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Abstract

In this paper, we study the strong convergence of a jump-adapted implicit Milstein
method for a class of jump-diffusion stochastic differential equations with non-globally
Lipschitz drift coefficients. Compared with the regular methods, the jump-adapted meth-
ods can significantly reduce the complexity of higher order methods, which makes them
easily implementable for scenario simulation. However, due to the fact that jump-adapted
time discretization is path dependent and the stepsize is not uniform, this makes the numer-
ical analysis of jump-adapted methods much more involved, especially in the non-globally
Lipschitz setting. We provide a rigorous strong convergence analysis of the considered
jump-adapted implicit Milstein method by developing some novel analysis techniques and
optimal rate with order one is also successfully recovered. Numerical experiments are
carried out to verify the theoretical findings.
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1. Introduction

In this paper, we consider numerical solution of jump-diffusion Itd stochastic differential
equations of the form

(1.1)

dX; = f(Xe—)dt + g(Xy—)dW; + h(X;—)dNg, t € (0,71,
Xo = zo,

where T' > 0 is a fixed constant, X;_ denotes lims; X, f: R™ — R™ is the drift coefficient,
g: R™ — R™*d 5 the diffusion coefficient which is frequently written as g = (g;;)mxd =
(91,92, -+ ,gq) for g; j: R™ - R and g;: R™ — R™, j € {1,...,d}, h: R™ — R™ is the jump
coefficient, with m,d € NT. Here W; is a d-dimensional Wiener process and N; is a scalar
Poisson process with intensity A > 0, both defined on a complete probability space (2, F,P),
with a normal filtration F: = {F;}:c[0,17, and they are independent with each other. Specific
conditions on the coefficients f, g, h and the initial value zy will be given in next section.
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Jump-diffusion stochastic differential equations (JSDEs) have found many applications in
biology, physics, chemistry, engineering, finance, and insurance. Especially in the area of finance
and insurance, jump-diffusion models are often used to describe the dynamic evolution of various
state variables, such as stock indices, asset prices, interest rates, credit ratings, exchange rates
or commodity prices. In these models, the jump driving part is often used to characterize and
capture the event-driven uncertainties and the unexpected abrupt changes, such as corporate
defaults, operational failures or insured accidents. For more details on the application of jump-
diffusion stochastic differential equations in the financial field, we refer the reader to the books
[9,32].

Since most of JSDEs cannot be solved explicitly, it is necessary and important to develop
discrete time approximations to study the behavior of jump-diffusion models and solve practical
application problems. In view of the above reason, the study of numerical approximation of
JSDEs has been attracting lots of attention. Generally, the discrete time approximations of
JSDEs are divided into regular and jump-adapted schemes. Regular schemes employ time
discretizations that do not include the jump times of the Poisson process, while jump-adapted
schemes are based on jump-adapted time discretizations which include these jump times.

As far as the regular schemes are concerned, up to now, a lot of research results have been
achieved, see [1,3-5,11,14,17-19,32-34,37] and the references therein. However, in the vast
majority of the above mentioned research articles, a global Lipschitz assumption on the coeffi-
cients of JSDEs is often used. Note that the assumption of global Lipschitz continuity is very
restrictive and many practical problems fail to satisfy such condition. In fact, the coefficients of
numerous JSDEs used to describe financial models are either super-linear growth or sub-linear
growth, which are obviously not globally Lipschitz continuous. Therefore, the theoretical analy-
sis basis of many existing numerical methods has changed. This makes the scope of application
of those numerical methods whose theoretical framework are based on global Lipschitz condi-
tion, greatly reduced, and those numerical methods even no longer be applicable. Therefore,
in recent years, many scholars have begun to turn to dealing with numerical approximation
of JSDEs under some weaker conditions, such as local Lipschitz condition, one-sided Lipschitz
condition, and great progress has been made, see [6-8,10,12,13,15,20-23,25,27,35,36,38,39,41].

To avoid the generation of multiple stochastic integrals with respect to the Poisson process,
jump-adapted approximations were first introduced in [31]. As the jump-adapted time dis-
cretizations include all jump times generated by the Poisson process, the form of the resulting
schemes is much simpler than that of the regular schemes, significantly reducing the complexity
of higher order schemes. Hence the jump-adapted time discretization makes these correspond-
ing schemes easily implementable for scenario simulation. Up to now, various jump-adapted
numerical methods have been formulated and analyzed in [2,24, 26,28, 29, 32] and references
therein. Nevertheless, like the regular case, most of convergence results for jump-adapted
approximations are always analyzed in the globally Lipschitz setting, and there exist only a
very limited number of works devoted to the numerical study of jump-adapted schemes under
the non-global Lipschitz condition. A transformed jump-adapted backward Euler method for
a class of jump-diffusion financial models whose coefficients do not satisfy the global Lipschitz
condition was studied in [40].

The main objective of this paper is to study the strong convergence of a jump-adapted
implicit Milstein method for a class of general jump-diffusion models, for which we require that
the drift coefficient is one-sided Lipschitz continuous, and the diffusion coefficient and the jump
coefficient are globally Lipschitz continuous (see Assumption 2.1 in the next section). Due to
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the presence of non-globally Lipschitz drift coefficients, the numerical analysis developed in
the existing works does not work in the present framework. In the error analysis, we do not
measure the approximation error Ej := Y;, — Xy, directly. Based on certain error terms only
getting involved with the exact solution processes, we first establish an upper mean-square error
bounds for the discrepancy between the intermediate solutions, namely E,_ =Y, — X, .
Then by taking properties of the jump-adapted grids into account and using some techniques
from stochastic analysis, we finally prove the strong convergence for the considered jump-
adapted implicit Milstein method and successfully recover the expected optimal mean-square
convergence rate of order one. To our best knowledge, this is the first paper to consider the
jump-adapted implicit Milstein method in the non-globally Lipschitz drift coeflicients setting.

This paper is organized as follows. In Section 2, some notation and preliminaries are col-
lected. The well-posedness of the considered problem (1.1) and properties of the exact solution
are discussed. In Section 3 the jump-adapted implicit Milstein method is introduced and its
strong convergence rate is analyzed. Numerical experiments confirming the previous findings
are presented in Section 4. Finally, we give some brief remarks in Section 5.

2. Preliminaries

We first introduce some notation used throughout the paper. Letting | - | denotes both the
Euclidean vector norm and the Hilbert-Schmidt matrix norm. Denote by (-, ) the inner product
in R™. Let z Vy := max{r,y} for any z,y € R. Let F}V := o(W,,0 < s < t) denote the
natural filtration generated by the Wiener process W; and F := (N, 0 < s < t) represent the
natural filtration generated by the Poisson process N;. Define F; := 0(]—'!‘/ UFN,0<s < t),
augmented by all P-null sets of 7. Let F: = {F;};cj0,7). Define the conditional expectations
EN[X] = E[X|F)] and EV [X|FV] := E[X|o(F UFY)]. From now on, we will work on
the filtered probability space (Q, F.F, P).

Next, we give some assumptions to guarantee the well-posedness of the considered prob-
lem (1.1).

Assumption 2.1. The coefficients f,g, and h are continuously differentiable. Moreover, the
drift coefficient f satisfies the one-sided Lipschitz condition, i.e., there exists a positive constant
K1 such that

and the diffusion coefficient g and jump coefficient h satisfy the global Lipschitz conditions

lg(x) —g()]* < Kalz —y|*, Vaz,yeR™, (2.2)
|h(z) —h(y)|2 §K3|ac—y|2, YV a,y e R™, (2.3)

where Ko and K3 are positive constants.
Remark 2.1. By (2.1)-(2.3), we can easily get
(@, f(@)) V|g(@)? V [h(2)” < L+ [2f*), Ve eR™, (2.4)

where
1\ 1
L = max { (K1 + 5) ; 5|f(0)|2, 2K5,2[g(0)[?, 2K, 2|h(0)|2} .
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Assumption 2.2. The initial value Xo = xg satisfies that for any p > 2, there exists a positive
constant K, such that
E[lzo[P] < K. (2.5)

Lemma 2.1 ([13]). Under Assumptions 2.1-2.2, the problem (1.1) admits a unique solution
{X:,t €[0,T]} satisfying that for each p > 2, there is a constant K = K(p,T) such that

5| sup, 1] < (1 Bllap]). 20)

Corollary 2.1. By Lemma 2.1, we have, for each p > 2, there is a constant K= I~((p, T) such
that
sup E[|X,[] < K (1+E[Jzol"]). (2.7)
te[0,T
In the following, based on Assumption 2.1, we further impose some extra conditions on the
drift and diffusion coefficients, which will be used in our convergence analysis.

Assumption 2.3. Suppose there is a constant K4 and a positive constant k > 1 such that,

of af r—1 m
(G- 50| <l ) o ullel, wzern @)
Remark 2.2. Assumption 2.3 implies that there is a constant K4 > 0 such that
0 K
‘%(z)z < Kq(1+|z))"|2], Va,z€R™. (2.9)

As a consequence, one also gets that there exists a constant K5 > 0 such that
7@) = F@)] < K51+ fal +1y)) "o o], Vg € R, (210)
which implies
|f(z)] < Ke(1+|2|'T"), VzeR™, (2.11)

where Kg is a positive constant.

Assumption 2.4. Suppose the diffusion coefficient g further fulfils that there exist constants
K7 and Kg such that,

d
Z |£Jlgj2 ('T) - ‘legjz (y)|2 < K7|'T - y|2’ vz, /S Rma (2'12)
Ji,j2=1

(w0~ %)

2
< Kslz —ylP[2?,  Va,y,zeR”, jefl,....d},  (213)

where

) s )
LI = — ] 1,....d}.
;gm o i edld

Remark 2.3. Tt follows from (2.13) that

dyg;

where Ky is a positive constant.

2
< Ko(1+ |z?)|2?, Vx,z e R™, je{l,...,d}, (2.14)
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3. The Jump-Adapted Method and Its Strong Convergence Analysis

3.1. The jump-adapted method

Firstly, we construct a jump-adapted time partition
T:{0:t0<t1<“~<tnT :T},

produced by a superposition of the jump times {71, 72, ..., 7N, } to a deterministic equidistant
grid with time stepsize At = .. Here ny = max{n € {0,1,...}: t,, < T} < co. In this way the
jump-adapted time discretization including jump times is path-dependent and the maximum
stepsize of the jump-adapted partition is At. On the grid T, {X;}sc0,7) can be expressed as

trt1 tet1
th+17 = th + / f(Xt)dt + / g(Xt)th,
tr tr (31)

Xt)H,l = th+17 + h(thc+1—)ANk

for k=0,1,...,npr — 1. Accordingly we propose the jump-adapted implicit Milstein method
(JAIMM) for (1.1), defined through Yy = X¢ and for k =0,1,...,np — 1, as

d
; thotost
Y;fk+17 =Y, + f(Y;fk+1f)Atk + g(Y;fk)AWk + Z ‘Chg]é (Y;fk)ljf,j2k+ ) (3 2)
J1,j2=1 ’
Y;fk+1 = E/tk+1— + h(}/}k+17)ANk,
where Aty :=tpy1 — tp, AWy =W, — Wy, AN := Ny, ., — Ny, € {0,1}, and
L= i O e [ Gnaws, s e 1,....d} (3.3)
T Gk, j1 ok’ 31,72 T ] ] s1 s J1sJ2 P) . .
k=1
A further closer look at (3.2) suggests
Yieoo = Yoo +0(Yy,, ), if tgq1 is a jump time, (3.4)
}/;fk+1 = E/Vtk+1,a Otherwise. ’

3.2. Strong convergence analysis

Throughout the following analysis, by C' we denote a generic positive constant that may
change between occurrences but is independent of At. Note that the method (3.2) is an im-
plicit method and the question of existence and uniqueness arises. The following lemma gives
a positive answer.

Lemma 3.1. Under Assumption 2.1, if K1At < ¢y < 1 with K1 from (2.1) and ¢y € (0,1),
then the method (3.2) is well-defined.

Proof. The proof is similar to that of Lemma 3.4 in [16] and Lemma 2.3 in [30], so we omit
it here. O

Note that within the interval [t, tx+1), the problem (1.1) evolves as an SDE without jump.
Then we have the following result.
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Lemma 3.2. For fized k, let s,t € [tg,tg+1). Then for any q > 2, it holds

E[|X; - X9 < C(t — 5)3,
where C' is a positive constant.

Proof. Suppose t > s. By virtue of Holder’s inequality, we deduce

el - x =[] [ roear+ [ gxam

SQq_lEU/ F(X,)dr }+2q—1EH /:g(XT) g 1

C’(tsqlE[/ |f(X ‘dr}JrC’ts TE [/ l9(X |dr]

gC’(tfs)q’l/s E[|£(X,)|")dr + C(t — s) 52/ Eflgx) . (35)

S

Using (2.11) and (2.6), we get

E[|/(X)|] =E[(£(X)]")?] < CE|(1+ [ x,[2+2)?]
< CE[1+|X,|*%4] < C. (3.6)

Similarly, we can obtain
Ellg(X)|"] < C (3.7)
Substituting (3.6)—(3.7) into (3.5) gives
E[[X; — X | < C(t —5)" + C(t — )2 < C(t —9)2, (3.8)

which completes the proof. O

In the same way as above, with the help of property of conditional mathematical expectation,
we can also obtain the following result.

Lemma 3.3. ForVk € {1,2,...,np—1}, let s,t € [tg,tp+1). Then, for any q > 2, there exists
a positive constant C' such that

NIXe = X7 < COp,g(t - 9)%,

where
Dy g = 1+IEN[ sup |Xt|(1+"i)q} +EN[ sup |Xt|‘J]
0<t<T 0<t<T

Based on (3.2), we get, for k =1,2,...,np — 1,

Ytk+17 = }/tk— =+ h(Ytkf)ANkfl =+ f(}/'fk+1—)Atk
d
9u)AWs+ D L0 (V) [15" (3.9)

J1,J2
Ji,j2=1
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Likewise, (3.1) implies that, for k =1,2,...,np — 1,

tht1

tht1
th+17 = th7 + h(thf)ANk—l + / f(Xt)dt + g(Xt)th

tr tr
= th_7 —+ h(th_7 )ANkfl =+ f(th+17)Atk =+ g(th)AWk
d
Y LX) 4 R,
Ji,J2=1

where the remainder term reads

tet1

Rip = / ) — F(X )+ / [9(X0) — g(X,,)lAW,

tr 23
d

; thotn
= > L (X )L

J1,j2=1
Subtracting (3.10) from (3.9) leads to
S/tk+17 - th+1, = E/tk7 - th7 + [h(xftkf) - h(th7 )]ANk_l

+ [f(;’tm,) — (X )AL + [9(Ve,) = 9(Xi, )JAWE

+ > (L7g5,(Va) — £, (X)) L0 — Ry

Ji,92=1
Before proceeding, define

Ey =Yy — Xy, Ep- =Y, —Xy
Af;/’x =f(Y_) — f(Xy ),

Agp™ = g(Vy,) — g(Xy,),

AL g ) = L0 g5, (V) — L7 5, (X)),

and AR} X := (Y, ) — h(Xy,_ ). Now we can rewrite (3.12) as follows:

Eyp1- — Af;/_;_)l(Atk =F._ + Ath’XANk,l + AgI)CQXAWk

d
g1, Yo X gl tetr
Y AL g L = Ri,
J1,j2=1

from which we arrive at

Brio — AN AL = | B [P+ | AR N AN | + [Agl X aw; |

d 2

+| Y A

2
s | [ Regal

Ji,j2=1

+2 <Ek,, ALY XAN,_y) + 2(By_, Ag}jXAWk>

d
ro(Be 3 AEn )

Ji,j2=1

(3.10)

(3.11)

(3.12)

(3.13)
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— 2By, Res1) +2 <Ahz’XANk_1, AgZ’XAWk>

d
+2 <Ah}€/’XANk1, Z A(Ejlgjz)};7x];fj§+l>

Ji,j2=1

— 2 (AR AN, B ) — 2 (Ag) N AW, Ry )

d
+2<A9;§’XAWIC’ > A(ﬁjlgjz)ky’xfgt‘ff;f“>

Ji,j2=1

d
- 2< > A(Ejlgjz)ky’xlﬁfj;“,Rk+1>. (3.14)

J1,j2=1

In order to estimate supy_; 5 E[|Ex|?], we first establish some technical lemmas, which

.n7
play the key roles in our error analysis.

Lemma 3.4. Suppose that Assumptions 2.1-2.2 and Assumptions 2.3-2.4 hold. Let At €
(0, 7= with K1 defined in (2.1). Then, for k € {0,1,2,...,nr}, it holds

74Ky

’anl

EN[|Bk-|?] < Cexp(4NTK1At)<Haj> > EN[|Ri|?]
j=1 i=0

nrt 1 nr—1
+ Cexp(4N7 K1 At) ( H aj> Y Z EN [|]EN [Riv1| 7Y ﬂ 7 (3.15)
j=1 i=1

where
ij =1 + CAf + CANj_l + ClANj_1|2 + CAt|ANj_1|2.

Proof. Taking the conditional expectations on both sides of (3.14) leads to

EN (| Eps1- — Af;z/ﬁAth]
= EN[|Ex_*] + EV[|AR, X AN,_1 2] + EN [|Ag) X AW [?]
d 2
+BY|| 3D AW T
Ji,j2=1

+ EN[|Rig1)?] + 2EN [(Er—, Ah) N ANj_1)]

+2BY (B, Mgt ¥ AW)] — 2BV (i, Riga)]

d
; Y, X ;te,tis1
+2EN <Ekv > AL gn)y ij,jf+>

Ji,J2=1

+2EN {(Ath’XANk_l, Ag}jXAWkﬂ

J1,J2

d
+ 2EN <Ath’XANk_1, > A(Ulgjz)ky’xztkml>

J1,j2=1

d
42BN <AgZ’XAWk, > A(Ulgjz)ky’xfififi“>

J1,d2=1
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_9EN {(Ath’XANk_l, Rk+1>} — 2EV [(Ag,f’XAWk, Rk+1>}

d

N j Y, X pti.ty

— 2K < > AL ij,j§+173k+1> : (3.16)
Ji,J2=1

Using the independence of the Wiener process and the Poisson process, independent increment

property of the Wiener process, and the properties of the conditional mathematical expectation,

we have

N jagy X awi 2| = BN [EN [|agy  aw 2 EY ]

EY [|Agy ¥ PEY (AW, 2 7Y
E

[
N1ag PElaw, )]

—EN [|Agk’ |2Atk]

In the same way, together with the following property of multiple stochastic integral with respect
to the Wiener process:

1 S
E| L Lt :§(Atk)25j1,j35jz,j4 for ji,j2,j3,Ja € {1,...,d},

where 0; ; is the Kronecker delta symbol, that is

1, i=y,

Oij = .

0, i#7,

we further arrive at
d 2 T 9 )
i Y, X yte,tr ; Y, X
Z A(‘legj2)k7 ij,jzkﬂ = ) Z EN UA(EJlng)k ‘ (Atk) }
J1,J2=1 J1,J2=1

Using again the properties of the conditional mathematical expectation and independent incre-
ment property of the Wiener process yields

EY [(Bp-, Mg X AWL) | = BN [BY [(Bp-, Mgy X amwi)| 7Y ]|
=EN (B, Agy ¥EY (AW FY])]
= EN (B, A E[AWL]) | 0.

Similarly, we can obtain

d
s <E )3 A<£j19j2>?xf;fzfs“> -
L J1,j2=1

EN [(Ah{’XANk,l, AgZ’XAWkﬂ —0,

d
EN <AhYXANk . Z A £]1 )YXItkﬂ?k+1> _ 0,

J1,J2
J1,J2=1

d
EY <AgZ’XAWk, > A(Ejlng)kY’XI;i’;;“> =0.

J1,d2=1
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With these results in hand, we derive
EY [|Brir- — ARG Atf?]
<EY [|By ] + [ANG PEN [|ARNY 2] + AN [|agd ]
1 2 d . 2
+3007 30 B [lawn g ] + B (R
Ji,j2=1

+ 28N BN [(Bie, ARYX)] = 2B [(Bi, i)

— 28N, BN [(ARSY, Riyn)] = 2BV [(Ag) X AW, Ry

d
—2EN < > A(legjz)z’xljf,’;?;*l,Rk+1> . (3.17)

J1,J2=1

Now we rewrite (3.17) as follows:
EV[|Bii-?] + BV [|Af T Ab]

<EN[|Bp ] + [ANy 1 PEY [|JaR ] + AN [[agd¥|’]
1 ¢ _
+ §(At)2 > EY [}A(ﬁhgjz)?x}z] +EV[|Ris1]?]
Ji,J2=1

+ 28N BN (B, ARX)] = 2B [(Bi s Rin)]

— 28N, BN [(ARY, Ripr)| - 2BY [(Agl X AWy, Reia )]

d
—2EV < Z A(ﬁjlgjz)ky’xf;f:;f“,Rk+1> + 2EN {<Ek+177Aflz/.;.)1(Atk>}a (3.18)

Ji,J2=1
from which we directly obtain

EN[|Bysa- 2] < EV[|Bx- 2] + |ANe1 PEY [|AR0X)7] + AEY [|agl )
d
1 4
+ §(At)2 > EN [\A(Ulgp)}f’xﬂ +EN | Ry 2]
J1,J2=1

+ 28N, BN [(Bp, ARYY)] = 2BV [(By—, Riya)]
— 28N 1BV [(ARY, Riga)| = 2BV (Mg AW, Ry

d
2N (30 AL R )

J1,j2=1
+ 2B (B, AR At (3.19)

Using the Cauchy-Schwarz inequality, the Young inequality, and using the Lipschitz condition
on h gives

EN[|Ext1-?] < EN[|Ex—|?] + CAN_1EN [|Ep—*] 4+ C|ANi—1|*EN [| Ep—|?]
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d
e [ ] - cta 3 B e, ]
Ji,J2=1

+ CEN [|Re1/?] + CANp 1 EN [|Rpqa ] — 2EN [(Eg—, Rit1)]
+2EN [(E,m,,A £y ﬁAtkﬂ : (3.20)
In view of the Lipschitz condition on g and h, we deduce

1Ag " = [g(Yi) = g(X0)[”
= ’9(5@, + h(Ys, )JANk_1) —g(Xe, + h(th,)ANk—l)f
< C‘Ytk., +h(Ys, )ANp_1 — Xy, — h(thf)ANkfl‘Q
< C|Ex-|” + C|AR F AN |
< C|E_|” + ClAN )| Bi . (3.21)

Similarly, by employing (2.12), we obtain

d
ST 1AW g) NP < ClE| + ClAN | Br| . (3.22)

J1,J2=1
Inserting (3.21) and (3.22) into (3.20), and using the condition (2.1) on f give

EN[|Brt1-*] S EN[|Ek-|?] + CANy_1EN[|E— *] + C|AN—1|*EN [| Ej—|?]
+ CAtEY [|Ey— |°] + CAAN—1|*EN [| Ep— 7]
+ CEN [|Ri+11?] + CANy1EV [|Riy1]?] — 2EN [(Ek—, Rig1)]
+ 2K AtEY [| By |7, (3.23)

which yields

(1= 2K A)EN (| Eg1— ]
< EN[|Ex-|*] + CANy—EN [|Ex—|?] + C|AN—1|’EN [| Ex—|?]
+ CAtEN [|Ej— ] + CA AN, —1|*EN [| Ei— 7]
+ CEN[|Ri41/?] + CANj—1EV [|Riy1 ] — 2EN [(Eg—, Re1)]. (3.24)

With the aid of the properties of the conditional expectation and the Young inequality, we
deduce

(1 = 2K A)EN [| Ega— ]
< EN[|Ep—*] + CANg1EN [|Ep— ] + C|AN—1 [PEN [| Ep— ]
+ OAtEN [|Ey— ?] + CAtAN,_1|*EN [| Bj,—|?]
+ CEN[|Rp41]?] + CAN—1EN [|Rps1 |*] — 2EN [( B, EN [Risr |F)V])]
< EN[|Ex—*] + CANy—1EN [|Ep— ] + C|ANg_1[*EN [| Ex—|?]
+ CAtEN [|Ep— ] + CAt AN 1 PEN [| Er— ]
+ CEN[|Ri41/?] + CAN—1EN [|Riq1]?] + AEN [| Ep— 7]

1
+ BV [EY [Resa | 72 ]|
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< (1+ CAt+ CANy_1 + C|ANg_1|* + CAt ANy _1|*)EV [| Ex—|?]
+(C + CAN—1)EN [|Rpsa |*] + A%EN “]EN [Ri41|F)) ] |2] : (3.25)
Define
a =1+ CAt + CANy_1 + C|AN,_1|* + CAt|{AN,_1|?,
Br = (C+ CANk_1), 7a:=1-2KAt,
we then have
EY[|Bp1-*] <92 kBN [|Ex-?] + 72 BLEN [|Rita ]

+ AtENUIEN[RHﬂ]-‘t ]| } (3.26)

By the iteration of (3.26), one can deduce for all k =1,2,...,np — 1 that

k+1

-] < (15" (TLos )21
+;( kf[l 7&1)( ﬁ Oéj)ﬁi]EN[|Rz‘+1|2}

I=i+1 j=i+1
k k+1 k 1 )
+Z< ]._.[ Ta >< H aj)Kt]EN“EN[RHﬂfZVH } (3.27)
i=1 Ml=i+1 Jj=i+1

From (3.13), we can derive
Ei_ = AP AL — Ry, (3.28)

from which we have
|Er_|> = (Af Aty By ) — (Ry, By )
1 1
< KiAHE [ + §|E1—|2 + §|R1|2- (3.29)
Then it follows that
Bi_ 2 < 73" | Ra? (3.30)
Substituting (3.30) into (3.27) gives

e« ({) ({1 e s

k k+1 k
+Z< II = )( II aj)ﬁiEN“RH-lﬂ
i=1 \l=i+1 Jj=i+1
k k+1 k )
+ < II 2 )( 11 aj> A—tEN“]EN[RiHU-‘JZVH }
=1 l=i+1 =i+1
k k+1 k
=Z( II ml)< II aj)ﬁiENHRmﬂ
i=0 \l=i+1 j=it+1
k k+1 k )
+§(l_1117;) jg[laj)A—tENUEN[RMVH] 31)
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with By := 1. Note that 5; < C,1 =0,1,...,np, then it follows for all k = 1,...,np that

NIEe-?] < C<ﬁ7A1> (f{laj> niT_Z:ENURMF]

1=1
T2 ) (T inTilEN EN [Ria|FV 2 3.32
+(I10a") | e ) x5 2 BY[[EN (R BV 3:32)
i=1 j=1 i=1
Note that 2K;At € (0,1/2], we further get

H’y (1 —2KAt)™™

< exp(4nTK1At) < exp(4K1T) exp(4Np K1 At)

< Cexp(4NTK1At) (3.33)
where we have used the inequality 1 < exp(2z) for z € [0,1/2]. Substituting this into (3.32)
yields

nr—1

N|Ey_[?] < C exp(4N7 K At) <Haj> > EN[|Risa|?]
=0

1 np—1
+ Cexp(ANT K, At) < I1 aj> =~ D EV [|EN [Risa| 7] ﬂ . (3.34)
j=1 i=1
The proof ends. O

In the following, we are to establish the estimates of the remainder terms EV [| Ry41|?] and
EN[JEN Ry | 7Y ]17)-

Lemma 3.5. Under the same assumptions of Lemma 3.4, we have
EN [|Risr[?] < X (A3, EN[\EN [Ris1|FY] ﬂ < CX (AL, (3.35)
where

5 1
Xy = EN[ sup |Xs|4+ﬂ + (1 +EN[ sup |Xt|4])2<1>]2v4
0<s<T 0<t<T ’

i
+ (1 + EN{ sup |Xt|4”} ) 2(1)15\/,4 +Pna+ Py o,
0<t<T

Xy = EN{ sup |Xt|2*f] +EN{ sup |Xt|2+4”]
0<t<T 0<t<T

1
PR
+ <1+IEN[ sup |Xt|4“4}> DX g+ P o

0<t<T
2]

k
trt1 d )
12BN \ [ 00— g(xuam — S0 £ (1

Proof. Based on (3.11), we first have

teta
EN [|Ri41/%] < 2BV /t [f(Xe) = f(Xu,p,)]dE

2

J1,J2
Ji,j2=1
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Next, we deal with J; and Jo separately. For J1, due to (2.10) we have

J, < CEN {Atk/ - |F(X:) - f(XtM)!th}

ty

< CAtEN -/tk‘+1 ’f(Xt) - f(th+1)‘2dt:|

LS g

N [ [t 2K 2K 2
< CAtE / (1 + ’Xt’ + ‘th“f‘ )’Xt - thﬂ—’ dt
LSt

trt1
< CAEN | sup (1+ |Xt|2“)/ | X Xmlfdt] .
lo<t<T th

Utilizing the Cauchy—Schwarz inequality and Lemma 3.3 yields

J1 < CAt <1+EN[ sup |Xt|4“}> (EN

0<t<T

<C (1 —HEN[ sup |Xt|4”}) @1%\,74(At)3.

0<t<T

In order to estimate the term Jo, we first observe that

7] a6 09y,
g (e ng 9(2) _ O0i 1)y, (a)

Therefore, it follows that

tht1 d i I
[ e — g iaws Y 20 (X )I
tk G1,g2=1
d tht1 d . . . .
= Z / 9jo (Xt) — Gj> (th) - Z [’Jlg]é (th>(WtJ1 - Wtjkl> dVVtJ2
ja=1"1k ji=1

Let t € [tx, tk+1), then we have

095, ~
9o (Xt) — 95, (X)) = gj (X, ) (Xe = Xp,) + Ry,

8 t t -
= S <th>( [ pxgas + / g<X5>dWs) LR,

tr

where

~ LT oa. dg;,
joZ = / |: ég;Z (th + S(Xt — th)) g] (th):| (Xt — th)ds.
0

Inserting (3.40) into (3.39) immediately gives

trt1
/ [g(Xt) (th th Z ‘legjz th thjtff“

tr Ji,j2=1

beis L, \? 3
(/ | X — Xty | dt)
123

3 teta 4 3
< CAt <1 + ]EN[ sup |Xt|4“}> (AﬂEN [/ | X — Xor | dtD
0<t<T ti

261

(3.37)

(3.38)

d tht1 d Ha. . . .
92 1 1 2
- [gh(Xt)gjz(th) S (X g, (X)W — W, >] AW (3.39)
Jji=1

(3.40)

(3.41)
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i_/tk“ [ag” th)( t:f(Xs)dH/t[g(Xs)g(th)]dWS) +1§ng] dw>.  (3.42)

tr

Taking the It6 isometry into account, we arrive at

g, t 2
Z]EN{/ 632 (X4,) / f(X ds+/[ (XS)—g(th)]dWS) + Ry, dt]
J2=1 tk

123 [ ES
<SZEN[/ " agﬂ? (X¢,) /f ds‘ dt]+SZEN[/ ' nghdet}
ja=1 tr tr
7] ¢ 2
+3ZEN{ / 2 (%) [ (X0 - gt aw [
j2=1 tk
=:3J21 + 3J22 + 3Ja3. (3.43)

Next, we handle Jo21, Jo2, and Jo3 one by one. By means of the Cauchy—Schwarz inequality,
(2.14), (2.11), and (2.7), we derive

2

dt]

tht1
i)
< ZEN[/tM (t =) / 1% (6,560
tr

J2=1
Jjo2=1

! ag j2
| s

dsdt}

d thi
SC(At)2Z/k+ ((I)N,g+ sup IEN[|XS|4+2“])dt

Hoilt 0<s<T

< C(@Ng + IEN[ sup |XS|4+2”})(A1€)3.

0<s<T

Using again the Cauchy—Schwarz inequality, (2.13) and the result of Lemma 3.3, we obtain

bt ! 89'2 892 2
J;ENU /0 [a—;(th +s(Xe = X)) = (th)} (X, — Xy, )ds dt]
trt1

<CZEN[/ : / ’agﬁ (X, + (X, — X1,)) — ag” (X1, ‘Xt X, dsdt}

jo2=1 t

tk+1 4

<C Z/ N|Xy = Xy, | 7]t < CON 4(AL).

J2=1

With the help of the It6 isometry, (2.14) and the Hoder inequality, we have

trt1

d
JzBZ]EN[
P th
<CZ/ EN[/ 1+]thy)\XS—thdes}dt

Jo=1

"1 9g;,

(Xt) 2‘g(Xs) —9(X4,) 2dsdt}

d

tht1
§CZ/’C+ EN{(qu sup | Xy )/t ‘X th‘ ds}

Aot 0<t<T
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1
2

; tret1 k41 2 2
<C(1+EY] sup |Xi|'] Z/ EN[ / X, - X, ["as) ] dt,
0<t<T

Jj2=1

from which we obtain

; ters 3
Jos < C(1+EY[ swp |X/'])° Z/ <AtEN[/H \sztkfdsD dt
t th

<t<
0<t<T ja=1

gc(1 +EN[ sup |Xt|4D% N

0<t<T

Using these estimates along with (3.43) results in

T < C(EN{ sup |X5|4+2”} + (1 + EN[ sup |Xt|4D%<I)J%V74 + Pyt <I>N,z) (AP, (3.44)

0<s<T 0<t<T
Combining (3.38) and (3.44), we end up with
EN [|Ris1[?] < CX1(A), (3.45)

where

iy
Xy = EN[ sup |XS|4+2”} + (1 +EN[ sup |Xt|4]) X4
0<s<T 0<t<T 1

+ (1 +EV [ sup |Xt|4ND ’ P4+ PNa+ Do
0<t<T

Now we turn to bound the term EN[[EV[Ry41|F[V]|?]. Since the stochastic integral vanishes
under conditional expectation, we observe that

tht1 2
8 [l )] < 8 |2 | [ 10000 - el ] 3
tr
Note that
tk+1
[ ] f(th+1 ]dt‘f,}f]
k
tht1 af tht1 trt1 - W
— [/ </ f(XS)der/ g(XS)dWS) + Ry dt|}“tk}
t t
N Pt phei af w N P w
—-E [/t / S)dsdt|}“tk } —E [/t Ry dt|}“tk } , (3.47)
k k
where
~ 0 0
Rf = /O |:af (Xt + S(thJrl — Xt)) — a_f(Xt):| (th+17 — Xt)dS. (348)
Thus, it follows immediately that
N N w2 N N fern e of W ’
(B[R 7] < 28 ‘IE [ Serecasa Y |
tr t
tet1 2
+ 2EY UIEN[/ Rfdt}fgf} ] =:J3 + J4. (3.49)
ty
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Taking into account (2.9) and (2.11) yields

tht1 tht1 af
— (X
/tk /t ax( i

thyr  fle+a
< C(At)2/ / (@N,g —I—IEN[ sup |Xt|2”} —l—EN[ sup |Xt|2+4”})ds dt
t t 0<t<T

0<t<T

2

Js < O(At)?EN ) f(Xs)

ds dt]

< C(@N,QJFEN[ sup |Xt|25} JFEN[

0<t<T

sup |Xt|2+4”} ) (At). (3.50)
0<t<T

For the term J4, with the aid of (2.8) and Lemma 3.3, we obtain

tht1 )
Xt+8 th+1 *Xt))*—f Xt

Js < CAtEN e

‘thJrl Xt|2d8dt]

tr

tr41
< OAtEN / / (14 [5Xoey + (1= 8) X272 4 [ X272 [ X, — Xo|'ds dt]

trt1
< CAEN (1+ sup | X[~ 2) / p o —Xt\“dt]
123

0<t<T
3 trt1 4 2 2
< CAt (1 —|—EN[ sup |Xt|4’“”"4}) (EN l(/ ‘th+17 —Xt’ dt) ])
0<t<T th
1
2 1
< C<1+1EN[ sup |Xt|4“4}> 3 (A1) (3.51)
0<t<T

Substituting (3.50) and (3.51) into (3.49) gives
EN[[EY [Riia| 7Y P] < (a0, (3.52)

where

1

2 1
Xy :=EN| sup |Xt|2“} —|—EN[ sup |Xt|2+4“] + (1 —|—EN[ sup |Xt|4“4}) PRt P
0<t<T 0<t<T 0<t<T

This completes the proof. 0

Now, we are ready to prove the main strong convergence result.

Theorem 3.1. Suppose that Assumptions 2.1-2.2 and Assumptions 2.3-2.4 are fulfilled and let
At € (0 ,4K | with Ky defined in (2.1). Then, there exists a positive constant C' (independent
of At) such that

. sup  E[|V;, — Xy, ] < C(A1)>. (3.53)

Proof. Based on Lemmas 3.4 and 3.5, taking the conditional expectations on both sides
of (3.15) and using the properties of conditional mathematical expectation and the Poisson
process, we arrive at

anl

E[|E-|?] < CE exp(4NTK1At)<Haj> > xi(At)?
j=1 i=0
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np—1
1
+ CE |exp(4N7 K At) <Haj> N Z Xy (At)*

Jj=1
< C(At)’E [exp(dN7 K1 At)(1 + 20 + 2CA)NT (M + Np)AtX, ]
+ C(A)’E [exp(dN7 K1 At)(1 + 2C + 2CA)NT (M + Np)AtXs]

< C(At)? (E [exp(dN7 K1 At)(1 + 2C + 2CAL)*NT (M + Nr)>At?] )% (E[A7] )%
+ C(A? (E [exp(8Nr K1 AL)(1 + 20 + 20AH)2NT (M+Nr)*At?)) (E[X2])? .
On the other hand, we first have

E[exp(8N7K1At)(1 +2C + 20A)* N (M + Nr)*At?

- , AT)?
< Z p(85 K1 T)(1 4 2C 4 2CT)% (1 4 5)2 22 ATV exp(—AT) < . (3.54)
7!
Using the properties of conditional mathematical expectation and Lemma 2.1 gives

51
sl] <[ (£ g 1]+ (1020, )

1

2
+ (1 + IEN[ sup |Xt|4”D 2(1)15\1,4 + PN 4+ <I>N,2> ]
0<t<T

§C<1+E[ sup |Xt|8+4n] +]E{ sup |Xt|8+8n:| +]E{ sup |Xt|4+4n:|

0<t<T 0<t<T 0<t<T
+E[ sup |Xt|4} +E[ sup |Xt|8} +E[ sup |Xt|8“}> < 0. (3.55)
0<t<T 0<t<T 0<t<T

Similarly, we can get E[X$] < co. We thus have the estimate

E[|Ex—|*] < C(At)% (3.56)
Note that
|Ex| = Y, +h(Ye, )ANk—1 — Xy, — h(Xe, ) ANj_1| (3.57)
< B |+ |ARL¥| < €],
This together with (3.56) finally completes the proof. O

4. Numerical Results

We present here a numerical study to illustrate strong convergence rates of the JAIMM. As
test problems we first consider

dX; = f(Xt_)dt + g(Xt_)th + h(Xt_)dNt, te (O,T], Xy = xg, (41)

where f(z) := x — 2" with the integer x > 3 being odd, g(x) = oz, h(z) = pzx, and xq is
deterministic for simplicity. It is easy to check that conditions in Assumptions 2.1-2.2 are all
fulfilled. In Fig. 4.1, we plot two one-path simulations of (4.1) for two sets of parameters.
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Fig. 4.1. One path simulation of exact solution to (4.1). Left: k = 3,0 = 1,u =2, and T = 1,20 =
0.5,A=1; Right: k=5, =1, p=—-2and T =1,20 = 0.5, A = 1.

In the sequent experiments with (4.1) admitting the following parameters:

e k=3, o0=2,
e k=15, o0=2,
e k=T, o0=2,
e k=9, oc=2

p=1,
p=1,
p=1,
p=1,

we are to test approximation errors in terms of means of absolute errors ¢ = E[| Xy — Y7p|]. As
usual, the expectation is approximated by the Monte-Carlo approximation

e:=R[| X7 — Yr|] :=

1 W :
N— Z ‘X'l("z) - Yj(f) )
me ;T

where the positive integer N,,. is the sample times in numerical tests, YT(i) is the numerical
approximation solution at the time t¢,,, = T by JAIMM at the i-th sampling. Note that the
E[| X7 — Y| is the Monte-Carlo approximation of the mathematical expectation E[| X7 — Yz |].
We plot the achieved accuracy versus stepsizes in logarithmic scale. N,,. = 5000 Brownian
and Poisson paths have been simulated with initial value zg = 0.5, T'= 1, and A = 1 as the

intensity of Poisson process.

We list computational errors e for various choices of parameters in Table 4.1, from which
one can detect that the approximation errors decrease at a slope of order one as the stepsize At
decreases. To clearly display the convergence rates, we plot in Figs. 4.2-4.3 the achieved errors

Table 4.1: Numerical results for (4.1) with o =2, p = 1.

At k=3 k=25 k=17 k=9
277 1 0.0194 | 0.0292 | 0.0390 | 0.0486
278 1 0.0096 | 0.0142 | 0.0193 | 0.0243
279 1 0.0046 | 0.0069 | 0.0093 | 0.0119
27101 0.0021 | 0.0032 | 0.0044 | 0.0056
27111 0.0010 | 0.0015 | 0.0020 | 0.0026
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107 10

—+— JAIMM —*— JAIMM
— — — Reference slope of 1 — — — Reference slope of 1

10°

Sample average of | X7 — Y7
Sample average of | X7 — Y7

10° 10° 10° 10° 10"
At At

Fig. 4.2. Numerical results for (4.1) with 7'= 1. Computational errors versus stepsize At on a log-log
scale. Left: k =3,0 =2,u =1, and A = 1; Right: Kk =5,0 =2,u =1, and A = 1.

10° 10°

—— JAIMM —*— JAIMM
— — — Reference slope of 1 — — — Reference slope of 1

Sample average of | X7 — Vi,
o
5

Sample average of | X7 — Yy
.
5

107 107 10° 107 10
at At

-1

Fig. 4.3. Numerical results for (4.1) with 7'= 1. Computational errors versus stepsize At on a log-log
scale. Left: k =7,0 =2, u=1,and A = 1; Right: k =9, 0 =2,u=—1,and A = 1.

versus stepsizes in logarithmic scale. As predicted, the slopes of the errors (solid lines) and
the reference dashed line match well, which indicates that the proposed scheme shows a strong
convergence rate of order one.

Next, we consider a 2-dimensional nonlinear jump-diffusion SDEs as follows:
1
dXy = f(Xy-)dt + g(X;—)dW; + h(Xi—)dNy, t€(0,T], Xo=x0= [0 1] , (4.2)

where f: R? = R2, g: R? — R?*2_ h: R? — R? are given by

R PR e T L BT L B A

3 sin(z!) + 22 0 o9 o

Here 01, 09, 11, p1o are parameters that will be given in the following numerical tests. In Fig. 4.4,
we plot two one-path simulations of (4.2) for two sets of parameters. Like the 1-dimensional
cases, we plot in Figs. 4.5-4.6 the achieved errors versus stepsizes (At = 27% i =7,8,9,10,11) in
logarithmic scale with four sets of parameters. As is shown, the slopes of the errors (solid lines)
and the reference dashed line match well, which indicates that the proposed scheme admits
a strong convergence rate of order one.



268

Fig. 4.4. One path simulation of exact solution to (4.2). Left: o
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T =1,A=1;Right: 01 =2,00 =4, 1 =p2o=—-2and T'=1,A=1.
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Fig. 4.5. Numerical results for (4.2) with 7'= 1. Computational errors versus stepsize At on a log-log
scale. Left: 01 = 2,00 =4, 1 = pu2 = 2, and A = 1; Right: 01 = 2,02 =4,u1 = pu2 = —2, and A = 1.
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Fig. 4.6. Numerical results for (4.2) with 7= 1. Computational errors versus stepsize At on a log-log
scale. Left: 01 = 3,02 =5, u1 = u2 = 2, and A = 1; Right: 01 = 3,02 =5, u1 = pu2 = —2, and A = 1.

5. Conclusion Remarks

In this paper, strong convergence of a jump-adapted implicit Milstein method for a class
of nonlinear jump-diffusion problems, of which the drift coefficients are one-sided Lipschitz
continuous and the diffusion and jump coefficients are globally Lipschitz continuous, has been
rigorously analysed. The optimal strong convergence rate of order one also has been recovered.
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In the future, we are to carry out further numerical analysis of jump-adapted methods for more

general models.
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