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Abstract. Based on the results of the boundedness of yl(’) on L? spaces, by using the
theory of atomic decomposition of Hardy spaces, we obtain the boundedness of 1, on
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1 Introduction

Suppose that S"~! is the unit sphere of R*(n > 2) equipped with normalized Lebesgue
measure. Let ) € L!(S"~1) be homogeneous function of degree zero and

/S O@)do(x') =0, (1.1)

where x’ = x/|x| for any x # 0.
The Marcinkiewicz integral is defined by

ma) = ([ D @Ps) "
where
Forl ) = [ ey

Let b € L} .(R"), the commutator generated by the Marcinkiewicz integral i and b is

defined by
o0 1/2
pos() = ([ IFanHEPE) "
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where

Qx —

Fons(N0) = [ O () b)) f)ay.
xyl<t |x —

Y. Ding [1] studied the continuity properties of higher order commutators generated by

the homogeneous fractional integral and BMO functions on certain Hardy spaces, the

special case of the main result in [1] is the following theorem:

Theorem 1.1 ([1]). Let b € BMO(R®), 0 < 1 < nand Q € L'(S"V)(r > n/(n—p)). If
wy(0) satisfy

/0 1 “’r(g‘s) (1og %)mdé < oo, (1.2)

then Tg’z is bounded from H},, (R™) to L™/ ("=#) (R™), where
b,m _ Q(x — ]/) m
T = [ e yrn 00) — b)) f)dy, meN.

In 2007, H. Wang [2] gave the (H', L/ ("=P)) type estimates for 1, with the kernel )
satisfying the logarithmic type Lipschitz conditions.

Theorem 1.2 ([2]). Let b €Lipg(R™), 0 < B < 1. If Q) is a homogeneous function of degree zero
and satisfies the following conditions:

(1) [gu Q(x")do(x') = 0and O € L'(S"1) for somer > n/(n — p);
(2) there exist constants C > 0 and p > 1 such that
C

|Q(y1) —Q(y2)| < m

for any y1,y2 € S"7L. Then uq is bounded from H' (R™) to L"/"~F(R™).

In 2011, Y. He [3] obtained the (LP(a),LP(B)) type estimates for pq; with the ker-
nel satisfying the logarithmic type Lipschitz conditions. In 2012, by using Theorem 1.2,
Jiang [4] proved that jj, is bounded from H} (w) to L}(R™).

Theorem 1.3 ([3]). Let QO € L®(S"!) satisfy the cancellation property (1.1). In addition,
suppose that there exist constants C > 0 and p > 2 such that

Q) - )< — S

(1.3)
(In ly1—y2] )

hold uniformly in y1,y> € "1, 1 < p < o0, a, B € Ap, b € BMO(w), w = (afp~1)V/P. Then
the following inequality hold:

s (H)llre) < ClIbl Mmooy |fI|Lp(a)-
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Theorem 1.4 ([4]). Let Q € L*(S"" 1) (n > 2) satisfy the cancellation property (1.1) and (1.3)
for some p > 2, w € Ay, b € BMO(w). Then yq is bounded from H} (w) to L'(R™).

Recently, Y. Zhao [5] studied the boundedness of ji,; generated by 1 and weighted
Lipschitz function b on weighted L spaces.

Theorem 1.5 ([5]). Let Q € L*(S""1), (n > 2) satisfy the cancellation property (1.1) and (1.3)
forsomep >2,we A, 0<B<1,1<p<n/B,1/q=1/p—p/n,bc Lipg(w). Then

Hﬂﬂ,b(fmm(wl—ﬂ) < CHfHLF’(w)-

Inspired by [1,2], a natural problem is whether yqj has the similar conclusion in
Theorem 1.2, when () satisfies some L"—Dini condition and b € Lipg(R"). On the other
hand, inspired by [3,4], applying Theorem 1.5, we establish the (H}(w), L7(w' ™)) type
boundedness of ji . To state our main results, we introduce the following definitions
and auxiliary results.

First let us recall the definitions of A,. A locally integrable nonnegative function w is
said to belong to A if

1 1 -1 g\

o BT <
sup (g7 J, ) (77 [0 V)" €< 1<pem,
‘;’ /Bw(x)dx < Ces%infcu(x), p=1,

for every ball B C R". w is said to satisfy the reverse Holder condition and is written by
w € RH,, if there exists r > 1 such that

1 w(x) dx UFSC 1 w(x)dx).
|B| JB |B| /B

Remark 1.1. If w € Ay, p > 1, then there exists > 1 such that w € RH,.

Definition 1.1 ([1]). Let 0 < B < 1, the Lipschitz class Lipg(R™) is defined by

=S )

Lip(RY) = {f: flhpy = sup g

xyERN, x#£y
Definition 1.2 ([6]). For 0 < B < 1, the weighted Lipschitz space Lipg ,(w) is defined by

1 1 1/p
Lppy () {b 1Pleigg Sl}ép w(B)B/n <w(B) /B 1b(x) = bp['ew(x) dx)

<C< oo}.

Definition 1.3 ([7]). A function a(x) on R™ is said to be an H! atom, if there exists a ball B,
such that
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(1) suppa C B;
2) lal= < |B|7Y;
(3) [gna(x)dx = 0.

It is said that f € HY(R®), if f= Z]?”:_oo Aja; in the case of distributions, where each
a; is an H' atom, A; € C and Y% e |Aj| < oco. Furthermore, the H 1(R™) seminorm is
defined as

[|fl[gn =inf Y |7,

==

where the infimum is taken over all above decompositions of f.

Remark 1.2. Let a(x) be an H! atom, then for any py € [1,00], we have ||a||in <
’B’*1+1/P0.

Definition 1.4 ([4]). Let 0 < p <1, w € A, b € Ljpe(R™). A function a(x) on R™ is said to
be w — (p, o0, b) atom, if

(1) there exists xo € R™ and d > 0 such that suppa C B(xo,d);
2) lalli~ < w(B(xo,d))~1/7;
(3) [goa(x)dx = [paa(x)b(x)dx = 0.

It is said that f € H] (w), if f = Lji> o Ajaj in the case of distributions, where each 4;
isanw — (p,o0,b) atom, A; € Cand Y2, [A;]P < oo. Furthermore, the H}(w) seminorm
is defined as

) 1/p
Al = inf (5 1417)
where the infimum is taken over all above decompositions of f.

Definition 1.5 ([1]). For Q € L'(S"71) (r > 1), the integral modulus w,(5) of continuity of
order r of () is defined by

, i A\ T
(@) = sup ([, 106+ = 0G)Ido()) ",

where p is a rotation in S"~1. When w,(5) satisfies

/O or0) 45 < o, (1.4)

o

we say that Q) satisfies the L™-Dini condition.
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Let us state our main results.

Theorem 1.6. Let b €Lipg(R"),0 < B < land Q € L'(S"™ V) (r > n/(n—B)). If w,(5)
satisfies (1.4), then pqyp is bounded from H'(R™) to L"/"~P(R™).

Theorem 1.7. Let Q) € L®(S"1) (n > 2) satisfies (1.1) and (1.3) for some p > 2. w € Ay,
b €Lipg(w), 0 < B < 1, then pqp is bounded from Hj, (w) to L9(w' 1), where g = n/(n — B).

Remark 1.3. The kernel () in Theorem 1.2 satisfies the logarithmic type Lipschitz con-
ditions, the kernel () in Theorem 1.6 satisfies the logarithmic type L" — Dini conditions,
however Theorem 1.6 arrives at the same conclusion with Theorem 1.2.

2 Priliminaries

To prove our theorems, we need the following lemmas.

Lemma 2.1 ([8]). Let b € Lipg(R"), 0 < B < 1,1 < p < n/B,1/q = 1/p—p/n.If
Q € L'(S"Y) for some r > n/(n—B) and (1.1). Then uqy is bounded from LP(R®) to
L1(R™).

Lemma 2.2 ([1]). Suppose that 0 < a < n,r > 1land Q € L'(S""1) satisfies L"—Dini
condition (1.4). If there exists a constant ag > 0 such that |y| < agR, then

/r WI/R o,
(/R<x|<2R dx)l = CRYTY (M * /I j Lw)d(s)'

R~ Jylr 0
Lemma 2.3 ([5]). Let b € Lipg(w),0 < B <1, w € Ay. Then

7

Ox—y) _ O
x —ylre fxfre

sup [b(x) — bp| < CI[b]|ipy(w)w (B)' P/ [B| .

xeB

For any ball B and any A > 0, we denote by AB the ball with the same center as B but
with A times the radius. We have an estimate for w(AB) as follows.

Lemma 2.4 ([9]). Let w € Ay, p > 1. Then for any ball B and A > 1
w(AB) < CA"w(B),
where C does not dependent on B nor on A.

Lemma 2.5 ([9]). Let w € Ay RH;, p > 1,7 > 1. Then there exist constants C1, C; > 0

h that
Suc a . <|E’>p _ CU(E) -c (|E’)(V—1)/1’
'\[B]/ ~ w(B) = “\[B|

for any measurable subset E of a ball B.
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3 Proof of theorems

Proof of Theorem 1.6. We need to prove that ||puq(a)||s < C for any H! atom a, where
q=mn/(n—p)and suppa C B = B(xo,d)

1/q

sl <( [, Inns@@ i) "+ ([ luosa) (o)
=147

Choose p; and g1 such that 1 < py < n/B,1/q1 = 1/p1 — B/n. It is easy to see that
g < q1, by Holder’s inequality and Lemma 2.1, we get

I < / lnap(a I‘ifdx) /(qt)(/Zde)l/(qt/)

SC / |V0,b(a)(x)|‘71dx> ql]zB\l/qfl/ql
2B

<Cllparp(a)||n [2B[Y/171/ 1 < C|la] || B[/
<Cl||al|e|B[V/P1|B|Y/1-1/ 0 < C|B|~1+1/pr B[/ a1/
<C,

where t = gq1/4.
Let us turn to estimate | now,

]s{/(ZB) (/0|x_x°|+2d]/x » S(_x _|ny_)1 (b(x) = b(y))a(y)d ’2dt>q/2dx}1/q

_ /2 N1/
+{/( by (/x x0+2d‘/|x y|<tM(b(x)—b(y dylzdt)q dx} q
=1+ Ja.

Using the fact that |[x —y| ~ |[x —xo| ~ |x — x| +2d for any y € B and x € (2B),
Minkowski’s inequality and Holder’s inequality, we have

h SC{ /(ZB)C [/n (/|liy|xo|+2d g)l/ﬂﬂﬁx :ﬁyal(yﬂ Ib(x) —b(y)|dy}qu}l/q
<C [ { [, | W\b( )= b []"ax} a(y)lay

d\2Q(x —y)| 9. \1/q
</ kz { osms [y 1060 = b(w)1]'dx}laty)ldy

|x

[} B . 1/4
<C [ Y2425 @D bl | [ 106 p)lax] acy)ldy
k=1
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<Cl1b]]Lipy |11 (51-1) / Z 2722k (2 )P (2 ) Ta(y) | dy

<C Zz k[(1/2—B)+n(1— 1/q]’a( )’dy
Br=1

<Cllal|1; < Cllalle|B| < C.

In the above last inequality, we applied the fact that —n + 4 n/q = 0 and the series is
convergent.

Note that t > |x — xg| +2d > |x — xo| + |y — x0| > |x — y| for any y € B and the
cancellation property of 4,

/Ix xo|+2d‘/x yl<t ]x— ’n 1(b( x) —b(y))a(y)dy
2441172
:'/|xxo|+2d‘/3]x—y]”—1( x) —b(y))a ]/‘ dt]

_| [ Qx—y) dt1/2
-/ ey () —b(y)a (y)dy [ /x " )
| [ e - b(y))a(y)dy\w
X — Qlx —x
SC/B |b(x) - b(X0)|‘ ’?(_ y‘ny—>1 B ’x <_ xo‘no 1 ‘ ‘X _ x0’>_‘|_ dey

O (x —y)| |b(x) —b(xo)[la(y)] ,
B lx—y|* 1  |x—xo|+2d

‘Zdtr/z

It follows that

el [, (252 - B ) )

|x — x| 11 |x — xo| +2d

[Q(x —y)[ [b(y) — b(x0)| 1M
+C{/(23 ( |x—y|” 1 ]x—x0]+2d| ( )|dy) dx}
=:Jo1 + J22.

Applying Minkowski’s inequality, Holder’s inequality and Lemma 2.2, we have

s [{ [, (|28 ]ny_)l—,ﬂ(""“l) 03) ~ DUy 4,1 oy

x —xo|" 7t |x — x| +2d
Q(x —xo) [|b(x) —b(x0)|\7, \1/4
<
C/ Z:/2k+113\zk3 ’|x— =1 |x — x| T |x—x0|+2d) dx} la(y)ldy

scubuupﬁ/Bk;(zkd)ﬂl(/ Q(x—y)  Ox-

2ipyig | x —y["T !x—XoI” !

\ dx) a(y)ldy
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Ox—y)  O(x—x)

r 1/r 1/q-1/r
\x—yl”’l B |X—XO‘”*1 dx) (/2k+1B\2kB dx) |“(y)|d}/

Qx—y)  Qx—xp) |", \/"
[x—y[" T [x— x| 1 dx) la(y)|dy

<C (2ka)P /
B kzl 2K+1B\2kB

SC‘/B Z(zkd)ﬁfl(2k+1d)n(1/qfl/f)(/

2k+1B\2kB

1 ly=xol /2" ¢y, (5)
< 2k Bp—1 2k+1 (1/9-1/7) Zk n/r—n+1 / r
c /BZ D@D (e [T ) ety

1 ly—xo|/2%d w ((5)
k \B+n/q—n R
<C Bkzl (2a)P (2k +/|y7x0‘/2k+1d 5 d5>\a(y)|dy

1 ly—xo|/2kd wy(&)
2’< +/ k14 6
Bk 1 ly—xo|/2k+1d

<C/ (ilk Z/ly ol/24d “’fé( )dé)la( )|dy

—1/ly—xol/25H1d

@ ) la(y)ldy

<C [ la(y)ldy < Cljal |B < C,
B

and
Jr SC{ /(23)C< B ||(;(—xy_|”y)1’ |\bx( )xol izZI" y )’dy)qu}l/q
<Clillun{ [, (f; B2y = wallat)lay) o}
<c [ { [, BB sl ooy
<[ 2 ( /2k+13\2kBWry xol#idx) "a(y)ldy
<C Bkzldﬂ (2kd)" /zkHB\ZkB]Q(x—y)\”’dx) ")y
<C Bkzldﬁ (2) 7" 2B g la(y) | dy
<C Zdﬁ(de)_”(Zk“d)”/ql!ﬂlloo!Bl
k=1
<C i o—kn(1-1/g) gp—n+n/q < C.
k=1
We complete the proof of Theorem 1.6. O

Proof of Theorem 1.7. We need to prove that || p(a)||ps(1+) < C for any w — (p, o0, b)
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atom a, where p = 1,9 = n/(n — B) and suppa C B = B(xo,d), ||a||cc < w(B)~ L.

_ 1/q
@ lsg-sy = ( [, Imas(@) (0] (x) -dx)

S( - |#Q,b(a)(x)|‘7w(x)1_qu)1/q

=:I + .

’ (/(ZB)C |”be(“>(x)lqw(x)l—qu)l/q

Choose p; and g1 such that 1 < g < g1 < 00,1 < p; < 0,1/91 = 1/p1 — B/n. By
Holder’s inequality, Theorem 1.5 and Lemma 2.4, we get

1/q

L= / 1o (a)(x)|Tw(x )l_qu>
= |V0rb(”)(x)|qw(x)q/‘“_qw(X)l_q/”hdx>
2B
1/(qt) /(gt")
qt (@/q1—q)t (1—q/q0)t
<l f ostoeacoen ) f oo
dx

2
SC(/ZB ’VQ,h(a)(x)]qlw(x)1,hdx)l/ch(/ZB )1/‘1—1/111

<Cl[pap(@)|] 1 (r-aryw(2B) /I
<Clla[1r (w)w(2B)1/”7*1/q1

gc(/B |a(x)‘le(x)dx>1/plw(2B)1/q*1/fh

<C||a||oow(B)!/Prew(2B) /P~ 1/ P
<Cw(B)"Y?w(B)YPw(2B)/P~1/1
1/p-1/
(23)) P P1< ,
w(B) -

1/q

<c(

where t = q1/4. For I, since |x — xg| > 2d, we have

ol oot )
{/ / ’ /lx yl<t |x — |n 1y — yln—-1 (b(x) - b(]/))‘l(y)d]/ zg)q/zw(x)liqu}l/q
{ / (/‘x o ‘ /x y|<t m(b(x) —b(y))a(y)dy 2%)q/2w(X)l_qu}l/q

" {/( B)¢ (/\x xp|+2d ‘ /|x j<tx(_xy_|ny)l(b(x) —b(y))a(y)dy 2%)‘1/2w(x>17qu}1/q

=:Ip1 + .

IN
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The definitions of Lipg ,(w) and A; give

1/q

(/sz [b(x) — b2k+1B|qw(x)1_”’dx)

B w(2k+1B),B/n (2k+1B) ] - 1/q
w(2k+1B)/S/n< (2k+1B) /zm |b(x) — byri1p|Tew(x) dx)

< Cl1Bl|nipy(w)w (2B M (21 B)
= C‘ |b| |Lipﬁ(w)w(2k+1B)1/p/ (3.1a)

1/q 1\9-1 1/q
1—q — —

(/2’(“3(0(3{) dx) (/2k+13 <(,U> d.'X)

2B N @D/g gy
< = q
- C(w(2k+13)) ’2 B’

|2k+1B’

w(2k+1B)1-1/4°

(3.1b)

From Minkowski’s inequality, Lemmas 2.3, 2.5, (3.1a) and (3.1b), we obtain

mscf [ [ EE B —saon( [ ) ) o aan)

x=y|
b(x) — b(y)] IR

<Cdl’? / |— 1—q
_Cd { (ZB)C[ B |x ’Vl+1/2 ’ﬂ( )|dy:| ( ) d.X}

2 SO INNT
<Cd /B\a(y)\ / b |x_y|(n+1/2)qw(x) dx} dy

1/2 M 1—¢q 1/q
SCd / ‘ ‘ Z (/2k+1B\2kB ’x y‘(i’l+1/2)q (U(X) dx) dy

1 1/q
1/2 . . 1—g
+ Cd / la(y)|[b(y) — by Z (/2"+1B\2kB X — (1720 w(x) dx) dy

(o] -~ 1/11
ngl/Z/B|a ; (2Kd)~(n+1/2) (/2kHB|b(x)—bzkHwa(x)l dx) " dy

+Ca'’2 [ |a)I[b(y) — by k21<2"d>‘<”“”)(/

2k+1B

1/
w(x)l_qu) qdy

<CaV/2 Y (2k) oy 0 B [ a(y)ldy
k=1

2
—i—Cdl/ZZ 2kd)~ n+1/2)(2|k+11311/q/ la(y)||b(y) — box1p|dy
k=1

<Cd1/22 2kd (n+1/2) (2k+1B)1/pHaHO°’B’
k=1



26 C. Wu / Anal. Theory Appl., 39 (2023), pp. 16-27

k+1 k+1p\1+8/n
172§ ok g\ —(n+1/2) |27 B w(2F+1B)
e k_zi @) (2k+1B)1*1/q||aH°° |2k+1B| | B
2k+1B) 1/p
<cd'/? Z ko —(n41/2) g (W (27T B)
cd (2d)” ’B’( w(B) )

—|—Cd1/2 Z de (n+1/2) <B)fl/pw(2k+1B)ﬁ/ﬂ+l/q’B’
k=1

‘2k+1B|>1/P

S R

<C Z p—k(n+1/2=n/p) < C,

wherep=1,g=n/(n—B),B8/n+1/9g =1/p. Applying the estimate
p q q p. Applymg
—y)  Qx—xo) ‘

‘|x—y|n1 |x — xq|"1

<‘Q( _y) _Q(x_xO)‘ ) X—XO)_Q(x—xO)

“lx =yt fr =yt =yt = xof!
C(1+Q(x —x0)])

|x— Xo\)

~|x = x| 1(log
Minkowski’s inequality, (3.1a) and (3.1b), we have
= ” O —y) oy 2t e 14
I = { /(23 (/|x xo|+2d /\x —7 (b(x) = b(y))a(y)d ‘ ) aJ(x) qu}

—yl<t |x —y["1
/| y\q(mx_y) - o x) )<b(x>w(y))a(y)dy\z%)m-w(x>1-mx}”q

1/q

{ lx —y|"=1  |x — xg|"1
C{ /(23 /‘\x—y|n i ‘x_xo‘n 1’|b ) = b(y)llaly )|(/‘:xo‘+2d%>l/2dy)q.w(x)l—ﬂdx}l/q
C{ /(ZB /‘\xf |n T xfx()\” 1"1’ (y)‘|“(y)|mdy)qw(ﬂl_qu}l/q
=<{,

[bx) = b{y)lla(y)ldy )" w(x)!~dx}

(

(

</‘ \x7y|” - |x,x:|?1)

SC{/(zB) </B Ix — xo|" (1 xx0|)p|b(x)_b(y)||ﬂ(y)|dy)an(x)1qu}l/q
N d

<C J o fop () — bly) o) 7ax) 'y

J@B) |y — (ln@)pq

1/q

- () — bly) feo(e)0dx) iy

= 1</2*“B\2k3 lxx — xo|" (In =l yog

<C /B la(y)| i(zkd)*”k*f’( /2 LG szknglqw(x)l*qu)l/qdy
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+C faII) ~baal R 0( [ wole)trax) My

<C Y (2"d) "k Pw(2F1B)1/P / la(y)|dy
k=1 B

‘2k+1B|

= k \—ny—p
+Ck§(2 4)~"k w(2k+13)1—1/q

[, 18 116) — bspldy

<C Y (2"d) "k Pw(271B) 7| |al|co | B
k=1

k+1
_ PTBL
w(ZkalB)l*l/q
k+1gy1 1/
w(2 B)) P‘B|
w(B)

<C i 9—kn(1-1/p)g—p — C i kP <cC.
k=1 k=1

C1/p w(2k+1B)1+/3/n

B
\2k+1B| ‘ ‘

+C Y (@kd) ke
k=1

<y 2kng—n=e
k=1

This completes the proof of Theorem 1.7. O

Acknowledgements

The research supported by the National Natural Science Foundation of China
(No. 11501262).

References

[1] Y. Ding, S. Lu, and P. Zhang, Continuity of higher order commutators on certain Hardy
spaces, Acta Math. Sinica (Chinese Series), 48(1) (2005), 191-200.

[2] H. Wang and Z. Liu, The Hardy spaces estimates for the commutator of Marcinkiewicz
integral, . Math. Res. Exposition, 29(1) (2009), 137-145.

[3] Y. He and Y. Wang, Commutators of Marcinkiewicz integrals and weighted BMO functions,
Acta Math. Sinica (Chinese Series), 54(3) (2011), 513-520.

[4] N. Jiang, K. Zhao, H. Yu, E Xi, and H. Zhang, Boundedness of some commutators of
Marcinkiewicz integrals, ]. Qingdao Univ. (Natural Science Edition), 25(3) (2012), 5-8.

[5] Y. Zhao and X. Wang, Sharp maximal function estimate and continuity for commutators of
Marcinkiewicz integrals, J. Huaibei Normal Univ. (Natural Sci. Ed.), 33(3) (2012), 8-14.

[6] X. Shao and S. Tao, Weighted Lipschitz estimates for commutator of Marcinkiewicz inte-
grals, J. Sys. Sci. Math. Sci., 32(7) (2012), 915-921.

[7] E. M. Stein, Harmonic Analysis: Real-variable Methods, Orthogonality and Oscillatory In-
tegrals, Princeton Univ. Press, Princeton, NJ 1993.

[8] H. Mo, Boundedness of Some Operators and Their Commutators, Doctor Degree Disserta-
tion, Beijing Normal Univ., 2006.

[9] Y. Ding, Ming-Yi Lee and Chin-Cheng Lin, Fractional integrals on weighted Hardy spaces,
J. Math. Anal. Appl., 282 (2003), 356-368.



