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Abstract. The biwave maps are a class of fourth order hyperbolic equations. In this
paper, we are interested in the solution formulas of the linear homogeneous biwave
equations. Based on the solution formulas and the weighted energy estimate, we can
obtain the L∞(Rn)−WN,1(Rn) and L∞(Rn)−WN,2(Rn) estimates, respectively. By our
results, we find that the biwave maps enjoy some different properties compared with
the standard wave equations.
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1 Introduction

Let u : R1+n → N is a smooth map from a Minkowski space R1+n into a Riemannian
manifold N, then the bi-energy functional is given by

E(u)=
1
2

∫
R1+n

||(d+d∗)2u||2dtdx=
1
2

∫
R1+n

||d∗du||2dtdx

=
1
2

∫
R1+n

||τ□(u)||2dtdx. (1.1)

Here

τα
□(u)=□uα+Γα

βγ(−uβ
t uγ

t +
n

∑
i=1

uβ
i uγ

i ),

where □= ∂2

∂t2 −△x is the wave operator on R1+n and Γα
βγ are the Christoffel symbols of

N. Clearly, the map u is a wave map iff the wave field τα
□(u) vanishes.
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The Euler-Lagrange equation of (1.1) is

(τ2)□(u)α =Ju(τ□u)α =△τ□(u)α+RNα(d f ,d f )τ□(u)

=□τ□(u)
α+Γα

µγ(−τ□(u)
µ
t τ□(u)

γ
t +

n

∑
i=1

τ□(u)
µ
i τ□(u)

γ
i )

+Rα
βγµ(−uβ

t uγ
t +

n

∑
i=1

uβ
i uγ

i )τ□(u)
µ =0, (1.2)

i.e., τ□(u) is a Jacobi field, where Rα
βγµ is the Riemannian curvature of N, see [1].

Biwave maps are biharmonic maps on Minkowski space, which generalize wave
maps, and have been first studied by Chiang [2–4] in 2009. Biwave maps satisfy a fourth
order hyperbolic system of partial differential equations, which are different from bihar-
monic maps. Recently, Chiang and Wei [1] studied the long time behavior of the biwave
maps by Klainerman’s method of vector fields when the initial data are small.

In this paper, for simplicity, in order to study the well posedness of biwave maps, we
first study the linear case. If we assume that the manifold is flat, which means Γα

µγ = 0
and Rα

βγµ =0, we will obtain □2u=0.
Then the Cauchy problem for the n-dimensional biwave equation satisfies the follow-

ing system 

□2u=0,
u(x,0)= f1(x),
ut(x,0)= f2(x),
utt(x,0)= f3(x),
uttt(x,0)= f4(x).

(1.3)

Here u = u(x,t) is the unknown, t > 0 and x ∈ Rn, ut =
∂u
∂t , fi(x) ∈ C∞

0 (Rn), i = 1,··· ,4.
Occasionally it is convenient to write t= x0, in which case ∂0=∂t.

The biwave equations are also related to the mathematical theory of elasticity [5], thus
it is of great physical significance to study it. However, there are not many mathematical
results on biwave equations, because it gets more difficult when studying the high-order
PDEs. Feng and Neilan [6, 7] develop the finite element methods for the approximations
of biwave equations. Fushchych, Roman and Zhdanov [8] consider the symmetry anal-
ysis of biwave equations □2u=F(u) and obtain the exact solution by Ansätze invariants
under the non-conjugate subalgebras of the extended Poincaré algebra and the confor-
mal algebra. The existence and uniqueness of the solution to initial-value problem and
boundary-value problem for the fourth-order linear PDE of hyperbolic and composite
types are given by Korzyuk, Cheb and Konopel’ko [9,10], respectively. By the techniques
of Fourier analysis, Korzyuk, Vinh and Minh [5] also get the solution formulas for the
Cauchy problem of the n−dimensional biwave maps ( ∂2

∂t2 −a2△)( ∂2

∂t2 −b2△)u = 0, with
a2 ̸=b2.
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In this paper, we use the standard Duhamel’s principle, spherical means formulas and
the method of Fourier analysis respectively to obtain the exact solution formulas of (1.3).
Furthermore, we also study the L∞(Rn)−WN,1(Rn) and L∞(Rn)−WN,2(Rn) estimates.

The main results of this paper can be stated as follows.

Theorem 1.1 (Solution formula of biwave equation with n=1). Assume f1∈C4(Rn), f2∈
C3(Rn), f3∈C2(Rn) and f4∈C1(Rn), then the solution formula of (1.3) is

u(x,t)=
1
2
[ f1(x+t)+ f2(x−t)]+

1
2

∫ x+t

x−t
f2(y)dy+

1
2

∫ t

0

∫ x+t′

x−t′
v(y,s)dyds, (1.4)

where

v(y,s)=
1
2
[ f3(y+s)+ f3(y−s)]− 1

2
[△ f1(y+s)+△ f1(y−s)]

+
1
2

∫ y+s

y−s
f4(ω)dω− 1

2

∫ y+s

y−s
△ f2(ω)dω,

and t′= t−s≥0.

Theorem 1.2 (Solution formula of biwave equation in odd dimensions). Assume n is an
odd integer, n≥ 3, and suppose also f1 ∈Cm+3(Rn), f2 ∈Cm+2(Rn), f3 ∈Cm+1(Rn) and f4 ∈
Cm(Rn) for m= n+1

2 . Then the solution formula of (1.3) is

u(x,t)=
1

1·3·5···(n−2)

[( ∂

∂t

)(1
t

∂

∂t

) n−3
2
(

tn−2At f1(x)
)
+
(1

t
∂

∂t

) n−3
2
(

tn−2At f2(x)
)

+
∫ t

0

( 1
t′

∂

∂t′
) n−3

2
(
(t′)n−2At′v(x,s)

)
ds
]
, (1.5)

where

v(x,s)=
1

1·3·5···(n−2)

[( ∂

∂s

)(1
s

∂

∂s

) n−3
2
(

sn−2Asg1(x)
)
+
(1

s
∂

∂s

) n−3
2
(

sn−2Asg2(x)
)]

,

and
At f (x)=

1
ωn−1

∫
Sn−1

f (x+ty)dσ(y), ωn−1

denotes the area of the unit sphere Sn−1⊂Rn, g1(x)= f3(x)−△ f1(x), g2(x)= f4(x)−△ f2(x).

Theorem 1.3 (Solution formula of biwave equation in even dimensions). Assume n is an
even integer, n≥2, and suppose also f1 ∈Cm+3(Rn), f2 ∈Cm+2(Rn), f3 ∈Cm+1(Rn) and f4 ∈
Cm(Rn) for m= n+2

2 . Then the solution formula of (1.3) is

u(x,t)=
2

1·3·5···(n−1)ωn

[( ∂

∂t

)(1
t

∂

∂t

) n−2
2

tn−1
∫
|y|<1

f1(x+ty)√
1−|y|2

dy
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+
(1

t
∂

∂t

) n−2
2

tn−1
∫
|y|<1

f2(x+ty)√
1−|y|2

dy

+
∫ t

0

( 1
t′

∂

∂t′
) n−2

2
(t′)n−1

∫
|y|<1

v(x+t′y,s)√
1−|y|2

dyds
]
, (1.6)

where

v(x,s)=
2

1·3·5···(n−1)ωn

[( ∂

∂s

)(1
s

∂

∂s

) n−2
2

sn−1
∫
|y|<1

g1(x+sy)√
1−|y|2

dy

+
(1

s
∂

∂s

) n−2
2

sn−1
∫
|y|<1

g2(x+sy)√
1−|y|2

dy
]
.

Remark 1.1. In [5], the authors get the solution formulas for ( ∂2

∂t2 −a2△)( ∂2

∂t2 −b2△)u=0
by the method of Fourier analysis. In their paper, a2 ̸= b2 is necessary. Here we can also
get the solution formula by the method of Fourier analysis when a2=b2.

Remark 1.2. Comparing (1.5) and (1.6), we observe that if n is odd and n≥ 3, the data
fi(i=1,··· ,4) at a given point x∈Rn affect the solution u only on the boundary {(y,t)|t>
0,|x−y|=t} of the cone C={(y,t)|t>0,|x−y|<t}. On the other hand, if n is even and n≥2,
the data fi(i=1,··· ,4) affect u within all of C. In other words, a ”disturbance” originating
at x propagates along a sharp wavefront in odd dimensions, but in even dimensions
continues to have effects even after the leading edge of the wavefront passes. Therefore,
the Huygen’s principle holds as well for biwave maps.

Besides, similar to the standard wave equation, we also obtain the L∞(Rn)−WN,1(Rn)
(N≥ [ 3n

2 ]+3) estimates, where [a] denotes the largest integer less than a.

Theorem 1.4. Through above solution formulas, when t>1, we have the following results
(1) When n=1

||u||L∞(R)≤C
(
|| f1||L∞(R)+|| f2||L1(R)

)
+C|| f4||L1(R)t

2

+C
(
|| f2||L∞(R)+|| f1||W2,1(R)+|| f3||L1(R)

)
t.

(2) When n=2

||u||L∞(R2)≤C
(
|| f1||W6,1(R2)+|| f2||W5,1(R2)

)
t

3
2 +C

(
|| f3||W2,1(R2)+|| f4||W2,1(R2)

)
t2.

(3) When n=3

||u||L∞(R3)≤C
(
|| f1||W7,1(R3)+|| f2||W6,1(R3)

)
tlnt+C

(
|| f3||W3,1(R3)+|| f4||W3,1(R3)

)
t2 lnt.

(4) When n>3

||u||L∞(Rn)≤C
(
|| f1||W [3n/2]+3,1(Rn)+|| f2||W [3n/2]+2,1(Rn)

)
t

+C
(
|| f3||W [n],1(Rn)+|| f4||W [n],1(Rn)

)
t

n+1
2 .
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Following the idea of [1], we can get the L∞(Rn)−WN,2(Rn) estimates, which shows
that the solution will decay when n>7.

Theorem 1.5. Assume that u is a solution to (1.3), then we get

||u||L∞(Rn)≤C
(
|| f1||W [n/2]+2,2

Λ (Rn)
+|| f2||W [n/2]+1,2

Λ (Rn)

)
(1+t+|x|) 3−n

2 (1+|t−|x||)− 1
2

+C
(
|| f1||W [n/2]+4,2

Λ (Rn)
+|| f2||W [n/2]+3,2

Λ (Rn)
+|| f3||W [n/2]+2,2

Λ (Rn)

+|| f4||W [n/2]+1,1
Λ (Rn)

)
(1+t+|x|) 7−n

2 (1+|t−|x||)− 1
2 ,

where

|| f ||WN,2
Λ (Rn)= ∑

|a|≤N
||Λa f ||L2(Rn)= ∑

|a|≤N

(∫
Rn

|Λa f |2dx
) 1

2
, Λ=(∂,r∂r,xi∂j−xj∂i,xi∂t)

denotes the Klainerman’s vector field on {t=0}.

Remark 1.3. For the linear wave equation{
□u=0, t>0,x∈Rn,
u(x,0)= f (x), ut(x,0)= g(x).

We know that if u belongs to C∞
0 (Rn)

||u||L∞(Rn)≤C
(
|| f ||Wn,1(Rn)+||g||Wn−1,1(Rn)

)
(1+t)−

n−1
2 .

If u∈C∞(Rn) vanishs when |x| is large. Then, if t>0

||u||L∞(Rn)≤
{

C(|| f ||W [n/2]+2,2(Rn)+||g||W [n/2]+1,2(Rn))(1+t)−
n−1

2 , n is odd,

C(|| f ||W [n/2]+2,2(Rn)+||g||W [n/2]+1,2(Rn))(1+t)−
n−1

2 (1+|t−|x||) 1
2 , n is even.

By Theorems 1.4 and 1.5, we see that the decay properties of biwave maps are different
from the wave equation.

The paper is organized as follows: in Section 2, we give some preparations on wave
equations and Fourier transformation; in Section 3, we obtain the solution formulas for
(1.3) by two methods; we study the L∞(Rn)−WN,1(Rn) estimates based on the solution
formulas, and the L∞(Rn)−WN,2(Rn) estimates based on the weighted energy estimate
in Section 4.

2 Preliminaries

In this section, we first introduce the notations and some important lemmas.
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2.1 Notations

The scaling operator is defined by

S= t∂t+r∂r = t∂t+
n

∑
i=1

xi∂i,

and the angular-momentum operators are defined by

Ωij = xi∂j−xj∂i, (i, j=1,··· ,n),

and we also have the Lorentz boost

L0i = t∂i+xi∂t, (i=1,··· ,n).

Combining with the original derivative ∂ = (∂t,∂1,··· ,∂n), we get the Klainerman’s
vector field

Γ=(∂,S,Ωij,L0i).

For a function v(x,t), we denote

Γav=∂a1 Sa2 Ωa3 La4 v, |a|= |a1|+|a2|+|a3|+|a4|.

We define

||v(·,t)||L2(Rn)=
(∫

Rn
|v(x,t)|2dx

) 1
2
, ||v(·,t)||L∞(Rn)= sup

x∈Rn
|v(x,t)|.

||v(·,t)||WN,1(Rn)= ∑
|a|≤N

∫
Rn

|∂av(x,t)|dx,

||v(·,t)||WN,2
Γ (Rn)= ∑

|a|≤N

(∫
Rn

|Γav(x,t)|2dx
) 1

2
.

2.2 Some important lemmas

In order to study the biwave equations, we first introduce some basic theories of linear
wave equations, and these details can be found in Evans [11].

For the Cauchy problem of the linear wave equation, which takes the form{
□u=0,
u(x,0)= f (x), ∂tu(x,0)= g(x),

(2.1)

where u=u(x,t), x∈Rn, f ∈Cm+1(Rn), g∈Cm(Rn), m depends on the dimensions.
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Lemma 2.1 (Some useful identities). Let ϕ :R→R be Ck+1, then for k≥1:

(i)
( d2

dr2

)(1
r

d
dr

)k−1(
r2k−1ϕ(r)

)
=
(1

r
d
dr

)k(
r2k dϕ

dr
(r)
)

,

(ii)
(1

r
d
dr

)k−1(
r2k−1ϕ(r)

)
=

k−1
∑

j=0
βk

j r
j+1 djϕ

drj (r),

where the constants βk
j (j=0,··· ,k−1) are independent of ϕ, and βk

0=1·3·5···(2k−1).

Proof. (i) Since

(1
r

d
dr

)(1
r

d
dr

)
=

1
r

d
dr

(1
r

) d
dr

+
1
r2

d2

dr2 =− 1
r3

d
dr

+
1
r2

d2

dr2 ,

so
d2

dr2 = r2
(1

r
d
dr

)(1
r

d
dr

)
+

1
r

d
dr

= r2
(1

r
d
dr

)2
+

1
r

d
dr

.

When k=1, we have

d2

dr2 (rϕ(r))=r2
(1

r
d
dr

)2
(rϕ)+

(1
r

d
dr

)
(rϕ)

=r2
(1

r
d
dr

)[1
r

d
dr

(rϕ)
]
+
(1

r
d
dr

)
(rϕ)

=
(1

r
d
dr

)[
r2
(1

r
d
dr

)
(rϕ)

]
−
(1

r
d
dr

)
(rϕ)

=
(1

r
d
dr

)(
rϕ+r2 dϕ

dr

)
−
(1

r
d
dr

)
(rϕ)

=
(1

r
d
dr

)(
r2 dϕ

dr

)
.

When k=2, we have

d2

dr2

(1
r

d
dr

)
(r3ϕ(r))=3

d2

dr2 (rϕ)+
d2

dr2

(
r2 dϕ

dr

)
=3
(1

r
d
dr

)(
r2 dϕ

dr

)
+r2

(1
r

d
dr

)(1
r

d
dr

)(
r2 dϕ

dr

)
+
(1

r
d
dr

)(
r2 dϕ

dr

)
=4
(1

r
d
dr

)(
r2 dϕ

dr

)
+
(1

r
d
dr

)[
r2
(1

r
d
dr

)(
r2 dϕ

dr

)]
−2
(1

r
d
dr

)(
r2 dϕ

dr

)
=
(1

r
d
dr

)[
r2
(1

r
d
dr

)(
r2 dϕ

dr

)]
+2r2 dϕ

dr

]
=
(1

r
d
dr

)[(1
r

d
dr

)(
r2 ·r2 dϕ

dr

)]
=
(1

r
d
dr

)2(
r4 dϕ

dr

)
.
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Assume k=b, (i) is true. i.e.,( d2

dr2

)(1
r

d
dr

)b−1(
r2k−1ϕ(r)

)
=
(1

r
d
dr

)b(
r2b dϕ

dr
(r)
)

,

then when k=b+1, we have

d2

dr2

(1
r

d
dr

)b(
r2b+1ϕ(r)

)
=

d2

dr2

(1
r

d
dr

)b−1(1
r

d
dr

)(
r2b+1ϕ(r)

)
=(2b+1)

d2

dr2

(1
r

d
dr

)b−1(
r2b−1ϕ(r)

)
+

d2

dr2

(1
r

d
dr

)b−1(
r2b dϕ

dr

)
=(2b+1)

(1
r

d
dr

)b(
r2b dϕ

dr

)
+r2

(1
r

d
dr

)2(1
r

d
dr

)b−1(
r2b dϕ

dr

)
+
(1

r
d
dr

)b(
r2b dϕ

dr

)
=2b

(1
r

d
dr

)b(
r2b dϕ

dr

)
+
(1

r
d
dr

)(1
r

d
dr

)[
r2
(1

r
d
dr

)b−1(
r2b dϕ

dr

)]
−2
(1

r
d
dr

)b(
r2b dϕ

dr

)
=(2b−2)

(1
r

d
dr

)b(
r2b dϕ

dr

)
+
(1

r
d
dr

)2[
r2
(1

r
d
dr

)b−1(
r2b dϕ

dr

)]
=
(1

r
d
dr

)b(1
r

d
dr

)(
r2b+2 dϕ

dr

)
=
(1

r
d
dr

)b+1(
r2b+2 dϕ

dr

)
.

Thus, the proof of (i) is completed, the proof of (ii) can be found in [12].

Lemma 2.2 (The one-dimensional wave equation). For n = 1, m = 1, the solution can be
obtained by D’Alembert’s formula:

u(x,t)=
1
2
[ f (x+t)+ f (x−t)]+

1
2

∫ x+t

x−t
g(y)dy, (2.2)

where (2.2) can also be written as

u(x,t)=
∂

∂t
(tAt f )+tAtg, (2.3)

where At f (x)= 1
2t

∫ x+t
x−t f (ξ)dξ is the integral average of the function f on the interval [x−t,x+t].

Lemma 2.3 (Solution formula of wave equation in odd dimensions). For n≥3, m= n+1
2 ,

we have the representation formula:

u(x,t)=
1

γn

[( ∂

∂t

)(1
t

∂

∂t

) n−3
2
(

tn−2
∫
−

∂B(x,t)
f dS

)
+
(1

t
∂

∂t

) n−3
2
(

tn−2
∫
−

∂B(x,t)
gdS

)]
. (2.4)

We can also rewrite (2.4) as

u(x,t)=
1

γn

[( ∂

∂t

)(1
t

∂

∂t

) n−3
2
(

tn−2At f (x)
)
+
(1

t
∂

∂t

) n−3
2
(

tn−2Atg(x)
)]

, (2.5)

where γn =1·3·5···(n−2).
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Lemma 2.4. (Solution formula of wave equation in even dimensions) For n≥2, m= n+2
2 ,

we have the following formula:

u(x,t)=
2

1·3·5···(n−1)ωn

[( ∂

∂t

)(1
t

∂

∂t

) n−2
2

tn−1
∫
|y|<1

f (x+ty)√
1−|y|2

dy

+
(1

t
∂

∂t

) n−2
2

tn−1
∫
|y|<1

g(x+ty)√
1−|y|2

dy
]
. (2.6)

For the inhomogeneous wave equation with zero initial data,{
utt−△u=h, in Rn×(0,∞),
u=0, ut =0, on Rn×(t=0).

(2.7)

Lemma 2.5. Motivated by Duhamel’s principle, assume u=u(x,t;s) is the solution to{
utt(·;s)−△u(·;s)=0, in Rn×(s,∞),
u(·;s)=0, ut(·;s)=h(·,s), on Rn×(t= s),

(2.8)

then the solution of (2.7) is given by

u(x,t)=
∫ t

0
u(x,t;s)ds (x∈Rn,t≥0).

Obviously, combining Lemmas 2.2-2.5, we have

Lemma 2.6. If n=1, we get the solution of (2.7) is

u(x,t)=
1
2

∫ t

0

∫ x+t′

x−t′
h(y,s)dyds=

∫ t

0
t′At′h(x,s)ds; (2.9)

if n is an odd integer and n≥3, we can obtain the solution formula of (2.7) is

u(x,t)=
1

1·3·5···(n−2)

∫ t

0

( 1
t′

∂

∂t′
) n−3

2
(
(t′)n−2At′h(x,s)

)
ds; (2.10)

if n is an even integer and n≥2, the solution formula of (2.7) is

u(x,t)=
2

1·3·5···(n−1)ωn

∫ t

0

( 1
t′

∂

∂t′
) n−2

2
(t′)n−1

∫
|y|<1

h(x+t′y,s)√
1−|y|2

dyds, (2.11)

where t′= t−s.

The next lemma, which can be found in [12], plays an important role in getting the
L∞(Rn)−WN,1(Rn) estimates of the biwave equations.
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Lemma 2.7. Let f ∈C∞
0 (Rn), g∈C∞

0 (Rn), u(x,t) is the solution of (2.1). We have

|u(x,t)|≤C
(
|| f ||Wn,1(Rn)+||g||Wn−1,1(Rn)

)
(1+t)−

(n−1)
2 ,

if t>1,

|u(x,t)|≤C
(
|| f ||W [n/2]+1,1(Rn)+||g||W [n/2],1(Rn)

)
t−

(n−1)
2 .

In the meantime, in order to apply the method of Fourier transformation, we need to
introduce some theories of Fourier analysis, see [5] and references therein.

Lemma 2.8. We have

cos(|ξ|t)= ei|ξ|t+e−i|ξ|t

2
, sin(|ξ|t)= ei|ξ|t−e−i|ξ|t

2i
,

sin(|ξ|t)
|ξ| =

ei|ξ|t−e−i|ξ|t

2i|ξ| =
1
2

∫ t

−t
ei|ξ|θdθ,

cos(|ξ|t)
|ξ|2 =

ei|ξ|t+e−i|ξ|t

2|ξ|2 =−1
2

∫ t

0

∫ y

0
ei|ξ|ududy− 1

2

∫ t

0

∫ y

0
e−i|ξ|ududy+

1
|ξ|2 ,

sin(|ξ|t)
|ξ|3 =

ei|ξ|t−e−i|ξ|t

2i|ξ|3 =−1
2

∫ t

−t

∫ y

0

∫ τ

0
ei|ξ|ududτdy+

t
|ξ|2 .

Furthermore,

δ̂(x−αt)=
∫ +∞

−∞
e−i|ξ|xδ(x−αt)dx= e−iα|ξ|t,

where δ(x) is the Dirac delta function.

Lemma 2.9. Assume that n is an odd integer and n≥3, then

sin(|ξ|t)
|ξ| =

1
2

∫ t

−t
eis|ξ|ds= cn

(1
t

∂

∂t

) n−3
2
( 1

ρnt

∫
∂B(0,t)

e−ix·ξdσ(x)
)

, (2.12)

where t>0, ρn is the surface measure of the unit ball in Rn and c−1
n =(n−2)(n−4)···1.

On the other hand, if n is an even integer and n≥2, then

sin(|ξ|t)
|ξ| =

1
2

∫ t

−t
eis|ξ|ds=dn

(1
t

∂

∂t

) n−2
2
( 1

vn

∫
B(0,t)

1
(t2−|x|2)1/2 e−ix·ξdx

)
, (2.13)

where t>0, vn is the volume of the unit ball in Rn, d−1
n =n(n−2)(n−4)···2 and ρn =nvn.

Remark 2.1. For every φ∈S(Rn), we notice that

1
ρnRn−1

∫
∂B(x,R)

φ(y)dσ(y)=
∫
−

∂B(x,R)
φ(y)dσ(y)=

∫
−

∂B(0,1)
φ(x+Ry)dσ(y)

=
1

ωn−1

∫
Sn−1

φ(x+Ry)dσ(y)=AR φ(x).
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In order to get the L∞(Rn)−WN,2(Rn) estimates of the biwave equations, we require
the following Klainerman Sobolev inequality and Hardy inequality, which can be found
in [1].

Lemma 2.10. Suppose that u= u(x,t) is a function with compact support in the variable x for
any fixed t≥0. Then, for any integer M≥0, we have

∑
|α|≤M

|Γαu(·,t)|L∞(Rn)≲ (1+t+|x|)− n−1
2 (1+|t−|x||)− 1

2 ∑
|α|≤M+[ n

2 ]+1
||Γαu(·,t)||L2(Rn).

Lemma 2.11. If n≥1, we assume that u(x,t)=0 on |x|≥1+t, then

||u(·,t)||L2(Rn)≲ ||∇u(·,t)||L2(Rn)(1+t).

3 Proof of Theorems 1.1-1.3

In this section, we give the solution formulas for the biwave equations (1.3) by exploiting
the Duhamel’s principle and the Fourier analysis, respectively.

3.1 The method of Duhamel’s principle

Introducing a new variable v=□u, then (1.3) is equivalent to
□u=v,
u(x,0)= f1(x),
ut(x,0)= f2(x),

(3.1)


□v=0,
v(x,0)= f3(x)−△ f1(x) := g1(x),
vt(x,0)= f4(x)−△ f2(x) := g2(x).

(3.2)

By Duhamel’s principle, we have u=u+ũ, where
□u=0,
u(x,0)= f1(x),
ut(x,0)= f2(x),

(3.3)


□ũ=v,
ũ(x,0)=0,
ũt(x,0)=0.

(3.4)

We discuss the solution formulas of different dimensions in different cases.
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Case I: n=1.
By Lemma 2.2, if n=1, the solution of (3.2) is

v(x,t)=
1
2
[g1(x+t)+g1(x−t)]+

1
2

∫ x+t

x−t
g2(y)dy. (3.5)

The solution of (3.3) is

u(x,t)=
1
2
[ f1(x+t)+ f1(x−t)]+

1
2

∫ x+t

x−t
f2(y)dy. (3.6)

For (3.4), by Lemma 2.6, if n=1, we have

ũ(x,t)=
1
2

∫ t

0

∫ x+t′

x−t′
v(y,s)dyds. (3.7)

Inserting (3.6)-(3.7) into (3.1), we get

u(x,t)=u(x,t)+ũ(x,t)

=
1
2
[ f1(x+t)+ f1(x−t)]+

1
2

∫ x+t

x−t
f2(y)dy+

1
2

∫ t

0

∫ x+t′

x−t′
v(y,s)dyds, (3.8)

where

v(y,s)=
1
2
[ f3(y+s)+ f3(y−s)]− 1

2
[△ f1(y+s)+△ f1(y−s)]

+
1
2

∫ y+s

y−s
f4(ω)dω− 1

2

∫ y+s

y−s
△ f2(ω)dω,

and t′= t−s≥0.

Case II: n≥3 and n is odd.
If n is odd and n≥3, by Lemma 2.3, the solution of (3.2) is

v(x,t)=
1

1·3·5···(n−2)

[( ∂

∂t

)(1
t

∂

∂t

) n−3
2
(

tn−2Atg1(x)
)

+
(1

t
∂

∂t

) n−3
2
(

tn−2Atg2(x)
)]

. (3.9)

The solution of (3.3) is

u(x,t)=
1

1·3·5···(n−2)

[( ∂

∂t

)(1
t

∂

∂t

) n−3
2
(

tn−2At f1(x)
)

+
(1

t
∂

∂t

) n−3
2
(

tn−2At f2(x)
)]

. (3.10)
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For (3.4), by Lemma 2.6, if n is odd and n≥3, we have

ũ(x,t)=
1

1·3·5···(n−2)

∫ t

0

( 1
t′

∂

∂t′
) n−3

2
(
(t′)n−2At′v(x,s)

)
ds. (3.11)

Combining (3.10) and (3.11), when n is odd and n≥3, we get

u(x,t)=u(x,t)+ũ(x,t)

=
1

1·3·5···(n−2)

[( ∂

∂t

)(1
t

∂

∂t

) n−3
2
(

tn−2At f1(x)
)
+
(1

t
∂

∂t

) n−3
2
(

tn−2At f2(x)
)

+
∫ t

0

( 1
t′

∂

∂t′
) n−3

2
(
(t′)n−2At′v(x,s)

)
ds
]
, (3.12)

where

v(x,s)=
1

1·3·5···(n−2)

[( ∂

∂s

)(1
s

∂

∂s

) n−3
2
(

sn−2Asg1(x)
)
+
(1

s
∂

∂s

) n−3
2
(

sn−2Asg2(x)
)]

,

and g1= f3−△ f1, g2= f4−△ f2.

Case III: n≥2 and n is even.
If n is even and n≥2, by Lemma 2.4, the solution of (3.2) is

v(x,t)=
2

1·3·5···(n−1)ωn

[( ∂

∂t

)(1
t

∂

∂t

) n−2
2

tn−1
∫
|y|<1

g1(x+ty)√
1−|y|2

dy

+
(1

t
∂

∂t

) n−2
2

tn−1
∫
|y|<1

g2(x+ty)√
1−|y|2

dy
]
. (3.13)

The solution of (3.3) is

u(x,t)=
2

1·3·5···(n−1)ωn

[( ∂

∂t

)(1
t

∂

∂t

) n−2
2

tn−1
∫
|y|<1

f1(x+ty)√
1−|y|2

dy

+
(1

t
∂

∂t

) n−2
2

tn−1
∫
|y|<1

f2(x+ty)√
1−|y|2

dy
]
. (3.14)

For (3.4), by Lemma 2.6, if n is even and n≥2, we have

ũ(x,t)=
2

1·3·5···(n−1)ωn

∫ t

0

( 1
t′

∂

∂t′
) n−2

2
(t′)n−1

∫
|y|<1

v(x+t′y,s)√
1−|y|2

dyds. (3.15)

Therefore, when n is even and n≥2, combining (3.14) and (3.15), we get

u(x,t)=u(x,t)+ũ(x,t)
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=
2

1·3·5···(n−1)ωn

[( ∂

∂t

)(1
t

∂

∂t

) n−2
2

tn−1
∫
|y|<1

f1(x+ty)√
1−|y|2

dy

+
(1

t
∂

∂t

) n−2
2

tn−1
∫
|y|<1

f2(x+ty)√
1−|y|2

dy

+
∫ t

0

( 1
t′

∂

∂t′
) n−2

2
(t′)n−1

∫
|y|<1

v(x+t′y,s)√
1−|y|2

dyds
]
, (3.16)

where

v(x,s)=
2

1·3·5···(n−1)ωn

[( ∂

∂s

)(1
s

∂

∂s

) n−2
2

sn−1
∫
|y|<1

g1(x+sy)√
1−|y|2

dy

+
(1

s
∂

∂s

) n−2
2

sn−1
∫
|y|<1

g2(x+sy)√
1−|y|2

dy
]
.

Thus, combining (3.8), (3.12) and (3.16), proof of the Theorems 1.1-1.3 is completed.

3.2 The method of Fourier analysis

In this subsection, we restudy (1.3) by the method of Fourier analysis.

Definition 3.1. The Fourier transform of Schwarz function ϕ is defined by

F [ϕ](ξ)= ϕ̂(ξ)=
∫

Rn
e−ix·ξϕ(x)dx. (3.17)

The convolution of two integrable functions ϕ and ψ is written as ϕ∗ψ, i.e.,

(ϕ∗ψ)(t)=
∫

Rn
ϕ(τ)ψ(t−τ)dτ. (3.18)

The Fourier’s inversion formula for Schwarz function ϕ is defined by

F−1[ϕ](x)=
1

(2π)n

∫
Rn

e−ix·ξ ϕ̂(ξ)dξ. (3.19)

Eq. (1.3) can be rewritten as a fourth-order PDE, which has the following form

∂4u
∂t4 −2

∂2

∂t2△u+△2u=0. (3.20)

Taking Fourier transform on both sides of Eq. (3.20) over Rn, we obtain

∂4

∂t4 û(ξ,t)+2|ξ|2 ∂2

∂t2 û(ξ,t)+|ξ|4û(ξ,t)=0. (3.21)
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Solving (3.21), we have

û(ξ,t)=(C1t+C2)cos(|ξ|t)+(D1t+D2)sin(|ξ|t), (3.22)

where C1, C2, D1 and D2 are determined by the initial conditions:

û(ξ,t)|t=0=C2= f̂1(ξ),
∂û(ξ,t)

∂t

∣∣∣
t=0

=C1+D2|ξ|= f̂2(ξ),

∂2û(ξ,t)
∂t2

∣∣∣
t=0

=−C2|ξ|2+2D1|ξ|= f̂3(ξ),

∂3û(ξ,t)
∂t3

∣∣∣
t=0

=−3C1|ξ|2−D2|ξ|3= f̂4(ξ).

Then we have 

C1=−1
2

f̂2(ξ)−
1
2

f̂4(ξ)

|ξ|2 ,

C2= f̂1(ξ),

D1=
1
2
|ξ| f̂1(ξ)+

1
2

f̂3(ξ)

|ξ| ,

D2=
3
2

f̂2(ξ)

|ξ| +
1
2

f̂4(ξ)

|ξ|3 .

Finally, we get the expression of û(ξ,t)

û(ξ,t)=
(
− 1

2
f̂2(ξ)t−

1
2

f̂4(ξ)

|ξ|2 t+ f̂1(ξ)
)

cos(|ξ|t)

+
(1

2
|ξ| f̂1(ξ)t+

1
2

f̂3(ξ)

|ξ| t+
3
2

f̂2(ξ)

|ξ| +
1
2

f̂4(ξ)

|ξ|3
)

sin(|ξ|t). (3.23)

Next, we discuss the Fourier transform formulas of different dimensions in different
cases.

Case I: n=1.
By Lemma 2.8, we know( ei|ξ|t+e−i|ξ|t

2

)
f̂1(ξ)=

F [δ(x+t)∗ f1(x)]+F [δ(x−t)∗ f1(x)]
2

, (3.24)

|ξ| f̂1(ξ)
ei|ξ|t−e−i|ξ|t

2i
= |ξ|2 f̂1(ξ)

ei|ξ|t−e−i|ξ|t

2i|ξ|

= |ξ|2 f̂1(ξ)
(1

2

∫ t

−t
ei|ξ|θdθ

)
=

1
2

∫ t

−t
F [δ(x+θ)∗△ f1(x)]dθ, (3.25)

f̂2(ξ)
(1

2

∫ t

−t
ei|ξ|θdθ

)
=

1
2

∫ t

−t
F [δ(x+θ)∗ f2(x)]dθ, (3.26)
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f̂4(ξ)
(
− 1

2

∫ t

0

∫ y

0
ei|ξ|ududy− 1

2

∫ t

0

∫ y

0
e−i|ξ|ududy

)
=
(
− 1

2

∫ t

0

∫ y

0
F [δ(x+u)∗ f4(x)]dudy− 1

2

∫ t

0

∫ y

0
F [δ(x−u)∗ f4(x)]dudy

)
, (3.27)

f̂4(ξ)
(
− 1

2

∫ t

−t

∫ y

0

∫ τ

0
ei|ξ|ududτdy

)
=−1

2

∫ t

−t

∫ y

0

∫ τ

0
F [δ(x+u)∗ f4(x)]dudτdy. (3.28)

Substituting (3.24)-(3.28) into (3.23), we obtain

û(ξ,t)=− 1
2

t
F [δ(x+t)∗ f2(x)]+F [δ(x−t)∗ f2(x)]

2

− 1
2

t
(
− 1

2

∫ t

0

∫ y

0
F [δ(x+u)∗ f4(x)]dudy− 1

2

∫ t

0

∫ y

0
F [δ(x−u)∗ f4(x)]dudy

)
+
F [δ(x+t)∗ f1(x)]+F [δ(x−t)∗ f1(x)]

2
+

1
4

t
∫ t

−t
F [δ(x+θ)∗△ f1(x)]dθ

+
1
4

t
∫ t

−t
F [δ(x+θ)∗ f3(x)]dθ+

3
4

∫ t

−t
F [δ(x+θ)∗ f2(x)]dθ

− 1
4

∫ t

−t

∫ y

0

∫ τ

0
F [δ(x+u)∗ f4(x)]dudτdy. (3.29)

Taking the inverse Fourier transform on (3.29), we have

u(x,t)=− 1
2

t
(δ(x+t)∗ f2(x))+(δ(x−t)∗ f2(x))

2

− 1
2

t
(
− 1

2

∫ t

0

∫ y

0
(δ(x+u)∗ f4(x))dudy− 1

2

∫ t

0

∫ y

0
(δ(x−u)∗ f4(x))dudy

)
+
(δ(x+t)∗ f1(x))+(δ(x−t)∗ f1(x))

2
+

1
4

t
∫ t

−t
(δ(x+θ)∗△ f1(x))dθ

+
1
4

t
∫ t

−t
(δ(x+θ)∗ f3(x))dθ+

3
4

∫ t

−t
(δ(x+θ)∗ f2(x))dθ

− 1
4

∫ t

−t

∫ y

0

∫ τ

0
(δ(x+u)∗ f4(x))dudτdy

=− 1
4

t[ f2(x+t)+ f2(x−t)]+
1
4

t
∫ x+t

x−t

∫ y

0
f4(u)dudy

+
1
2
[ f1(x+t)+ f1(x−t)]+

1
4

t
∫ x+t

x−t
△ f1(y)dy+

1
4

t
∫ x+t

x−t
f3(z)dz

+
3
4

∫ x+t

x−t
f2(θ)dθ− 1

4

∫ x+t

x−t

∫ y

0

∫ τ

0
f4(ω)dωdτdy. (3.30)

Case II: n≥3 and n is odd.
According to Lemma 2.9, differentiating equation (2.12) with respect to t, we have

cos(|ξ|t)= cn

( ∂

∂t

)(1
t

∂

∂t

) n−3
2
( 1

ρnt

∫
∂B(0,t)

e−ix·ξdσ(x)
)

. (3.31)
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For any function θ∈S(Rn), we have∫
Rn

sin(|ξ|t)
|ξ| θ(ξ)dξ=cn

(1
t

∂

∂t

) n−3
2
( 1

ρnt

∫
∂B(0,t)

∫
Rn

e−ix·ξdξdσ(x)
)

=cn

(1
t

∂

∂t

) n−3
2
( 1

ρnt

∫
∂B(0,t)

θ̂(x)dσ(x)
)

. (3.32)

By (3.32), we conclude that

cn

(1
t

∂

∂t

) n−3
2 ̂( 1

ρnt

∫
∂B(0,t)

dσ(x)
)
(ξ)=

sin(|ξ|t)
|ξ| .

By the Fourier inversion and convolution formulas, we can obtain

1
(2π)n

∫
Rn

f̂2(ξ)
sin(|ξ|t)

|ξ| eiξ·xdξ= cn

(1
t

∂

∂t

) n−3
2
( 1

ρnt

∫
∂B(x,t)

f2(y)dσ(y)
)

=
1

(n−2)!!

(1
t

∂

∂t

) n−3
2
(

tn−2At f2(x)
)

, (3.33)

1
(2π)n

∫
Rn

f̂2(ξ)cos(|ξ|t)eiξ·xdξ= cn

( ∂

∂t

)(1
t

∂

∂t

) n−3
2
( 1

ρnt

∫
∂B(x,t)

f2(y)dσ(y)
)

=
1

(n−2)!!

( ∂

∂t

)(1
t

∂

∂t

) n−3
2
(

tn−2At f2(x)
)

, (3.34)

1
(2π)n

∫
Rn

f̂1(ξ)cos(|ξ|t)eiξ·xdξ= cn

( ∂

∂t

)(1
t

∂

∂t

) n−3
2
( 1

ρnt

∫
∂B(x,t)

f1(y)dσ(y)
)

=
1

(n−2)!!

( ∂

∂t

)(1
t

∂

∂t

) n−3
2
(

tn−2At f1(x)
)

, (3.35)

1
(2π)n

∫
Rn

f̂4(ξ)
cos(|ξ|t)

|ξ|2 eiξ·xdξ=
1

(2π)n

∫
Rn

f̂4(ξ)
[
−
∫ t

0

sin(s|ξ|)
|ξ| ds+

1
|ξ|2

]
eiξ·xdξ

=−
∫ t

0
cn

(1
s

∂

∂s

) n−3
2
( 1

ρns

∫
∂B(x,s)

f4(y)dσ(y)
)

ds+
1

(2π)n

∫
Rn

f̂4(ξ)
1
|ξ|2 eiξ·xdξ

=−
∫ t

0

1
(n−2)!!

(1
s

∂

∂s

) n−3
2
(

sn−2At f4(x)
)

ds+
1

(2π)n

∫
Rn

f̂4(ξ)
1
|ξ|2 eiξ·xdξ, (3.36)

1
(2π)n

∫
Rn

f̂3(ξ)
sin(|ξ|t)

|ξ| eiξ·xdξ= cn

(1
t

∂

∂t

) n−3
2
( 1

ρnt

∫
∂B(x,t)

f3(y)dσ(y)
)

=
1

(n−2)!!

(1
t

∂

∂t

) n−3
2
(

tn−2At f3(x)
)

, (3.37)

1
(2π)n

∫
Rn

f̂4(ξ)
sin(|ξ|t)

|ξ|3 eiξ·xdξ=−
∫ t

0

∫ v

0
cn

(1
s

∂

∂s

) n−3
2
( 1

ρns

∫
∂B(x,s)

f4(y)dσ(y)
)

dsdv

+
1

(2π)n

∫
Rn

f̂4(ξ)
t

|ξ|2 eiξ·xdξ
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=−
∫ t

0

∫ v

0

1
(n−2)!!

(1
s

∂

∂s

) n−3
2
(

sn−2As f4(x)
)

dsdv+
1

(2π)n

∫
Rn

f̂4(ξ)
t

|ξ|2 eiξ·xdξ, (3.38)

1
(2π)n

∫
Rn

f̂1(ξ)|ξ|sin(|ξ|t)eiξ·xdξ=− 1
(2π)n

∫
Rn

f̂1(ξ)
( ∂2

∂t2

)sin(|ξ|t)
|ξ| eiξ·xdξ

=−cn

( ∂2

∂t2

)(1
t

∂

∂t

) n−3
2
( 1

ρnt

∫
∂B(x,t)

f1(y)dσ(y)
)

=− 1
(n−2)!!

( ∂2

∂t2

)(1
t

∂

∂t

) n−3
2
(

tn−2At f1(x)
)

. (3.39)

Combining (3.33)-(3.38) and (3.39), we can find the solution formula for the n-dimensional
biwave equation

u(x,t)=
1

(n−2)!!

[( ∂

∂t

)(1
t

∂

∂t

) n−3
2
(

tn−2At f1(x)
)
− t

2

( ∂2

∂t2

)(1
t

∂

∂t

) n−3
2
(

tn−2At f1(x)
)

+
3
2

(1
t

∂

∂t

) n−3
2
(

tn−2At f2(x)
)
− t

2

( ∂

∂t

)(1
t

∂

∂t

) n−3
2
(

tn−2At f2(x)
)

+
t
2

(1
t

∂

∂t

) n−3
2
(

tn−2At f3(x)
)
+

t
2

∫ t

0

(1
s

∂

∂s

) n−3
2
(

sn−2As f4(x)
)

ds

− t
2

∫ t

0

∫ v

0

(1
s

∂

∂s

) n−3
2
(

sn−2As f4(x)
)

dsdv
]
.

Case III: n≥2 and n is even.

Lemma 3.1. Given a function φ : Rn+1 →R, which does not depend on the last variable, i.e.,
φ(x1,x2,··· ,xn+1)=ψ(x1,x2,··· ,xn), then

At φ(x,0)=
2

ρn+1

∫
Bn(0,1)

ψ(x+ty)√
1−|y|2

dy.

Moreover,

Ãt φ(x)=
2

ρn+1

∫
Bn(0,1)

φ(x+ty)√
1−|y|2

dy,

which is called as modified spherical mean of φ.

By Remark 2.1, we know ρn+1=ωn−1, then

Ãt φ(x)=
2

ρn+1

∫
Bn(0,1)

φ(x+ty)√
1−|y|2

dy=
2

ωn

∫
|y|<1

φ(x+ty)√
1−|y|2

dy.

The Hadamard’s method of descent gives the solution formula of the biwave equation
in the even dimensional space Rn, we can get

u(x,t)=
1

(n−1)!!

[( ∂

∂t

)(1
t

∂

∂t

) n−2
2
(

tn−1Ãt f1(x)
)
− t

2

( ∂2

∂t2

)(1
t

∂

∂t

) n−2
2
(

tn−1Ãt f1(x)
)
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+
3
2

(1
t

∂

∂t

) n−2
2
(

tn−1Ãt f2(x)
)
− t

2

( ∂

∂t

)(1
t

∂

∂t

) n−2
2
(

tn−1Ãt f2(x)
)

+
t
2

(1
t

∂

∂t

) n−2
2
(

tn−1Ãt f3(x)
)
+

t
2

∫ t

0

(1
s

∂

∂s

) n−2
2
(

sn−1Ãs f4(x)
)

ds

− t
2

∫ t

0

∫ v

0

(1
s

∂

∂s

) n−2
2
(

sn−1Ãs f4(x)
)

dsdv
]
.

4 L∞(Rn)−WN,1(Rn) and L∞(Rn)−WN,2(Rn) estimates of the
biwave equations

4.1 L∞(Rn)−WN,1(Rn) estimates

In this subsection, we mainly discuss L∞(Rn)−WN,1(Rn) estimates of the biwave equa-
tions, with the help of Lemma 2.7 and the solution formulas (3.8), (3.12), (3.16), we are
interested in the case t>1.

By Lemma 2.7 and the solution formulas (3.5), (3.9), (3.13), we get

|v(x,t)|≤C
(
||g1∥|W [n/2]+1,1(Rn)+||g2||W [n/2],1(Rn)

)
t−

(n−1)
2 . (4.1)

Then, we have

|u(x,t)|≤C
(
|| f1||W [n/2]+1,1(Rn)+|| f2||W [n/2],1(Rn)

)
t−

(n−1)
2

+C
∫ t

0
||v(x,s)||W [n/2],1(Ω)(t−s)−

(n−1)
2 ds, (4.2)

where

||v(·,s)||W [n/2],1(Ω)=
∫

Ω
∑

|α|≤n/2
|Dαv(x,s)|dx, α=(α1,··· ,αn),

Dα =
∂α1+α2+···+αn

∂xα1
1 ···∂xαn

n
, |α|=α1+···+αn, Ω⊂Rn

is an open set.

Case I: n=1.
Combining (3.5) and (3.8), we have

u(x,t)=
1
2
[ f1(x+t)+ f1(x−t)]+

1
2

∫ x+t

x−t
f2(y)dy+

1
4

∫ t

0

∫ x+t′

x−t′
[ f3(y+s)+ f3(y−s)]dyds

− 1
4

∫ t

0

∫ x+t′

x−t′
[△ f1(y+s)+△ f1(y−s)]dyds+

1
4

∫ t

0

∫ x+t′

x−t′

∫ y+s

y−s
f4(ω)dωdyds

− 1
4

∫ t

0

∫ x+t′

x−t′

∫ y+s

y−s
△ f2(ω)dωdyds.
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Then, we get directly

|u(x,t)|≤C
(
|| f1||L∞(R)+|| f2||L1(R)

)
+C|| f4||L1(R)t

2

+C
(
|| f2||L∞(R)+|| f1||W2,1(R)+|| f3||L1(R)

)
t. (4.3)

Case II: n≥3 and n is odd.
By (3.9), we know

v(x,s)=
1

1·3·5···(n−2)

[( ∂

∂s

)(1
s

∂

∂s

) n−3
2
(

sn−2Asg1(x)
)
+
(1

s
∂

∂s

) n−3
2
(

sn−2Asg2(x)
)]

.

Then

Dαv(x,s)=
1

1·3·5···(n−2)

[( ∂

∂s

)(1
s

∂

∂s

) n−3
2
(

sn−2Dα Asg1(x)
)

+
(1

s
∂

∂s

) n−3
2
(

sn−2Dα Asg2(x)
)]

,

where

Dα Asg1(x)=
1

ωn−1

∫
|ξ|=1

Dαg1(x+sξ)dξ,

Dα Asg2(x)=
1

ωn−1

∫
|ξ|=1

Dαg2(x+sξ)dξ.

Similar to [12], we assume g1=0, by Lemma 2.1 (ii), we know

Dαv(x,s)=
1

1·3·5···(n−2)

(1
s

∂

∂s

) n−3
2
(

sn−2Dα Asg2(x)
)
=

n−3
2

∑
k=0

ak sk+1
( d

ds

)k
Dα(Asg2(x)),

and ( d
ds

)k
Dα
(

Asg2(x)
)
=−

∫ ∞

s

( d
dτ

)k+1
Dα
(

Asg2(x)
)

d(τ−s)

=
(−1)k−j

(j−k−1)!

∫ ∞

s
(τ−s)j−k−1

( d
dτ

)j
Dα(Aτg2(x))dτ.

Then, we have∣∣∣sk+1
( d

ds

)k
Dα(Asg2(x))

∣∣∣≤C
∫ ∞

s
sk+1(τ−s)j−k−1

∣∣∣∫
|ξ|=1

( d
dτ

)j
Dαg2(x+τξ)dξ

∣∣∣dτ,

due to dx=τn−1dξ, when τ≥ s,

sk+1(τ−s)j−k−1≤ sk+1τ j−k−1= sk+1τ j−k−1−(n−1)τn−1≤Cτn−1sm,
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where m+n= j+1, j≤n+k. On the other hand, due to j≥ k+1, if k+1≤ j≤n+k, we can
obtain

sk+1
( d

ds

)k∣∣∣Dα(Asg2(x))
∣∣∣≤C

∫ ∞

s
sk+1(τ−s)j−k−1

∣∣∣∫
|ξ|=1

( d
dτ

)j
Dαg2(x+τξ)dξ

∣∣∣dτ

≤Cs1−n+j
∫ ∞

s

∣∣∣∫
|ξ|=1

( d
dτ

)j
Dαg2(x+τξ)dξ

∣∣∣τn−1dτ

=Cs1−n+j
∫
|y|>s

∑
|β|=j

∣∣∣DβDαg2

∣∣∣(x+y)dy, (4.4)

where τξ=y,ξ=(ξ1,··· ,ξn), by the divergence Theorem, ∀q=1,··· ,n, we have∫
|ξ|=1

f (sξ)ξqds(ξ)= s1−n
∫
|y|≤s

∂q f (y)dy,

then

ωn−1

( d
ds

)k
Dα(Asg2(x))=

∫
|ξ|=1

∑
|β|=k

s−|β|−1∂β(Dαg2(x+sξ))(sξ)βξq(sξq)ds(ξ)

=s−n−k
∫
|y|≤s

∑
|β|=k

∂q(∂
β(Dαg2(x+y))·yβyq)dy.

Since |y|≤ s, we have

ωn−1

( d
ds

)k
Dα(Asg2(x))≤ s−n−k

∫
|y|≤s

∑
|β|=k,k+1

s|β|
∣∣∣∂βDαg2(x+y)

∣∣∣dy.

Notice that 0≤k≤ n−3
2 , we need to take n−1

2 ≤ j≤n, when j= n−1
2 , and by (4.4), we obtain∣∣∣Dαv(x,s)

∣∣∣=(n−3)/2

∑
k=0

ak sk+1
( d

ds

)k
Dα(Asg2(x))

≤Cs1−n+j
∫
|y|>s

∑
|β|=j

∣∣∣DβDαg2

∣∣∣(x+y)dy

≤Cs
1−n

2

∫
|y|>1

∑
|β|≤(n−1)/2

∣∣∣DβDαg2

∣∣∣(x+y)dy. (4.5)

If j=n−1, we have ∣∣∣Dαv(x,s)
∣∣∣≤C

∫
|y|>1

∑
|β|≤(n−1)

∣∣∣DβDαg2

∣∣∣(x+y)dy. (4.6)

Now, we estimate sk
(

d
ds

)k
Dαg1(x) (0≤ k≤ n−1

2 ). If j= n+1
2 , we have

sk
∣∣∣( d

ds

)k
Dαg1(x)

∣∣∣≤Cs1−n+(n+1)/2 ·s−1
∫
|y|>1

∑
|β|≤(n+1)/2

∣∣∣DβDαg1

∣∣∣(x+y)dy
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=Cs
1−n

2

∫
|y|>1

∑
|β|≤(n+1)/2

∣∣∣DβDαg1

∣∣∣(x+y)dy. (4.7)

If j=n, we get

sk
∣∣∣( d

ds

)k
Dαg1(x)

∣∣∣≤C
∫
|y|>1

∑
|β|≤n

∣∣∣DβDαg1

∣∣∣(x+y)dy. (4.8)

Case III: n≥2 and n is even.
By (3.13), we know

v(x,s)=
2

1·3·5···(n−1)ωn

[( ∂

∂s

)(1
s

∂

∂s

) n−2
2

sn−1
∫
|y|<1

g1(x+sy)√
1−|y|2

dy

+
(1

s
∂

∂s

) n−2
2

sn−1
∫
|y|<1

g2(x+sy)√
1−|y|2

dy
]
.

Then

Dαv(x,s)=
2

1·3·5···(n−1)ωn

[( ∂

∂s

)(1
s

∂

∂s

) n−2
2

sn−1
∫
|y|<1

Dαg1(x+sy)√
1−|y|2

dy

+
(1

s
∂

∂s

) n−2
2

sn−1
∫
|y|<1

Dαg2(x+sy)√
1−|y|2

dy
]
.

Let g1=0, we have

Dαv(x,s)=
2

1·3·5···(n−1)ωn

(1
s

∂

∂s

) n−2
2

sn−1
∫
|y|<1

Dαg2(x+sy)√
1−|y|2

dy

=
(n−2)/2

∑
k=0

ak sk+1
( d

ds

)k(∫
|y|<1

Dαg2(x+sy)√
1−|y|2

dy
)

,

and( d
ds

)k∫
|y|<1

Dαg2(x+sy)√
1−|y|2

dy=
∫
|y|<1

∑
|β|=k

∂βDαg2(x+sy)√
1−|y|2

yβdy

=
∫
|z|≤s

∑
|β|=k

∂βDαg2(x+z)√
s2−|z|2

( z
s

)β
s1−ndz

=
∫ s

0
dr
∫

Sr(ξ)
∑
|β|=k

∂βDαg2(x+rξ)√
s2−r2

( rξ

s

)β
rn−1s1−nds(ξ)

=
∫ s

0

∫
|ξ|=1

s1−n rn−1drds(ξ)√
s2−r2 ∑

|β|=k
∂βDαg2(x+rξ)

( rξ

s

)β
,
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where sy= z, z= rξ. When s>1, we divide the integral into two parts
∫ s− 1

2
0 and

∫ t
s− 1

2
, we

have ( d
ds

)k∫
|y|<1

Dαg2(x+sy)√
1−|y|2

dy

=
∫ s− 1

2

0

∫
|ξ|=1

s1−n rn−1drds(ξ)√
s2−r2 ∑

|β|=k
∂βDαg2(x+rξ)

( rξ

s

)β

+
∫ s

s− 1
2

∫
|ξ|=1

s1−n rn−1drds(ξ)√
s2−r2 ∑

|β|=k
∂βDαg2(x+rξ)

( rξ

s

)β
.

For the first part, we have

∫ s− 1
2

0

∫
|ξ|=1

s1−n rn−1drds(ξ)√
s2−r2 ∑

|β|=k
∂βDαg2(x+rξ)

( rξ

s

)β

=
∫ s− 1

2

0

1√
s2−r2

dr
∫
|ξ|=1

s1−n ∑
|β|=k

∂βDαg2(x+rξ)
( rξ

s

)β
rn−1ds(ξ)

=
∫ s− 1

2

0

1√
s2−r2

dr
∫

Sr(ξ)
s1−n ∑

|β|=k
∂βDαg2(x+rξ)

( rξ

s

)β
dsr(ξ)

=
∫ s− 1

2

0

1√
s2−r2

drs1−n
∫
|y|≤s− 1

2
∑
|β|=k

∂βDαg2(x+y)dy

=O[(s2−(s− 1
2
)2)−

1
2 ·s1−n]=O

( 1√
s
·s1−n

)
=O(s

1
2−n). (4.9)

For the second part, we have∫ s

s− 1
2

∫
|ξ|=1

s1−n rn−1drds(ξ)√
s2−r2 ∑

|β|=k
∂βDαg2(x+rξ)

( rξ

s

)β

=s1−n
∫ s

s− 1
2

rdr√
s2−r2

∫
|ξ|=1

rn−2 ∑
|β|=k

∂βDαg2(x+rξ)
( rξ

s

)β
ds(ξ)

=s1−n
∫ s

s− 1
2

rdr√
s2−r2

(
rn−2

( d
dr

)k
Ar(Dαg2(x))

)
. (4.10)

Applying (4.4) with j= k+1,

rn−2
( d

dr

)k
Ar(Dαg2(x))= rn−2−k−1rk+1

( d
dr

)k
Ar(Dαg2(x))

=rn−k−3rk+1
( d

dr

)k
Ar(Dαg2(x))
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≤rn−k−3r1−n+k+1
∫
|y|>r

∑
|β|=k+1

∣∣∣Dβ(Dαg2)
∣∣∣(x+y)dy

=r−1
∫
|y|>r

∑
|β|=k+1

∣∣∣DβDαg2

∣∣∣(x+y)dy,

where ∫ s

s− 1
2

rdr√
s2−r2

=
1
2

∫ s

s− 1
2

dr2
√

s2−r2
=O(s

1
2 ) and r∼ s,

we can obtain ∫ s

s− 1
2

∫
|ξ|=1

s1−n rn−1drds(ξ)√
s2−r2 ∑

|β|=k
∂βDαg2(x+rξ)

( rξ

s

)β

=O(s−1 ·s1−n ·s 1
2 )=O(s

1
2−n).

When s>1, we get∣∣∣∫ s

0

∫
|ξ|=1

s1−n rn−1drds(ξ)√
s2−r2 ∑

|β|=k
∂βDαg2(x+rξ)

( rξ

s

)β∣∣∣
≤s

1
2−n

∫
|y|>s

∑
|β|=k+1

∣∣∣DβDαg2(x+y)
∣∣∣dy,

and ∣∣∣∣∣sk+1
∫ s

0

∫
|ξ|=1

s1−n rn−1drds(ξ)√
s2−r2 ∑

|β|=k
∂βDαg2(x+rξ)

( rξ

s

)β
∣∣∣∣∣

≤sk+1

∣∣∣∣∣
∫ s

0

∫
|ξ|=1

s1−n rn−1drds(ξ)√
s2−r2 ∑

|β|=k
∂βDαg2(x+rξ)

( rξ

s

)β
∣∣∣∣∣

≤sk+1+ 1
2−n

∫
|y|>s

∑
|β|=k+1

∣∣∣DβDαg2(x+y)
∣∣∣dy

≤Cs
1
2−n+[(n−2)/2+1]

∫
|y|>s

∑
|β|=k+1

∣∣∣DβDαg2(x+y)
∣∣∣dy

=Cs−
(n−1)

2 ∥Dαg2(x)∥W [n/2],1 . (4.11)

Then, if s>1,

∑
|α|≤ n

2

∣∣∣Dαv(x,s)
∣∣∣≤C

(
∑

|α|≤ n
2

∥Dαg1∥W [n/2]+1,1(Ω)+ ∑
|α|≤ n

2

∥Dαg2∥W [n/2],1(Ω)

)
s−

(n−1)
2 . (4.12)

Consequently, when t>1, s>1, we get

|u(x,t)|≤C
(
∥ f1∥W [n/2]+1,1(Rn)+∥ f2∥W [n/2],1(Rn)

)
t−

(n−1)
2
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+C
∫ t

1
(t−s)−

(n−1)
2 s−

(n−1)
2 ds

∫
Ω

∑
|α|≤ n

2

(
∥Dαg1(x)∥W [n/2],1

+∥Dαg2(x)∥W [n/2],1

)
dx, (4.13)

where Ω is an n-dimensional sphere with x as the center and t−s as the radius.
Finally, we get

|u(x,t)|≤C
(
|| f1||W [n/2]+1,1(Rn)+∥ f2∥W [n/2],1(Rn)

)
t−

(n−1)
2

+C
∫ t

1
(t−s)−

(n−1)
2 s−

(n−1)
2 ∑

|α|≤ n
2

(
∥Dαg1(x)∥W [n/2],1(Ω)

+∥Dαg2(x)∥W [n/2],1(Ω)

)
(t−s)nds. (4.14)

In the following, it suffices to estimate∫ t

1
(t−s)−

(n−1)
2 s−

(n−1)
2 (t−s)nds=

∫ t

1

( t−s
s

) n−1
2
(t−s)ds. (4.15)

Let ( t−s
s )

1
2 =τ, then s= t

1+τ2 , ds=− 2τt
(1+τ2)2 dτ. Thus

∫ t

1
(t−s)−

(n−1)
2 s−

(n−1)
2 (t−s)nds=

∫ √
t−1

0

2τn+2 t2

(1+τ2)3 dτ.

If 0<τ<1, we have ∫ 1

0

2τn+2 t2

(1+τ2)3 dτ≤
∫ 1

0

2t2

(1+τ2)3 dτ≤2t2. (4.16)

If τ>1, we have ∫ √
t−1

1

2τn t2

(1+τ2)3 dτ≤2t2
∫ √

t−1

1
τn−4dτ. (4.17)

For (4.17), we have,
When n=2,

2t2
∫ √

t−1

1
τn−4dτ=2t2

∫ √
t−1

1

1
τ2 dτ=2t2

(
1− 1√

t−1

)
≤2t2.

When n=3,

2t2
∫ √

t−1

1
τn−4dτ=2t2

∫ √
t−1

1

1
τ

dτ= t2 ln(t−1)≲ t2 lnt.

When n>3,

2t2
∫ √

t−1

1
τn−4dτ=

2t2

n−3

[
(t−1)

n−3
2 −1

]
≤ 2t2

n−3
(t−1)

n−3
2 ≤ 2t

n+1
2

n−3
.
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Combining above analysis and computations, we get
When n=2,

|u(x,t)|≤C
(
|| f1||W [n/2]+1,1(Rn)+|| f2||W [n/2],1(Rn)

)
t−

(n−1)
2

+C ∑
|α|≤ n

2

(
||Dαg1(x)||W [n/2],1(Ω)+||Dαg2(x)||W [n/2],1(Ω)

)
t2.

When n=3,

|u(x,t)|≤C
(
|| f1||W [n/2]+1,1(Rn)+|| f2||W [n/2],1(Rn)

)
t−

(n−1)
2

+C ∑
|α|≤ n

2

(
||Dαg1(x)||W [n/2],1(Ω)+||Dαg2(x)||W [n/2],1(Ω)

)
t2 lnt.

When n>3,

|u(x,t)|≤C
(
|| f1||W [n/2]+1,1(Rn)+|| f2||W [n/2],1(Rn)

)
t−

(n−1)
2

+C ∑
|α|≤ n

2

(
||Dαg1(x)||W [n/2],1(Ω)+||Dαg2(x)||W [n/2],1(Ω)

)
t

n+1
2 .

Since g1(x)= f3(x)−△ f1(x), g2(x)= f4(x)−△ f2(x), we finally get
When n=2,

|u(x,t)|≤C
(
|| f1||W6,1(R2)+|| f2||W5,1(R2)

)
t3/2

+C
(
|| f3||W2,1(R2)+|| f4||W2,1(R2)

)
t2. (4.18)

When n=3,

|u(x,t)|≤C
(
|| f1||W7,1(R3)+|| f2||W6,1(R3)

)
tlnt

+C
(
|| f3||W3,1(R3)+|| f4||W3,1(R3)

)
t2 lnt. (4.19)

When n>3,

|u(x,t)|≤C
(
|| f1||W [3n/2]+3,1(Rn)+|| f2||W [3n/2]+2,1(Rn)

)
t

+C
(
|| f3||W [n],1(Rn)+|| f4||W [n],1(Rn)

)
t

n+1
2 . (4.20)

Combining (4.3) and (4.18)-(4.20) gives Theorem 1.4.

4.2 L∞(Rn)−WN,2(Rn) estimates

In this section, we prove Theorem 1.5 by the energy method. Applying Γa on both side
of (3.1) and (3.2), we get □Γau= ∑

|b|≤|a|
Γbv,

□Γav=0.
(4.21)
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Define

EM(t)=
(

∑
|a|≤M

∫
Rn
[(∂tΓau)2+|∇Γau|2]dx

) 1
2
,

HM(t)=
(

∑
|a|≤M

∫
Rn
[(∂tΓav)2+|∇Γav|2]dx

) 1
2
,

where M≤ [ n
2 ]+1, |∇Γau|2=∑n

i=1(∂iΓau)2. By (3.2), we know

EM(0)=

(
∑

|a|≤M

∫
Rn
[(Λa f2)

2+|∇Λa f1|2]dx

) 1
2

,

HM(0)=

(
∑

|a|≤M

∫
Rn
[(Λa( f4−△ f2))

2+|Λa(∇ f3−∇△ f1)|2]dx

) 1
2

.

Multiplying the second equation of (4.21) by 2∂tΓav and integrating by parts, we get

2□Γav∂tΓav=∂t
(
(∂tΓav)2+|∇Γav|2

)
−2

n

∑
i=1

∂i(∂iΓav∂tΓav)=0. (4.22)

Then, integrating (4.22) over Rn, we have

∂tH2
M(t)=0,

which means
HM(t)=HM(0). (4.23)

Multiplying the first equation of (4.21) by 2∂tΓau with |a|≤ M, and integrating by parts,
we arrive at

2□Γau(∂tΓau)=∂t
(
(∂tΓau)2+|∇Γau|2

)
−2

n

∑
i=1

∂i(∂tΓau∂iΓau). (4.24)

Integrating (4.24) over Rn and summing all a, we get

∂tE2
M(t)=2 ∑

|a|≤M

∫
Rn

Γav∂tΓaudx≲ ∑
|a|≤M

||Γav||L2(Rn)||∂tΓau||L2(Rn)

≲(1+t)HM(t)EM(t). (4.25)

Combining (4.23) and (4.25), we have

∂tEM(t)≲ (1+t)HM(0).
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Integrating above inequality from 0 to t, we get

EM(t)≲EM(0)+
∫ t

0
(1+s)HM(0)ds≲EM(0)+(1+t)2HM(0). (4.26)

By Lemma 2.10 and Lemma 2.11, we have

||u||L∞(Rn)≲(1+t+|x|)− n−1
2 (1+|t−|x||)− 1

2 ∑
|a|≤[ n

2 ]+1
||Γau||L2(Rn)

≲(1+t+|x|)− n−1
2 (1+|t−|x||)− 1

2 ∑
|a|≤[ n

2 ]+1
||(Γau)′||L2(Rn)(1+t)

≲(1+t+|x|)− n−1
2 (1+|t−|x||)− 1

2 (1+t)[EM(0)+(1+t)2HM(0)]

≲(1+t+|x|)− n−1
2 (1+|t−|x||)− 1

2 (1+t)
(
|| f1||W [n/2]+2,2

Λ (Rn)
+|| f2||W [n/2]+1,2

Λ (Rn)

)
+(1+t+|x|)− n−1

2 (1+|t−|x||)− 1
2 (1+t)3

(
|| f1||W [n/2]+4,2

Λ (Rn)

+|| f2||W [n/2]+3,2
Λ (Rn)

+|| f3||W [n/2]+2,2
Λ (Rn)

+|| f4||W [n/2]+1,1
Λ (Rn)

)
≤C
(
|| f1||W [n/2]+2,2

Λ (Rn)
+|| f2||W [n/2]+1,2

Λ (Rn)

)
(1+t+|x|) 3−n

2 (1+|t−|x||)− 1
2

+C
(
|| f1||W [n/2]+4,2

Λ (Rn)
+|| f2||W [n/2]+3,2

Λ (Rn)
+|| f3||W [n/2]+2,2

Λ (Rn)

+|| f4||W [n/2]+1,1
Λ (Rn)

)
(1+t+|x|) 7−n

2 (1+|t−|x||)− 1
2 ,

where

|| f ||WN,2
Λ (Rn)= ∑

|a|≤N
||Λa f ||L2(Rn)= ∑

|a|≤N

(∫
Rn

|Λa f |2dx
) 1

2
, Λ=(∂,r∂r,xi∂j−xj∂i,xi∂t)

denotes the Klainerman’s vector field on {t=0}. Thus, we completed the proof of Theo-
rem 1.5.
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