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Abstract. This paper is concerned with the existence of solution for a general class of
strongly nonlinear elliptic problems associated with the differential inclusion

Bu) + Au) +g(x,u,Du) 5 f,

where A is a Leray-Lions operator from Wg’p (Q)) into its dual,  maximal monotone
mapping such that 0 € B(0), while g(x,s,¢) is a nonlinear term which has a growth
condition with respect to § and no growth with respect to s but it satisfies a sign-
condition on s. The right hand side f is assumed to belong to L' (Q).
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1 Introduction

Let Q) be a bounded domain in RN (N > 1) with sufficiently smooth boundary 9Q). Our
aim is to show existence of solutions for the following strongly nonlinear elliptic inclusion

(E, ) B(u)+ A(u)+g(x,u,Du) > f inD'(Q),
' uew,”(Q), g(xuDu)eL(Q),
where A is a Leray-Lions operator from Wg’p(Q) into its dual W=7 (Q) (1 < p < )
defined as A(u) = —div(a(x,u, Du)), p maximal montone mapping such that0 € B(0), g

is a nonlinear lower term having “natural growth” (of order p ) with respect to Du, with
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respect to u, we do not assume any growth restrictions, but it satisfies a ”sign-condition”
onsand f € L}(Q).

It will turn out that, for each solution u, ¢(x,u, Du) will be in L'(Q), but for each
vE W&’p(ﬂ), ¢(x,v, Dv) can be very odd, and does not necesserily belong to W=7 (Q).

Particular instances of problem (E, f) have been studied for f = 0, Boccardo, Gallouét
and Murat in [6] have proved the existence of at least one solution for the problem. Let
us point out that another work in this direction can be found in [4].

Another important work in the L!-theory for p-Laplacian type equations is [3] where
problem

—div(a(x,Du)) + p(u) > f in Q,
u=20 on 0Q).

In [1], Y.Akdim and C.Allalou have proved the existence of renormalized solution for an
elliptic problem type diffusion-convection in the framework of weighted variable expo-
nent Sobolev spaces

() {,B(u) —div(a(x,Du) +F(u)) > f in Q,
u=20 on 0Q).

We also refer to [10, 13], For results on the existence of renormalized solutions of elliptic
problems of type (E).

The present paper is organized as follows: in Section 2, we give basic assumptions
ona, g, B and f. In Section 3, we study our main result, existence of solution to (E, f)
for any L!-data f. To prove the main result, we will introduce and solve, in Section 4,
approximating problems for any L*-data f. The proof of main result is given in Section
5. The last section is devoted to an example for illustrating our abstract result.

2 Assumptions

Let Q) be a bounded domain in RN(N > 1) with sufficiently smooth boundary 9Q). Our
aim is to show existence of solution to the strongly nonlinear elliptic inclusion problem
with Dirichlet boundary conditions

B(u)+ A(u)+g(x,u,Du) > f in D'(Q),
(E’f) ],p 1
ue W, (Q), g(x,u,Du) € L' (Q),

with right-hand side f € L'(Q). A is a non linear operator from Wé’p (Q)) into its dual
W=7(Q) (5 + 5 = 1) defined by

A(u) = —div(a(x,u, Du)),
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where a : O x R x R¥ — RY is Carathéodory function satisfaying the following as-
sumptions:

Assumption (H;)

a(x,s,&)-¢ > AlE|P, where A >0, (2.1a)
la(x,s,&)] < B(k(x) + |s|P~T+|¢[P~"), where k(x) e LV (Q), k>0, >0, (2.1b)
(a(x,s,&) —a(x,s,7))-(E—7n) >0 for &+#yecRN (2.1c)

Moreover, ¢ : QO x R x RN — R is Carathéodory function such that
Assumption (H;)

g(x,s,8)s >0, (2.2a)

18(x,5,8)| < b([s])(c(x) +[2]P), (2.2b)
there existc >0 and 7 >0 suchthat [g¢(x,s,¢)| > ¥[¢|F, when [s| >0, (2.2¢)

where b : RT — R is a continuous increasing function and c(x) a positive function wich
isin L1(Q)).

As to the nonlinearity B in the problem (E, f) we assume that 8 : R — 2R a set valued,
maximal monotone mapping such that 0 € p(0).

3 Notion of solutions and main results

Definition 3.1. A weak solution to (E, f) is a pair of solution (u,b) € Wg’p(ﬂ) x L1(Q)
satisfying b(x) € B(u(x)) a.ein Q, g(x,u, Du) € L1(Q) and

b —div(a(x,u, Du)) + g(x,u,Du) = f in D'(Q).
The main existence result is the following theorem:

Theorem 3.1. Under the Assumptions (Hy)-(Hy) and f € L(Q) there exists a solution of
(E, f) in the sense of Definition 3.1.

Remark 3.1. We shall prove the existence of a solution in Wg’p (Q), but it should be
emphasized that for § = 0 and g = 0, the existence of u in such a space cannot ex-

pected, if p < N. In [5] the existence of a solution has been proved in Wg’q(ﬂ) for all
g <(N(p—1))/(N-1).

4 Result of existence where f € L*-data

To prove Theorem 3.1, we will introduce and solve approximating problems.

The next proposition will give us existence of solution (uy, b,) € Wé’p (Q) x L®(Q)) of
(E, fn) for each n € IN, where f, is a sequence of L*-functions which converges strongly
to fin L1(Q) and |f,| < |f].
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Proposition 4.1. Under the Assumptions (H1)-(Hy) and f € L*(Q)) there exists a solution of
(E, f) in the sens of Definition 3.1.

Proof. Step 1: The approximation problem. From now on, we will use the standard trun-
cation function Ty, k > 0, defined for all s € R by Ty (s) = max{—k, min{s, k}}.
First we introduce the approximate problem

(Ee, f) {.Bs(Ti(Liez) —div(a(x, ue, Dug)) + e(x, ue, Du;) = f,
ue € Wy (Q),

where for each ¢ €]0;1], B, : R — R is the Yosida approximation of , note that, for any
ue Wg’p(Q) and 0 < ¢ < 1 we have

(e(u)uw) >0, |Be(w) < - Ju] and Timpe(x) = B(u),

and where

_ 8(xs,9)
8e(x,5,8) = T4 elg(x,s, €|

satisfies

8e(x,5,8)s 20, [ge(x,5,8) <g(x,s5,6)] and [ge(x,5,)| <

™ | =

Since 1
[Be(T1 (ue))| <

and g, is bounded for any fixed ¢ > 0, there exists at least one solution u, of (E, f)
(cf. [11,12]), i.e., for each 0 < ¢ < 1and f € W ¥ (Q) there exists at least one solution

Ue € Wg’p(Q) such that
[ BTy g+ [ axue, DuDo+ [ gelx,ue Ducd = (fr9) @)

holds for all ¢ € Wg’p(ﬂ), where (-, -) denotes the duality pairing between W&’p (Q) and
WL7(Q).
Step 2: The priori estimats. Taking u, as a test function in (4.1), we obtain

/Q.BS(T%(ME))”&+/Qa(xruer”s)Dus+/Qgs(xr”s/Dus)”s = /(.qus (4.2)

as the first term on the left hand side is nonnegative and since g verifies the sign condi-
tion, by (2.1a) we have

AH“SH%OLP(Q) < C"fHLw(Q)HMSHngP(Q)/
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where C is a positive constant coming from the Holder and Poincaré inequalities, then

Moreover, from (4.2) and (4.3), we infer that
0 S / gg(x, ug, Dug)ug S CZ. (4.4)
0
For § > 0, we define H; : R — R by
1, if r>9,
Hf (r) = g if 0<r<s,
0, if r<o.

Clearly, H; is an approximation of sign; . We use the test function
¢ = Hy (Be(T: () — K)
in (4.1). Since B, monotone increasing with B.(0) = 0. Also by (2.1a)
/O a(x, e, Dute) (H;)/(ﬁs(T% (1)) — k),B;(T% (1)) Due > 0
and since g verifies the sign condition
/Qgg(x, tte, Dute) Hy (Be(Ts (1)) — ) > 0.
Consequently, we have
[ (BT () = KV H; (B(Ty (u0)) = B) < [ (F = k)H (Be(Ty (1)) — )
Taking 6 — 0 yields
| BT =R < [ (F-p)*. @5)
Similarly, one can show

| BT +0) < [ (F+0 ®.6)

Combining (4.5) and (4.6) gives

Ty =0+ < [ (£ @7)
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Choosing k > ||f||«, we obtain
[1Be(T1 (14e)) [0 < [If] |eo- (4.8)
Step 3: Basic convergence results. By (4.8), there exist b € L*(Q)) such that

Be(Ti(ue)) = b in L¥(Q)). (4.9)

Since u, remains bounded in Wg b (Q)), we can extract a subsequence, still denoted by u,
such that

ug — u weakly in WS’V(Q),
U —u aein Q.

We already know that for any fixed k € R**

Ty (ue) — Tx(u) weakly in W&’p(Q).
Our objective is to prove that

T (ue) — Tx(u) strongly in Wg’p(Q).
We shall use in (4.1) the test function

ve = ¢(2¢),

where
ze = Te(ue) — Te(u)  and  ¢(s) = se™.
We get
/Q ,BS(T%(uE))ag + /Q a(x,ue, Dug)Dv, + /Qgg(x, ug, Dug)ve = /vag. (4.10)
From now on, we denote by 7!(¢), %(¢), - - -, various sequences of real numbers which

converge to zero when ¢ tends to zero.
Since v, converges to zero weakly* in L*(Q}), we have

/va£ — 0,

this implies that

171(5) :/Qﬁe(T%(ug))vg+/Qa(x,ug,Du€)Dve—I—/Qge(x,ug,Due)ve — 0.
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Note that

JyBelTayee= [ BTyt [ BelTywe)oe

the second term on the right hand is nonnegative. Also X, |<k}Be(T1 (1)) is uniformly
bounded, together with the Lebesgue Dominated Convergence Theorem provides that

€

/{us|<k} Be(Ta (ue))ve — 0.

This implies that

/Q a(x,ue, Dug)Dve + /Qgg(x, g, Dug)ve < 772(8)-

Using same arguments in [6], we obatin

0< /Q[a(x/ Tie(ue), DTie(ue)) — a(x, Tie(ue), DTic(1))]D(Tic(ue) — Te(u)) < 1% (e).
Finally, a result in [7] (see also [9]) implies
Ty (ue) — Tx(u) strongly in WS’F(Q). (4.11)
Step 4: Passing to the limit. In vertue of (4.11), we have for a subsequence
Du, — Du a.e in (),
which with
U —u ae in Q),

yields, since a(x, u¢, Du,) is bounded in (U” Q)N

a(x,ue, Dug) — a(x,u,Du) weakly in (LY (Q))N, (4.12)

as well as
Qe(x,ue, Due) — g(x,u,Du) a.ein Q. (4.13)

We now use the classical trick in order to prove that g.(x,u,, D) is uniformly equi-
integrable.
For any measurable subset E of () and for any m € R™, we have

[l ue Du)l = [ el e, D) + 82 (x, e, Dic)
E En{|ue|<m}

EN{|ue|>m}

1
S/ |ge(x, Tm(ug),DTm(us))!+—/ge(x,ug,Dug)us-
E m JE
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Using (2.2b) and (4.4), we obtain

[, Du)| < bl [ (elx) + DT ) + 2,

since the sequence (DT, (1)) converge strongly in (LP(Q))N the above inequality im-
plies the equi-integrability of ¢ (x, ue, Dug).
In view of (4.13), we thus have

Qe(x, ue, Due) — g(x,u, Du) strongly in Ll(Q). 4.14)

From (4.12), (4.14) and (4.9), we can pass to the limit in (4.1)

[ BTy o+ [ atx,u, Du) Do+ [ ge(xu Duje = [ fo,

we obtain

b / 1, Du)D / ,u,D
[ b0+ [ ateuDuDg+ [ g0 Dug

= /Qf(p forany ¢ € Wg’p(Q) NLT(Q). (4.15)

Moreover, since g¢(x, e, Du;)u, > 0 a.e in Q and g.(x, ue, Due)ue — g(x,u, Du)u a.e in Q)
and

0< / 8e(x, ue, Du)ue < C,
0
by Fatou’s lemma, we have

g(x,u, Du)u € LY(Q).

Step 5: Subdifferential argument. Since § is a maximal monotone graph, there exists a
convex, l.s.c and proper function

j:R —[0,00] suchthat B(r) =0j(r) forall reR.

According to [8], for 0 < e <1, je : R — IR defined by

je(r) = /0 Be(s)ds
has the following properties as in [13]

i) For any 0 < ¢ < 1,j, is convex and differentiable for all r € R, such that j/(r) =
Be(r) forally € Randany 0 < e <1

ii) je(r) — j(r) forallr € Rase — 0.
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From i) it follows that forany 0 < e <1
Je(r) > jE(T%(“S)) + (r — T% (“E))ﬁE(T% (ue)) (4.16)

holds for all r € R and almost everywhere in ().

Let E C Q) be an arbitrary measurable set and xg its characteristic function. Let
h; : R — R be defined by

hy(r) = min(1, (I+1—|r])")

for eachr € R.
We fix g9 > 0, multiplying (4.16) by h;(u¢)xg, integrating over Q) and using ii), we
obtain

) [mGe) = [ o (Tesa () (me) 4+ (r = Ty (e () e(Ty () (@17)

forall ¥ € R and all 0 < ¢ < min(eo, %) As ¢ — 0, taking into account that E arbitrary,
we obtain from (4.17)

j () (u) 2 feo (Tiaa () by () + by () (r — Tia (u)) (4.18)
for all r € R and almost everywhere in ().
Passing to the limit with /| — oo and then with ey — 0 in (4.18) finally yields

j(r) = j(u(x)) +b(x)(r — u(x)) (4.19)
for all ¥ € R and almost everywhere in ), hence u € D(B) and b € B(u) for almost
everywhere in ().

With this last step the proof of Proposition 4.1 is concluded. O

5 Proof of Theorem 3.1

The proof of Theorem 3.1 will be divided into several steps.

5.1 The approximation problem

Consider the sequence of approximate equations

B(uy) — div(a(x,u,, Duy,)) + g(x, un, Duy) > fu,

(E ) { € Wy"(Q),

where f, is a sequence of L®-functions which converges strongly to f in L!(Q) and |f,| <

£
From Proposition 4.1, there exists a solution (u,,b,) € W(}’p(Q) x L=(Q) of (E, fu)
such that

/anq)—l—/Qa(x,un,Dun)Dq)—i—/Qg(x,un,Dun)q):/anq) (5.1)

holds for all n € N and ¢ € Wy (Q) N L®(Q).
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5.2 The priori estimats

Lemma 5.1. Forn € N let (uy,,b,) € W&’p(Q) x L®(Q)) be a solution of (E, f,). Then, there
exists a constant C, not depending on n, such that

Hu”‘ |Wé’p(ﬂ) S C/ (52)

and
1bull 1) < [IfllL1(q)- (5.3)

Proof. Taking Ty(u,) as a test function in (5.1), we obtain
/anTk(un)+/Qa(x,un,DTk(un))DTk(un)+/Qg(x,un,Dun)Tk(un)
:/anTk(un) (54)

as the first term on the left hand side is nonnegative and since g verifies the sign condi-
tion, by (2.1a) we have

M DTl < [ fuTi(u) < Kllfllusn) 55

On the other hand, we have
k/ X, uy, Du </ I (u <k . 5.6
(| >k} ’8( n n)| = ‘fn“ k( n)| > HfHU((Z) (5.6)

Hence from (2.2¢), (5.5), (5.6) and for k > ¢, we obtain

oot = [ IDG) 4 [ DTG

1

k
Si xrun,Dun _f_i
7 St 1+ Sl Al

<(z+ )l

then

Hu”‘ ’W&p(ﬂ) < C.

We neglect in (5.4) the positive terms
a(x,up, DTy (uy))DTi(un), §(x, U, Duy) Ty (uy),

and keep
S eTtun) < [ fiTeen) < Ko,
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since b, € B(u,) a.ein Q
by| < ,
S o ol < s
passing the limit as k | 0 and using the Fatou Lemma, we find
[ Tl < 1l
Thus, we complete the proof. ]

5.3 Basic convergence results

Lemma 5.2. Forn € IN let (u,,b,) € Wg’p(Q) x L*(Q)) be a solution of (E, f,). We have

by — b weakly in L'(Q)), (5.7a)
U, — u  weakly in W&’p(ﬂ), (5.7b)
Uy —>u aein (), (5.7¢)
Ty (tn) — T (u) strongly in WS’F(Q). (5.7d)

Proof. Let (15, b%) be a solution for the problem
{ﬁe@(u;» — div(a(x, u5, Dus)) + ge(x, 15, Duy) = fi,
e € W, (Q).
By (4.7) we have
L BTy ) = < [ (1l =B)*.

Using the fact that ﬁg(T% (u8)) = by in L®(Q) we get

Ll =0 < [ (1l =B)*. 59

The sequence b, is weakly sequentially compact in L!(Q).
This follows from the following criterion for weak sequential compactness of subset
F of L' () where p is a finite measure

limsup/ (If| —k)*du =o0.
Indeed, this condition is easily seen to be equivalent to the uniform integrability of the
family F (that is, for every ¢ > 0 there isa § > 0 such that [, |f|dy < eif u(A) < ) and
this implies the weak sequential compactness.
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Since we have (5.8) and f, convergent in L!(Q) by assumption, implies that b, is
weakly precompact in L' (Q). Then
b, — b weaklyin L'(Q).

From (5.2) we deduce that for a subsequence still indexed by n, (5.7c) hold as n — oo,
where u is a measurable function defined on ().
We already know that for any fixed k € R**

Ti(itn) — Te(u) weakly in W (Q).
Our objective is to prove that
Ty (un — Tx(u) strongly in Wg’p(Q).
We shall use in (5.1) the test function
On = @(zn),
where
zn = Ti(uy) — Te(u) and  ¢(s) = se.

We get
/bnvn—l—/ a(x,un,Dun)Dvn—i—/ g(x,un,Dun)Un:/fnvn. (5.9)
0 0 0 Q

From now on, we denote by ¢1(n),¢e,(n), - - -, various sequences of real numbers which
converge to zero when n — oo.
Since v, converges to zero weaklyx in L*(Q)), f, converges strongly to f in L}(Q)),

/anvn — 0.

/ b,v, :/ bnvn—i—/ b,v,.
Q {{un] <k} {lun| >k}

Since b, € B(u,), the second term on the right hand is nonnegative. Also x {|un\§k}bn
is uniformly bounded, together with the Lebesgue Dominated Convergence Theorem

provides that
/ b,v, — 0.
{|un|<k}

We have

This implies that

/ a(x, uy, Du,) Doy, —|—/ g(x, up, Duy)v, < e1(n).
Q 0



Y. Akdim and M. Ouboufettal / Anal. Theory Appl., 39 (2023), pp. 53-68 65

Using same arguments in [6], we obtain

0< /Q[a(x, Tie(un), DTy (un)) — a(x, Te(un), DTic(u))|D(Tic(un) — Tic(u))
<ey(n),
then
/Q[ﬂ(x, Tie(un), DTi(un)) — a(x, Te(un), DTi())] D(Ti(utn) — Tic(ue))
— 0 as n — oo,
Finally, a result in [7] (see also [9]) implies
T (1n) — Tx(u) strongly in W&’p(Q).

Thus, we complete the proof. O

5.4 Passing to the limit

In vertue of (5.7d), we have for a subsequence
Du, — Du aein ),
which with
U, —u aein Q
yields, since a(x, i, Du,) is bounded in (L¥'(Q2))N
a(x, u,, Du,) — a(x,u,Du) weaklyin (L¥ (Q))N (5.10)

as well as
g(x,up, Duy) — g(x,u,Du) aein Q. (5.11)

We now use the classical trick in order to prove that g(x, u,, Du,) is uniformly equi-
integrable. For any measurable subset E of () and for any m € RT, we have

7 /D :/ 7 /D / Vi /D
JLstoun D)= [ lgCoun D)+ [ 8, D)

< [ 18t Tu(02), DTy (1,))] + 1(x, 16, D).

{lutn|>m}

Using (2.2b), we obtain

. 18Certa, Dutn)| < b(m) [ (c(0) + IDTuln) )+ [ gt D)l (512
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For fixed m, the first integral of the right hand side of (5.12) is small uniformly in n when
the measure of E is small (due to DT, (1) converges strongly in L”(Q)) ).

We now discuss the behaviour of the second integral of the right hand side of (5.12).
We use in (5.1) the test function Sy, (1, ), where for m > 1

Sm(s) =0, if [s|<m—1,
Sm(s) = H, if |s| >m,
S.(s)=1, if m—1<]|s| <m.

This yields

/anSm(un)—i—/Qa(x,un,Dun)DunS;n(un)—l—/ﬂg(x,un,Dun)Sm(un):/anSm(un).

Which implies
x, Uy, Duy, S/ n
/{|”n>m} |g( )‘ {lun|>m—1} |f ‘
and thus
limsu / X, Uy, Duy, §/ .
mSUpP | I8 ( ) (o1} |f1

We have proved that the seconde terme of the right hand side of (5.12) is small, uniformly
in n and in E, when m is sufficiently large.

This completes the proof of the uniforme equi-integrability of g(x, u,, Duy).

In view of (5.11), we thus have

g(x, un, Duy) — g(x,u, Du) strongly in Ll(Q). (5.13)
From (5.10), (5.13), we can pass to the limit in (4.1)
/Q bung + /Q a(x,uy, Du,)De + /Qg(x, U, Duy)p = /ango,
and we obtain

b / 1, Du)D / ,u,D
/Qq)+ Qa(xu u)Do + Qg(xu u)e

= /chp forany ¢ € W,”(Q)NL®(Q). (5.14)

With this last step the proof of Theorem 3.1 is concluded. ]
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6 Example

Let Q be a bounded domain of RN (N > 1). Let us consider the Carathéodory functions

a(x,s,8) = [¢P2¢,
8(x,s,8) = psls"|¢]F, >0, r>0,

and p the maximal monotone graph defined by

Bls)=(s-1)"—(s+1)".

It is easy to show that the Carathéodory function a(x,s,¢) satisfies the growth con-
dition (2.1b), the coercivity (2.1a) and the strict monotonie condition (2.1c). Also the
Carathéodory function g(x,s,() satisfies the conditions (2.2a), (2.2b) and (2.2c) with
|s| >0 =1and y = p.

Finally, the hypotheses of Theorem 3.1 are satisfied, therefore for all f € L!(Q) the
following problem

(E f) B(u) — Ap(u) +g(x,u,Du) > f in D'(Q),
’ ue Wg’p(Q), ¢(x,u,Du) € L1(Q),

has at least one solution.
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