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Abstract. The biwave maps are a class of fourth order hyperbolic equations. In this
paper, we are interested in the solution formulas of the linear homogeneous biwave
equations. Based on the solution formulas and the weighted energy estimate, we can
obtain the L*(R") —WN-1(R") and L®(R")—WN-2(IR") estimates, respectively. By our
results, we find that the biwave maps enjoy some different properties compared with
the standard wave equations.
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1 Introduction

Let u: R — N is a smooth map from a Minkowski space R!™ into a Riemannian
manifold N, then the bi-energy functional is given by

2/ |(d+d*) u||2dtdx—2/ ||d*du|2drdx
2
=3 o Nl P a1

Here
() =0u"+Tg, utut+2u

where U= at2 — A\, is the wave operator on R'*" and Iy, are the Christoffel symbols of
N. Clearly, the map u is a wave map iff the wave field 7 (1) vanishes.
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The Euler-Lagrange equation of (1.1) is
() (u)* =Ju(ou)* = Aty () + RN (df,df )t (u)

:DTDW+riy<—ru<u>i‘m<u>2+im(uﬁ‘m(um

n

+RS (—ufu] + ) ubul)m(u) =0, (1.2)
i=1

i.e., 1o(u) is a Jacobi field, where R4 ” is the Riemannian curvature of N, see [1].

Biwave maps are biharmonic maps on Minkowski space, which generalize wave
maps, and have been first studied by Chiang [2—4] in 2009. Biwave maps satisfy a fourth
order hyperbolic system of partial differential equations, which are different from bihar-
monic maps. Recently, Chiang and Wei [1] studied the long time behavior of the biwave
maps by Klainerman’s method of vector fields when the initial data are small.

In this paper, for simplicity, in order to study the well posedness of biwave maps, we
first study the linear case. If we assume that the manifold is flat, which means Ti‘w =0
and R”‘,Y =0, we will obtain (?u =0.

Then the Cauchy problem for the n-dimensional biwave equation satisfies the follow-
ing system

O%u =0,
u(x,0) = f1(x),
u(x,0) = fa(x), (1.3)

ur(x,0) = f3(x),
(et (x,0) = fa(x).

Here u = u(x,t) is the unknown, f >0 and x € R", u; = %—”t‘, filx) eCP(R"), i=1,--- 4.
Occasionally it is convenient to write t = %9, in which case dg = 9;.

The biwave equations are also related to the mathematical theory of elasticity [5], thus
it is of great physical significance to study it. However, there are not many mathematical
results on biwave equations, because it gets more difficult when studying the high-order
PDEs. Feng and Neilan [6,7] develop the finite element methods for the approximations
of biwave equations. Fushchych, Roman and Zhdanov [8] consider the symmetry anal-
ysis of biwave equations (1?1 = F(u) and obtain the exact solution by Ansitze invariants
under the non-conjugate subalgebras of the extended Poincaré algebra and the confor-
mal algebra. The existence and uniqueness of the solution to initial-value problem and
boundary-value problem for the fourth-order linear PDE of hyperbolic and composite
types are given by Korzyuk, Cheb and Konopel’ko [9,10], respectively. By the techniques
of Fourier analysis, Korzyuk, Vinh and Minh [5] also get the solution formulas for the
Czauc}zly problem of the n—dimensional biwave maps (% —a2/) (5’722 —b?/A)u =0, with
a=#b-.




On Linear Homogeneous Biwave Equations 61

In this paper, we use the standard Duhamel’s principle, spherical means formulas and
the method of Fourier analysis respectively to obtain the exact solution formulas of (1.3).
Furthermore, we also study the L®(R") — WN1(R") and L®(R") — WN2(IR") estimates.

The main results of this paper can be stated as follows.

Theorem 1.1 (Solution formula of biwave equation with n=1). Assume f; € C*(R"), f, €
C3(R"), f3€ C*(R") and fy € C}(IR"), then the solution formula of (1.3) is

X

+t 1 pt px+t
tﬂ@ﬁdy+§[;L_vaﬁkwda (1.4)

wno:;ﬁu+w+ﬁu—m+ix
where
0(y,5) = sy +5)+ fy—3)— 5 [Dfily+9) + D fily—s)]
[ Awae—3 [ ap@de,

and t' =t—s>0.

Theorem 1.2 (Solution formula of biwave equation in odd dimensions). Assume n is an
odd integer, n >3, and suppose also f € C"+3(R"), f, € C"*2(R"), f3€ C"*Y(R") and fy €
C™(R") for m="FL. Then the solution formula of (1.3) is

o= gl (3 () (a1 3) (2o
+/0t (tl’aat’> = <(t')”_2At/U(x,s))ds} , (1.5)
where

9= 35 () (Gar) (2 A0) (1) 7 (7 2400)],

and

Aif(x)=

denotes the area of the unit sphere S""1 CR", ¢1(x) = f3(x) — A f1(x), g2(x) = fa(x) — A fa(x).

flx+ty)do(y), wu

Wp—1J5m-1

Theorem 1.3 (Solution formula of biwave equation in even dimensions). Assume n is an
even integer, n > 2, and suppose also f; € C"3(R"), f, € C"2(R"), f3€ C"1(R") and fy €
C™(R") for m= "2 Then the solution formula of (1.3) is

B 2 EAVAK R T hlx+ty)
u(x,t)—1.3.5...(n—1)wnKat>(tat> ! |y\<1mdy
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n—2
+(13) > et f(xtty) o
ly[<1

o VP
*2 v(x+t'y,s)
+/ ’ ’”*1/ =272 qyds|, 1.6

where

) o\
)= s (as) () 7 VA

10 nfl/ 82(x+sy)
e~ dy|.
+<s as) s <1 /1—y[? y}

Remark 1.1. In [5], the authors get the solution formulas for (% —a2N) (2 3 t2 —V*N)u=
by the method of Fourier analysis. In their paper, a? # b? is necessary. Here we can also
get the solution formula by the method of Fourier analysis when a2 =b?.

Remark 1.2. Comparing (1.5) and (1.6), we observe that if n is odd and n > 3, the data
fi(i= ,4) at a given point x € R" affect the solution u only on the boundary {(y,t)|t >
0,|x— y\—t} of the cone C={(y,t)|t>0,|x—y|<t}. On the other hand, if n is even and n>2,
the data f;(i=1,---,4) affect u within all of C. In other words, a ”disturbance” originating
at x propagates along a sharp wavefront in odd dimensions, but in even dimensions
continues to have effects even after the leading edge of the wavefront passes. Therefore,
the Huygen’s principle holds as well for biwave maps.

Besides, similar to the standard wave equation, we also obtain the L (R") —WN1(IR")
(N >[3]+3) estimates, where [a] denotes the largest integer less than a.

Theorem 1.4. Through above solution formulas, when t >1, we have the following results
(1) Whenn=1

[ul| o) SC(Ifillo ) 2l L w)) +Cl fallw)
+C(||f2||L°"(IR)+||f1||W2r1(lR)+||f3||L1(IR))t-
(2) Whenn=2
3
HMHL“’(]RZ)SC(|‘fl"W"fl(IRZ)+Hf2|‘w5f1(lR2))t2+C("f3"WZJ(]Rz)+Hf4HW2f1(IR2))t2'
(3) Whenn=3
||u||L°°(IR3)SC("fl"W7r1(]R3)+|‘f2|‘Wéfl(]R3))tlnt+C(||f3||W3f1(]R3)+Hf4||W3/1(]R3))t21nt-
(4) Whenn>3

HuHLOO ]Rﬂ <C(||f1||w3n/2+31(]Rn +Hf2||w3n/2+21 ]Rn )
n+l
""C(Hf3Hw 1(R") "’Hf‘lHWnll IR”))t 2.
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Following the idea of [1], we can get the L*(R") — WN-2(IR") estimates, which shows
that the solution will decay when n >7.

Theorem 1.5. Assume that u is a solution to (1.3), then we get

3—n _1
HuHLC"’(]R”)SC(‘|f1‘|W/[\"/2]+2/2(Rn)+|’szW/[\"/ZHLZ(]Rn))(1+t+|x‘) 2 (T [E=[x]]) 2
+C (| fillpginrzosz gy 112l gtz gy 113l gtz gy
7—n 1
+|!f4llwk1/2}+1,1(w))(1+t+|x\)T(l+|t—|xll)‘f,

where

1
HfHW/I;]'zUR”): Z HAafHLZ(]R”): Z (A{n’Aﬂf‘de>2’ A:(a,i’ar,xia]‘—x]'ai,xiat)

la|<N l[a|<N
denotes the Klainerman'’s vector field on {t=0}.

Remark 1.3. For the linear wave equation

{Duzo, t>0,x€R",
u(x,0)=f(x), ur(x,0)=g(x).
We know that if u belongs to Ci° (R")

_n1
[t [ ooy < C(If Tt (rey 18] w11 (rery ) (1) 72
If u € C*°(IR") vanishs when |x| is large. Then, if >0
il < {c<|| Fllwinraaz gy +118 lwirara2 g ) A+~ nis odd,
o (R1Y) > n—1 1 .
CUIf Twinrasza gy + 18 wnanzgrn ) (1) "2 (14|t =[x][)2, nis even.

By Theorems 1.4 and 1.5, we see that the decay properties of biwave maps are different
from the wave equation.

The paper is organized as follows: in Section 2, we give some preparations on wave
equations and Fourier transformation; in Section 3, we obtain the solution formulas for
(1.3) by two methods; we study the L*(R") —WN-1(R") estimates based on the solution
formulas, and the L®(R") — WN2(IR") estimates based on the weighted energy estimate
in Section 4.

2 Preliminaries

In this section, we first introduce the notations and some important lemmas.
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2.1 Notations

The scaling operator is defined by

n .
S= taf—l—rar = t8t+ leai,
i=1

and the angular-momentum operators are defined by
Qjj=x;9;—x;9;, (i,j=1,---,n),
and we also have the Lorentz boost
Lo =t9;+x;0¢, (i=1,---,n).

Combining with the original derivative 0 = (d¢,d1,---,9,), we get the Klainerman’s
vector field
=(9,5,Qj,Lo;).

For a function v(x,t), we denote

[Mo=0m5"20"L%0, |a|=|a1|+|az|+]|as|+|aa|.

We define
100 8)ll2rry = ( l/)!v (x,1) de o oG m@n = sup [o(x )]
xeR”
[10() ]l ey = z/ 9% (x,£)|dx,
la|<N
%
[[0(:/) [y = / o, t) Px) .
la|<N

2.2 Some important lemmas

In order to study the biwave equations, we first introduce some basic theories of linear
wave equations, and these details can be found in Evans [11].
For the Cauchy problem of the linear wave equation, which takes the form

{D“:Q 2.1)
u(x,O) :f(x)/ atu(x,O) :g(x)/

where u=u(x,t), xe R", feC"(R"), g€ C"(R"), m depends on the dimensions.
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Lemma 2.1 (Some useful identities). Let ¢:R — R be Ck*+1, then for k> 1:

0 ()G () -() (o)

1d k-1 k—1 . d]
(i) (?5) <72k71¢<r)> :EOﬁ;?ﬂJrlJ(r),

where the constants /3;?(]':0,- --,k—1) are independent of ¢, and g5 =1-3-5---(2k—1).

Proof. (i) Since

<1d)<1d) 1§r<1>d 1 d2 1d 1 d?

rar)\rdr) ~ Yldr  r2drrT  Bdr ! 2ar
SO ,
@ ,/1dy,ldy 1d  ,1dy2 1d
drz_r (rdr)(rdr>+rdr_r <rdr) +rdr'
When k=1, we have
d2
@(”P(”)) r

I
N
2ag|a

I
~
N
P

)

)
EEOIREAD
( )

(

:(13)
T on 1 d
() (ot g ) - (G g oo
1d d
(G5 (P50,

When k=2, we have

& (L 8) s s (%)
(1) (P9) (L) () (220 (1) ()
S(18) () (L) (D) ()] (L) (2
(P ()2
L) (et0)
(e

65

)
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Assume k=D, (i) is true. i.e.,

2
(52)G5) (P 0) = (25 (L),

then when k=b-+1, we have
C8) (*e0) =5 Ca) G (™)

2 2
<2b+1>jrz(1§r) G W%(%%) (™)

1d d 1d+\2/14d d 1d d
@+1)(; 3,) (%d(f)” (rdr) (rdr) ( bd(f) () <2bd(f>

1d d 1d~/1d 1d d d

=2(;.5,) (Zbd(f>+(rdr)(rdr>[r (rdr) <2bd(f>] (rdr) (2hd(f)

1d d 1d 1d d
@-2)(; ) (2bd(f>+(?$) s (rdr) (”’aq:)}
1d\1dy(opndd
(;ir)bflrd» (d dr)
( ) <2b+2 4’)

rdr dr
Thus, the proof of (i) is completed, the proof of (ii) can be found in [12]. O

Lemma 2.2 (The one-dimensional wave equation). For n =1, m =1, the solution can be
obtained by D’ Alembert’s formula:

() = Sl F 0+ fa—0)+5 [ gy, @2

where (2.2) can also be written as

d
u(x,t) :$(tAtf)—|—tAtg, (2.3)
where Aif (x)=2 [~ o . f(¢)d¢ is the integral average of the function f on the interval [x—t,x+t].

Lemma 2.3 (Solution formula of wave equation in odd dimensions). For n >3, m= ”TH,

we have the representation formula:

=L [(2)(2) 7 (0, 199+ (1) 7 (7, 9] e

We can also rewrite (2.4) as

22027 (asta)+ (2 (aw)]. e
where v, =1-3-5---(n—2).



On Linear Homogeneous Biwave Equations

67

+2

Lemma 2.4. (Solution formula of wave equation in even dimensions) For n>2, m= "3,

we have the following formula:

2 o\ (1o\7 ,_
”(x’t):1.3-5---(n—1)wnK&) (731) |y|<1%dy

1o\"2,_ g(x+ty)
t(y5) o[ S ).
(tat) yl<1/1—|y|? y}
For the inhomogeneous wave equation with zero initial data,

uy—Au=h, inR"x(0,00),
u=0, u;=0, onR"x(t=0).

Lemma 2.5. Motivated by Duhamel’s principle, assume u=1u(x,t;s) is the solution to

up(;s)—Au(-;s)=0, in R" x (s,00),
u(-;s)=0, wui(-;8)=h(-,s), onR"x(t=s),

then the solution of (2.7) is given by
t
u(x,t)= / u(x,t;s)ds  (xeR",t>0).
0

Obviously, combining Lemmas 2.2-2.5, we have

Lemma 2.6. If n=1, we get the solution of (2.7) is

1 pt px+t b
u(x,t)zi/o /xft’ h(y,s)dyds:/0 t' Aph(x,s)ds;

if n is an odd integer and n >3, we can obtain the solution formula of (2.7) is

u(xt) = 1351(71—2)/0t (737) B ()2 Arh(xs) ) ds;

if n is an even integer and n > 2, the solution formula of (2.7) is

B 2 Fr1 ON"T o h(x+t'y,s)
u(x,t)—1,3,5m(n_1)wn/0 (yy) () /y<1/71—]y]2 dyds,

where t' =t —s.

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

The next lemma, which can be found in [12], plays an important role in getting the

L®(R") — WN1(IR") estimates of the biwave equations.
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Lemma 2.7. Let f € C°(R"), §€ C5°(R"), u(x,t) is the solution of (2.1). We have

(n—1)
2

(2, )] < C (11 fwna oy + 1181 w11 (rey ) (148) 2,

ift>1,
_ (n—1)
)] < C(UUf liorrons o+ oy )7
In the meantime, in order to apply the method of Fourier transformation, we need to
introduce some theories of Fourier analysis, see [5] and references therein.

Lemma 2.8. We have

i8]ty p—ilg]t ilglt _ p—ilglt
cos([g]) =5, sin([g]1) =7,
sin([g]t) _elflf—e et 1 /f dkledg.
€] 2i|¢| 2.t
cos(|g|t) _ elélryeilc 1/t/y il 1/t/y i 1
= =—= dudy—= 1l g dy + ——
45 2[¢f? 2JoJo & Y200 o € Y e
= =—= dudtdy+—.
HE 2i[¢[? 2)oihy Jo €TV
Furthermore,

Sx—at)= [ e18hg(x—at)dx e Ek
5(x zxt)—/ e S(x—at)dx=e ,

where 6(x) is the Dirac delta function.

Lemma 2.9. Assume that n is an odd integer and n >3, then

sin(|&|t) 1/t isle| 1o\ /1 i
_ - ds=c,(-— - xeq , 2.12
1] 2 _te s=e (t at> (pnt aB(o,t)e U(x)) ( )

where t >0, p,, is the surface measure of the unit ball in R" and c,;' = (n—2)(n—4)---1.
On the other hand, if n is an even integer and n > 2, then

sin([8]t) 1/t eq._ , (19T (1 1 ivg
|€|—2/t€ dS—dn<?§> (/( )We dx), (2.13)

where t >0, vy is the volume of the unit ball in R", d,' =n(n—2)(n—4)---2 and p,, =nv,,.

Remark 2.1. For every ¢ € S(R"), we notice that

1
S do(y) =1 do(y) = Ry)d
SR o PO =] odet)=f g+ Ry)do()

=—— [ plr+Ry)do(y) = Arg(x).

Wy-1
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In order to get the L®(IR") — WN2(IR") estimates of the biwave equations, we require
the following Klainerman Sobolev inequality and Hardy inequality, which can be found
in [1].

Lemma 2.10. Suppose that u=u(x,t) is a function with compact support in the variable x for
any fixed t > 0. Then, for any integer M >0, we have

o —nl -1 %
Yo () oy SAHEH[x) T2 ([t x() 72 ) [IT%u(8)| 2
o] <M & <MF[§]+1

Lemma 2.11. If n>1, we assume that u(x,t)=0on |x| >1+t, then

G 2y SV D)2 (1)

3 Proof of Theorems 1.1-1.3

In this section, we give the solution formulas for the biwave equations (1.3) by exploiting
the Duhamel’s principle and the Fourier analysis, respectively.

3.1 The method of Duhamel’s principle

Introducing a new variable v =[lu, then (1.3) is equivalent to

Hu=mo,

u(x,0) = fi(x), (3.1)
ur(x,0) = fo(x),

Lv=0,

v(x,0) = f3(x) = Afi(x):=g1(x), (3.2)
01(x,0) = fa(x) — Afa(x) :=g2(x).

By Duhamel’s principle, we have u =1+, where

Ou=0,

u(x,0)=f1(x), (3.3)
u(x,0) = f2(x),

Ou=vo,

i(x,0) =0, (3.4)
i (x,0)=0.

We discuss the solution formulas of different dimensions in different cases.
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Case: n=1.
By Lemma 2.2, if n=1, the solution of (3.2) is

1 1 x+t
vl t) =51t +ax—t)+5 | ga(y)dy.

The solution of (3.3) is

_ 1 1

i) =5lhlx+) A=+ | fz( )dy
For (3.4), by Lemma 2.6, if n=1, we have

~ 1 pt px+t’
u(x,t):i/o /x_t, v(y,s)dyds.

Inserting (3.6)-(3.7) into (3.1), we get
u(x,t) :*(x t)+u(x,t)
x+t
[fl(x+t)+f1 x—1)] / fa(y)dy+3 / / o(y,5)dyds,

where

v(y,s>=§v3<y+s>+f3< —s)]—E[Aﬁ(ws)mfl(y—s)]
1 y+s

4o dw—f/ Afr(w
2Jy- =

and ' =t—s5>0.

Case II: n>3 and n is odd.
If nis odd and n >3, by Lemma 2.3, the solution of (3.2) is

o) =735 ( [( )(tat);(tn_%fgl(x))
+(1§) (12 Aa() |
The solution of (3.3) is
wD=r35 gy o) (o)~ (P 2AA0)
+(1§t)2(f” ()|

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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For (3.4), by Lemma 2.6, if n is odd and n >3, we have

u(x,t)= 1351(11_2)/0 (tl/ ai/) B ((t’)”’2At/v(x,s))ds. (3.11)

Combining (3.10) and (3.11), when n is odd and n > 3, we get

u(x, t)=u(x,t)+u(x,t)
:1351<> () (Ga) ™ (72 an)+ (53) ™ (72 40m0)
+/ t at’ T

)"’ZAt/v(x,S)) dS}, (3.12)

where

(9= 35 5 [(5s) (iar) (A0 (53) 7 (2400)],

and g1=f3—Af1,8=fi—Afo.
Case III: n >2 and 7 is even.
If n is even and n > 2, by Lemma 2.4, the solution of (3.2) is

o) =135 ? ) [(a)cgt)gtnl/wd%dy
1
t

i =N n—1 gZ(x+ty)
+(55) K /|y<1 1_|y|2dy}. (3.13)
The solution of (3.3) is
2 9\ 1o\, 4 fi(x+ty)
R GO Gae) "y e
19\% n—1 f2(x+ty)
+<t 8t> t ly|<14/1— ]y|2dy} 14

For (3.4), by Lemma 2.6, if n is even and n >2, we have

2 Fr1 9N"T o o(x+1t'y,s)
(6t = 15 (n_lm/o(t,at,) (#) /y<11—yyyz dyds.  (3.15)

Therefore, when 7 is even and n >2, combining (3.14) and (3.15), we get

u(x,t)=u(x,t)+u(x,t)
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2 ] 19\ n—1 fl(x+ty>
1 3-5---(n—1)wy [<8t) <?§> t | |<1Wd
19\"2% _ f2(x+ty)
-7 -1 == 274
+<tat) <t Iy Y
Erl N v(x+t'y,s)
+/O (?@) ) /|y|<lwdyd5}, (3.16)

where

72

- ) o) > N x+sy
v(x,s)—1_3‘5”< ) [( ) sas /y<1 |y|2 v

I\,
() T L B )

Thus, combining (3.8), (3.12) and (3.16), proof of the Theorems 1.1-1.3 is completed. [

3.2 The method of Fourier analysis

In this subsection, we restudy (1.3) by the method of Fourier analysis.

Definition 3.1. The Fourier transform of Schwarz function ¢ is defined by

FI9l©)=4(@)= [ e *Fg(x)dx. (317)
The convolution of two integrable functions ¢ and  is written as ¢p*p, i.e.,
@) ()= [ o(Dp(t-T)dr. (618)
The Fourier’s inversion formula for Schwarz function ¢ is defined by
F g0 = s [ e B @)L (3.19)
(27)"
Eq. (1.3) can be rewritten as a fourth-order PDE, which has the following form
otu  _ 9? 2
ﬁ—ZﬁAu%—A u=0. (3.20)

Taking Fourier transform on both sides of Eq. (3.20) over R", we obtain

ot ~
(s D2 oy = (6t +[E[ (1) =0. (321)
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Solving (3.21), we have
1(g,t) = (Crt+Ca)cos(|g|t) + (D1t +Da)sin(|Z[t),

where Cy, Cy, Dy and D, are determined by the initial conditions:

g(}tﬂt_o:Cz:ﬁ(C),
WD) —c+Dakl=R0),
2/\ o~
’ Lé(tg't) | = —CaleP+2D1 2| = (@),
o TP
o8 t:O—_3C1|§| —Ds|¢|° = f4(¢).
Then we have
_ 1fa(8)
—_*fz( )— 2R
fl( ), ~
=A@+ e
_§f2() 1fu(E
D=2 T2

Finally, we get the expression of #({,t)

a@n=(- 1A >t—1f4( L4 1)) eos(zlt)

2 |¢f?
1 }fa( ¢) §f2( &) 1A sin

73

(3.22)

(3.23)

Next, we discuss the Fourier transform formulas of different dimensions in different

cases.

Case I: n=1.
By Lemma 2.8, we know

ellelt e—ilclty x+1)*f(x x—t)*f(x
( +2 )ﬁ@_ﬂé( +1) fi( )]1;7:[5( t)*fi( )]/
eilelt _ p—ilg]t eilelt _ p—ilglt

EAE) ———=PAE) —77

=IEPRE) (3 [ d0a0) =3 [ Flotxro) <A fixlde

7@ (3 ) €Pa0) =3 [ Floteroysfutxlas

(3.24)

(3.25)

(3.26)
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_1/t/y ié‘lududy_l/t/y *ilélududy

// S(x+u)* fa(x dudy—f// §(x—u)xfa(x)|dudy), (327)

/ / / llé\ududrdy / / / S(x+u)* fo(x)]dudrdy.  (3.28)

Substituting (3.24)-(3.28) into (3.23), we obtain
1 Flo(xtt)«fo(x )]+f[5(x t)*fo(x)]

a(E =t
—ft // S(x+u)* fa(x dudy——// (x— ) fo(x))dudy
+f[5(x+t «fi(x )]er]-“ Y1) filx t/ S(x48) < A ()]0
T t/ 5(x+0)% f(x)]dO+> / 5(x+0) % fo(x)]do

/ / / 5(x+1) * fy(x)|dudrdy. (3.29)

Taking the inverse Fourier transform on (3.29), we have

uu»»=—§#ﬂx+ﬂ*h<>><5@ =f(x)

—ft // (x4u)* fy(x dudy—f// (x—u)* fy(x dudy)

+((5(x—|—t)*f1( ))2(5(95 B*fi(x / S(x+0)xAf1(x))do

gt [ @Crreyefs()do+ [ (6(c+6)xfa(x)de
_1/t /y/T (x4u)* fa(x))dudtdy
:—ft[fz(x—i—t )+ fa(x—t)]+7 t/m/ fa(u)dudy
x+t x+t
+fo1<x+t>+f1 =gt [ Apwdr gt [ A
Ht de_/Ht/ / fa(w)dwdTdy. (3.30)

Case II: n>3 and 7 is odd.
According to Lemma 2.9, differentiating equation (2.12) with respect to t, we have

cos(lel =, () (22)F (Lo ar). (331)

4



On Linear Homogeneous Biwave Equations 75

For any function 6 € S(R"), we have

sin(J2]1)
fo e 00

1
?
1 T3 1
:cn(;at) (p t aBW)@( x)do(x )) (3.32)

By (3.32), we conclude that

o\ 'z o in(|&
Cn<%§) (pllqt aB(O/t)dU(x)) (&)= sm|(é|” |t)

By the Fourier inversion and convolution formulas, we can obtain

e, (1) T (L[ o)
<tat>*< Api), 639
. / R@eostigine ae=c,(2) (1) " (o7 [, 20I0W)
e zu< ><tat> (ran), @3

s o F@ostneaz=a (5) (135) ™ ([, fl13et)

:(n—lz)u@)(ii) ( "TRAS )> (3.35)
e o PO e o= )ds+\é\z} g

Z—/ocn(ii)ﬂza(pis/amx,s)f“y)d <y>)ds+ O e

= o) (A o [ Aot e
. /Rnﬁ(@sm%@\neig.xdgzc,l(1aat)23 o NAUEL0)

(13)7 (oasin),

1 7oy b iex
g o PO e
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n—-3

// n 2 (n—2)1 Sas> N (SnizAsf‘l(x))deU—i— / f4 “:|2 1§xd¢ (3.38)

' 2 mn .
o Jo Al de = [ A ftz)s e

2 n=3
=) (a1) ™ (i f19%0)

~ oz ) (i)™ (72 hc0). 329

Combining (3.33)-(3.38) and (3.39), we can find the solution formula for the n-dimensional
biwave equation

)= () () 7 (24000) (32 () (2o
S0 (o anm) 5 (3)(3) 7 (2 ame0)
( 9

0
+§(1§t>2 f”‘zAff3<x>> w3 (o)™ ()

// sas s 2Asf4(x))dsdv

Case III: # >2 and 7 is even.

—

Lemma 3.1. Given a function ¢ : R"*1 — R, which does not depend on the last variable, i.e.,
(P(xlleI' o /x}’l+1) = IP(Xl,xz,' o /xn)/ then

P(x+ty)
Arp(x,0)= / I——~7d
9(x0) Pnt1/B4(01) /1—y/? /
Moreover, ( )
2 Q(x+ty
A / I~~~ dy,
Arg(x) = o1 JB,01) T [y2 Yy

which is called as modified spherical mean of ¢.

By Remark 2.1, we know p,, 11 =w,_1, then
QL +ty) 4 2/ p(x+ty)
ly|<1

2
Apl) ==
A0 =0 oo VTP N

The Hadamard’s method of descent gives the solution formula of the biwave equation
in the even dimensional space IR", we can get

n=2 _ 2 B2
=l (3) () ™ (i) -4 () ¥ (i)
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(;)22(1‘” VA fo(x )) ;(;)(1;)7122()5”11&,&(36))
<tat>7(f” Ap) 4 [ (o) © (2 A0 )

// sas B s 1Asf4( ))dsdv}.

4 L*(R")—WNL(R") and L®(R") — WN2(IR") estimates of the
biwave equations

41 L*(R")—WN1(RR") estimates

In this subsection, we mainly discuss L®(R") —WN-1(IR") estimates of the biwave equa-
tions, with the help of Lemma 2.7 and the solution formulas (3.8), (3.12), (3.16), we are
interested in the case t > 1.

By Lemma 2.7 and the solution formulas (3.5), (3.9), (3.13), we get

)
[o(x,t)| < C(l1g1ll lwirzar oy + 1182 Iwinrzia oy )2 (4.1)

Then, we have
|1(, )] SC (1|l lwioraieas gy + || ol lwtoraia ooy )7
t e
+C /0 11005,8) linan ) (E=5) =T ds, 42)

where

HZJ( Hwn/z / Z |D“ xS ‘dx a:(dll...,[xn)’

\a\<n/2
a“1+ﬂl2+"'+0€n

Ox - 9xi

4

la| =01+ 4a, QCR"

is an open set.

CaseI: n=1.
Combining (3.5) and (3.8), we have

ue = fie+ )+ b0+ [ fapdysg [ [ 1lr+s) + oy —s)ldyds

1 rt px+t x4+t y+s
—1/0/ t Afi(y+s)+Afr(y—s dyds—|—4// w)dwdyds
x—t

1 gt px+t’ py+s
—f/ / / A fr(w)dwdyds.
4Jo Jx—v y—s
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Then, we get directly

(2, )| <C (| All Lo w) +fal 1 wy) +Cl fal )
+C(IIf2llr(w) +Hf1HW2r1(1R)+"fSHLl(]R))t (4.3)

Case II: n >3 and » is odd.
By (3.9), we know

9= 55 () (o) () (55) 7 (2 4s00)]

Then

Doo(xs) =135 5 [( ><s 85)53 (SnizD“Asgl(x))
+(i§s> (0 ag))
where
DaAsgl(x):wn,1 IC\:lDagl(x+S§)d€’
Dr%ASgQ(x):wn_1 |§‘:1D“g2(x+s§)d§.

Similar to [12], we assume g1 =0, by Lemma 2.1 (ii), we know

ot =y () (P t0) - B () o

and

Then, we have

() D] < e [ () el

due to dx=7""1d¢, when T>s5,

gkt (T_S)]fkfl < Gk 1pi—k=1_ Sk+1T]7k717(n71)Tn71 < Crt—lgm

4
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where m+n=j+1, j <n+k. On the other hand, due to j > k+1, if k+1<j<n+k, we can
obtain

kH( ;) ‘D Asga(x) ‘SC/SOOSk+1(T—S)j_k_1)/m_l(;T)jD"‘gz(errg)dg‘dr
gc&”“/f‘/&: ~ (i()JD“gz(x—FTC)dg

—Cslnt / Y |DPDtgs | (x+y)dy, (4.4)
ly1>s | g]=;

T ldr

where ¢ =y, =(¢1,--+,{n), by the divergence Theorem, Vg=1,---,n, we have
FD)Eas@)=s"" [ anfw)y,

I61=1
then
@) DAl = /. ﬁzzks_ﬁ'_laﬁ(D"‘gz(HSé‘))(Sé’)ﬁéq(SC")ds(C)
=5 [ Y 0,(0P(D"ga(x+y))-vPyy)dy.
|y|SS‘m:k

Since |y| <s, we have

Wy_1 (:115) kD”‘(Asgz(x)) < s”k/y

Notice that 0 <k < =3, we need to take 5! <j<n, when j="31, and by (4.4), we obtain

s‘m‘aﬁD”‘gz xX+y) ‘dy
<5 8| =kk+1

(n-3)/2 g d ok

« — AN\ e

‘D v(x,s)‘— k;) axs <d ) D*(Asg2(x))
SCsl_”+j/ ’DﬁD“gz‘(x+y)dy
1>s 5=

<Cs'?" / |DPD*gs | (x-+y)dy. 4.5)

1> 1< (n-1) /2

If j=n—1, we have

‘D"‘v(x,s)‘ <C ‘DﬁD“gz‘(x—i—y)dy (4.6)

‘V‘>1|ﬁ|<

Now, we estimate s ( ) D%g1(x) (0<k<"). If j="1 we have

k d kDoc < (Cgl—n+(n+1)/2 71/ B«
§ ‘(ds) gl(x)‘_ 5 5 |y|>15<(;1)/2‘ gl‘(x y)dy
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]Dﬁ D"g; \ (x-+y)dy. 4.7)

If j=n, we get

k’(c;isy Digi(x )’SC ‘DﬁD"‘gl)(ery)dy. (4.8)

Case IIl: n >2 and 7 is even.
By (3.13), we know

-2

) a T g1 X+Sy
"0 =1 551 Las) (Ga0) 7 S

(50" L e

Then

2 0 10 %2 n—1 D“gl(x+sy)
D*(x,8) =175 (n— ) K ><s as> ’ Admdy
19\" 1/ D'ga(x+sy)

[ 7d .
+(sa) Y e 1R d

Let g1 =0, we have

a _ 2 10\%° n_l/ D*g>(x+sy)
D U(X’S)_1~3-5---(n— ) (sas> S . e dy
:(n—zz)/zak - 1(d>k(/ Dagz(x+sy)dy>,
=0 ds/ Myl<t /1-[y?
and
<d)k/ D"‘g2<x+sy)d :/ Z aﬁD“gz(x+Sy)y‘de
ds/ Jiyl<t /1—y[? WI<lig=x Vv 1-[yl?
:/ 9P DX gz(x+z)( >ﬁ 1-ng,
s gt VEi—[z[2 NS
BpDw B
[ / —a D82 7E) (1) ne1g1-ngs )
Sk VPR S

_/ /g =1 vl ZaﬁDa x+r§)(rs'§>ﬁ’

Vs2—r2 |Bl=k
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_1
where sy=2z, z=r§. When s >1, we divide the integral into two parts fos 2 and fs i 1, We

have
(d>k/ D“gz(x+sy)dy
ds/ Jiyl<1 \/ !yl2

D e (5

s —rz Bk
- 1drds ré\ P
BﬁD"‘ (x+r8) (=) .
//§| 1 s—r [;k C)(S>

For the first part, we have

[t aﬁmgz<x+@<f§>ﬁ

V212 |Bl=k

:/05_2 mdrsl-”/wq_;ﬁ[_;kaﬁD"‘gz(ery)dy
=0[(2~(s—5)2) 45" :o(;g.sl—") —o(st . (49)

For the second part, we have

[yt = ppraeen(3)

2
V212 |Bl=k

L o F st o

_a [ rdr aen( d\k N
=s' 1m(7 2(@) Ar(D gz(X)))- (4.10)
5—5 —
Applying (4.4) with j=k+1,
n— d k o n d k «
f 2(5) Ar(Dga(x) =r" 2 () A (D*2())

dr
11 d k 14
k— 3 k+1(dr> Ar(D gZ(x))
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Srn—k—Srl—rH—k—H/

Y |PP(D*g2)|(x+y)dy
YI>7| 81 =k+1
:r_l/
ly

’DﬁD"‘gz‘(x—}—y)dy,
‘>r|ﬁ| =k+1

where
:O(s%) and r~s,

/S rdr 1 /¢
s—1/s2—y2  2/s-]

/_/gl | r"1drds(g) Y 9D <x+r€)( E)ﬁ

2
V212 |Bl=k

=0(s st .521)=0(s2 7).

we can obtain

When s > 1, we get

‘/ /g| 1 - 1d7dS§€) Y 9PD%g (x+r§)( é‘)ﬁ)

VE=rt i
SSZ”/Iy ‘DﬁD“gz x+y) ‘dy,

>3 |p|=k+1
and
r"—1d dS rc B
k+1/ / r aﬁDDé x+7" e
é' 1 52—7’2 |,B|Zk §)< S)
" 1drds(¢ &N\ B
<sk / / FD* gy (x+1E) (=
Ig]=1 VsZ—12 |ﬂ;k €>( S )
Ssk+1+%fn/ ‘D,BDagZ x+v) )dy
Y>3 g/ =k+1
SCS%*”H(”*)/””/ ‘DﬁD“gz x+y) ‘d]/
Y1>$ |5/ =k+1
_(n-1)
=Cs™ 7 ||D*g2(x) [ wins21- (4.11)
Then, if s >1,
_(n-1)
‘sz xs)’<C( Z | D* ngW[n/z]+11 + 2 ||ID* gZHW[n/Z )>S 7, (4.12)
o< la<f la|<5

Consequently, when t >1, s >1, we get
(n-1)

ju(x,t)] SC(Hfl Hw[n/Z]Hfl(]Rﬂ) +1If2 HW[H/ZH(IRH))F :
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! () (@) N
+C [ (=) s s [ (1) s
1 Q n
la|<5
+[1D*g2(x) [lyyinrzir ) dx, (4.13)
where () is an n-dimensional sphere with x as the center and ¢ —s as the radius.
Finally, we get
_ (1)
‘U(xlt” SC(| ‘leW[n/Z]Jrl,l(]Rn) + HfZHW[n/Q],l(]Rn))t 2
t _ (-1 _ (n-1
+C [ (=) L (1D @)l oy
|a[<%
+1D*g2(x) lyinsai1 () (£ —5)"dls. (4.14)

In the following, it suffices to estimate

/j(t—s)‘ U (t—s)ds = /; (t%s) & (t—s)ds. (4.15)

t ) (D) Vi1 ppn+242

1 2T1’l+2t2 1 21.2
———=d </ — = dt<2f.
/0 (1472)3 = (1472)3 =

If0<1t<1, wehave

(4.16)
If T>1, we have
/ T o / T4dr (4.17)
1 (1+72)3 1 ’
For (4.17), we have,
When n=2,
Vi—1 vi=11
28 [T a2 [T Sdr=2P(1- =) <2
1 1 T Vi—1
When n=3,

Vi—1 Vi—1
2t2/ r”*‘*drzth/ %dr: PIn(t—1) <Pnt.
1 1

When n >3,

Vi-l 212 - 212 s 2t
2t2/ T”_4dT:n—3[(t—1)TS—1} <ot <
. =
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Combining above analysis and computations, we get
When n=2,

_on
| (x, )| SC([1fillwiwrzra oy 2l Itz gy ) £ 2

+C Y (I1D*&1(0) iz () + 1D 82 () I wtorzia (o)) £-

al<3

When n=3,

(n—1)

(e )| <C([ fullwirraina oy + 12 lworrzn oy )2

+C Y ([ID*@1(0) lwinsaa ) + 1D 82(x) | [winszia (o)) £ It

la|<%

When n >3,

_(n-1)
() SC (1 fllwinrins oy + 11 fal o oy 2
n+1

+C ) ([ID*81(0) [lwinai oy + 11D 82() lwinsaia ) )t 7 -

laf<3

Since g1(x) = f3(x) — A f1(x),§2(x) = fa(x) — A f2(x), we finally get
When n=2,

u(x,t)] SC(HleW@l(RZ)‘i‘HfZ’|W5,1(]R2))t3/2
+C (11 f3llwer re) + |1 fal lwea ey ) £
When n=3,
‘”(x/t)‘ SC(‘ ’lew7,1(]R3)+Hf2‘ ’W6,1(]R3))tlnt
+C(‘ ’f3‘ ’W3f1(]R3)+Hf4Hw3,1(]R3))t21nt.
When n >3,
(2, )| SC (I fullwianszraa oy + | f2 [ wiansza oy )
t

+C(Hf3’|wln L(R") +|‘f4|‘w )
Combining (4.3) and (4.18)-(4.20) gives Theorem 1.4.

n+l
2

42 L*(R")—WN2(RR") estimates

(4.18)

(4.19)

(4.20)

In this section, we prove Theorem 1.5 by the energy method. Applying I'* on both side

of (3.1) and (3.2), we get

|b|<la|

Or‘u= Y. Tby,
I =0.

(4.21)
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Define

N—

En(h=( T /Rn[(atl’”u)z—i—\VI’”u\z]dx) ,

la|<M

HM(t):( ). /

la|<m”R

NI—=

[(atl“”v)2+|v1"”v|2]dx) ,

where M <[5]+1, |[VI"u|? =Y/, (9;["u)?. By (3.2), we know

E(0)= ( L n[(A“fz)2+|VA”f1|2]dx> :
al|<M

Hin(0) = (|Z /. n[(A”(f4—Afz))2+IA”(st—VAfl)\Z]dX> .
al<M

Multiplying the second equation of (4.21) by 20;I"*v and integrating by parts, we get
n
200000 T 0 =0; ((9;I"0)* + | VI"0|*) =2 9;(9;T"v9;I"v) =0. (4.22)
i=1
Then, integrating (4.22) over R", we have
atHJZVI (t) - 0,
which means
Hy(t) =Hpm(0). (4.23)

Multiplying the first equation of (4.21) by 29;I''u with |a| < M, and integrating by parts,
we arrive at

n
2001 u (9T u) =0 (9T u)* + | VI u|?) —2Y 0;(9:T"ud,T"u). (4.24)
i=1
Integrating (4.24) over R" and summing all 2, we get

atEIZVI(t) =2 Z / F“vatl““udxﬁ E ||F”v||Lz(]Rn)|]8J”u||Lz(]Rn)
jal <M K" jal<M

S(1+8)Hp(8)Ep(t). (4.25)
Combining (4.23) and (4.25), we have

tEp () S (14£)Hp(0).
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Integrating above inequality from 0 to ¢, we get

t
Eat(t) S Eni(0)+ /O (145) Hat(0)ds SEi(0)+ (14 £)2H 0). (4.26)
By Lemma 2.10 and Lemma 2.11, we have
_1
[l | ooy S+ )T (A =12)72 Y 10 2w
o] <[§]+1
_n-1 _1
SA+t+ )77 (A+[e=x[D72 ) T |2 (1+)
la|<[5]+1
S(A+t+|x)) "2 (14|t —|x| )2 (1+£) [Epg(0) + (1+£)2Hp (0)]
<(1+4t T (1|t —|x|[) "2 (14t . ;
SA4t+(x]) 7 (1]t —x]]) (+)(IIflllw[A/sz/z(wﬁIIfzIIW[A/zm,z(W))

_n—-1 _1
(1)) 5 (=) 0 (1o

2l yyirzenz gy 113l yinrzs22 oy + 11 fall [n/z1+1,1(w))
1
C (111l ygirasn2 gy + ol lyrona gy ) (L4 []) 2 (14— [ ]) 2
+C(|‘f1|‘w[”/2]+4/2 R" +||f2||W[n/2]+3/2(]R”)+||f3||W/[\n/2]+2'2(]R”)
7—n 1
sl yrms gy ) (L £+ 122 (1 [~ [x]]) 2,

where

1

2
I lhyeen = 2 1A Fllmey = X ([ [A7fPdx)", A= (@59,20; = x2i%,2)
la|<N la| <N

denotes the Klainerman'’s vector field on {=0}. Thus, we completed the proof of Theo-
rem 1.5. ]
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