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Abstract

In this work, a modified weak Galerkin finite element method is proposed for solving
second order linear parabolic singularly perturbed convection-diffusion equations. The
key feature of the proposed method is to replace the classical gradient and divergence
operators by the modified weak gradient and modified divergence operators, respectively.
We apply the backward finite difference method in time and the modified weak Galerkin
finite element method in space on uniform mesh. The stability analyses are presented
for both semi-discrete and fully-discrete modified weak Galerkin finite element methods.
Optimal order of convergences are obtained in suitable norms. We have achieved the same
accuracy with the weak Galerkin method while the degrees of freedom are reduced in our
method. Various numerical examples are presented to support the theoretical results. It
is theoretically and numerically shown that the method is quite stable.
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1. Introduction

In this paper, we propose a modified weak Galerkin finite element method (MWG-FEM)
for the following parabolic convection-diffusion problem:

u—eAu+V-(bu)+cu=f in Qr=02x(0,T],
u=20 on 090 x (0,71, (1.1)
u = ug in Qx {0},

where ¢ € (0,1] is a small parameter and Q is a bounded polygonal domain in R? with the
boundary 0, dyu = %—? and ug € L2(2). For the well-posedness of the problem [24], we
assume that b, c and f are smooth functions, b € [W1>°(Q)]? and for some constant ag such
that

1
c+§V-b2a0>0. (1.2)

* Received January 28, 2021 / Revised version received June 11, 2021 / Accepted March 11, 2022 /
Published online December 7, 2022 /
1) Corresponding author



MWG-FEM for the Singularly Perturbed Parabolic Convection-Diffusion-Reaction Problems 1247

Convection-diffusion equations are commonly used to describe a wide range of differen-
tial equations arising from the mathematical modeling of real word problems in science and
engineering involving fluid, petroleum simulation, groundwater contamination and gas dynam-
ics [2,3,30], etc. Applications generally involve time-dependent convection-dominated problems
for the mathematical modeling of physical processes. It is well known that the solution of the
singularly perturbed convection-diffusion problems possess boundary or interior layers. It is
well known that these layers lead to unsatisfactory numerical solutions with non-physical oscil-
lations when the conventional numerical methods such as finite difference (FD) methods and
the standard finite element methods are applied. To recover these non-physical oscillations,
some stabilization methods have been proposed over the last decades, including streamline-
upwind Petrov-Galerkin (SUPG) methods proposed by Hughes and Brooks [4], local projection
stabilization method [15,19] and the interior penalty method [35]. However, there are some
disadvantages of these methods for convection-dominated problems. For instance, the popular
SUPG methods have the stabilization term which includes many terms for the time dependent
problems. Moreover, they produce overshoots and undershoots near the layer region. A large of
papers has been devoted to the numerical methods for convection-diffusion problems on some
layer adapted meshes in the literature [18]. Unfortunately, the location of the layer must be
known in prior in order to use the layer adapted meshes. The layers may move as time varies
in the parabolic convection-diffusion problems. This leads to use fitted operator methods for
the numerical solutions of unsteady convection-diffusion-reaction equations.

Wang and Ye [32] first introduced the weak Galerkin finite element method (WG-FEM) and
analyzed for numerical solution of second order differential equations. The WG-FEMs intro-
duce a space of weak functions, weak gradient and weak divergence on the space of completely
discontinuous piecewise polynomials. The weak functions in WG-FEMs consist of the form
u = {ug, up} with u = ug inside of the element and u = w;, on the boundary of the element. Later
on, WG finite element methods have further been presented for a large variety of PDEs in-
cluding the implementation results [21], parabolic problems [16], the Helmholtz equations
with high wave numbers in [22] and the time fractional reaction-diffusion-convection prob-
lems in [27]. The weak gradient and weak divergence operators have been introduced for
convection-dominated problems in [5] and [17]. The WG-FEM has been studied and analyzed
for time-dependent convection-diffusion equations with convection term in non-conservation
form based on these newly defined operators [34]. While the formulation of WG-FEM is simple
and parameter-free, it adds more degrees of freedom since it has two components for each func-
tion in the approximation space. In order to reduce the degrees of freedom in the formulation
of the WG-FEM, a modified WG-FEM (MWG-FEM) introduced in [31] eliminates us from the
space of weak functions and uses the average {ug} of the up on the boundary of element. As a
result, the weak functions in the MWG-FEM of the form u = {ug, {ug}} and for simplicity we
denote by u. As the WG-FEM, the MWG-FEM is a parameter free method and it has the same
degrees of freedom as the discontinuous Galerkin (DG) methods. In other words, the MWG-
FEM inherits from the properties of the WG-FEM with the reduced number of unknowns in
the associated discrete systems. Compared to DG methods, the formulation of the MWG-FEM
is simple, symmetric and the resulting system is positive definite while they have the same same
finite element space and there is no need a large penalization parameter for the MWG-FEM.
MWG-FEMs have been further developed for a variety of PDEs such as convection-diffusion
problems [12], parabolic equations [11], Stokes equations [20,26], convection-diffusion problems
in one dimension [28] and in higher dimension with weakly imposed boundary condition [9].
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Superconvergence approximation of the MWG-FEM is also presented in [29]. This paper aims
to introduce a MWG-FEM for time dependent convection-diffusion problems. This modified
scheme has less the degree of freedom than WG-FEM proposed in [34] while the accuracy
remains the same. In this paper, we approximate the convection term by a modified weak
divergence operator and introduce a simple upwinding-type stabilizer for the convection term
and we do not require extra conditions on the convection coefficient.

The rest of this paper is organized as follows. In Section 2, a MWG-FEM is introduced
and semi-discrete MWG-FEM and fully discrete MWG-FEM are proposed. Stability analyses
of the semi-discrete and backward Euler difference time discrete MWG finite element schemes
are established. Some error equations are derived. Error analyses and an optimal convergence
result in the energy norm and a suboptimal order error estimate in L2-norm for both schemes
are given in Section 3. The optimal convergence order in L?-norm is established in Section 4.
Numerical results are given in Section 5 to verify the theoretical findings.

Throughout this article, we use C or with subscript such as Cp,Cs for a generic constant
independent of €, time step size § and mesh step size h unless otherwise stated.

2. MWG-FEMs

We use the standard notation for Sobolev spaces H'() for any domain  C R? with [ > 0.

The inner product, semi-norm and norm in H'(S) are given (-,");.s, |- |is and || - ||s for
subset S C ), respectively. We sometimes skip the subset S when S = 2 and use the notation
|-]; and || - ||;. Moreover, we denote by || - ||oc the norm on L>(€2) and || - || the norm on L?(£2).

The variational form for the problem (1.1) is to seek u € H}(Q),t € [0,7] such that the
following equations hold:

(Opu,v) + A(u,v) = (f,v), Yv € Hy(Q), t>0,

u(z,0) = ug(x), x € Q, 21)

where A(u,v) = e(Vu, Vo) + (V - (bu),v) + (cu,v) and (-,-) is the standard inner product in
L2(Q).

Let Ty be a partition of the domain € consisting of polygons which are closed and simply
connected elements. The set of all edges in 7}, is denoted by &£, and the set of all interior edges
by 52 = &ER\ON. Denote by hp the diameter of elements T' € Tp, and h = maxper, hr. We
follow the shape regularity assumptions A1 — A4 for the partition 7}, detailed as in [17].

Let T1,T5 be two adjacent triangles with common edge e and unit outward normal vectors
ny and ng on e associated with T7 and 75, respectively. The average {-} and jump [-] of a scalar
valued function u on e are defined by

(). — { sluln +uln),  ec&l { ulr,ny +ulnna, e €&
u, e € 09, umn, e € 092.
Similarly, we define the average and jump operators for a vector valued function v
1 0 0
(v} = { §(U|T1 +v|n,), ec &), (0], = { v|7, -1 +v|n, - na, ecé&y,
v, e € 09, V- n, e € 09.

For a given integer k > 1, we define the finite element space Sy (k) associated with 7, as
follows:
Sp(k) ={u e L*(Q) : u|lr € Pr(T),YT € Ty}, (2.2)
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and its subspace SV (k) as
SO(k) = {w € Sp(k) : ul = 0, € 92}, (2.3)

where Py (T) is the set of polynomials on T of degree at most k.
For any function u € S,(k), the modified weak gradient Vu € [Px_1(T)]? is defined on T
as the unique polynomial satisfying the following equation:

(un,‘r)T = ,(% V. T)T + <{u}, T- n>6T, V7 € [Pr_1(T)), (2.4)

where n is the unit outward normal to 0T and (-, ) and <-, > are the L? inner products on

T or

T and 0T, respectively.
For any function u € Sy, (k), the modified weak divergence V., - (bu) € Px_1(T') related to b
is defined on T as the unique polynomial satisfying the following equation:

(Vw - (bu),w) . = —(bu, Vw) . + ({u}, b nw)or, VYw e Py_1(T). (2.5)

Remark 2.1. This newly defined modified weak gradient is different from the weak gradient
operator defined in [10]. This modified definition replaces the values u;, on the boundary by
the average operator {u} of u on the boundary of T'. This reduces the degree of freedom for
the problem, that is, the unknown coefficients in the system are reduced.

Remark 2.2. If u is continuous in 2, then we have
{u} =won 9T, VT € Ts.

We see from the definition of weak gradient in (2.4) that

/unvdz:f/qu;dsz/ uv - nds
T T oT

:/Vuvdx Yo € [Pe_1 (7)),
T

which implies the modified weak gradient in fact is the L? projection of the classical gradient
operator on the space of polynomials. Thus, we have V,,u = Vu when u € P(Q).

Similarly, if w is continuous in €2, then from the definition of modified weak divergence given
by (2.5), we have

/Vufuwdx:f/qud:ch/ uwn ds
T T oT

:/V~uwdx Yw € Pr_1(T),
T

showing that the modified weak divergence is the L? projection of the classical divergence
operator on the space [P(£2)]2. Thus we have V,, - u = V - u when u € [Py (2)]%.

In order to analyze and investigate the proposed method, we introduce the local L? projec-
tion. We first define the local projection @}, given by

Qn: L*(T) > Pu(T), (Qng—q,p)r =0, VpePy(T) (2.6)
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for each element T' € T;,. The other projection is the L? projection on the local weak gradient
space defined by

Qn: [LA(D)? = [Pr_1(T)]?, (Qur —T,0)r =0, VYo € [P (T)]? (2.7)

for each element 7. The following error estimates are standard and the proof can be found
in [11].

Lemma 2.1 ([17]). Let Ty, be a finite element partition of Q satisfying the regqularity require-
ments. Then, for any u € H'7*(Q) with k > 0, we have

Y (lu—Quully + 1|V (u— Quu)llz) < CH** D ullf (2.8)
TETh
Y (IVu = Qu(Va)llF + h|Vu = Qu(Va)f 1) < CH**|fulf .- (2.9)
TETh
Example 2.1 ([12]). Let T be the reference triangle element AABC with nodes A(0,0), B(1,1)
and C(0,1). Suppose that u|r = (1,1) and u = 0 on Q\T. Then we have {u}|., = (5, 3) where

e1 = AB, es = BC and es = CA.
a. If k=1, then we have V,, - u|r = 0.
b. If k = 2 then we have V,, - u|pr = 6 — 62 — 6y.

For the future reference, we use the following notations:

(o) = 3 (o), = 3 /Tuvdz,

TETH TETh
(u,v) = Z (u,v)or = Z / uv ds.
TETh TETh or
For L?— norm, we suppress the subscript and use the notation || - || in the sequel.

For up, vy, € Sp(k), we define a bilinear form on Sy (k) as follows:

a(up,vp) = E(unh, Vth) + (Vw . (buh),vh) + (cuh,vh) + sc(up,vp) + sa(up,vr), (2.10)

where
SC(U,’U) = Z <b : n(u - {u}),v - {’U}>6+T,
TEThH
sa(u,v) = > ehy N ([ul, [v])e,
e€ly
and

04T ={y € 0T : b(y) -n(y) > 0}.

Remark 2.3. The stabilization terms s.(-, ) and s4(+,-) defined in this paper is different from
the stabilization terms defined in [12,17].

We then propose the following modified weak Galerkin finite scheme:
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Algorithm 2.1. The Modified Weak Galerkin Scheme
A modified weak Galerkin solution to (1.1) is to find u(t) € S (k) such that

(Gtuh,vh) + alup,vp) = (f, Uh), Vo e Sp(k), t>0,

up(z,0) = Qruo(x), x e . (2.11)

Let dim(Sp(k)) = M and dim(S)(k)) = N. If {¢n(z) :n=1,...,N,N+1,..., M} is basis
functions of Sy,(k) and {¢,(z) : m =1,..., N} is basis functions of S(k), then the matrix form
of the MWG-FEM given by (2.11) can be written as

M‘fi—c +AC=F, (2.12)

where M is the mass matrix given by

::(¢n7¢WJa nanlzzlw-'vAC

the stiffness matrix A
A:a(¢nv¢m)7 nm=1,..., N,

the forcing vector F

M de M de !
F= |- — n ey - "
Yo G @mo) (o), = Y (0 on) + (fron)
n=N+1 n=N+1
and the constant vector C
C= [01,62, ce ,CN]T
for the numerical approximation
N M
=S i@+ > calt)on(a).
n=1 n=N+1

2.1. Stability

The following multiplicative trace inequality will be useful in proving the error estimates.

Lemma 2.2 ([23]). LetT € Tj, and e € OT. For any ¢ € HY(T), the following trace inequality
holds

6112 < (k716113 + kel Vl13)- (213)
We also frequently use the following identity [20]:

(v—{v}, 7 n)= Z <[U],{T}>e, (2.14)
e€céy
which follows from the equality

<v,7’ . n> = Z <{U} Z {T}

6682 ec&y
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Next, we define an energy norm in Sp(k): for v, € Sp(k)

2
oalll” = llonll%, + llonllz, (2.15)
where
lonllz, = > el VwvnllF + si(vn, vn),
TETh
lonll3 = > [lb-n|2 (vn = {va})lI3r + lonl.
TETh
An energy-like norm || - ||| in the space Sh (k) + H'(2) is defined for vs, € Sp(k) + H'(Q)
[lonlll2 = lonllT n + [lvallZ, (2.16)
where

lonll3 = el VonllF + s3(vn, vn).
TETh

Then, we will show that these two norms are equivalent in the next lemma.
Lemma 2.3. For any v, € S} (k), we have the following
Clllvnlll < [llvnllle < Clll]]]-

Proof. Let vy, € S (k). The definition of the modified weak gradient (2.4) and integration
by parts imply that

(Vuvn, ), = (Von, o), + {vn} —vn, 0 n)or, Vo € [Pr(T). (2.17)
Choosing o = Vv, in (2.17), we have
vavh”% = (V'Uh, vah)T + <{’Uh} — Up, vw'Uh . n>6T~

Using the Cauchy-Schwartz inequality, the equality (2.14) and the multiplicative trace inequality
(2.2), we arrive at

IVwonll? < IVUllzlVwor T + [on]lor | Vwvnllor

< (||wh||T+Ch;”2|[vh1||aT>||vwvh|T.

Therefore, we get
1
[Vworlr < [[Vonllr + Chy? [|[va]|[or-

Taking square on both sides of the above inequality and summing up over all element T" € Ty,
leads to

| Vwun||* < C<5||Vvh||2 + sd(vh,vh)).

As a result,
lvnllw < Cllonl1,n. (2.18)
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Taking o = Vuy, in (2.17), we have
2
||V'Uh||T = (V’Uh, vah)T — <{’Uh} — VUh, V’Uh . n>aT.

Using the Cauchy-Schwartz inequality, the equality (2.14) and the multiplicative trace inequality
(2.2), we arrive at

IVonll7 < IVorllz | Vwonlr + [oalllor | Vonllor

< <|vwvh|T+ch;”2||[vhJ|aT>|wh|T.

Hence, we obtain
_1
[Vorllz < [Vwvnllr + Chy® [[[vn]llor-

Taking square on both sides of the above inequality and summing up over all element T € Tj,
leads to

Vol < c<s||vwvh||2 n ())

Then we have
lvallin < Cllonflw. (2.19)

From the inequality (2.18) and inequality (2.19), we arrive at

Cllvallw < llvallin < Clloallw-

The definition of ||| - |||— norm and ||| - |||c— norm conclude that
Cllfonl[l < [llvnllle < Cllonlll,

which completes the proof. 0
We now prove that the bilinear form a(-,-) is continuous and coercive with respect to the
[I| - |||-norm defined by (2.15).

Lemma 2.4. For up,v, € Sp(k), there exist positive constants C and ~y such that

a(un, vn) < Cl[[on|[[[[|vnll]; (2.20)
a(vn, on) = lJoa || (2.21)

Proof. Let up, v, € SY(k). It follows from the definition of the bilinear form a(,-) and the
Cauchy-Schwarz inequality that

alun, vn) <C (& Fuun| + l[unll? + salun, un) + (un — {un}, b nl(un — {un})))”

1
2

- (£ Fwonl + llonl® + sa(vn, va) + (vn = {on}, b= nl(vn — {04})))

Then, we have (2.20) by the definition of ||| - |||-norm.
The definition of the modified weak divergence (2.5) and integration by parts lead to write

(Ve - (bup),vn) = —(bus, Vor) + ({us}, b - nup)

= (V- buy,vn) + (bo, Vup) — (up — {up}, b - nvy), (2.22)
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and
(Vw . (bvh),uh) = 7(b’l)h, Vuh) + <{’Uh}, b- nuh>
= 7(b’l)h, Vuh) =+ <{’Uh}, b- n(uh — {uh})>,

where we have used the fact that (b - n{uy}, {va}) = 0 for up, v, € Sj)(k) in the last equality.
Summing up (2.22) and (2.23) and taking u, = vp, we obtain

(2.23)

(Vu - (bun), up) = %(V - bup, up) — %(uh — {un}, b-n(up — {up})). (2.24)
Using (2.24), we get

1
a(up,up) = E(unh, Vwtn) + ((c + §V -b)up, uh)

- 1<Uh —{un},b-n(up — {un})) + sc(un, un) + sa(un, up)

2
1
> el|Vawun||* + aollunll* + 5 {un = {un}, [b- nl(un = {un})) + salun, un) = ylluall[?,

with v = min{ay, %} This completes the proof. O

Lemmas 2.3 and 2.4 conclude that the bilinear form a(-, -) is also coercive in the norm |||-|.
defined by (2.16).

Lemma 2.5. For v, € Sp(k), there exists a positive constant o such that
a(vn,vn) > o [on]|*. (2.25)

Now, we consider the semi-discrete approximation of a parabolic problem formulated in
Algorithm 2.1. The following is a basic stability estimate for the continuous time semi-discrete
problem for Eq. (1.1).

Theorem 2.1. The MWG-FEM solution up(t) to the problem stated in Algorithm 2.1 has the
following good stability inequality:

ol + 25 [ (9wt < 20 [ riPar-+ )1 (2.26)
Proof. Choosing v = uy, in Eq. (2.11), we have
(Orup, up) + alup, un) = (f, un).
The coercivity property (2.21) of the bilinear form a(-,-) implies that
alun, un) 2 [|Jun||l*.
Thus, we have
(Deun, un) + |[Jun|l” < CIIfII* + %HuhHQ-

Using the definition of |||us|||, we get

1
(Orun un) + 5 [[unl[[* < ClI£]1*, (2.27)

Then, integrating from ¢t = 0 to 7', the result follows. Thus we complete the proof. O
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Let § be a time step size and t,, = md with 0 < m < N and N§ = T. We denote by
U™ € SP(k) the numerical approximation to up(t;,). A fully discrete MWG-FEM for the
problem (2.11) is to seek U™ € SP(k) such that U® = Qpuo and

(étUm,’Uh) + a(Um,vh) = (f, vh), Yoy, € S}?(k}), (2.28)

where 8,U™ = Um%w is the backward Euler difference at time t = t,,. Equivalently we can

rewrite this as follows:
(U™, v) +0a(U™,vp) = (U™ +6f(-tm),vn), Yo, € Sp(k), k=1,2,...,

00 Onae, (2.29)

Again using the coercivity property (2.21), we have with v, = U™

(U™, U™) +a(U™,U™) > Cy|||U™|?, VU™ € Sp(k),

SO

where C, = min{ag + %, 3}. The existence and uniqueness of the problem (2.29) follow.

2.2. Error equations

The MWG-FEM lacks of consistency property since the exact solution does not satisfy the
numerical scheme (2.11). This property is the key for the Galerkin orthogonality in the conven-
tional finite element methods. Thus, the MWG-FEM does not have the Galerkin orthogonality.
In order to establish the error estimates without the Galerkin orthogonality, we will first derive
some error equations which will be useful in our later analysis.

Lemma 2.6. Let u be the solution of the problem (1.1). Then for v, € S (k),

— E(Au, vh) = E(Vthu, vah) — T (u,vp), (2.30)
(V . (bu),vh) = (Vw . (thu),vh) — To(u,vp,), (2.31)
(cu,vh) = (thu,vh) — T5(u,vp), (2.32)
where
Ty (u,vp) = e({Vu — Qn(Vu)}, [vn]) + e({Qru} — u, Vyun - n), (2.33)
To(u,vp) = (u— Qpu, b Vuy) — (u — {Qpu}, b- nup), (2.34)
Ts(u,vp) = —(cu — cQnu, vh). (2.35)

Proof. We start with proving Eq. (2.30). From the definition of the modified weak gradient
(2.4) and integration by parts, for v, € S} (k), we obtain
(Vw(Qnu), Vyon) o = = (Qnu, V- (Vavn))  + {Qnu}, Vaun - n)ar
= —(u, V- (vah))T + {Qnu}, Vyun - n)or
= (Vu, vah)T — (u—{Qnu}, Vyur - nhar
= (Qu(Vu), Von) , — (u— {Qnu}, Vyon - n)ar.

Then, we have

(Vu(Qru), Vyor) = (Qu(Vu), Vyur) + {Qru — u}, Vyoy - n). (2.36)
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Here, we use the fact that {u} = u as u is continuous function. It follows from the definition of
modified weak gradient and integration by parts that

((@h(Vu), vah)T = ,(v}“ V. Qh(Vu))T + {vn}, Qn(Vu) - n)ar
= (Vvh, Qh(Vu))T + <{’Uh} — ’Uh,@h(Vu) . 'n,>3T
= (Vup, Vu)T + {vn} — vn, Qn(Vu) - n)or,

which leads to

(Qn(Vu), Vuur) = (Von, Vu) + {vi} — vn, Qu(Vu) - n). (2.37)

Multiplying the term —Au by the test function vy, € Sp (k) yields
—(Au,vp) = (Vu, Vop) — (Vu-n,vp) (2.38)
= (Vu,Vup) — (Vu-n, v, — {op}), (2.39)

where we use the fact that (Vu-n,{v,}) = 0.

Combining altogether Eqs. (2.36), (2.37) and (2.38) and making use of the identity (2.14),
we get the desired result (2.30). Next, we prove Eq. (2.31). The definition of the modified weak
divergence (2.5) and integration by parts lead to

(V- (bu),vn), = — (bu, Vo) . + (u,b - noy)ar
= — (thu, Vvh)T — (u - Qhu, b- V’Uh)T + ({Qhu}, b- TL’Uh>,9T
— ({Qnu},b-nvp)or + (u,b - nup)or
:(Vw . (thu),vh)T - (u — Qhu, b- V’Uh)T + <u - {Qhu}, b- TL’Uh>aT.
Summing up over all T' € T}, gives that
(V . (bu),vh) = (Vw - (bQpu), vh) — To(u,vp),

which is Eq. (2.31). Eq. (2.32) is clear. Thus, we complete the proof. O

3. Error Analysis

We will present the error estimates in this section. First we will derive the a priori error
estimates for the semi-discrete MWG-FEM defined by (2.11) and then for the fully discrete
MWG-FEM scheme given by (2.29).

Let u be the exact solution of the problem (1.1) and uy, be the solution of the semi-discrete
problem given by (2.11), respectively. Let e := Qju—uy, be the error between the L? projection
of the true solution v and the MWG-FEM solution u;, computed by (2.11). Then we have the
following error equation for e which will be needed in the error estimates.

Lemma 3.1. Let e = Qnu — up € Sp(k). For any vy, € Sp(k) we have
(8,56, vh) + ale,vp) = Th(u,vp) + Ta(u,vp) + Ts(u, vp) + Sc(Qru, vp) + 84(Qru,vp).  (3.1)
Proof. Multiplying (1.1) by the test function v, € S9(k), we obtain

(Ovu,vp) — e(Au,vp) + (V- (bu),vp) + (cu,v) = (f,vn). (3.2)
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By making use of Egs. (2.30)-(2.32), we can write the above equation as

(O, vp) + €(VuwQnu, Vo) + (Vi - (bQru), vp) + (cQnu, vp)
=(f,on) + T1(u,vn) + To(u, vp) + T3(u, vp). (3.3)

We add the terms s.(Qru, v,) and sq(Qru, vy) to both sides of Eq. (3.3) and we get

(Ou(Qnu), vp) + a(Qru, vp)
=(f,vn) + T1(u,vpn) + To(u, vn) + T3(u, vh) + sc(Qnu, va) + sa(Qnu, vn), (3.4)

where we use the fact that (Qn0;u — dyu, vp) = 0 for v, € SP(k) and the commutative property
of the L? projection on the time derivative, that is, (Qn0;u — Oy, vy) = (0;(Qpu) — dyu,vp) = 0.

Subtracting (2.11) from (3.4) gives the error equation (3.1). Thus the proof of the lemma
is now complete. (|

In order to obtain the error estimates, we need to have the error bounds for each term
T;(u,vp),i =1,2,3. The following lemma gives the bounds for these terms.

Lemma 3.2. If u is the exact solution of the problem (1.1), then for any vy, € Sp (k) we have
the following estimates:

[T (u, 0n)] < Ce2h*fulia[onlll; (3-5)
[T (u, on)| < CHM 2uliera[fon]] (3.6)
T3 (u, vn)| < CRF i | [on I, (3.7)
|se(Qnu,vn)| < C hk+%|“|k+1|||vh|||a (3.8)
ISd(Qhu vn)| < CehMulir [jonl - (3.9)

Proof. With the aid of the Cauchy-Schwartz inequality, the trace inequality (2.2) and
Lemma 2.1, we obtain

Y [efVu = Qu(Va)}, [onor| < C Y ellVa — Qu(Vu) ozl [onlllor

TeTh TeTh
<o Y el Vu- uulEe) (X htelll3)’
TETH TeTh
<Ce3 (37 (IVu = Qu(Va) 3 + B3 Vu = Qu(Vu) )% 53 (v, vn)
TETh

1
<Ceh"|ulira|||onlll-
Similarly, one can show that

> el @nuu} = u, Vavn - nar| < Ce? hFfuliia[ox]]-
TeThH

Consequently, one has
1
IT1(u, on)| < Ce= hF ulpp[[on]l]-

We next derive the error bound for the term Th(u,vy,) in (3.6). Let by be the constant value
of the average of b over the element 7. Using the Cauchy-Schwartz inequality, Lemmas 2.1
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and 2.3, we have

(u — Qpu,b- Vvh) = Z (u — Qnu, (b —br) - Vvh)T
TeTh

< 3 Jlu— Quullrlb — Brlloor | Venlr
TET

< CR*ulial[fon|]-

Moreover, using the Cauchy-Schwartz inequality, the trace inequality (2.2) and Lemma 2.1,
one can obtain

(u—{Qnu},b-nuvy) = (u—{Qnu},b-n(vy — {vr}))
<C Y |lu—Quullorllb-nl? (v — {on})llor

TETh
<0 Y ('~ Quule + bV — Quan) ) s (un o)
TETh
< CH* 2 fulpa o]l
where we use the fact that (v — {Qru},b - n{vy}) =0. As a result,

To(u,vn) < CHFF 2l |||

Similarly we can prove (3.7).
From the Cauchy-Schwartz inequality, trace inequality (2.2) and Lemma 2.1, we infer that

5c(Qnu,vp) < Z |(b-n(Qnu —{Qnu}),vn — {vn})a, 7|

TeETh
- Z ‘<b n(Qru—u+u—{Qpu}), vy — {Uh}>8+T|
TETh
< D |- n(@Quu—u)on —{vho,r| + Y [(b-n{u— Quu}),on — {vn})o. 1|
T€Tn TET
<o Ib-n—Quuly) s on o)
TETh

1
< CR** 2 [ulga || [on -

Similar argument shows that the estimate (3.9) holds true. Thus we complete the proof. g

We are now ready to state and prove an error estimate for the time continuous semi-discrete
modified WG-FEM approximation (2.11).

Theorem 3.1. Let u(z,t) and up(z,t) be the exact solution of the problem (1.1) and the
solution of the semi-discrete modified WG-FEM given by (2.11), respectively. Assume that
u, Opu € H¥TY(Q). Then there is a positive constant C independent of € and the mesh size h
such that

t
Ju—wnll? < € (nuo P+ Ol + ) [l ds>) . (3.10)
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Proof. We aligned the error e, = v — up = v — Qpu + Qpu — up, := 6 + e. Lemma 2.1

provides the error estimate for the first term 6

1611 < CHE+uln.

(3.11)

Thus, we will derive the error estimate for e. The coercivity property (2.21) of the bilinear

form implies that

a(e, €) > 7|llel|*.

Taking vp, = e in the error equation (3.1) we have
(Ore,e) +ale,e) = Ty (u,e) + To(u,e) + T3(u, e) + sc(Qnru, e) + sq(Qnu,e).
Combining two expressions above yields
(Ore, ) +lllel||* < Ti(u,€) + Ta(u, €) + Ts(u, ) + se(Qnu, €) + sa(Qnu, e).
Using the Young’s inequality and Lemma 3.2, we obtain
[Ty, )] < Creh®™ fulfy + el
(ot €)] < Oy uffyy + el
T3, )] < Coh™*[uff s + el
[se(Quu, )] < Co M uff iy + el
[sa(Qnuse)| < Coeh™ful}yy + LllellI,

Substituting the results above into (3.12) reveals

1d
Srllel < Cle+ M ul,.

Integrating (3.13) with respect to t over [0, ] we find

t
lel? < © (||e<o>||2 +ermn® [, ds) .
With the help of Lemma 2.1, we have
(O] < |@ntto — woll + o — udl] < CHF+ o2 + fluo — .

Substituting the estimate (3.15) into (3.14), we obtain

t
lel? < © (nuo S+ R ol + (e + ) / ul? 4y ds>> .

Combining the above estimate and the estimate (3.11) give the desired result (3.10).

(3.12)

(3.13)

(3.14)

(3.15)
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Theorem 3.2. Let u(x,t) and up(z,t) be the exact solution of the problem (1.1) and the
solution of the semi-discrete modified WG-FEM given by (2.11), respectively. Assume that
u, Opu, ug € H¥HL(Q). Then there is a positive constant C independent of € and the mesh size
h such that

t
| or =) s = P

< C(IIIUO —up||* + h* (IuOIiH +(e+h)

t t t
« (/ |u|§+1ds+/ |atu|i+1ds+/ |u0|§+1ds)>>. (3.16)
0 0 0

Proof. With the same notation as in the previous theorem, we estimate the error for e.
Taking v, = O:e in the error equation (3.1) we get

(Ore, Ore) + ale, Ore)

=T (u, 0re) + Ta(u, Ore) + T3(u, Ore) + sc(Qnu, O:e) + sa(Qru, Ore)
0 0 0
ZETl(u, e) — T1 (O, e) + ETQ(U, e) — To(Owu, e) + &Tz;(’u, e)

— T5(0su, e) + %sc(Qhu, e) — sc.(Qroru, e) + %S(Qhu, e) — s(Qrotu, e).

Using Lemma 3.2 we have
1d
2 P —
|Ovel[> + 5 —zaese)
1 1 0
<C(e + h2)h* Prulallelll + 5T (s )
0 9] 0 9]
+ ETQ(U, e)+ &Tg(u, e)+ Esc(Qhu, e)+ Esd(Qhu, e).

Integrating the last inequality with respect to t gives

t
| ovelds-+ Jllell?
0

t
§C<g|||€(0)|||2+(€5 +h%)hk/ |0 ulkt1lllell| ds
0

+ Ty (u,e) + To(u,e) + Ta(u, e) + sc(Qru, e) + sqa(Qru, e)
— T1(u(0),(0)) — T2(u(0), e(0)) — T3(u(0),e(0))

— 5c(Qnu(0),€(0)) — s(Qru(0), 6(0))>-
Again using Lemma 3.2 and the Young’s inequality we get

' gl
| orel s+ J1lell?
0

t t t
sc<g|||e(o>|||2+<s+h>h2k< [ telteads+ ot as+ | |uo|i+1ds>
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Ditteli? + X 2
+ - lMlelll” + SllleO)]l] )
Note that,

Ile@)IIl < C(R*|luolli+1 + |lluo — wupl]).

Thus, we have

t
[ ovel s + J el
0

t t t
gc(nwo—u2|||2+h2’“<||uo||i+l+<s+h> ( / ul2,y ds + / Opuf2, ds + / |uo|i+1ds)>>.

The above estimate and the estimate for 6 give the desired result (3.16). Thus, the proof is
completed. O

Next, we give the error estimates for the fully discrete MWG-FEM solution computed by
(2.28).

Theorem 3.3. Let u and U™ be the exact solution of the problem (1.1) and the solution of
the fully discrete MWG-FEM given by (2.28), respectively. Assume that u, yu,up € H*1(Q).
Then there is a positive constant C independent of € and h such that for 0 <m < N

[u(tm) — U™

tm
sc<||uOU°|2+52/
0

tm m
4 2k (hz <||u0||iJrl +/0 [|0¢ul 741 ds) + (e +h) Z |un|§+1> ) (3.17)

n=1

2

2
0%u ds

£z

Proof. We aligned the error e} = u(t,,) — U™ = 0™ + e™ where
o™ = u(tm) - Qhu(tm)a e = Qhu(tm) -um.

We know from Lemma 2.1 that

o < O el < 08 (Rl + [ lodnat) . @19
From the definition of @y, we have for v, € Sp(k)
(Qnoyu(tm) — U™, vh) = (Qudrultm) — 0 Quu(tm), vn) + (Or(Qnu(tm) — U™), vp)
= (Qvultm) — Jeultm),vn) + (e(Qnulty) — U™), vp),
or, equivalently, using the definition of the projection @y
(0:(Qrultyn) — U™), ) — (Qudpulty) — U™, vp) = (Spu(tm) — pulty), vn).

In what follows we will find an equivalent expression for the term (yu(t,,) — U™, vy). From
the variational formulation given in (2.1) and the fully discrete MWG-FEM scheme defined by
(2.28) we obtain

(Beu(tm) — OU™, ) = a(U™, vp) — Aultm), vp).-
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Using the same argument in deriving the error equations in Lemma 2.6 for the semi-discrete
case, we have the following error equation for the term a(U™,vy) — A(w(tm ), vp):

a(U™ vp) — A(u(tm), vn)
= (a(@uultn) = U™ vn) = Ta(u(tm), vn) = To(ultm), v0)
— T3(u(tm),vn) — Sc(Qru(tm), vn) — sa(Qru(tm), vh)). (3.19)

Thus, we have the following error equation for the fully discrete MWG-FEM for any vy, €
Sp(k)
(5,5(Qhu(tm) —-um™), vh) + a(Qru(ty) — U™, vp)
:(5tu(tm) — atu(tm),vh) + Ty (u(tm), vn) + To(u(tm),v )
+ T5(u(tm ), vn) + Sc(Qnu(tm), vn) + sa(Qnu(tm), v (3.20)

Letting vy, = €™ in the above equation (3.20), we have

(Ore™,e™) + a(e™,e™)
= (w™,e™) + Ti(utm), ™) + To(u(tm), €™) + Ts(u(tm), ™)
+ 8c(Qnu(t), €™) + sa(Qnu(tm),e™),
where
w™ = Opu(ty,) — Opu(tm).
Using the similar argument in the semi-discrete case, one can show that
(dre™, ™) +ale™,e™) < (™) + Cle® + )R ult) f e llle™ I
Using the Cauchy-Schwartz inequality, the Young’s inequality and the coercivity of the bilinear
form, we estimate the two terms on the left hand side of the above inequality
1

m _.m _ —(,m _  m—=1 _m m||2 _ m—1(2
(@, em)| = (e —emem) > o[l ~ e ?)), (3:21)

and
a(e™,e™) 2|l || (3.22)
Combining (3.21) and (3.22) leads to
le™]* +28|lle™[[[* <[le™ 11 + allw™||* + 8le™|
+ O e+ I ult)ys + 2001
Hence,

m m— m m 5
le™ 1% < fle™ 1% + ollw™ |* + dle ||2+Cg(€+h)h2kIU(tm)li+1-

By induction argument, one has

m n n 6 =
le™ 1% < lle®)* + 6 (Z Jlw™ | + Z lle ||2> +C (e + h)h** D lulta)li (3.23)
n=1

n=1 n=1
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We note that

L, ultn) —u(tn-1) 1 [t 0%u
e Opu(ty) = —= /tnl(s — tn,l)w ds,

which gives

2

u Eo1 ot e || 0%ul? § [t | 0%u
n12 < - —th_1)%d / — d :—/ — || ds. (3.24
7;1 [[w™]]” < nz::l 52 </tn1(8 1) ds .o s 3 /o 2 s. (3.24)
With the aid of Lemma 2.1, we have
11> < CR**2 lug|7 4 + [luo — U (3.25)

Combining (3.18), (3.23), (3.25) and the discrete Gronwall inequality yield the desired result
(3.17). The proof is now complete. O

Theorem 3.4. Let u and U™ be the exact solution of the problem (1.1) and the solution of
the fully discrete MWG-FEM given by (2.28), respectively. Assume that u, yu,ug € H*1(Q).
Then there is a positive constant C independent of € and h such that for 0 <m < N

2

tm 2
llutm) = U™ < c<|||uo SRR A = (3.26)
0
+ h?* <||uO||i+1 +(e+h)5Y IunliH) )
n=1

Proof. Taking vj, = d;e™ in the error equation (3.20), we have

(3tem, 3tem) +a(e™, étem)
=(w™, 0ye™) + T1(utm), ™) + Ta(u(ty,), die™)
+ T3 (u(tm), 3t€m) + 5c(Qnu(tm), étem) + 5(Qnu(tm), étem)-

Observe that

(@em, 5tem) = H8At6m||2,

a(e™, de™) = % (a(e™, e™) —a(e™, e )
1 m m m—
25(7|||€ 1P = Bllle™[I1le™ 1)
1 6 m|||2 ﬁ m—17(2
> Z _ = _F
>3 (7= 5) e = Gem=y
C m e
:g(|||€ P = [lle™ 117,

where we use the continuity of the bilinear form a(-,-) given by (2.20).
Using the Young’s inequality and Lemma 3.2, we have

A m — Y- m m—
IT1 (u(tm), Ore™)| < Cyed 1h2k|u(tm)|i+1+g5 E(e™ P+ 1lemHIE)
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A m — - m m—
T2 (u(tm), Ore™)| < C46 1h2k+1|ﬂ(tm)|i+1+g5 E(Ie™ 1+ [le™HIP)
A _m - Y- m m—
T3 (u(tm), 0re™)| < Cred™ D22 ultyn) 744 + 07 (eI + [1le™ M)

a m — - m m—
|sc(Qnu(tm), Ore™)| < Cy0 1h2k+1|ﬂ(tm)|i+1+g5 E(IHe™ 1+ [le™HIP)
|5a(Qnu(tm), Ope™)| < Coed™ W u(tm) 71 + %5_1 (e™ (11 + [le™HI1%) -

The Cauchy-Schwartz inequality implies that
a m m m— 4 m A _m
olldre™|1* + Cllle™|[[* < Cllle™ M + L lw™ I + 8ll0re™ | + Cle + m)h* ultm) 1

By induction argument along with cancellation we are led to

m 4 - n k
MeHFSCMJM”+ZZ:WIP+C€+hh2E:W SI (3.27)

n=1

Using Lemma 2.1 we obtain
1°lIl < Ch* [luoll + [[[uo — T°]]]. (3.28)

Substituting the inequalities (3.28) and (3.24) in the above inequality (3.27) gives the desired
result. O

4. Optimal Order Error Estimates in L?-norm

We have derived the optimal order of error estimate in H'-norm for both semi-discrete
and fully discrete MWG-FEM schemes in the previous section. In this section, we present the
optimal order of error estimate in L?-norm for semi-discrete and fully discrete MWG-FEM. For
this reason, similar to [33], we define an elliptic projection Rpu(t) of u on the space S)(k) as
follows. For each ¢ € [0, T, Ryu(t) : H3(Q) N H*(Q) — SP (k) such that

a(Rpu,vp) = —e(Au,vp) + (V- (bu),vp) + (cu,vn),  Von € Sp(k). (4.1)

The projection Rpu(t) is well-defined since the bilinear form a(-,-) is bounded and coercive by
Lemma 2.4. The following lemma will be useful in the sequel.

Lemma 4.1. Let u € H*1(Q) be the exact solution of problem (1.1). Then there is a positive
constant C' such that

IR — Quull| < C(e? + h#)hF|[ullx4a, (4.2)
| Rpu — Quull < C(e™2h? 4+ + DR ju|jps. (4.3)

Proof. From the definition of elliptic projection we have
(0w, vn) + a(Rpu,vp) = (Opu, vp) + A(u,vp) = (f,on), Von € S}?(k)- (4.4)
Testing (1.1) by vj, € SP(k) yields

(Oru,vp) — e(Au,vp) 4+ (V- (bu),vy) + (cu,vy) = (f,vp). (4.5)
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With the help of Lemma 2.6, Eq. (4.5) becomes

(Oru, vp) + e(VwQru, Vipvn) + (Vi - (bQru), vh) + (cQnu, vn)
=(f,vn) + T1(u,vp) + To(u, vn) + T3(u, vp).

We add s.(Qnru,vp) and sq(Qru, vp) to both side of the equation above to obtain

(O, vn) + a(Qpu, vy) = (f,vn) + Th(u,vp) + To(u, vy) + T3(u, vp)

(4.6)
=+ SC(Qhua vh) + Sd(Qhua vh)'
Let E := Qpu — Rpu. Subtracting (4.4) from (4.6) gives
a(E,vy) = T1(u,vp) + To(u,vn) + Ts(u, vn) + sc(Qru, vp) + sa(Qru, vy). (4.7)

Taking vy, = E in (4.7) and using the coercivity of the bilinear form a(:,-) and Lemma 3.2 we
have the desired result

NIE||| € C(e + h=)h* |ulj,

which proves the estimate (4.2).
Next we will prove the estimate (4.3). We consider the following dual problem : Find
¢ € Hi(Q) N H%(Q) satisfying

—eAp—b-Vé+cp=FE in Q, (4.8)

where ¢ € W1>°(Q) and for some constant ¢ such that ¢ — %V b > ¢g > 0. The following
lemma is needed for the rest of the proof.

Lemma 4.2. Let ¢ € H}(Q) N H?(Q) be the ezact solution of the problem (4.8). Then for any
v, € S (k) we have the following estimates:

I71(6, vn)] < Cehigla]|lonlll, (4.9)
I To(¢, vn)| < Ch2|@la[[on]l] (4.10)
Ts(¢, vn)| < CR?|la|l[un]], (4.11)
[5e(Qu, vn)| < ChZ |8 [lon I, (4.12)
|5a(Qn, vn)| < Cehlgla|lfvnl Il (4.13)
where T;(u,v),i = 1,2,3 are defined by (2.33), (2.34) and (2.35), respectively.
Proof. The proof is similar to the proof of Lemma 3.2 and thus we omit the proof. 0.
We assume that the following H?-regularity for the dual problem (4.8) holds
ellgllz < CIEN. (4.14)

To see this, an H'-energy estimate can be found very quickly and is

elolf o + COH¢||2L2(Q) < ||E||2L2(Q)' (4.15)

We now proceed with an H2-regularity estimate. Multiplying the dual problem by A¢ and
integrating gives

fs/Q(Agb)Q dzf/Qb~V¢A¢d:c+/Qc¢A¢ dz:/QEAqbd:c.
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We use integration-by-parts on the second and third terms on the left side as well as the BC’s
on ¢ so this becomes

1
_5/(A¢)2 dx —/ (c— =V - b) (Vqﬁ)2 dz < / EA¢ dx —|—/ VepVo dz, (4.16)
Q Q 2 Q Q
which leads to the inequality

elgl3.0 + coldlia < I EllL2o)llz. + c2lldll L2 @)|9)0,

where || Ve| g~ ) < ca. We now use Young’s inequality on each of the terms on the right side
of the equation

2
e

1 € Co
elplsa + coldli o < 4—€HEH%2(Q) + §|¢|§,9 + C—OH¢||%2(Q) + 3|¢|i9,

or )
8cs

1
elols0 + coldli o < 2—€||E||%2(9) + a”ﬂﬁH%Z(Q)-

Now, from our H'-regularity (4.15), we have co||¢[|72(q) < [ E]|7(qy and thus conclude 3C > 0
dependent only on ¢y and co so

C
eldl3.0 + colldlf o < ;”EH%?(Q)’ (4.17)

which shows (4.14).
Multiplying the dual problem (4.8) by the test function E and using the Eqs. (2.30) and
(2.32), we obtain

IE|* = —e(A¢, E) — (b- Vo, E) + (co, E)
=e(VuwQnd, Vo) — (b -V, E) + (cQno, E) — T1(¢, E) — T3(¢, E). (4.18)
Integration by parts and the definition of the weak divergence reveal that
—(b-V¢,E)r = (4,V - (bE))r — (¢,b-nE),
= (Qn¢, V- (bE))r + (¢ — Qud,V - (bE))r — (¢,b-nE), .
= (V- (bE),Qne)r — 1T5(, E)r,

where T3 (¢, E)r = (¢ — Qno, V - (bE))r — ({¢ — Quo},b-nE), . As a result, by summing
all over the element T € 7;, we have

—(b-V¢,E) = (Vy - (bE), Qnd) — T5(¢, E). (4.19)
Combining Eqs. (4.18) and (4.19) leads to
1B = e(VwE, VuQnd) + (Vu - (bE), Qno)
+ (¢E, Qno) — T1(9, E) = T3 (6, E) — Ts(4, E)
= a(E,Qnod) — sc(E,Qno) — sa(E, Qno)
—Ti(¢, E) = T5(6, E) — Ts(¢, E). (4.20)
From (4.7) with vy, is replaced by Qn¢, we have

a(Ea Qh¢) = Tl (ua Qh¢) + T2 (ua Qh¢) + T3(ua Qh¢)
+ 5.(Qnu, Qnd) + sa(Qnu, Qne). (4.21)
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Egs. (4.20) and (4.21) imply that

|E|? = T1(u, Qno) + To(u, Qnod) + Ts(u, Qno)
+ $¢(Qnu, Qno) + sa(Qnu, Qno)
—Ti(¢, E) — T5 (¢, ) — T5(¢, E)
= 5:(E,Qno) — sa(E, Qno). (4.22)

We will derive a bound for each term on the RHS of Eq. (4.22) separately.
We begin with the first term Ti(u, Qr¢). It follows from the Cauchy-Schwarz inequality,
the trace inequality (2.13), and Lemma 2.1 that

> [(elVu— (V)L [~ @ndl)yy)

TETh
<C Y ell{Vu—Qu(Vu)llorl[é - Quélllor
TETh
<c( Y ehrl{Vu-Qu(Vallizr) (3 ezl - Q@nollidr )’
TEeTh TET
< Ceb (3 (IVu - Qu(Vu)l + h3IVu = (V) 1)l — Quol |
TETh

1 1
< Cerh*lulkr1e? ¢z < Cen*ulisr]|gll2,

where we use the fact that [¢] = 0.
Similarly, one can show that

Z ‘€<{Qhu} —u, VyQno - n>6T‘ < Cghk+1|u|k+1|\¢||2.

TETh

Consequently, one has
Ty (u, Quo)| < Ceh™ Hulpi1]|4lo- (4.23)

We next derive the error bound for the term Th(u, Qp¢). Let br be the constant value of
the average of b over the element 7. Using the Cauchy-Schwartz inequality, Lemma 2.1 and
the Poincare inequality, we have

(u— Qru,b-VQpLo)
=Y (u—Qnu,(b—Dr) Vo),

TETh
=Y (u—Qnu,(b=b1)- V(6 —Qno)),
TETh
< > llu=Quullr|b = brlwr|Vélr
TETh
+ Y = Quullzllb = brllo 7l V(¢ — Que)lir
TETh

<CH**ulpsal|pll + CR*2 ufigr || 8])2
<CR g [| |-
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Moreover, using the Cauchy-Schwartz inequality, the trace inequality (2.13) and Lemma 2.1,
one can obtain

(u —{Qnu},b-nQno)
=(u—{Qnu},b-n((Qno — ¢) — {Qnd — ¢}))
<C Y lu—Quullor|Ib-n|> (6 — Qud)lor

TeTh
<CI*"2ulis1 |92,

where we use the facts that (u — {Qru},b-n{Qné}) =0 and {¢} = ¢. As a result,
To(u, Q)| < CR**uliia[|¢]|2- (4.24)
It follows from the Cauchy-Schwartz inequality and Lemma 2.1 that
T3(u, Q)| < CR*uliia[|¢]|2- (4.25)
From the Cauchy-Schwartz inequality, trace inequality (2.13) and Lemma 2.1, we infer that

|5¢(Qnu, Qo) < Y (b n(Quu — {Qnul}), Qnd — {Qno})a, 7]

TeThH
= Z |(b-n(Qnu —u+u—{Qnu}), (Qnd — ¢+ ¢ — {Qnd}))a, 7|
TETh
< 3 (b n(Quu—u),Quéd — ¢+ ¢ — {Qno})a, 7|
TETh
+ ) [(b-n({u—Quu}),Qnd — ¢+ ¢ — {Qnod})a, 1|
TETh
<c( Y benlt-Qulh) (X lb-nte - Qo))
TeTh TETh
< CR* 3 [ulpiah? [|6]l2 = CR*2|uliia]| 8|2 (4.26)

Similarly one can show that

[sa(@n1t, Q)| < Ceh™ 2 uliya |2 (4.27)
The estimates (4.9) and (4.2) imply that

IT2(¢, E)| < Cezhl|ga ||| EIll < Ce? (% + A2 )™ ulisr [ 2- (4.28)
Next we estimate the term T3 (¢, E). Let by = %(b, 1)7. Then using the Cauchy-Schwartz
inequality we obtain
(¢ —@no, V- (bE)) =(¢ — Qn¢, (V- b)E) + (¢ — Qno,b - VE)
=3 (6= Qué, (V- B)E)r + (6 — Quo, (b—Br) - VE))

TETh
<Ch?||¢l2|I| Ell

SCE%(E% + h%)hk+2|u|k+1||¢|\2-
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The above estimate and the estimate (4.10) imply that
IT5 (6, E)| < C(e* + h#)R* Hulisa 0] (4.29)
Owing to (4.11), one can easily show that
IT3(0, B)| < Ce* + R 2 lulia |- (4.30)
We also infer from the estimates (4.12) and (4.13) that
[5e(B, Q)| < C(e* +h2)WT 2 fuliyal| ]2, (4.31)
and
[sa(E, Q)| < Ce2(e% + hE)H ulya 6]l (4.32)

Combining altogether the estimates above (4.23)-(4.32) gives the desired result (4.3). Thus we
complete the proof. O

We aligned the error ej, = u —up = v+ E + p where v = v — Qpu, £ = Qpu — Rpu
and p = Rpu — up. Now we are ready to state and prove the error estimates for semi-discrete
MWG-FEM in L2-norm and ||| - |||-norm in the following theorems.

Theorem 4.1. Let u € H*1(Q) and uy, be the exact solution for the problem (1.1) and the
solution of the semi-discrete MWG-FEM given by (2.11), respectively. Assume that Opu,ug €
H*Y(Q). Then there is a constant C such that

lu = unl|?

¢
<C <||u(0) —up(0)]|> 4 (e72h2 4 e 4 1)2p2F+2 <||u0||i+1 + / ||<9tu|\i+1 ds)) . (4.33)
0

Proof. If we estimate the error p, then the desired results follows from the following obser-
vation:
lu = unll < [lvll + IEI+ ol (4.34)

The first and second terms in (4.34) can be estimated by Lemma 2.1 and the estimate (4.3) as
follows:

vl < ChF  ullegr,  [10ev] < CRFF[Opul|jt1,
IE|| < Ce2h? + e + DIl egr, (4.35)
|0.E| < C(e2h% + e~ + DR 0yu| s

In order to estimate p, by the definition we note that for vy, € S} (k)

(Orp, o) + a(p, vn) = (RrOwu, vr) + a(Rpu, vp) — (Ogup, v) — alup, vp)
= (RpOwu,vp) + a(Rpu,vn) — (f,vn)
= (RpOwu,vp) — e(Au,vp) + (V- (bu),vp) + (cu,vn) — (f, vn)
= (RpOwu,vp) + (0:Qnu,vp) — (0:Qru, vp) — (Oru, vp)

= —(OE,vp) — (Byv, vp). (4.36)
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Taking v, = p in (4.36) yields

(0tp, p) + alp, p) = = (O E, p) — (O, p), t>0. (4.37)

Using the coercivity of the bilinear form, the Cauchy-Schwartz inequality and the Young’s
inequality we obtain

19]pl?
+llloll? < (10w + 8B + l1o]?).
2 ot
which gives after integration with respect to t
t t t
Iot? < 1o+ [ towlas+ [lomas+ [[ioPas).  was)
0 0 0

Using Lemma 4.1 we obtain
(0]l = [[un(0) — Ruu(0)]

< Jun(0) = Qru(0) || + [Qru(0) — Rru(0)]|

< Jun(0) = Quu(0)]| + C(e~ 2% + e + 1A+ fug| 41

< o = un(0)]| + [luo = Quu(O)l| + Ce™7h* + ™"+ DI fugllis

< Jluo = un(0)| + CR* M uoll41 + Cle™2h% + 7" + DA gl

< Jluo = un (0)| + C(e™h* + e~ + DI o] 1. (4.39)
From (4.35) and (4.39) together with the Gronwall lemma, we have the desired result (4.33).
The proof is now complete. O

We now give an error estimate for the fully discrete MWG-FEM in the next theorem.

Theorem 4.2. Let u € H*1(Q) and U™ be the exact solution of the problem (1.1) and the so-
lution of the fully discrete MWG-FEM approximation computed by (2.28), respectively. Assume
also that Oyu,ug € H*1(Q). Then we have the following error estimate:

|| s+ (s7EhE e 1) pi

x@wmﬂ+/ ummﬂﬁ)> (4.40)
0

Proof. Similar to the previous proof, we again write

[u(tm) = U™ || = lu(tm) — Qrultm) + Qnultm) — Rpu(tn) + Rau(tm) — U™ ||
< lw(tm) — Qrultm)l + [|Qru(tm) — Raw(tm)| + | Rru(ty) — U™
=™+ 1E™ + llp™]]- (4.41)

umUm||§C’<||uoU0||+5 H

Lemmas 2.1 and 4.1 imply that
tm
ol < ot i < 00 (ol + [ lollnds) . )
0
IE™| < Cle™2he + e + DR Ju™ xp

t’ﬂL
< C(e2h? + e 4 1)kt (||u0|,€+1 +/ ||(’)tu|k+1ds) . (4.43)
0
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To estimate p™, we note that for Vv, € S} (k)
(0ep™, vn) + alp™,vn) = (DeRnu™, vp) + a(Rpu™, vp) — (U™, vn) — a(U™, vy)
= (O Rnu™, vp) + a(Rpu™, vn) = (f (tm), vn)
=(d Rhu yop) — e(Au™, vp) + (V- (bu™),vp,)
+ (cu™, vn) — (f(tm) n)
(3tRhu vn) = (O™, vn)

—(8t ™ vp) — (O™ ,vh) — (O™ — 5tum,vh).
Thus we have
(5tpm,vh) +a(p™,vp) = —(5,5Em, vp) — (O™, vp) — (W™, vp), (4.44)
where
ZZE%I/H —-E%UT“.
Taking v, = p™ in (4.44), we find
(Oep™, p™) < (O™ + |0e™ || + [[w™ [N ™ |-
Thus we have
o™ (17 = (o™, ™) < S([0E™ || + 0™ | + [[w™ D] 2™,
which is equivalent to
™1 < L™ + 61O E™(| + [|0e™ | + [|w™|)).
Induction argument gives

o™ < eIl +6 D (T7 + T3 + T3), (4.45)

n=1

where
T7 = 0B, Ty = 0w, T3 = [[w"].
As in (4.39), we find the following estimate for p = p(0):
161l < lluo — un(0)]| + Ce™2h% + e + D)IF uo |41

From (3.24), we also have

e b 0%u tm 1920
5; T3 =~ P (S — tnfl)w ds S 5/0 w ds. (446)
Observe that by the definition
R A« A 1
L™ = 0 Qnu(tn) — OrRpultn) ~3 / (Qn — Rp)0ru ds,

—_

~0w" = ~(Buult) = 9 Quu(ty)) = —5 (1= Qn)deuds.
th—1
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From Lemmas 2.1 and 4.1, we get

m tm

33 TP < CleTEhE et + 1)hk+1/ (| O] 41 ds,
- 0

e ) (4.47)
5y Ty < C’hk“/ (Bl 41 ds.

n=1 0
Combining (4.42), (4.43) ,(4.46) and (4.47), we have the desired result (4.40). This completes
the proof. 0

Although the numerical experiments in the next section show that the optimal order rate in
L%-norm of order O(h**1), the optimal order error estimates in L?-norm in Theorems 4.1 and
4.2 are of order O((e~2h2 + &1 + 1)h¥*1) which deteriorates for small £ < h2. To overcome
this issue, we imitate the ideas in [6,7] to get optimal weighted error estimates if ¢ < h2. The
improved optimal order estimates hold for for triangulations 75, made of simplexes T' satisfying
the simple flow conditions with respect to b

Each simplex T has a unique outflow face with respect to b, e}.
+

Each interior face eris included in an inflow face with respect to b (4.48)
of another simplex.
We first introduce a weight function. For simplicity we assume b = (1,0). Accordingly, we
set, for fixed xg,y; and yo,
Qo = ((—00, z0] X [y1,92]) NQ
and construct a function w satisfying
C’1 SCLJ(Z',y) SCQ for (Z',y) GQOv

(z—=zg)

lw(z,y)| < Cre™ 3o for x> x9+h,

_ (y—y2)

lw(z,y)| < Coe™ o for y>ys+h,

Wi1—vy)

lw(z,y)| < Coe™ 35 for y<uy —h.

Here p > 0,0 > 0 are parameters that will depend on the mesh size h and €. We say that p
is the size of the upwind layer and o is the size of the crosswind layer. The positive constants
C1,C5 and M are fixed.

We will use two projections defined as follows:

(ITFu —u,v)r =0  forall wveP,_y(T), (4.49)
(It — u,w>e; =0 forall wePy(ef), (4.50)
(IT"u — u, w)e; =0 forall wePy(er). (4.51)

Using the properties of the projections and results from [8], we have the following result.

Lemma 4.3. If the triangulation T;, satisfies the flow condition (4.48), the projections TIT
given by (4.49) are well defined. Moreover, if the triangulation Ty, is shape-regular, then, on
each simplex T € T, we have

Hw(Hiu - U)HLZ(T) < Chk+1|WU|Hk+1(T),

where C' only depends on k and the shape reqularity constant.
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Theorem 4.3. Assume that € < h and that the triangulation Ty is quasi-uniform, that is,
assume that there is a parameter k > 0 such that

ax {hr} < in {hr}.
pg thrd = i Uhr}

Assume Ty, satisfies the flow conditions (4.48) with respect to b. If u € H*1(Q) and uy, are
the exact solution for the problem (1.1) and the solution of the semi-discrete MWG-FEM given
by (2.11), respectively, then we have

t
w (w—un)ll 1200 < C/ L.(u— 1" u) ds.
0

Here,

N[

€ 1 1
L2 (u) = (1 + 7) |wul|p2e7,) + €2 |wVullL2(7) + he? HWD%y\LZ(Th) : (4.52)

where w is given above with p = log(%)h, o = h'? and M is a sufficiently large fized constant.

Proof. The proof is rather technical and longer, hence we only sketch the main ideas. Note
that for any suitable function v, we have

t
1
| @.0)1000) = 5l = @), (453)

Mimicking the analyses in [14], one can prove that
a(un,w?up) < CM 7 ||up|||2 + CLZ (v — T w), (4.54)
where

lunlllZ = >~ llwVunllz + s§(won, won) + [lwun]3-
TETh

First, we aligned the error as u — up = u—IITu+ Ty —up =: n+ Ej and Lemma 4.3 gives
the bound for the term wn. Thus we only need to estimate Ej,.
From (4.53) and (4.54), we have, for sufficiently large M,

t
JwE |2 < [wEn(O)]? + C / L2(u — 1) ds.
0

Since Ep(0) = 0, we conclude the result. O

The result immediately implies that optimal error estimates can be achieved when e < h2.
This result and the numerical experiments in the next section demonstrate that the optimal
error estimate is of order O(h**1) in L%-norm.

5. Numerical Experiments

We present various numerical examples to show the performance and efficiency of the MWG-
FEM in this section. The error is computed for the backward Euler MWG-FEM solution in
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the following norms:

() — U2 = 3 /T u(t) — U™ de,

TETh
N
e —wnll[> =8 [[ulta) = U™II%,
n=0

where dN = T and the triple-norm defined by (2.15).

Example 5.1 (Smooth Solution). We first consider the problem (1.1) in Q7 = [0, 1] x (0, 1]
and b = (1,1)7 with the different value of small parameter . We choose f and ug such that
the true (smooth) solution is

u(x,y,t) = exp(—t) sin(27x) sin(27y).

We first test the temporal convergence of the backward Euler MWG-FEM (2.29). The numerical
experiments are carried out on the uniform triangulation mesh with 64 x 64 elements and the
quadratic polynomials k£ = 2 for the time step § = 27" n = 3,4,5,6. We show the history
of convergence results in the L?— norm estimates and the order of convergence (OC) for the
MWG-FEM solution uj, at the final time in Table 5.1. The result shows that the method
converges in L?— norm of first order in time which confirms the theoretical analysis stated in
(3.17).

Table 5.1: L?— norm errors and OC of the backward Euler MWG-FEM for Example 5.1 at the final
time for a fixed triangular mesh h = 1/64 using P2 element.

e=1 e=10"3 e=10"°

4 lu(tm) —U™| OC | flultm) =U™| OC | Jlu(tm) -U™|| | OC
1/8 3.4278¢-02 - 5.5438e-02 - 6.7543e-02 -
1/16 1.9352¢-02 0.8248 3.1692e-02 0.8067 3.8717e-02 0.8028
1/32 1.0249e-02 0.9169 1.6721e-02 0.9224 1.9825¢-02 0.9656
1/64 5.1206e-03 1.0010 8.3011e-03 1.0102 9.8686e-03 1.0064

The uniform triangles meshes are employed with M x M elements for M = 2.4, 8,16, 32, 64.
The uniform meshes are used for the time discretization with the time step 6 = 0.0001 which
is sufficiently small to ensure the convergence. We report the errors and OC in Tables 5.2 and
5.3 for the different values of the diffusion coefficient e = 107", r = 0, 3,9 using polynomials of
order k = 1,2 for the fixed time § = 0.0001. We observe that the optimal order of O(h*¥*1)
error in L?— norm and the optimal order of O(h**+1/2) error in ||| - |||- norm which confirms the
error estimation in the theoretic results.

Example 5.2 (Boundary Layer). We next consider the following BVP with boundary layers
to show the efficiency of the MWG-FEM:

Ou —eAu+ V- (bu) + cu = f(z,y,t) in Qr =Q x (0,7,
w=0 on 00 x (0,77,
u = up(z,y) in Q x {0},
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Table 5.2: L?— norm errors and OC of the MWG-FEM for Example 5.1 at the final time for a fixed
0 = 0.0001 using P; and Ps.

e=1 e=10"" e=10"
k| M| ultm) =U™ | OC | |lu(tm) =U™| | OC | [lu(tn) -U™|| | OC
2 9.5869e-01 - 9.9742e-01 - 9.9851e-01 -
4 2.5436e-01 1.9145 2.6562e-01 1.9088 2.6516e-01 1.9129
1 8 6.5283e-02 1.9530 7.1837e-02 1.9440 7.1839e-02 1.9121
16 1.6502e-02 1.9839 1.7456e-02 1.9835 1.8610e-02 1.9486
32 4.1593e-03 1.9883 4.4431e-03 1.9740 4.4561e-03 2.0286
64 1.0378e-03 2.0028 1.1094e-03 2.0017 1.1094e-03 2.0248
2 4.7654e-01 - 5.8564e-01 - 5.9853e-01 -
5.1046e-02 3.2227 6.2451e-02 3.2292 6.3681e-02 3.2324
9 8 6.1869e-03 3.0445 7.5580e-03 3.0466 7.7362e-03 3.0411
16 7.8354e-04 2.9811 9.5438e-04 2.9853 9.7743e-04 2.9845
32 9.8466e-05 2.9923 1.1987e-04 2.9930 1.2234e-04 2.9980
64 1.2353e-05 2.9947 1.5001e-05 2.9983 1.5298e-05 2.9994
Table 5.3: ||| ||| — norm errors and OC of the MWG-FEM for Example 5.1 at the final time for a fixed
6 = 0.0001 using P; and Ps.
e=1 £=10" e=10""°
k| M | (llv—wallle oc [l — wallle OC | [llu— unlll oc
2 8.5869e+-00 - 5.1672e-01 - 7.2436e-01 -
4 5.4213e4-00 0.6634 2.1241e-01 1.2825 3.1048e-01 1.2222
1 8 3.0638e4-00 0.8233 1.0241e-01 1.0524 1.1562e-02 1.4251
16 1.5638e+00 0.9702 4.9879e-02 1.0378 3.8873e-03 1.5725
32 7.6294e—01 1.0354 2.1932e-02 1.1853 1.2457e-03 1.6418
64 3.7059e—01 1.0417 9.5848e-03 1.1942 4.0139e-04 1.6338
2 4.2543e+00 - 2.1241e-01 - 2.3657e-01 -
1.0230e+-00 2.0561 4.8256e-02 2.1380 4.1532e-02 2.5099
9 8 2.2375e—01 2.1928 1.1001e-02 2.1330 6.5521e-03 2.6641
16 5.1268e—02 2.1257 2.5282e-03 2.1214 1.1486e-03 2.5120
32 1.1879e—02 2.1096 5.7639e-04 2.1329 2.0241e-04 2.5045
64 2.7094e—03 2.1323 1.3255e-04 2.1205 3.5087e-05 2.5282

where Q = (0,1)2,b = (1,1)T,7 = 1 and ¢ = 1. We choose the initial function uo(z,y) and the
forcing function f(x,y,t) such that the exact solution

U(.Il,y, t) = (1 - exp(—t))ﬁ(x)ﬁ(y),

where B(z) = (exp(—1/e) — 1)z — exp(—1/e) + exp(—(1 — 2)/e). The solution exhibits two
boundary layers of width O(e) along the sides =1 and y = 1.

We divide the domain €2 into M x M squares. Then the triangular mesh is constructed by
partitioning the each square into triangles by a diagonal line. Let h = 1/M be the mesh size for
the number of elements M in each direction. Linear finite elements are employed on uniform
meshes both in the space and in the time discretization with the time step 6 = 1/N with N
mesh intervals in the time direction. We plot the exact solution and MWG-FEM solution in
Figs. 5.1 and 5.2 with e = 1073 and e = 107,
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MWG-FEM solution with 0=10% Exact solution with (=10

MWG-FEM solution with e = 1072 The exact solution with e = 1072

Fig. 5.1. The exact solution and the MWG-FEM solution of Example 5.2 with ¢ = 107 using linear
elements over a mesh of 64 x 64 at 6 = 0.01.

MWG-FEM solution with 0=10""

10 10

MWG-FEM solution with ¢ = 107° The exact solution with e = 10~°

Fig. 5.2. The exact solution and the MWG-FEM solution of Example 5.2 with ¢ = 10~ using linear
elements over a mesh of 64 x 64 at § = 0.01.

We report the errors and the order of convergence (OC) in L?— norm and ||| - ||| norms in
Table 5.5 and Table 5.6. From these results, we see that the optimal order of convergence of
(’)(hk“) in L2 norm for e = 107",7 = 0,3,9. On the other hand, we achieve numerically the
optimal convergence order of O(h¥) and O(h¥*1/2) in the energy norm |||es|||. for e = 1073
and € = 1079, respectively, which confirms theoretical results obtained in this paper.

Table 5.4: L?— norm errors and OC of the backward Euler MWG-FEM for Example 5.2 at the final
time for a fixed triangular mesh h = 1/64 using P, element.

e=1.0 e=10""°
) |lu(tm) =U™|| | OC | lultm)—U™|| | OC
8.00e — 02 7.4384e-06 - 1.0467¢-03 -

4.00e — 02 3.6241e-06 1.0373 4.9768e-04 1.0725
2.00e — 02 1.7380e-06 1.0601 2.3851e-04 1.0611
1.00e — 02 8.6539e-07 1.0060 1.1923e-04 1.0003

Example 5.3 (Rotating pulse). We next consider the following variable coefficient convec-
tion diffusion equation:

Ou—eAu+V-(bu)+cu=f in Qx(0,7/4],
u=0 on 99 x (0,77, (5.1)
U = Up in Q x {0},
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Table 5.5: L?— norm errors and OC of the MWG-FEM for Example 5.2 at the final time for § =
M~®+D) k=1 2 using P; and Ps.

e=1 e=10"3 e=107°
k| M| Ju(tm) —U™ | OC | |lu(tm) =U™| | OC | |jutm) —U™| | OC
2 2.9874e-04 - 5.7435e-03 - 8.9851e-03 -
4 7.3218e-05 2.0286 1.4345e-03 2.0013 2.2926e-03 1.9705
) 8 1.8056e-05 2.0197 3.5440e-04 2.0170 6.0102e-04 1.9314
16 4.5101e-06 2.0012 8.8591e-05 2.0001 1.5214e-04 1.9820
32 1.0672e-06 2.0793 2.1948e-05 2.0130 3.8407e-05 1.9859
64 2.6591e-07 2.0048 5.4679e-06 2.0050 9.5546e-05 2.0071
1.5347e-05 - 1.4617e-04 - 2.5012e-04 -
1.9562e-06 2.9718 1.7969e-05 3.0240 3.4935e-05 2.8398
9 2.4101e-07 3.0208 2.2172e-06 3.0186 4.3814e-06 2.9952
16 3.0042e-08 3.0040 2.7698e-07 3.0008 5.4520e-07 3.0065
32 3.5189e-09 3.0937 3.3607e-08 3.0429 6.7391e-08 3.0161
64 4.3502e-10 3.0159 4.1612e-09 3.0137 8.3072e-09 3.0201
Table 5.6: ||| - |||e— norm errors and OC of the MWG-FEM for Example 5.2 at the final time for
8 = M~2 using P;.
e=10" e=10""
Error oC Error oC
3.2650e-+00 - 3.3540e+00 -

1.5846e+00 | 1.0429 | 1.11865e+4-00 | 1.4990
7.8234e—01 | 1.0182 | 4.1912e—01 | 1.5000
3.8639e—01 | 1.0177 | 1.4402e—01 | 1.5097
1.9068e—01 | 1.0189 | 5.0810e—02 | 1.5030
64 | 9.1846e—02 | 1.0538 | 1.7924e—02 | 1.5032

B 5 o s |

where u = u(z,y,t), f = f(z,y,t) and Q = (—%, %)2 Let the convection field be a pure rotation

b = [-4y,4x], f = ¢ = 0 and the initial function ug be given as (see also Fig. 5.3)

(x+0.2)% + y2)

wla) =esp = S

In Figs. 5.4 and 5.5, we plot the exact solution u and numerical solution wuj, of the convection
diffusion problem (5.1) with the rotating pulse for e = 1072 and ¢ = 10~% over a uniform 64 x 64
bilinear mesh with the time step § = 0.01.

We note that the proposed MWG-FEM presents poor convergence at the boundary layer
when € = 1072, however, it converges very good in the case when ¢ = 107°. Discontinuous
Galerkin or SUPG converges poorly in the case when the diffusion parameter is in the inter-
mediate regimes (for example, € = 1072 see [1]). The numerical experiments show that the
MWG-FEM is a stable numerical method.
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Initial function u o

Fig. 5.3. Initial function uo: Rotating pulse.

Exact solution with ¢=107? MWG-FEM solution with =102

P77 RRS, \{\\
/77 RRKSSINN
,;%Z""&’t‘}“&*&<\.
Gt OSSN
7 ll,"'0'.‘$‘\‘\\\\\\§
III',".Q‘O"":“\‘\\\\\

o

The exact solution with e = 1072 MWG-FEM solution with e = 1072

Fig. 5.4. The exact and MWG-FEM solutions of the problem (5.1) with £ = 102 using linear elements
over a mesh of 64 x 64 at t = /4.

Exact solution with e=10"* WGM-FEM solution with ¢=10"

AN
i AR
AN
/71,‘0‘“}{\ il “‘ \
gy fi

The exact solution with e = 107* MWG-FEM solution using linear elements over a mesh of
64 x 64.

Fig. 5.5. The exact and MWG-FEM solutions of the problem (5.1) with ¢ = 107" at t = 7 /4.

We emphasize that we use uniform triangulation in all computations for the purpose of
ease of construction of meshes. However, one can use polygonal meshes generated by Poly-
Mesher [25]. Polygonal meshes can be defined on rectangular domains and on L-shaped domains
as well. For more details, we refer the reader to [25].
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