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Abstract. In this paper, we propose a structure-preserving numerical scheme for
the size-modified Poisson-Nernst-Planck-Cahn-Hilliard (SPNPCH) equations derived
from the free energy including electrostatic energies, entropies, steric energies, and
Cahn-Hilliard mixtures. Based on the Jordan-Kinderlehrer-Otto (JKO) framework
and the Benamou-Brenier formula of quadratic Wasserstein distance, the SPNPCH
equations are transformed into a constrained optimization problem. By exploiting
the convexity of the objective function, we can prove the existence and unique-
ness of the numerical solution to the optimization problem. Mass conservation and
unconditional energy-dissipation are preserved automatically by this scheme. Fur-
thermore, by making use of the singularity of the entropy term which keeps the
concentration from approaching zero, we can ensure the positivity of concentration.
To solve the optimization problem, we apply the quasi-Newton method, which can
ensure the positivity of concentration in the iterative process. Numerical tests are
performed to confirm the anticipated accuracy and the desired physical properties
of the developed scheme. Finally, the proposed scheme can also be applied to study
the influence of ionic sizes and gradient energy coefficients on ion distribution.
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1. Introduction

The classical Poisson-Nernst-Planck (cPNP) equation is a continuum mean-field
model, which can describe the ionic transport in semiconductors, ion channels, and
electrochemical devices. The cPNP equations include the Poisson’s equation and the
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Nernst-Planck (NP) equations. The Poisson’s equation can determine the electrical po-
tential induced by the ionic concentration. According to the Fick and Kohlrausch laws,
the NP equations describe electro-diffusion and electrophoresis. Despite its usefulness
in a variety of applications, the cPNP equations show unphysical crowding of ions near
charged surfaces and incorrect dynamics of ion transport, due to the ignored steric ef-
fects of ions in its mean-field derivation. To incorporate the steric effects of ions in the
PNP model, one technique is to include the interaction energy, which can be the den-
sity functional theory [12,13,36] or the Lennard-Jones potential [9,14,16,23] for the
hard-sphere repulsions. Another technique is to add the entropy of solvent molecules
to the electrostatic free energy [17, 19, 21, 30, 35], which is known as the Borukhov
model [2]. Employing the consideration of the entropy of solvent molecules in the
free energy functional, Lu et al. [30] get a class of size-modified Poisson-Nernst-Planck
(SMPNP) equations.

In this paper, in addition to incorporating the entropy of solvent molecules in the
free energy functional, we also consider the concentration gradient energies utilized in
the Ginzburg-Landau theory to describe phase separation [10,11]. A conserved H !
gradient flow of the Ginzburg-Landau functional gives rise to the Cahn-Hilliard equa-
tions [3]. Therefore, the free energy arising from electrostatic energies, entropies, steric
energies, and Cahn-Hilliard mixtures leads to the following size-modified Poisson-
Nernst-Planck-Cahn-Hilliard (SPNPCH) equations:

(

M
O = vV - VA log v + qlw _u log <1 - > vkck> — olAd
o k=1

inQ, [=1,2,...,M, (1.1)

M
—kAY =Y ¢ +pf in Q,
=1

\

where ¢ denotes the concentration of I-th ionic species, ¢! denotes the valence of I-th
ionic species, v; denotes the volume of [-th ionic species, vy denotes the volume of the
solvent molecule, ¢! denotes gradient energy coefficient of I-th ionic species, Q denotes
the charged system, ¢) denotes the electrostatic potential, p/ denotes the fixed charge
density, and x and 4; denote two nondimensionalized coefficients.

In the closed system, the PNP-type equations have three physical properties: total
mass conservative, the positivity of ionic concentration, and energy dissipation. Much
effort is devoted to developing the PNP-type scheme to preserve the above properties
by using finite difference method, finite volume method, and finite element method.
A finite element scheme for the PNP-type equations was developed in [31] to ensure
the positivity of ionic concentration via a variable transformation. An arbitrary-order
free energy satisfying a discontinuous Galerkin method for 1-D PNP equations was con-
structed in [28] to meet the energy dissipation law, in which the positivity of numerical
solutions is enforced by an accuracy-preserving limiter. An implicit finite difference
method for PNP equations to satisfy three physical properties was designed in [8,15].
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Shen and Xu [37] propose a set of numerical schemes for PNP equations that pre-
serve unconditionally positivity, unique solvability, and energy dissipation. Based on
the gradient-flow formulation, Wang et al. [24, 25, 34] propose a mass conservative,
positivity-preserving, and energy stable finite difference scheme and establish an opti-
mal rate convergence analysis. Based on the Slotboom variables [39], the NP equations
are transformed into the form of heat equations. In [7,8,15,26,27,38] design a set of
fully-discrete numerical schemes that can preserve the positivity of the numerical solu-
tions. In this condition, unconditional energy dissipation can be proved with implicit
electric potential.

Apart from the above-mentioned approaches, the JKO scheme [18,32] can preserve
the mass conservation, positivity, and unconditional energy dissipation for the Fokker-
Planck (FP) equation. The JKO scheme constructs a time-discrete, iterative variational
scheme for the FP equation and the time step is governed by the Wasserstein distance on
the probability measure. Following [20], the SPNPCH equations can also be interpreted
as a Wasserstein gradient flow concerning the free energy F'(c) defined on K(2) [20]

1
K(Q)=<{c= (A, M:d >0, —/cldV:Sl,lzl,Q,...,M},
@ ={c= ) il

where m((2) is the Lebesgue measure of €2, and .5; is the total mass of /-th ionic species
with reference to the Lebesgue measure. Therefore, K(Q) € L'(€; R;). Given two
measures p, p2 € K(2), the square Wasserstein distance W5 is denoted by [1,33,40]

Wiprpi= min [ [ oy dutey)
HGF p1,02) QxQ

with the set given by

L(p1,p2) = {pn € K(Q X Q) : i1 = p1, pi2 = pa},

where p1 and ps denote the first and second marginal measure, respectively. Then,

given the initial data ¢;, = (c} ,c?,---,cM) and a uniform time step At > 0, the

n in) ’in

implicit JKO scheme of SPNPCH equations defines a sequence {c" },cn as

0

C" = Cin,
M 1 (1.2)
c"+1:argmin{z W2(d, ™) + F(c )}
cerm(a) Uizt 2nAt 2
Here, ¢" = (cb™,¢®™, .-, ¢M™). Using this sequence, ¢ (x) can be expressed as nu-

merical approximations of ¢!(¢,,x) with ¢, = nAt. The above scheme (1.2) can pre-
serve mass conservative, the positivity, and energy dissipation automatically. However,
computing W(c!, ¢b™), which is an infinite-dimensional minimization problem, may
result in the loss of several physical properties. Adapting Benamou-Brenier’s dynamic
formulation, [22,41] offer the reformulated JKO scheme which combines a Fisher infor-
mation regularization term to maintain the positivity of numerical solutions and energy
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dissipation automatically. Without an additional stabilization term, Cances et al. [4] re-
place the Wasserstein distance with the weighted H~! norm and takes advantage of the
monotonicity of the involved operators to preserve the positivity.

Our goal in this work is to develop structure-preserving numerical methods for the
SPNPCH equations. Based on the JKO scheme, we transform the SPNPCH equations
into a constrained optimization problem. To avoid direct computing the quadratic
Wasserstein distance Ws, we adapt the weighted H~! norm to replace W, owing
to [33,40]. In this way, we can prove the discrete objective function is strictly con-
vex. Subsequently, the existence and uniqueness of the minimizer can be proved. To
preserve the positivity of the concentration, by referring to [5,24,25,34], we use the
singularity of the entropy to keep the concentration from approaching zero. Since
the entropy includes the component of the steric effect, the nonlinear coupling of the
SPNPCH equations becomes stronger than cPNP equations, which brings many difficul-
ties in numerical computation. Thus, we adapt the quasi-Newton method to compute,
which can ensure the positivity in the iterative process. Numerical tests can demon-
strate that the discrete JKO-1 scheme has anticipated accuracy and structure-preserving
properties. Finally, our scheme can be applied to explore the impact of ionic sizes and
gradient energy coefficients on ionic distribution.

This paper is organized as follows. In Section 2, we derive the SPNPCH equations
from the free energy consisting of the electrostatic energy, the entropy, the steric energy,
and the Cahn-Hilliard mixtures. In Section 3, we propose the constraint JKO scheme
combined with the weighted H~! norm. In Section 4, we provide the fully-discrete
JKO-1 scheme and demonstrate three physical properties of the JKO-1 scheme. In
numerical computation, we use the quasi-Newton method to solve the optimization
problem. In Section 5, numerical tests are provided. Finally, we conclude in Section 6.

2. Governing equations

We consider a charged system with fixed charges p/ and M mobile ionic species,
occupying a bounded, convex domain 2 with a smooth boundary 0f2. The bound-
ary can be separated into two types: Dirichlet-type I'p and Neumann-type I'y, with
I'p(I'ny = @ and I'p YI'n = 99Q. The electrostatic potential ¢ solves the boundary-
value problem of the Poisson’s equation as follows:

-V e,V =p in Q,

E0Er— =0 on I'y, (2.1)
on

Y =1p on I'p,

where ¢ is the vacuum permittivity, ¢, is the dielectric coefficient, o is the surface
charge, ¢p is the given electrostatic potential, and p is the charge density given by

M
p= Zzlcl +pf.
=1
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Here, c!(x,t) is I-th ionic concentration, 2! = ¢'e with e being the elementary charge

and ¢’ being the valence of I-th ionic species.

Denote by ¢ = (c!,c2,--- ,cM). We study the mean-field free energy functional

Flc| = Fpot[c] + Fent[c] + Fielc] + Feplc] + Feplc]. (2.2)

Here, the electrostatic potential energy, ideal-gas entropy, steric interaction energy,
Cahn-Hilliard mixture, and the chemical potential of the system are

1 1 1 oY
Fporle] = /Q SPbaV + o /FN o ds — /FD cosr ot dS,

M
Fentlc] = /Qﬁ_l ;cl [log (vlcl) — 1] dv,
Fueld = / 571" | tog (v0c”) — 1] v, (2.3)

Q
M O'l
Fc—h[c] = QZE|VCI|2C“/’
=1

M
Feple] = _/chl/“ av,

=1

respectively. Here, 3 is the inverse thermal energy and y; is the chemical potential of
I-th ionic species. In the steric effect energy, v; is the volume of (-th ionic species, c” is
the solvent concentration defined by

M
(x,t) = vy (1 - kack(x,t)>

k=1

and vy is the volume of solvent molecule.
To guarantee the total mass conservation and energy dissipation, we apply the ho-
mogeneous Neumann boundary condition

O
Uil
¢ on
et

= 07
o0N

By taking the first variation of the free energy functional (2.2) and (2.3) with regard
to ¢!, we derive that the chemical potential of [-th ionic species satisfies [21,29]

M
v,
W = qlw + ﬁ_l log (vlcl) — ﬁ_l—l log (1 — kack> — Al
vo k=1
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As we used in [7], with the chemical potential, we obtain the size-modified Nernst-
Planck equations

ot =V DUV ¢ + pHogud — B~ 1—log <1 — kac > —dAd], (24

k=1

where D! is the diffusion coefficient of the I-th ionic species.
To get a nondimensional formulation, we introduce the following variables:

-, D! - tD ! f
=2 D== j=_0 F_°c I
L DO L)\D Co €Cp
!
_ o ocB - - o -
v = V¢, OJ = 2 ¢ = ﬁ€¢a 0= ) T,Z)D = 5671Z)D'
L Lecy

Here ¢y is a characteristic concentration, L is a macroscopic length scale, \p =
Veoer/(2Be?cy) is a characteristic screening length. With the above rescaling, dropping
all the tildes, we obtain the nondimensionalized size-modified Poisson-Nernst-Planck-
Cahn-Hilliard (SPNPCH) equations

M
Opct =4V - [clV <qlw + log ujd — v log <1 - > vkck> — alAcl>] ,
o k=1 (2.5)

M
—kAY = 3 ¢l + g,
k=1

where v, = ApD!/L and x = 2)\2 /L. The nondimensionalized boundary conditions
are

e
Bﬁ o on I'n,
Y =1Yp on I'p,
v, M (2.6)
v {qlw + log vct — o~ log <1 - > vkck> — alAcl} -n=0 on 99,
0 k=1
(Vc-n=0 on Of).
In this condition, the free energy becomes
1 M Mo
F = / {ipi/} + ch(log(vlcl) -1)+ Z E!VCIIQ} dv
& 1=0 =1
1 1 0
+—/ awdS——/ wwaS 2.7)
2 INY 2 T'p

Theorem 2.1. The solution to the SPNPCH equations (2.5) and boundary conditions (2.6)
satisfies

nyl/ lyvmy?dm/ @wds / gwgf t>0.
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Proof. Taking a derivative with respect to time, we have
oy 0Op do oY
E l_ -z _Zr
/ v +3 /< ot ot >dv+ / <atw+ 6t>d5

o oY OYp
—5/ [m(a )‘”D*a—nw] 45, 28)

where we use a = 0 in the first equality. By using the Poisson’s equation, we have
oY  Op 1 do &b
= — — = | dV == — d
/<6t m)v 2/FN<at¢ o)

1 A b A
+5/ [m(an)W‘a—nWPS (29

Substitution of (2.9) into (2.8) yields

M
do oY 0Yp
l 2
. d 99 pas— [ £222D 4
;w/QCIle v [ Gl /FD LI g,

a#z

where the NP equation and = 0 are applied. O

|8Q

Remark 2.1. The boundary conditions imposed on ion concentration ¢ and potential
1) are different from the above. On the one hand, to guarantee the mass conservative
and energy dissipation, periodic boundary conditions can be applied on ¢ and . On
the other hand, Robin boundary conditions can also be applied to potential v, i.e.,

¢+aera—w

ol = YR.

Tr

Here, a is the thickness of the stern layer. The corresponding nondimensionalized free
energy becomes

M
F = /{ oY + Z logvlc ) —1) +Z \Vc }
1=0

1 oY
+§/FNU¢ 2/FD ypdS + o [ s

In this condition, the time evolution of free energy is

M
0o oY OYp K OYR
_ ! 2 K
l§1:,yl/gc]Vm] dV + . —atwdS K@n T S+G/I‘R Y — dS.

Remark 2.2. Providing the boundary data o, 1p and i are independent of time, we

have
M
= —Z'yl/ MV dv <o.
=1 79
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3. The JKO semi-discrete scheme

In this section, we introduce the semi-discrete constrained JKO scheme in time. To
approximate the quadratic Wasserstein distance (1.2), we use the weighted H~! norm
in [33,40]

| —c’n|| Y = Wa(d, b )+O(W2(C & "), e K(Q). (3.1)

In the weighted H~! norm, we denote that

HCZ — Cl’nHH—ll" = {Sﬁp/ﬁ(cl — Cl’n)(bdv ‘ H(bHHlln < 1} ) H¢H§{1ln = /QCZ’TZ,V(MQ av.

Therefore,

l In|2

cC —cC
MAt

= HILLZH%‘ICLTL °

Thus, y; is the solution to

d—d"—yAtV - (V) =0 in Q, 1=1,2,...,M,
Vi -n=0 on 0f2.

Replacing the quadratic Wasserstein distance in (1.2) with the weighted H~' norm
(3.1), the implicit JKO scheme of SPNPCH equations writes

0 _ ..
C” = Cin,

M1
C"Jrl:argmin{ d =], +F(e }
CEKM(Q) l; Q’YlAt H HHCl,ln ( )

3.2)

Combining the boundary conditions (2.6), the above scheme (3.2) can be formulated
as a constrained optimization problem and rewritten as

CO = Cin,
M
" = argmin {Z |t — ”H2 - + F(c )} = arg min E"(c),
cerM(0) li=1 2vAt c€KM(Q)
[ql¢+logvlcl —ﬂlog (1— vEC > c] ‘n =0,
Yo (3.3)
1,2,...,M on 09,
. . M
subject to: kA = S gl Ty in €,
) =1
af)l o on I'y,
Y =1p on I'p.
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Theorem 3.1. The semi-discrete JKO scheme (3.3) obeys the energy dissipation law
Mo
+1 Ln+l _ lnj2
F(" )+l§;m\|c ntl ¢ n”H;}n < F(c") for t>0.
This result is obvious, we skip the proof.

4. The fully-discrete scheme

4.1. Notations

For simplicity, we consider a 2D rectangular computational domain 2 = [a, b]?> with
the Dirichlet-type boundary

FD:{(ac,y):x:a or b, agygb}
and Neumann-type boundary
Iy ={(z,y):y=a or b, a <z <b}.

The computational domain is covered by the uniform grid points

1 1
{zi,y;} = {a—|— (Z—§> h,a+ <j—§> h} for 4,5=1,2,...,N,

where N = (b — a)/h is the number of grid points along each dimension and 4 is the
step size of spatial mesh.
Introduce the following two different difference operators in z-direction:

1 1
Dafiry =+ (fitry = fig)s dufiji= 7 <fi+%,j - fi_éd‘) :

The difference operators D, and d, in y-direction can be defined similarly. The discrete
gradient and discrete divergence are given by

vhfi,j = <D:z: iJr%,j’ Dy Z'J'Jr%) ) vh : fi,j = dzvfzm,] + dyfgf
Therefore, the 2D standard discrete Laplacian becomes

Apfij=Vu-(Vaf);; = de(Dsf)ij+ dy(Dyf)i;.

In addition, define the uniform grids

1
C:: {pl pZ:a+<Z_§>h7 i:1727"'7N}7
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we introduce the following grid inner products on the domain 2: for any grid function
f,9:CxC =R,

N
(f.9) =h*>_ fijgi;-

1,7=1

On the boundary I'p and Ty, the inner products become

-

I
A

(ViDyf)p :=h (VN+%,jD$fN+%,j - V%,ijf%J> '
J 4.1)

fi

/N

+ O-i,NJr%fi,NJr%) ,

<O-’ f>N :

Ji,

1/;1
2° "2

N
hd
=1

where o represents the given surface charge and V represents the given applied voltage.
The average on the half-grid points is discretized as

1
fi,jJr% = §(fi,j + fi,jJrl). (4.2)
Subsequently, we can define the following norms:

IF13 := (£ f)s [flloo := max [fij]-

1<i,j <N

To define the discrete weighted H' norm and weighted H~' norm, we introduce the
following 2-D discrete homogeneous Neumann function space:

M = {V | VkN,j = VEN+41,js VigkN = VigN41 for k=0, 1},

N
Ny = {V ‘ g vij =0, UkNj = VkN+1,j, VikN = VikN+1 for k=0, 1}-
ij=1

For v!,v? € NV, the inner product on the half grids is defined by

N

N

121 _ 12 1 2 1 2] _ 32 1 2

v, v, =h Vipdl Vivl g v, vy =nh E LAY
i,j=1 6,j=1

Therefore, for f = (fs, fy), the inner product is
Fo 1= U7 e+ (1Y £y
Subsequently, the gradient norms are defined by

IVLfl3 = [Vif, Vif]-
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For g € N5, there exists a unique solution x € N5 to

Lpp:=—Vp-(fVru) =g, (4.3)

where f : C x C — R is bounded below. If f = 1, we write £, := Lu for simplicity.
For g1, g2 € Ns, we define the inner product

<gl,92>£;1 = [fVhu1, Vs,

where
[Zf,ul =aq for [ = 1,2.

Using this definition, the discrete weighted H~! norm of ||| H} is given by

HgHQEle = <g7g>5;1 = [fvh/h VhM]a
where we use the equality (4.3). By using the summation by parts, we obtain

lglz-+ = (£5'9,9) = (9. £ "9).

4.2. The discrete Poisson’s equation

Given 027 ;» the Poisson’s equation is discretized by central differencing method
M
—KkARY; j = qucli,j —i—p{j, ,,j=1,...,N. 4.4)
=1
The boundary conditions are discretized by
Yo, + Y1,
# = ’IIZ)D(tn, a, y])’
YNt+1,5 + YN, .
# :TzZ)D(b’y]) for J = 15"'5N on FD, (45)
—kDytio = o(zi,a),
KDy N = o(24,b) for i =1,...,N on I'y.

The boundary data ¢)p and o have been extended to the entire computational domain.
In numerical computation, the ghost points outside 2 are eliminated by the Poisson’s
scheme (4.4) and boundary discretization (4.5). Denote the discrete Poisson’s equation
(4.4) and the boundary discretization (4.5) satisfy

Mh(¢,cl,02,--- ,CM) =0. (4.6)

Let 9, ¢!, and p/ denote vectors with components being Vi g, cli, o and 'Ozf, j» Tespec-
tively. The coupled difference equations can be written in a matrix form

M
Pup = dc +p +b. (4.7)
=1
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Here P, is the coefficient matrix of negative Laplacian operator associated with x and

the boundary conditions (4.5), and the column vector b results from the boundary
conditions (4.5).

4.3. First-order fully-discrete JKO scheme
The fully discrete objective function in (3.3) is given by

M

mn 1 n
Ep(e) =) MHCZ —c Hiiln + Fp(c), (4.8)
=1 b

where the free energy (2.7) is

l
Fu(c) = Z [(cl,log v — 1) + %(qlcl + Pf7¢> + %thclHi]
=1

1 M M
+ —<1 — Zvlcl,log <1 — Zvlcl> — 1>
o =1 =1
1 1
+5{0,9N) = 5{¥p, kDa¥) D, (4.9)

which is a second-order accurate approximation of E™ (3.2) in space. The boundary in-
ner product in (4.9) is discretized by the average mean (4.2) and discretized boundary
data (4.5). Then, we arrive that the fully-discrete JKO scheme
= tin,
"t = arg min E7(c),
ceKﬁf

s.t. Mh(z/),cl,CQ,--- ,cM) =0,

(4.10)

where
R X
A;>0, =Y di=8 for I=1,2,...,M,i,j=1,...,N.

Kh:{c ‘ ’

We refer to the above scheme (4.10) as the ‘JKO-1 scheme”.

Using the technique in [5, 6], we present the following lemma without giving its
proof.

ij=1

Lemma 4.1. Assume v € Ns, ||V]|oo < C1, and ¢ > Cy > 0, we get the following estimate:
_ S 1, L
25t < eyt

where C depends on 2 and C.



216 J. Ding and X. Ji
This lemma can help to prove the positivity of ionic concentration.

Theorem 4.1. Assume that ||P; " ||lso < C1, |67 ]lsc < Co and ||b||oe < Cs. Define

,n
m

. In
= min Cz"
1<ij<N *J

and Ci™ > 0. Since F), (4.9) is strictly convex, the following physical properties are
satisfied:

i) There exists a unique minimiger for the JKO-1 scheme (4.10).
ii) The charge density is positive, i.e.,

Gt >0 for ij=1,2,...,N.

ii) The mass is conserved

N N
In+l I,n
Z Cj = Z Cij-
i,7=1 i,7=1

iv) The discrete free energy (4.9) decays

M

1
(@) +) m\lcl’”“ - Cl’”||i;1 < Fp(c®) for t>0.
=1 et

Proof. i) Consider the closed set K, s C Kj,

h2 N
._ l I _ _ s
Kp,5 = {c‘ §<c; <& -3, ] E =8 for I=1,2,.... M, i,j _1,...,N},

ij=1

where ¢ = 5|Q|/h* and § € (0,£;/2). Obviously, Ky, 5 is a bounded convex compact
subset of K;. We prove that the objective function E}' of (4.8) is strictly convex in
the Appendix A. Subsequently, there exists a unique minimizer in K% for the JKO-1
scheme (4.10).

ii) According to the (i), there exists a unique minimizer of £}’ over the domain K,%.
Suppose that the minimizer of £}’ occurs at the boundary of K,% and the minimizer
is ¢ = (c'*,c%,.-- ,cM*). Assume there exists one grid point dy = (ig,jo) and lo
such that cg’o* —= 6. Similarly, we assume that the maximum of c/°* is at grid point

a1 = (i1,71)- Itis clear that the maximum value Clcgl* is larger than the mean value 5;,

lo*

and the minimum value Cao is less than 5, i.e.,

lo* lo*
Cq, = Slyy  Cgqy < Sy
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Consider the following directional derivative:

. 1 * * 1 -1 lo,* 1
i, (R 1)~ BL) = S (Ealulee” = o)
v M
+ <ql°1,Z)(c*) + log vy, co* — b 1og (1 - va’”) + glo Lo, dlo> ,
Yo k=1
where ¢ is sufficiently small and d = (0,--- ,0,4d,,,0,--- ,0). Next, we choose the direc-

tion

diy = 04,i005,5o — 0i,i1 05,51 »
where 4, is the Kronecker delta function. As a result, the directional derivative be-
comes

ot (B (e 1) - B )
1 -1 lo* l 1 -1 lo* l
— —,ylAtﬁclo’n(co — covn)&o _ mﬁclo’”(co — cO,n)&l

M
+ (qlow(c*) + log vloclo* _ Yo log (1 — kack*> + aloﬁcl°*>
Yo k=1

M
— (ql°¢(c*) + log vy, 0% — Yl log (1 — kack*> + Jloﬁcl°*> . (4.11)
Vo .
&

a0

k=1
Since clcg: = ¢ and cfgl* > Sj,, we have
log (vloclo*)do — log (v, clo*)o71 <logd — log Sj,. (4.12)

By using the matrix form of Poisson’ equation (4.7)

M
Pp™ =Y "¢ +pr+b (4.13)
k=1

and ) ) )
[P, <Cr N le <& =6, loglloo < Coo [Iblloc < Cs,

we obtain the following estimate:
¢ [()ao = (e ] < 20g" (Il (e)lloo
M
< 2|¢" ([P oo <Z "1 Moo + llpslloo + ||b||oo>

k=1

M
< 2|¢"|Cy <Z |q* 1€ + Ca + és) = Cy. (4.14)
k=1
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Resulting from 0 < 1 — Z,ﬁil v < 1, we get

l°1 (1—kac )

Subsequently, we have the following result:

M M
Ulo kox Ul kx
o jog (1 - ~ g (1
i~ og ( kac ) i og ( kac )
k=1 a1 k=1 o
v M
lo
——1 1-— .
" ( zg)

J. Ding and X. Ji

(4.15)

(4.16)

Since clo* achieves the minimum value at &, and the maximum value at &;, we have

lo lo* lo lox
o EC&O <0, o Ec&1 > 0.

Therefore, we obtain
lo lo* _ lo lo*
o EC&O o EC&I <0.

Resulting from clo’ C,l,‘;’ and

o = Moo < & — ClO™,
we get
o 1

lon

(10*_0107 )d L 1

lon

(e — o)z, <207,

where the Lemma 4.1 is applied and C; depends on clom p, Q, and &lo-
Substituting (4.12)-(4.19) into (4.11) yields

— lim - (Eh( *+td) — Ep(c))

M
211, At)1CF + log § — log Sy, + Cff — 22 log <1 — ka&) .
Vo

k=1

For any fixed At and h, we choose § sufficiently small so that

M
2(1, At)1CF + log 6 — log Sy, + Cff — Yo log <1 — ZWfk) < 0.
Vo

k=1

Therefore,
1
lim ;(E}f(c* +td) — Ep(c")) <0.

t—0t

This is contradictory to the assumption that ¢* is the minimizer of E}'.

4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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Similarly, we can prove that the maximum value of E}' can not occur at the upper
boundary K%. If this occurs, there must have some points ¢* tending to zero. This
contradicts the previous conclusion. Therefore, the global minimum of E}} could only
possibly occur at an interior point. Since £}’ is a smooth function, there must exist
a solution ¢* € K 5 C KM, so that

1
lim —(Ep(c" +td) — Ej(c*)) = 0. (4.23)
t—0+ ¢t

In summary, there exists a unique positive numerical solution to the discrete JKO-1
scheme.

iii) Denote that ¢"*! is the minimizer of the JKO-1 scheme (4.10). Therefore, ¢!
satisfies the Euler-Lagrange equations of the discrete JKO-1 scheme

Ln+l _ In

B L n"ﬂ:O for |=1.2.....M. .i=1.2..... N
’YlAt + cé:j’ul,l,j 5 4y ’ y ) IR 5 4V,

i = ot stosndy™ - e (13 ety ) o

The above equation is summed over 7, j and applied the discrete summation by the
parts, we can get

N
Z bntl Zc for 1=1,2,..., M,
i,j=1 i,j=1

where u'""t € M.

iv) Denote that ¢"*! is the minimizer of the JKO-1 scheme (4.10). Thus, we can get
B () < Ep ().

This implies
Mo
F n+1 In+l _ In 27 < Fo (e f t>0.
n(c") + E_ —2%At”c c Hllcl,ln < Fp(c")  for

As a result, the free energy decays. O

4.4. The Quasi-Newton’s method

Denote the minimizer of E} as ¢"*!. The Euler-Lagrange equation of the JKO-1
scheme (4.10) in a vector form is

—A

%At (€ =)t =0, (4.24a)
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M
prtt = gyt 4 log v — “Llog (1 -2 ”Tcr’n“)
Vo

r=1

+otAd™ 1=1,2,..., M, (4.24b)

where A..», A is the discrete coefficient matrix of operator £..» and L, respectively.
Letu! = logc!, u = (u',u?, --- ,uM)7, the Egs. (4.24) transform into

ul,n+1 l,n+1

— "y At Ay [qlz,b(u)’”r1 + log v;e*

Vo

M
_ 2 log (1 — Z vreur’ml) + UlAeul’"+1] =0. (4.25)

r=1

To solve (4.25), we apply the quasi-Newton’s method and choose the approximated
Hessian matrix as

D= (Z+ ’ylalAtAcz,nA) diag[e“l] + 1At A,

where 7 is an identity matrix.
In the quasi-Newton’s iteration, given the previous iteration step u“*, we update
the concentration via

ub kL — gLk _ nDzT/glg(“l’k)’ (4.26)
where
g(u'*)y = " — e oy At Ay apf,
M ) (4.27)
uf = d(’) +log (ue"") — L log <1 =D v ) + ol A,
r=1

and 7 is the step size of the quasi-Newton’s method.
To avoid the ill-conditionedness of D; ,, which was caused by the drastic change of

ub*, we apply the following preconditioner S; , = diag[e_“l’k], and (4.26) becomes
u P = ubF — (S D) T [SLrg ()]

We have the following algorithm.

Algorithm 4.1 The quasi-Newton’s method for solving JKO-1 scheme.

1: Given initial concentrations ¢!, obtain 9° by solving the Poisson’s equation in ma-
trix form (4.7).

Given ¢l and ¥ at time step t,,. Let k = 0, and u>* = log ™.

Compute Sy 1, Dy 1, and g(ub®).

Find dub* by solving Sulk = —n(SngDl,k)*l[Sl,kg('u,l’k)].

Update ub**1 = ybF 4 subk,
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6: If ||oul*|| oo < Tol, compute ¢-"+! = ¢#""** 4ym+1 can be obtained by the Poisson’s
equation (4.7), and set T = T + At; else, k = k + 1, and go back to Step 3.
7: If T' > Tepng, then stop; else, let n = n + 1 and go back to Step 2.

Remark 4.1. In our quasi-Newton’s iteration, the positivity of concentration can be
preserved automatically.

5. Numerical tests

For simplicity, we consider the closed system €2 = [0, 1] x [0, 1]Jnm?, which consists
of two charged ion species K+ and Cl~. For simplicity, we use p and n to denote ion
species K+ and Cl~. The solvent molecular size is vy = 3.13A3, and the ion sizes are
v, = 1.51343, v, = 2.373A%. The diffusion coefficient of p and n are 0.242/ps. We
choose the characteristic concentration ¢y = 1M, the characteristic length 1nm, the
characteristic diffusion coefficient 0.2.A2 /ps. After dimensionless, the computational
domain becomes [0, 1]2, and we get the nondimensionalized coefficient x = 0.19, 7, =
0.3, 7 = 0.3, 19 = 2.0x 1072, v, = 2x 1073, v, = 8 x 1073, o = 0.001, and o™ = 0.001.
Unless stated otherwise, we take the above parameters.

5.1. Accuracy

To test the accuracy of the JKO-1 scheme, we consider the following constructed
problem in 2D:

(

vpp(vpVp + v, Vn)
- A
w(l—vpp—vam) PV I
vpn(vpVp + v, V)

vo(1 — vpp — vpn)

Op =7,V - (Vp +pVy +

on =,V - <Vn —nViy + — JnnVAn)> + fn, 5.1)

—kAY =p—n+pl.

The functions f,, f,, and p/ are determined by the following exact solution:

p = 0.1e" ! cos(mz) cos(my) + 0.2,
n = 0.1e"* cos(mx) cos(my) + 0.2, (5.2)
Y = 0.1e"! cos(mz) cos(my).

The initial and boundary conditions are obtained by evaluating the exact solution at
t = 0 and the boundary of a computational box, respectively.

We test the numerical accuracy of the proposed numerical method utilizing different
spatial step size h with a fixed mesh ratio At = h2. Table 1 records I* errors and
convergence orders for ionic concentration and electrostatic potential at time 7" = 0.01.
We observe that the error decreases as the mesh refines and that the convergence orders
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Table 1: Numerical error and convergence order of p, n, and v calculating from first-order JKO scheme
(4.10) at time T' = 0.01 with the time step size At = h? and the iteration step size n = 1.

h | I®errorinp | Order | [* errorinn | Order | [* errorin« | Order
> | 5.25e-05 - 6.82¢-05 - 2.96e-04 -
% 2.44e-05 1.89 3.18e-05 1.88 1.33e-04 1.97
% 1.39e-05 1.95 1.82e-05 1.94 7.52e-05 1.98
% 8.98¢-06 1.97 1.17e-05 1.96 4.83¢-05 1.99
% 6.26e-06 1.98 8.18e-06 1.98 3.36e-05 1.99

for ion concentrations and the potential are both about 2. This indicates that the first
order scheme (4.10), as expected, is first-order and second-order accurate in time and
spatial discretization, respectively. Note that the mesh ratio chosen here is for the
numerical accuracy test, not for stability or positivity.

5.2. Properties test

In this case, we verify the effectiveness in preserving mass conservation, energy
dissipation, and positivity of the JKO-1 scheme. We take the same parameters as the
previous example, except that x = le-2. Setting the initial and boundary conditions as
follows:

w(t7 07 y) = 0'17 w(t7 17y) = _0'17 y e [07 1]7
g—f(t,x, 0) = 0.1sin (7x), g—f(t,x, 1) = =0.1sin (wx), x€]0,1],
p(0,z,y) = 0.1, n(0,z,y) = 0.1, (z,y) €10,1] x [0,1],
(5.3)
Vp+pV + opP(0p VP & U V) —oPpVAp )] -n=0 on 01,
vo(1 — vpp — vyn)
Vn —nViy + U {0pVp + va V) —o"nVAn|-n=0 on 99,
vo(1 — vpp — vyn)

Vp-n=0, Vn-n=0 on 0.
The fixed charge density is

f( ) = _5e100[(z—)?+(y—3)°] + 5e—100[(@— )2 +(y—$)?]

P Y

4 5e 100[@=)*+(y—1)°] _ 5—100(@—3)*+(y—1)°]

as is shown in Fig. 1. Here, the fixed charge density p/(x, y) approximates ten positive
and ten negative point charges located in four quadrants using Gaussian functions with
small local supports.

The prescribed potential boundary conditions represent that a potential difference
is applied horizontally and the upper and lower boundaries carry surface charges with
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Figure 1: The distribution of fixed charge density p’ (z,y).
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Figure 2: Left: Evolution of concentrations p, n and electrostatic potential ¥ at time T = 0.05,7 = 0.2 and
T = 3. Right: Evolution of the discrete energy F},, the mass of cations, and the minimum concentration
with b = 1/40 and At = h/10 as time grows.

opposite signs. With such zero-flux boundary conditions and time-independent bound-
ary potentials, the system has properties of mass conservation, free-energy dissipation.

From the left panel of Fig. 2, the concentrations p,n and the potential ¢ evolves
at time 7' = 0.05,7 = 0.2 and T' = 3. As time evolves, the mobile ions accumulate
at the oppositely charged surfaces and fixed charges, due to electrostatic attraction.
Therefore, the electrostatic potential gets screened quickly by the mobile ions of oppo-
site signs. At time T = 3, the system reaches equilibrium. In the right panel of Fig. 2,
as time evolves, the free energy (4.9) monotonically decreases and total conservation
maintain constant. In addition, define

Cmin -— mMin {ml}lpi7j, mlnni7j},
17.7 17.7

which is the minimum concentrations p and n. Accordingly, the evolution of ¢,,;, and
the zoomed-in plot verify the concentration remains positive all the time. Such results
are consistent with the theoretical analysis.
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5.3. Applications

In this case, we reduce our computational domain into Q = [—1, 1] which consists
of symmetric monovalent ions p and n, and take the following nondimensionalized
parameters: x = 0.002,, = 0.1,7, = 0.1,v9 = 0.1,v, = 0.1,v, = 0.1,0” = 0.001,
and o™ = 0.001. Meanwhile, considering the same boundary and initial conditions as
in (5.3) except the boundary conditions for ) which is ¢(¢,—1) = 10,v(¢,1) = —10,
we can get the following two graphs.

As displayed in Fig. 3, counterions are attracted to the surface due to the elec-
trostatic interaction. Unlike the classical PNP system which predicts an unreasonable
high concentration at the surface. In contrast, the counterion concentration calculated
by our model is much lower, as the size effect hinders counterions from accumulat-
ing at the surface. When the charging process reaches a steady state, the counte-
rion concentration absorbed near the surface is close to its saturation concentration
Pmax = 1/vp, = 10. The same result can be obtained in the previous work by Kilic et
al. [19]. The right plot of Fig. 3 depicts that the profiles of electrostatic potential get
screened during the charging process.

To further understand the effect of the Cahn-Hilliard mixture, we consider the dis-
tribution of counterions with different c. We use the same parameters as previous
simulations, except that o varies from 0 to 0.015. As depicted in Fig. 4, with the in-
crease of o, the rate of concentration p reaching the steady-state slows down. Fur-
thermore, the concentration p will eventually reach the same saturation concentration
mentioned above with different 0. This demonstrates the Cahn-Hilliard term in the
SPNPCH model does not affect the saturation concentration caused by the steric effect,
and only hinders the rate of reaching the steady state.

——T=0.1

100 T=02 0 29900006006000006,
T=0.4
T=0.7
8 T=1.2 2 F
—e—T=5
6 -4 r
o >
4r -6 r
increasing T increasing T
2r 1 -8 r T=0.2
p T=0.4
M T=0.7 3
0 10 T=1.2 <
——T=5
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 3: The concentration p (left) and the electrostatic potential ¢ (right) for different time near z = 1.
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Figure 4: Concentrations p at the surface with different o.

6. Conclusions

Due to the success of the PNP-type equations in simulating ionic concentration in
semiconductors, ion channels, and electrochemical devices, structure-preserving nu-
merical methods for constructing PNP-type equations have been popular. In this work,
we propose structure-preserving numerical methods for the SPNPCH equations derived
from the free energy including the electrostatic energy, the ideal-gas entropy, the steric
energy, and the Cahn-Hilliard mixtures. By following the JKO technique, the SPNPCH
equations can be transformed into a constrained optimization problem. Mass conser-
vation and energy dissipation can be preserved by this scheme. In our approach, we
manage to make use of the entropy terms to prevent the concentration from zero. Nu-
merical experiments can validate the proposed scheme is first-order accuracy in time
and second-order accuracy in space. Desired physical properties have been verified as
well. Finally, the proposed scheme can be applied to explore the influence of ionic sizes
and gradient energy coefficients on ionic distribution.

In the future, we will continue to investigate the structure-preserving JKO scheme
to solve modified PNP equations including density functional theory, Coulomb ionic
correlations. In addition, extending the structure grids of the proposed scheme to the
nonstructural grids or irregular computational domains is of practical interest. Fur-
thermore, one may desire that the numerical scheme of the PNP equations can keep
the second-order accuracy both in time and in space. Subsequently, we will continue
to consider how to construct second-order numerical schemes for PNP-type equations
that preserve the structure.

Appendix A. The convex of objective function £}’

For any u = (u!,u?, -+ ,u™)T, v = (v},02, -, oM)T € KMoand X € (0,1), ¢(N) =
Au + (1 — \)v is a convex, linear combination of v and v. Let 1! and 12 be calculated



226 J. Ding and X. Ji

from the Poisson’s equation, corresponding to u and v. Then, (\) = A\t + (1 — \)g?
is the solution to the Poisson’s equation corresponding to ¢(\). We can prove that E}' is
convex by calculating

Ep(c(N) = AER(u) — (1= NER(v) =L + L+ I3+ I, <0,

where

(7.60) = 5 (1. D)

l\')IH
N | —

<Zq +pf7¢(>\)>+
NE S ot L ! 1 Dt
-3 un +pl +§<U,TZJ >N—§<¢D,“ ) p

=1

( <qu +p7, >+%<U’¢2>N_%<¢D’“D$¢2>D>
= ZIVAP W2 = (¥, kD) p, = A (SIVae 2 = (¥, 602" p) )
— (=2 (SIVie?I? = (¥, 5D.0%) 1)
< 2 [ONVA0H )+ (@ = N IVRg2)* = MVt = (1= 2 Va?)]
— £ (Dytp(N) =AD" — (1= \) Do, 4hp)

= PO (19,01 - wne))® <o, (A1a)

(<cl()\),log ajcd(\) — 1) — )\<ul,log ajul — 1)—(1- )\)<vl,log ajvt — 1>>

S
I
Mi

~

1

)\<ul, log ajc () — log a?ul> +(1- )\)<vl, log aic (\) — log a?vl>

M-

~

M=~

l l
[A(l —\)?2 <2“—512 (u! — vl)2> FAZ(1 -\ <2U7? (u! — vl)2>] <0, (A.1b)
=1

1 M M
= (1 - Za?cl()\)> ,log (1 - Za?cl()\)> - 1>
0 =1 =1
1 M M
—)\—3 <<1 —Zalu> ,log <1 —Za}q’ul> — 1>
=1
1 M
-(1-XN= <<1 —Za?vl> ,log <1 Zaw) — 1>
0 =1 =1
M M
:)\<<1—Za?ul> ,log (1 —Za?cl ) log (1—Zalu>>
=1 =1
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= -\
=1
M M 2
—(1—)\)<<1—Za?vl>, (Za [v —c ]) >§0, (A.1c)
=1 =1

Mo JIAN—1
<3 P22 G, - [Thul)® <o (A.1d)

The Taylor’s expansion is used in the second equality of 1> and in the third equality of I5.
Here, ¢, is between u; and ¢/()\), ; is between v; and ¢()\), w; is between 1 — M adu
and 1 — M adcl (M), vy is between 1 — S adv; and 1 — 307 add(N).

If only if v = u, the equality holds. Hence, the E}' is strictly convex on K%.
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