=ug, tel0,T] (2.1)

and let u% = uy for the iteration index j = 0,1, 2, .. .. The parareal algorithm (see [22])
for solving this system is defined by

W = Gar (T, ul ™) + Fsp(Tnywd) — Gau (T ud), n=0,1,...,T/AT —1,

where {ul},>1 is the initial guess, F is the fine propagator using a small time stepsize
0t, G is the coarse propagator with a large time stepsize At¢, and AT is an even larger
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time interval which partitions the time interval [0, 7] with 7,, = nAT. We note here
that the notations Fs; (T}, u’,) and Ga, (T}, u%) are referred to the numerical solutions
of (2.1) at t = Tj, ;1 with the initial value uj, at t = T),. In this paper we generate the
initial guess {u! },,>1 by the G-propagator.

2.1. RKN-type coarse and fine propagators

We firstly formulate the numerical methods for coarse and fine propagators. Apply-
ing the well-known variation-of-constants formula to (1.3) gives the following integral
equations (see [17]):

q(t) = qo + tdo +/0 (t—&F(E)dE,  4(t) = do +/0 F(&)d¢ (2.2)

for any real number ¢ € [0, T], where F(¢) = F(q(¢)).
Partition the time interval [0, 7] of (1.3) by AT and then consider

i) =F(qt)), a(Tn) =an, ¢(Tn) =Gn, t€[Tn,Tn+AT]. (2.3)

With the help of (2.2), the following RKN-type coarse propagator is chosen for solving
(2.3):
dn,0 = Qqn, Qn,O = qn,

Fy m—1)at = F(n,(m-1)at + Atc1dn (m-1)at);

Tnmist = Qo (m—1)At + Dby (m-1)ar + AU, (- 1)A¢ (2.4)
dnmAt = dn,(m—1)at + Atb1Fy, (m_1)A¢s

In+1 = qn,ATs  Gnt+1 = Gn, AT

where m = 1,2,...,AT/At, ¢; € [0,1] is a real constant, and b; and b, are coefficients
of a one-stage RKN method. This coarse propagator over one coarse stepsize At is
denoted by

[Qn,mAt; Qn,mAt] = gg:igf_tl)m ([Qn,(mfl)Aﬁ (jn,(mfl)At]) : (2.5)

In this propagator, replacing the coarse stepsize At by the fine one §t leads to a choice
of fine propagator, which reads for m =1,2,..., AT/t
In,0 = dns  4n,0 = qn;
Ey m—1)ot = F (an,(m—1)6t + 6tC1G (m—1)st)
Gnmst = Gn (m—1)6t + Otdn, (m—1)5t + b1 Fy (m—1)5¢» (2.6)
dnmst = Gn,(m—1)st + 0tb1 Fy (m—1)st>
In+1 = Gn, AT,  Gn+1 = Gn,AT-
Denote the fine propagator as

[Qn,mét; C_.In,m(st] = f;:iﬁil)gt ([Qn,(mfl)&; (jn,(mfl)&]) : (2.7)
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As an example, choosing

by =1, b = (2.8)

1
2
gives a second-order RKN integrator.

It is remarked that high-order RKN method can be taken into account for the fine
propagator. For example, we can consider a three-stage explicit RKN integrator of order

three

qn,0 = qn, Qn,O = (n,
7j—1

Fom-1)6t,j = F(Qn,(ml)ét + 6t¢jn, (m—1)51 + 6t Z dijn,(ml)ét,k>a J=123,
s k=1
nmét = dn, (m—1)5t + 5th,(m—1)5t + 5t2 Z ban,(m—l)(St,j7 (2.9)
3 i=1
Gnmot = Gny(m—-1)6t + 0t D b5 (m-1)6t.4>
=1
In+1 = qn,ATs  Gn+1 = Gn AT
with
6— 6 6+ 6
Cl == 07 02 - b c3 == )
10 10
b — cacgd1 — (c2 + ¢3) 2 + 2¢3 by — c3¢2 — 203 by — ca¢2 — 203
C2C3 ’ C2C3 — C% ’ €203 — C;QJ, 7 (2.10)
B cac3pa — (ca + c3)d3 + 204 b c3P3 — 204 D CoP3 — 204
! coc3 r 2 cocy — 3’ 3 cacs — 3

a9 = C3¢2, g1 = C3¢p — a3z, gz =0,
and ¢y = 1/k! for k =1,2,3, 4.

With these preparations, we are in the position to present the parareal-RKN algo-
rithms for (1.3).

Definition 2.1. Let qg = qo, qg = (o for the iteration index j = 0,1, 2, . ... Given a time in-
terval AT. Choose a small time stepsize 0 < §t < 1, and a large time stepsize 0 < At < 1.
The parareal-RKN algorithm for solving (1.3) is defined by

AT
gL, il oTnt Rp AL o G20t [ oTu+At ([ j+1, j+1
(] = G LR o o ORIAR 0GR (gl i)
4 FDSEO L F T2t o p Tkt ([¢: &)
TnJr(%fl)(St Tn+6t Tn an; dn
_ ngJr%At oo GInT20t o oThtAl ([ j. ]D 2.11)
TnJr(%fl)At Tn+At Tn dn; dn .

forn = 0,1,...,T/AT, where the coarse and fine propagators are given by (2.5) and
(2.7), respectively. The initial guess {q°},>1 and {¢°},>1 are generated by the G-propaga-
tor (2.5).
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2.2. Energy-preserving parareal-RKN algorithm

From the point of Hamiltonian system, it is well known that the energy (1.2) is ex-
actly preserved by the solution of (1.3). This important property can also be kept by the
numerical methods named as energy-preserving (EP) algorithms. However, it is a pity
that the parareal-RKN algorithm (2.11) is not energy-preserving even EP algorithms are
used for the coarse and fine propagators. To make the parareal-RKN algorithm (2.11)
be energy-preserving, the technique of standard projection method [17, Chapter IV] is
used in this paper and the procedure is stated blew.

Denote the energy-preserving manifold by

M = {lg;pllg(a.p) := H(q.p) — H(go, o) = 0}

and we project the results obtained from parareal-RKN algorithm (2.11) onto M. More

precisely, first assume that [; @] and [cj%“; cﬂﬂ] € M. Then using the parareal-RKN
algorithm (2.11), one gets the result [anfl, anfl] from [@; @] and [@ ;@ ). Finally

project the result [qfli% qflill] onto the manifold M to obtain [q~£111; (ﬁbilﬂ € M, which

is denoted by
NES RIS i1, i1
{Q;Jrlvq;Jrl} =TM [qiﬂaqiﬂ} . (2.12)

This procedure can be done in the whole parareal-RKN algorithm (2.11).
For the computation of [%1113 qNﬁLill] in (2.12), we have to solve the following con-
strained minimization problem:

S+, 4l G, il :
H [anrl’ Apt1| = |9n+10 Dot 9 — min

~14+1 2941
st. g (qﬁbil,qﬁbil) =0.

To this end, introduce the Lagrange multiplier A and consider the Lagrange function

. . 1 . . . . 2 ] .
~i+1 2j+1 ~j+1 2j+1 +1 .5+1 ~j+1 29+1
L ({q]n—l—l; q]n+1} 7)\) = 2 H [QiL.H% q]n+1] {q]n_g_ﬁ QiL.H] H2 )\g <q]n+17 C]]n+1> .

From the necessary condition 0L/ a[qg’;ll; 52111] = 0, it follows that
B = at - AF (6), (2.132)
@ =y H G (2.13b)
g (@.a5) =o. (2.130)

. .. . . . ~i41 2i41
To save some evaluations, it is noted that in the above derivations qﬁjrl and q;il are

replaced by qflfl and qf:rll, respectively. By inserting Egs. (2.13a) and (2.13b) into
(2.13¢), a nonlinear system for A is obtained and the following simplified Newton

iteration is considered here:



Energy-Preserving Parareal-RKN Algorithms for Hamiltonian Systems 127

+1 +1 J+1 -j4+1

d i1 i+1Y  .j+1 NES| -
AN = — <ag <q£+1 —AF (q¥z+1) AT Aqiﬂ) =0

() @)+ (P () (P ()

The details of the projection method 7, are given in Algorithm 2.1.

Algorithm 2.1 Projection Method [(ﬁfﬁ cjﬁbill] =T M [Qﬁ;ﬂ; Qﬁbill]

. il S b J+1
P Set @y i i1 T Ay

1: Set A := 0.

2 Set A= ~F(g, 1), B = —(ATA+ (@)@ 50)
3: Set A\ = Bg(qilill,qilill)

4: while |A)| > Tol do

5: Set)\::)\+A)\: ' |

6: Set A\ := Bg(q;ill + \A, qiill + )‘qiill)

7: end while

8: Set cjﬁlill = quill + \A.

9

On the basis of the above derivations, we are in a position to present the energy-
preserving parareal-RKN (EPPRKN) algorithm whose details are given in the following
definition.

Definition 2.2. Generate the initial guess {q0 },>1 and {¢%},>1 by the G-propagator (2.5)
and then with Algorithm 2.1, we get [¢; ¢°] = m[q2; ¢°]. Denote @ = qo, @) = do for the
iteration index j = 0,1,2,.... The energy-preserving parareal-RKN (EPPRKN) algorithm
for (1.3) is defined by

. . AT
[ j+1 -J+1] —gitarAt o,

) Tu42At  ATu+A ([~j4+1, 2j+1
D13 D1 = 97, (B pae riae o0 (] )

Tn+At Th @ 5 dn

AT
+ an-Fwét

Tn+20t _ Tn+0t ([~f. 2
Tot(5L 1)t oo Fy) oFr ([a: an])

+6t
po (2.19)
Tn+ 37 At Tn42At  ATo+At ([~ . %)
Tn+(%—1)Ato"'ogT:+At oo, ([@:a)])

~j+1, L4+1 | J+1, .5+1
|:qn+1’qn+1] =TM |:qn+1’qn+1]

forn=0,1,...,T/AT, where the coarse and fine propagators are given by (2.5) with At
and (2.7) with 6t, respectively.

-G

The parareal algorithm using the integrator (2.8) as the fine and coarse propagators
is denoted by EPPRKN2. Replacing the propagator of EPPRKN2 by the third order RKN
integrator (2.10) yields another parareal which is referred to EPPRKN3. If (2.10) is
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considered as the coarse propagator and (2.8) is for the fine one, the third parareal is
obtained which is denoted by EPPRKN2-3.

3. Energy conservation and error bounds

3.1. The main results

In the light of the projection process, we get the following energy preservation
immediately.

Theorem 3.1 (Energy Preservation). For the numerical result [(’jﬁ;, (jﬁl] produced by (2.14),
it exactly preserves the energy (1.2) of the Hamiltonian system (1.1), i.e.,

H(§@,¢) = H(qo.do) forany j=0,1,..., andany n=0,1,...,T/AT.

The next theorem is devoted to the convergence of the EPPRKN algorithms given in
Definition 2.2.

Theorem 3.2 (Convergence Result). Denote the solution of (1.3) by the propagator &,
ie.,
[a(t), 4(t)] = £51a(0), d(0)).
It is assumed that there exists a constant Cq7 > 0 such that
1€5[a(0), 4(0)]]|, < C|[a(0), 4(0)]]

Moreover; let F' be locally Lipschitz-continuous. Choose AT = At in the EPPRKN algo-
rithms, and then the global errors of the proposed methods are given by

EPPRKNZ : |, — q(ta)ll2 + | — d(t)lla < C (A2 1 612) (1 + [|lqos do]2)
EPPRKN3 : || — a(ta) 2 + 1 — d(ta)ll2 < (A3 4 583 (1 + [[lqo; dolll2), (3:2)
EPPRRN2-3: || — q(ta)ll2 + I — d(ta)ll2 < C(APT2 4 58%) (1 + Illqos do] ).

, t€[0,T] (3.1)

where 0 < t, :=nAt <Tand j = 0,1,.... Here C is a generic constant independent of
At, 6t or n,j but depends on T, C7 and the bounds of the first- and second-order partial
derivative of F with respect to q.

Remark 3.1. From these two theorems, it can be seen that the EPPRKN algorithms
not only exactly preserve the energy of the considered Hamiltonian system but also
have good convergence. Meanwhile, it can also be observed from the proof that the
convergence presented above also holds for the algorithms without projection.

3.2. The proof of Theorem 3.2

The proof is presented for the algorithm EPPRKN2 and it can be easily modified for
the other two algorithms which is skipped for brevity. To prove the convergence, we
firstly need to study the stability and boundedness of the propagators. Then based on
the results, the global errors will be derived.
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3.2.1. Stability of the propagators

We firstly pay attention to the coarse propagator (2.4). From the scheme (2.4), it
follows that

g7+ ([g; ) — 932+ (1@ 4))
(o 3 ) (wa-15d)
Atby (F(q+ Aterq) — F(G + Aterq))
+ At ( b1(F(q + Aterg) — F(G + Ateiq)) )
= (lg:d] — [3:4)) +At< 0 0 ) (lq:d) - 4: )

AL < Atby (F(q+ Aterg) — F(G + Atc@) >
b (F(q + Aterq) — F(q+ Atclij))
Considering the Lipschitz condition of F', we get
|F(a+ Aterg) — F(q+ Aterq) ||, < L(lla — dll2 + Atlld = qll2),
and further have
|G ) = g ()

< (1+CAY) [|[a:d] = [@ |, + (A8 + AOL(llg — dlly + Atllg — ql2)
< (1+CA) [|[g:d) = 654, + 228 + AL |[g5d] — [0
This immediately shows that for all 0 < nAt < T
ot 2 s = 32 ()|, < (0 + 0at+ OAP) lard) = (2], 33)
and similarly
|2 s = 75 (@) |, < (14 Cot + 007%) |l ) — 4l
The propagator G after many integrations are deduced as
|Gttt oo ng+At<[ Q) = Gt a0 0 GE ()
< (1+cCAt+CA)" ||[g;d] — [a@dl|,
(1 + (CAtJrCAtQ)% + O(At) ) |l d] = (@ alll,
G e s AT
<Cllg:d = @dl,, m=—73>1
In a same way, one gets
HJ,—_-TmFM& . Of%“s—l—&t([q;q]) ]:77:::(7225151) o . ofT"-HSt([q, q])H2
AT
< Clllgzdl = @ dllly, m=~->1 3.4

ot
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3.2.2. Local errors and boundedness of the propagators

Define the local errors of propagators

g ([ ]) ngerAt

€n7

Ty +mé Ty +26 To+8t (7. - To+mdt (1.
eim([q; q)) = ‘FT I(Tntl) o O]:Tniétt O-7:T"+ t([qvq]) - 5Tn+m t([q7 dl),

ng+2At ngJrAt([ ]) _ g%:erAt([

DAt © To+At ;4l),

and in what follows we study the stability of these errors.
We start with 65,1([% g]) and it can be expressed as

1
M%Em—Aﬂ/ﬂ—@( + Atz)dz
e 1(lg;d]) = ) 0 4 :
Atb F e, — At/ F(T, + Atz)dz
0

where

Fncl_F( ( )—’_Atcl(J( ))
F(Ty, + Atz) = F(q(T,, + Atz)).

By the variation-of-constants formula (2.2), we have
q(Ty, + c1 At) = q(T},) + Atey§(Ty) + At? /01(1 — 2)F (T, + c1 Atz)dz.

Then it is deduced that 65,1([% d]) = ¢, ¢3]T with

= At?b F (T, 4+ ¢1 At) — At2/0 (1 — 2)F(T,, + Atz)dz + At*biA,

= Ath1 F (T, + c1 At) — At /01 F(Ty, + Atz)dz + At3hi A,
A = 0,F (¢(Ty,) + Ater§(Ty,) + 0(T,, + c1At)) /01(1 — 2)F(T, + c1Atz)dz, 0<6<1.
By some computations, it is obtained that

AP <b1 _ %) P(T,) + e AB5 (T, + 6511 A)
— A /01 2(1— 2)F (T, + Hg(lAtz)dz + At'hi A,

. 1\ -
Xy = At(bl — 1)F(Tn) + At? <Clb1 — —> F’ (T )
+ ClAt3b1F// (Tn + Hf(%lAt)

1
— At / 2F" (T, + 9§2Atz)dz + At3biA,
0
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where ;1,65 0;2, 652 € [0, 1]. With the above results and on noticing the fact that

1 - 1
2 1 ) 1 ) 2 C101 )

we obtain that
e (s )|, < CAL||as ],

Using the same arguments leads to
lleq 1 ([ d)) = e 1 (@ D], < OAF ||[a5 6] = 13 dll - (3.5)
Similarly, we derive
e 1(lg: d1) — en (@ D), < C6 ||lg; 6] — 1 Q) -
Now we concentrate on the eg,m which has the decomposition

_ aTh+mAt . ATa 24 Tn—f—At Tp+mAt
m = 91 (m—1)At © 9rniar °9r — &

_ Z[ Tn+(m DA (ng-i—At 57’{24-&) (ngiz}zAltAt 5. ogTZ+At)]

I
NERD

|:577::+(m7l)At (ngi(rlnAlt)At o gT:JrAt)] ‘

=1

With this result, we obtain
lef mla: d]) — e (@ )|,

< CAP SO0 B ) - T o0 ) )|

To+(—1)At +(1-1)At 9
3 . ~ 2 . .~ 2 AT
< CAtmlllg:d) - [@dlll, < CATAL [lgid] = @)l m = Z7- (3.6)
Similar result holds for the propagator F
F . F ~ L 2 . ~ L AT
lefm(la:d) = e m((@ D], < CATSE||lgzd) — (@)l m =~ 3.7)

Based on these results, we can find the boundedness of the coarse and fine propagators
which is shown below. Letting [¢; ¢] = [0;0] and [g; 4] = [¢n.0; ¢n,0] gives

ng +2At ng +At([

Trn+At

HQT" FmAt In,0; Gn.0)) —

i

1At 4dn,05 Qn,O]) H2

< CAT A ||[gn,0; Gn,o] 5 -
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Combing the above result and the boundedness of £ presented in (3.1), one gets the
following estimate:

Hngi(TnAtl)At g%"j:i?t ng+At([Qn,0, Gn.0]) H2
) AT
< Ol[gn,0, dnolllz, m= AL (3.8)

In a similar way, the propagator F is bounded by

[Pttt oy - 0 FEtal" o FE A (anorinol)
. AT
< CH[Qn,O7Qn,O]H27 m = W (3.9

3.2.3. Global errors

This part is devoted to the parareal-RKN algorithm (2.11) without using the projection
method Algorithm 2.1. It is noted that the stepsize of the coarse propagator is chosen
as At = AT and we show by induction over j > 0 that

[[a7; 3] = [a(Tn); 4(Tw)]||, < C (A2 4 6t%) (1 + [|[go; do]|2) - (3.10)

We first consider j = 0 and in this case, one needs to derive the global errors
for the G-propagator which generates the values {[¢%;(%]},>1. Denote errors of the
G-propagator by

n=q(Tn) — a0, e =d(T) =, Ep=q(tn +c1At) — (¢2 + Aterdh).
According to the scheme (2.4) of the G-propagator and the variation-of-constants for-
mula (2.2), it is easy to have the error equations
E,=¢,+ ClAtégL + Anh
ens1 = en + Ated + At%by (F(q(tn + c1AL)) = F2 a) + Ops1, (3.11)
€ntl = €n + Atby ( ( (t + ClAt)) nAt) + 5n+1
with t,, = nAt, Fﬁ ar = F(q2 + Ate14?), the initial values eg = 0,¢ép = 0 and the local

errors
HAn1H2 < CAt27 H(Sn-iﬂHQ < CAt37 H(S +1”2 < CAt3 (312)

which are derived in the same way as (3.5).
The last two formulae of (3.11) immediately imply

lentillz < llenllz + Atllénllo + A F(q(ty + a1 A)) — F2 Al + 100412,
léntillz < llénllz + At[|F(q(tn + c1At)) — ED aylly + 10041 ]l2-
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Combining these two results, it is arrived that

lentallz + lléntallz < llenllz + llénllz + Atllénllz + At(1 + ALC|| Epll
+ [18nsillz + o4 l2- (3.13)

Meanwhile, from the first formula of (3.11) it follows that
IEnll2 < llenllz + c1At]lénllz + [ Ani 2. (3.14)
Inserting (3.14) into (3.13) gives

lentille + lléntillz < llenllz +llénllz + Atllén]2
+ A1+ AOC(flenllz + crAtflén]lz + [ Antll2)
+ [10ntall2 + [10n41 12,

which can be simplified as

lentills + énsills < (1+ AL+ 1+ AOC)) (lealls + lléa]l2)
8uerlle + 18,1 ll2 + AL+ AOCAp ]2 (3.15)

By the local error bounds (3.12), there holds
0nr1llz + [10ns1ll2 + AL(L+ AOC| Al < CAL,
Using the Gronwall inequality, we find that
lensttll2 + [[éns1llz < exp (nAL(1 + (14 At)C))CnAt?,

which proves (3.10) for j = 0.
In what follows, we prove the result (3.10) for j + 1 under the assumption that
(3.10) is true for j. With the previous preparations, the errors can be expressed as

[qﬁlﬁ qﬁﬂ — [a(Tn11); §(Tnsa)]
=G ([aht @) + Fott ([ah:dd))
~ G ([ dd]) — €0 ([a(T); d(T)] )

with the notations

GInt1 . gTntmAt o GTa2AL STk AL AT
Tn T n+(m—1)At Tn+At n ’ - At’
Tnt1 . —Th+mét T +26t T —+0t o AT

F F o---oF oF m=—
T, Y Tt (m—1)dt Tn+6t Tn -t

The above expression can be further split as
i1, it .
[qﬁm qi:kl] - [‘I(Tnﬂ); C](Tnﬂ)]

=G ([ @) = G ([a(Tn): 4(Tn)))

n
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+ e =07 ) (la(T): (@)

- (&7
< Trt1 n+1) ([q(Tn),Q(Tn)])
1)

Tn Tn
( - +1> qna Qn
( n+1 _ n+1) qn’ qn

+
- (en™ = FL) (T al

=G ([ @) — G0 ([a(T); (1)) ) — AA— ([¢h: ¢])
e ar (10(T0); d(To)]) + €, oz ( [qn,qn] )
—ei%([Q(Tn); W) +el ar (la( W)

With the stability and boundedness derived above, we could obtain

+1 .41 .
H [QZLH’QZLH] — [¢(Tn41); 4(Thy)] H2

< gz (@h*:di]) = 97 (la(T)s ()

+ e az (@) =€ (la(@:d(@) |
+lenar ([qn,qn]) e ar ([a(T); d(T)]) |
+ [len az ([a(Ta): 4(T0)])

I
< (1+CAY)|[q J“,qiﬁl] [a(T); a(Tw)]
+ CAE || [¢); 4] — [9(Tn); d(T) Hz

+cmt2u[qqu] [a(T); d(Tw)] [l
+ CALE| [q(Tn); 4(T0)] ||, (3.16)

The induction hypothesis
[lan:dh]) — [a(Tn); d(T)] |, < C(ATF2 + 6t%) (1 + || [90; Gol[12)
and the boundedness of [¢(T},); ¢(T,)] further imply
H[ 3;117%111} — [@(Th41); 4(Thp1)] H2
< @ +can |[[@ha@ ] = (o) a@)] |l

+ CAL(AE 4 662) (AtE+2 4+ 6¢%) (1 + ||[q0; 4ol ||2)
+ CAL6t|[g0; Go] 1 2-

If we require
(AL + A2 4 65¢%) (1 + | [go; do][|2) < 1,
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it is obtained that
H [qﬁlﬁ,qﬁﬁ] — [¢(Tn+1); (Tt H2
< (1+CA) || g 60t = [a(Tn); (T,
+ CAL(ALTT 4 6t%) (1 + [0 doll12),
which shows (3.10) for j + 1 in the light of the discrete Gronwall lemma.

Remark 3.2. We can also show the convergence in the sense of iterations. For conve-
nience, denote by

5% = H [QZ; qu] - [q(Tn); Q(Tn)] ‘ 9
a=1+CAt, B:=C(At>+ Atst?),
v = CAL6t?, n = CAt3.

We have the recurrence inequality according to (3.16) and (3.15)
gt <agdtl 4 Bl 4+, 2 <ad 4+, j=0,1,..., n=0,1,...,T/AT —1.

The above relation can be solved by introducing a sequence of generating functions
pi(€) =>0°  eh¢™ (0 < € < 1), which is induced as the following bound [15]:

eh < GBI+ G at B)" s J =01,
Thus it yields for j < n that
H [(#NQ%] - [Q(Tn)E‘j(Tn)] Hg
< CIFU(1 + CAn I (C(AP + Atst?)) (CAE)
+ O (14 C(AL+ A + At6t?)) " (C AL

C(nAt?;)jJrleC(nfjfl)At

I + CnAtst2eCmAt,
] !

Furthermore, if j > n, it shows
1[a2: @) — [a(Tn); d(Th)] |, < CnAtst2eCmat

since the fact that [q%; q’é] = [q(0); ¢(0)].

3.2.4. Convergence for the algorithm with projection

In this part, it is shown that the projection 7 (2.12) does not deteriorate the conver-
gent order. To this end, we first assume that the parareal-RKN algorithm introduced in
the first formula of (2.14) has the following accuracy:

(@ )] = [@: @] + o). (3.17)
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Then we show that after the projection 7, the accuracy is not deteriorated, i.e.,
[qiwrl; qu+1] =TM [CJiH; Q;Jrl] = [qu+1§ q'iﬂ] + O(AL"). (3.18)

Here and in the rest of this subsection, the constant in the O-notation is independent
of n. Inserting (3.17) into the energy function leads to

H(q), 1, d 1) = H(@, &) + O(A). (3.19)

Meanwhile, if we consider (2.13) for the energy function, the following result is ob-
tained:

H(qhi1s@r) = H( @13 ) = AVH) = H(@p10 @rpr) + OO, (3.20)
Noticing H(qﬂ;, (’jﬁb) = H((jflﬂ, (’ﬁlﬂ) and comparing (3.19) and (3.20), we have
A= O(At"),

which implies (3.18) by combining (2.13). The proof for EPPRKN2 is complete. O

4. Numerical experiments

In this section, to demonstrate the performance of the derived methods, we present
three numerical experiments. For our schemes, we consider the following settings:

e EPPRKN2: choose j = 1,AT = At and 6t = At* and then its accuracy is O(At?).
e EPPRKN3: consider j = 1, AT = At and §t = At* and then its accuracy is O(At%).
e EPPRKN2-3: consider j = 2, AT = At and 6t = At? and then its accuracy is O(At%).

In the following experiments, we uniformly denote h := At.

Problem 1. For computing the motion of two bodies which attract each other, we
consider the system

q(t)
(@(t) + g3 ()3

) =~ B WO =0 G0 =\ e )

with e = 0.6. The Hamiltonian function of the system is given by

1 1
H(p,q) = -

2 .2y
) e e

We first solve this problem with different step sizes h = 1/(2%),i = 2,3,...,6, and
present the global error

Gqi(t) = — ¢1(0)=1-¢, ¢1(0)=0,

err = ||@, — a(ta)ll2/la(ta)ll2 + 1@, — d(tn)ll2/d(ta) |2
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Convergence at t =1

Convergence at t =5
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Figure 1: Problem 1: The logarithm of the relative errors err against the logarithm of h for different e.

at different ¢ = ¢,, in Fig. 1. Then this problem is integrated with the step size » = 0.01
and Fig. 2 presents the energy error

errH := H((jﬁ, (jﬁl) — H(Q(O)a Q(O))

for different methods. For comparison, here we consider the method EPPRKN2 with-
out using the projection method and denote it by EPPRKN2-W. Finally, to show the
convergence for different iterations j, we consider a very small step size for the fine
propagator used in EPPRKN2-3 such that the error brought by the fine propagator can
be ignored. The errors for this EPPRKN2-3 with A¢ = 0.1 and different j are displayed
in Fig. 3.

Problem 2. We consider a Fermi-Pasta-Ulam problem discussed by Hairer et al.
in [16]. The motion is described by a Hamiltonian system with total energy

1 2m w2 m
2 2
H(y,z) = 52% + 7me+z
i=1 1=1
m—1

(21— Tmy1)* + Z (Tit1 = Tmpio1 — T — Tmgi) + (@m — 22m)* | |
i=1

1

1
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Figure 2: Problem 1: The energy errors errH against t.
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Figure 3: Problem 1: The logarithm of the relative errors err against different iterations j.

where z; represents a scaled displacement of the i-th stiff spring, z,,;; is a scaled
expansion (or compression) of the i-th stiff spring, and vy;, y,,+; are their velocities (or
momenta). The corresponding Hamiltonian system is

:I'J = Hy(?/a 35'),

/

y:

_Hz(ya :B)v
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Convergence at t =1 Convergence at t =5
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Figure 4: Problem 2: The logarithm of the relative errors err against the logarithm of h for different e.

which is equivalent to z” = —H,(y, z). This leads to
2"(t) + Mxz(t) = —VU(z), te€0,T],

where
0 0
M — mXm mXm > ,
< Ormxm W2Im><m
and
1 4 m—1 4 4
U(m) = 1 (951 - xm-i-l) + Z (%‘+1 — Tm4i—1 — Tj — xm+z‘) + (xm - me)
i=1

For this test, we consider m = 3,w = 5 and the initial values z(0) = [1,0,0,0.2,0, 0],
y(0) = [1,0,0,1,0,0]. This problem is firstly solved with different step sizes h = 1/(2¢),
i = 4,5,...,8, and the global errors are shown in Fig. 4. Then we display the energy
conservation of different methods in Fig. 5 with the step size h = 0.01.

Problem 3. Consider a nonlinear wave equation

OPu  0*u 1, 1,

A Y - 1, t>0
2 o2 5¢ "ot Ysrsh b
sin(7x)

u(0,t) = u(l,t) =0, wu(x,0)= — u(z,0) = 0.
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Figure 5: Problem 2: The energy errors errH against t.

By using second-order symmetric differences, this problem is converted into a system

in time

0%u; Uil — 2Uu; + Ui—1 14 1,
— =——u?——u?, 0<t<T,
12 Az? 50 10 =
_ sin(rzs) w(0) =0, i=1,...,N—1,

where Az = 1/N is the spatial mesh step and x; = ¢Az. This semi-discrete oscillatory
system has the form

2
OV MU=FU), 0<t<T,
ot?
sin(7mxy) sin(rzn_1)\ " 4.1)
U(O):( SRR 5 > , U'(0)=0,

where U(t) = (ui(t),...,un_1(t))T with u;(t) ~ u(x;,t),i =1,..., N — 1, and
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1 . 4.2)

M=
Az?2

The Hamiltonian of (4.1) is given by

1 1
HU',U) = §U’TU’ + 5UTMU + G(U),

where .
1 1 1 1
G(U) = (2—010% + %Ui e 2—0U§1V_1 + %U?v—1> .
In this test we take N = 16 and present the errors in Fig. 6 with h = 1/(2%),
i =3,4,...,6. The energy conservation is demonstrated in Fig. 7 with h = 0.01.

From the results presented in these problems, we have the following observations:

a) In terms of accuracy, it can be observed that the global error lines of our methods
EPPRKN2 and EPPRKN3, EPPRKN2-3 are respectively nearly parallel to the lines

Convergence at ¢t =1 Convergence at t =5
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Figure 6: Problem 3: The logarithm of the relative errors err against the logarithm of h for different ¢.
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EPPRKN2-W: energy error
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Figure 7: Problem 3: The energy errors errH against t.
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of slope four and six. This indicates that they have the convergence as stated in
Theorem 3.2.

b) From the energy conservation, it is clear that our methods can preserve the energy

exactly while the method EPPRKN2-W without using the projection method does
not have such nice property.

5. Conclusions

Hamiltonian systems quite frequently arise in many applications and the design and
analysis of numerical schemes for such systems has received a great deal of attention in
the last few decades. In this paper we paid our attention to the analysis and construc-
tion of the energy-preserving parareal-RKN algorithms for solving the Hamiltonian sys-
tem (1.2). We formulated a kind of parareal algorithms by using Runge-Kutta-Nystrom
(RKN) methods and projection methods. The energy conservation and convergence
were analyzed in detail. Three of the algorithms were presented as examples to show
the efficiency and robustness by three numerical experiments.
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