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OPTIMAL CONTROL OF A QUASISTATIC
FRICTIONAL CONTACT PROBLEM WITH
HISTORY-DEPENDENT OPERATORS

YUJIE LI*, XIAOLIANG CHENG AND XILU WANG

Abstract. In this paper, we are concerned with an optimal control problem of a quasistatic
frictional contact model with history-dependent operators. The contact boundary of the model is
divided into two parts where different contact conditions are specified. For the contact problem,
we first derive its weak formulation and prove the existence and uniqueness of the solution to the
weak formulation. Then we give a priori estimate of the unique solution and prove a continuous
dependence result for the solution map. Finally, an optimal control problem that contains bound-
ary and initial condition controls is proposed, and the existence of optimal solutions to the control
problem is established.
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1. Introduction

Contact models play a significant role in mechanical engineering and have long
been an important topic of research for scholars. The theory of variational in-
equalities [1, 2, 16, 17, 18] provides an effective way to study contact problems.
As the research progresses, the concept of history-dependent operators was first
introduced in [19]. These operators are used to model contact problems with long
memory. The recent references related to history-denpendent operators can be
found in [3, 11, 12, 13, 14, 20, 21, 29].

From the point of view of practical applications, it is great meaningful to study
optimal control problems in contact mechanics. The subject of optimal control of
variational inequalities was first studied in [23] and was developed by [24, 25, 26].
In [27], the existence of the solution to an optimal control problem is proved and the
convergence for the regularized control problem is studied. The reference [6] and
[7] prove the existence and approximation results of optimal solutions to a class of
quasilinear elliptic variational inequalities and a nonlinear elliptic inclusion, respec-
tively. In [28], the authors consider the numerical solutions for the optimal control
of a class of variational-hemivariational inequalities and deduce the convergence
result. As for evolutional case, the reference [14] studies an optimal control for a
class of subdifferential evolution inclusions involving history-dependent operators
and [4] focuses on the boundary optimal control of a dynamic frictional contact
problem. The works of these two papers give us a great inspiration.

In this paper, we study an optimal control problem of a quasistatic friction
contact problem involving history-dependent operators. The contact model was
proposed in [8], and the special feature of the model lies on its contact boundary,
which is divided into two parts with different contact conditions. The difference
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is that we consider boundary conditions related to the diaplacement field instead
of the velocity field. In [8], the existence and uniqueness of the solution to the
weak problem is proved and the error estimate for a discrete scheme is derived.
However, the work of this paper is a useful exploration of the problem from another
perspective. The main novelty is that we prove a continuous dependence result for
the solution map of a quasistatic problem. Compared with dynamic problems,
quasistatic problems [5, 10] are more difficult to derive a continuous dependence
result and there is little relevant literature. Moreover, we consider control variables
with regard to both boundary and initial conditions, and a cost functional that
combines observations within the domain, on the boundary and at the terminal
time. The techniques used in this work can also be applied to study some forms of
variational-hemivariational inequalities, that is, weak formulations of some contact
problems involving both convex and Clarke subdifferentials.

The rest of the paper is structured as follows. In Section 2 we recall some
basic notation and present several preliminary results. In Section 3 we introduce a
quasistatic contact problem with history-dependent operators. The existence and
uniqueness of the solution is given and a priori estimate for the solution is proved.
In Section 4, we deduce a continuous dependence result for the solution map based
on the evolution inclusion. In Section 5, we prove that an optimal control problem
has at least one solution, based on the continuous dependence result.

2. Notation and preliminaries

In this section, we recall some basic notation and known results that will be
used later in the paper. Let X be a real Banach space. Throughout the paper,
we denote by || - ||x and X* the norm in X and its dual space, respectively. The
notation X,, denotes X equipped with the weak topology. Furthermore, if X is a
real Hilbert space, we denote by (-, -)x the inner product on X. We start with the
definitions of the (convex) subdifferential and subgradient.

Definition 2.1. Let f : X — RU{+o00} be a convex function. Assume that u € X
is such that f(u) # co. Then, the subdifferential of [ at u is the set

(9f(:L‘)={§EX* | f(v)_f(u) > <§7v_u>X*><X> VUEX}'
FEach element £ € 0f(u) is called a subgradient of f at u.

For a function ¢ : X — RU {400}, we use the notation D(¢)) for the effective
domain of 1, i.e.

D(y) = {u e X [ ¢(u) # oo}
The following lemma will be used in Section 3 to prove the unique weak solvability

of a contact problem, and its proof can be found in [24], page 35.

Lemma 2.2. Let X be a real Hilbert space and let ¢ : X — R U {400} be a
convex proper lower semicontinuous function. Then, for every f € L*(0,T; X) and
ug € D(v), there exists a unique function u € HY(0,T; X) which satisfies

u'(t) + 0Y(u(t) o f(t) ae te(0,T),

u(0) = up.

Then we recall the following consequence of the Banach fixed point theorem ([3],
Lemma 3).
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Theorem 2.3. Let X be a Banach space and 0 < T < +oo. Let A : L?(0,T; X) —
L?(0,T; X) be an operator such that

1A (8) — (Am) ()% < e / I (s) — ma(s)]%eds,

for all n1,me € L?(0,T; X), a.e. t € (0,T) with a constant ¢ > 0. Then A has a
unique fived point in L*(0,T;X), i.e., there exists a unique n* € L*(0,T;X) such
that An* = n*.

Next, we introduce a result related to upper semicontinuous multivalued func-
tions, which can be found in the appendix of [4].

Lemma 2.4. Let X be a topological space and Y be a Banach space. Assume that
G: X —2Y is a multivalued mapping such that

(i) G has nonempty, closed and convex values in'Y .
(ii) G is upper semicontinuous from X to Yy,.

Ifx, : (0,T) = X and y, : (0,T) = Y are measurable functions such that x,(t) —
z(t) in X for a.e. t € (0,T), yo — y weakly in L1(0,T;Y) and y,(t) € G(z,(t))
for a.e. t € (0,T). Then we have y(t) € G(x(t)) for a.e. t € (0,T).

We conclude this section with a well-known Young’s inequality
ab < ea® + c(e)b?,

for all a,b € R,e > 0, where c(¢) = 1/4e. Hereafter, we denote by c¢(¢) a positive
constant dependent on ¢ and its value can differ from line to line.

3. A quasistatic frictional contact problem

In this section, we present a quasistatic frictional contact problem with a history-
dependent operator. The unique weak solvability for the problem will be proved.

Let © C R? be a Lipschitz domain, d = 2,3, occupied in its reference config-
uration by a viscoelastic body. The boundary 0f) is Lipschitz continuous. The
symbol S? denotes the space of second order symmetric tensors on RY. We use
u = (u;), o = (0;;) and €(u) = (g;5(u)) to denote the displacement vector, the
stress tensor, and the strain tensor, respectively. Here ;;(u) = (u;; + u;:)/2,
where u; ; = Ou; /axj. We denote by v the unit outward normal vector. For a
vector field v defined on 012, its normal and tangential components are v, = v - v
and v, = v — v,v. The normal and tangential components of the stress field o are
o, =(ov)-vand o, =ov —o,v.

We adopt the summation convention on a repeated index. The canonical inner
products and norms on R? and S¢ are respectively given by

1/2

u-v = uv;, lv|| = (v-v) for all u,v € R,

1/2

o€ =045, lell = (e:¢e) for all o, e € S*.

The boundary 0f is split into three disjoint measurable parts I'y, I'y and T's.
And TI's is further divided into two parts I's; and I's 3 where different contact
conditions will be specified. Assume that the measure of I'y is positive and the
body is clamped on it. Moreover, the measure of I'; ; and I's 5 cannot be zero at
the same time. When one of them is zero, the corresponding contact condition
below is suppressed from the problem. The volume forces of density fy act in the
body €2, and surface tractions of density fo act on I's. We are interested in the
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evolutionary process of the mechanical state of the body on the time interval [0, T
with T' > 0. The classical formulation of the contact problem is following.

Problem 3.1. Find a displacement field u : Q x [0,T] — RY and a stress field
o :Qx[0,T] — S such that for all t € [0,T],

(1) o(t) = Ae(u/(t)) + Be(u(t)) + /0 Rt — s)e(u(s))ds inQ,
(2) Dive(t) + fo(t) =0 in 0,
(3) wu()=0 on I'y,
(4) o) = falt) on I'y,
(5)  wu,(t) <0, 0,(t) <0, o,(t)u,(t) =0, o,-(t) =0 onTy;,
6) —o,(t)=F on I's o,
1) N Ol < (0], ~or(t) = plowld)| s i wr () 20 on T
(8)  u(0) =wuy in Q.

For a brief description on the mechanical interpretations of the problem above,
the reader is referred to [8]. The difference is that we describe the unilateral con-
straints (5) and Coulomb’s law of dry friction (7) on the displacement field.

Subsequently, we introduce the following functional spaces.

V={ve H(%:RY) |v=0o0nT,},
H = LY RY),
Q = L*(;S9).
The inner product in V is defined by
(u,v)y = (Ae(u),e(v))g for u,v e V.

Since the measure of I'y is positive, from the Korn inequality, we deduce from the
assumption H (A) introduced later that the space V' is a real Hilbert space and the
norm | - ||y is equivalent with the usual Sobolev norm on H'(£2;R%). Specifically,

—ully < lle(w)lo < —
]y < o< —
1Al VA
In addition, we note that the embedding V' C H is compact. Given 0 < T < 400,
we introduce spaces V = L?(0,T;V), H = L?*(0,T;H). The set of admissible
displacement fields is

[ullv

K={veV]|v,<0ae onljs:}.
Moreover, we define a space of fourth-order tensor fields,
Qoo =A{E = (Eijit) | Eijrr = Ejimt = Ertij € L>(Q), 1 <4, 5,k 1 < d},
and a convex and closed subset of L*(T'3 2),
M={pe€L*T32) | 0<a<pu(x)<b, ae x €T3}

Now we introduce assumptions on the data of Problem 3.1.
H(A). The viscosity tensor A = (a;jx) : © x S¢ — S? is such that

(i) A€ Qu;



OPTIMAL CONTROL OF A QUASISTATIC CONTACT PROBLEM 33

(i) Ae-e>mule]|?* forall e € S? ae. in Q with m4 > 0.
H(B). The elasticity tensor B = (b;jr) : @ x S* — S¢ is such that

(1) bijkl € LOO(Q)a 1< i7juk7l < d7
(ii) Be-e>mglel|? forall e € S? ae. in Q with mp > 0.

H(R). The relaxation tensor R : [0,7] — Qo is Lipschitz continuous with
constant L > 0.

H(C) F F3’2 — R and [ F3,2 — R satisfy

(i) F e L*(T32), F(x) >0 for a.e. € '3 ;
(ii) pe M.

H(f). The densities of forces, surface tractions and initial displacement satisfy

fo € M, f2 € L*(0,T; L*(T5;RY)),
ug €V, up,(z) <0 for ae. x € T'g ;.

By a standard procedure, one can obtain the following weak problem of Problem
3.1.

Problem 3.2. Find uw : [0,T] — V such that w(0) = ug and for a.e. t € (0,T),
u(t) € K,

(u'(t),v —u(t))y, + <Be(u(t)) + /0 R(t — s)e(u(s))ds,e(v — u(t))>Q

+ / [F (v, — uy(8)) + uF ([0 ]| — [lur (6)])]dT

> (fot),v —u(t)m + (f2(t), v — u(t))L2(r,may, forall ve K.

For the sake of simplicity, we introduce the following notations. Under the

assumptions of H(B), H(R) and H(f), according to Riesz representation theorem,
we can define the operator £ : V — V by

(Eu)(t)0), = (Betu(o) + [ R~ s>e<u<s>>ds,e(v>)Q |
forallu € V, v € V, a.e. t €[0,T], and the operator f:[0,7] — V by

(f(t)ﬂv)v = (.fO(t)vv)H + (fQ(t)av)L2(Fg;Rd)7

for all v € V, a.e. t € [0,T]. Moreover, we introduce functionals @1 : V — R,
w2:V = Rand ¢3:V — RU {400} defined as follows

p1(v) = Fu, dT’, vevy,
32

@2(1;):/ uF|lo.| dT, weV,
Is2

@3(’0) = / I(,OO’O] (’U,,) dr, vevV,
Iz
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where [(_ 0] : R = RU{+00} is the indicator function of interval (—oo, 0] defined
by

_Jo if s € (—o0,0],
I(-c0,0(s) = { +00, otherwise.

Using the above notations, we can write the following equivalent form of Problem
3.2.

Problem 3.3. Find u:[0,T] — V such that u(0) = ug and for a.e. t € (0,T),

(u'(t) + (Eu)(t),v — u(t)y + p1(v) — p1(u(t) + pa2(v) — p2(ult))
9) + @3(v) —3(u(t)) > (f(t),v —u(t))y foralwveV.

We have the following existence and uniqueness result.

Theorem 3.4. Under the assumptions H(A), H(B), H(R), H(C) and H(f), Prob-
lem 3.3 has a unique solution u € H*(0,T; V).

Proof. The proof is carried out in three steps based on Lemma 2.2 and Theorem
2.3.

Step 1. Let 7 € V and consider the following auxiliary problem. Find u,, :
[0,T] — V such that u,(0) = up and for a.e. t € (0,7,

(un(t) +n(t),v —uy(t),, +¢1(v) = @1(un(t)) + 2(v) — 2(uy(t))
(10) + @3(v) —p3(un(t)) > (F(t),v —uy(t))y forallveV.
To study the inequality (10), we define a functional ¢ : V' — R by

(11) Y(v) = 1(v) + p2(v) + p3(v),

for all v € V, and consider the following evolutionary inclusion. Find u,, : [0,7] —
V such that u,(0) = ug and for a.e. t € (0,7,

(12) (1) + 0P (un(t) + n(t) 5 F(1).

From (11) and the definitions of ¢1, @2 and @3, we find that ¢ is a convex proper
lower semicontinuous function and ug € D(). Moreover, it is clear that f —n € V.
Then it follows from Lemma 2.2 that problem (12) has a unique solution u, €
HY0,T;V).

Note that, from the definition of the convex subdifferential and (11), every solu-
tion to problem (12) is also a solution to problem (10). Now we prove the uniqueness
of the solution to problem (10).

Let ui,us € HY(0,T;V) be solutions to problem (10). Here we skip the sub-
scripts ). Take ua(t) as the test function in the inequality for uy, take uq(t) as the
test function in the inequality for us, and add the two resulting inequalities to get

(wh (8) = uy(t), ur (t) — ua(t))y <0,

for a.e. t € (0,7). Integrating the above inequality over the time interval [0, ],
noting u1(0) = uz(0) = ug, we have

1
Sl () — w0 <0,

for all ¢t € [0,T]. Thus, u; = u2. So far, we have proved that problem (10) has a
unique solution.
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Step 2. According to the Riesz representation theorem, we can define An(t) € V
by
(13) (An(t), v)y = (Eun)(t), v)y,,

for all v € V and t € [0,T], where u,, € H*(0,T;V) is the unique solution to
problem (10).
We first show that An € H*(0,T;V). Let t1,t2 € [0,7T], from (13), we have

(An(t1) — An(t2),v)y, = (Be(uy(t1)) — Be(uy(t2)),e(v)),
+ ( Rty — s)elun(s))ds — | Rits — s)s(un(s))ds,s(v))
0 0

< |[1Be(un(tr)) — Be(un(t2))lq lle(@)lq
; 1 R(t1 — s)e(un(s))ds — ; ’ R(ta — s)e(un(s))ds

Q

(14)  + ‘

le(@)llg -
Q
for all v € V. By assumptions H(B) and H(R), we have
1Be(uy(t1)) — Be(un(t2))llg < 1Bl e(un(t1)) — e(un(t2))lq

(15) \/ﬁl Jttn(12) — 2 (t2)]y
and
(t1 — s)e un ))ds — R(ta — s)e u,7 ds
[ = (s
S‘ ; R(t1 — s)e(uny(s))ds 7/ R(ta — s)e(un(s))ds 0
+ 1 R(t2 — s)e(un(s))ds — i R(t2 — s)e(un(s))ds
0 0 Q

< / " Llt — o] [e(tun(s) | gds + / 12 IRt — 5)e(un(s)ll ds

T z t2
SLnltl—tzlx/T</0 e(u,,(s))||?st> +CR/t le(un(s))llds

(16) (LR\/ unlly + ——= A ||Un||c (j0,T);V > [t — taf,

where cg = ||R||¢(j0,1];0.)- Then we apply (15) and (16) to (14) to get
I8
T Jlun(

(An(t1) — An(ta),v),, <
n (LR\/>

t1) — uy(t2)|ly, [[vllv

[[en|lv + ||“nHC (10,7; v>> [t1 — tallv]lv
Take v = An(t1) — An(t2) in the above inequality and obtain

IA(e2) = An(ez)ly < 100 (1) = ant2)
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(17) (Ln\f

[wnlly + ”un”C([O T,V ) |t — ta].

Since u, € H*(0,T;V), we deduce from (17) that Ap € H'(0,T;V).
Now, let 1,12 € V and let ¢ € [0,T], we use the notation u; = u,, and
Uz = Uny,. From (13), we have

(A (t) = Ama(t), v)y, = (Be(ua(t)) — Be(ua(t)),e(v))q

. ( / CR(— e ()ds / Rt~ S>E(“2(S”ds’€(”)> o

for all v € V. Arguments similar to (14)—(17) lead to

IAms () = Ama®)y < 22 (®) - wa(O)ly

CR ¢
(18) [ s () = ) s
We get from (10) that for a.e. ¢ € (0,T),
(w1 (t) — wy(t), wi(t) — w2 (t))v < (M (t) — m2(t), u2(t) — ui(t))v.

Integrating the above inequality over the time interval [0, ¢], we have
t
Sllua®) = u @7 < / (1m1.(s) — m2(s), uz(s) — ui(s))vds
0
< [ lm(s) = m2(s)llv [wi(s) — ua(s)|vds
0

19 <5 [ ) = m@pds + 5 [ )~ wao)lds

We use Gronwall’s inequality in (19) to get

(20) e () — w2 (817 < C/o I71(s) = ma(s) |3 ds.

Applying (20) to (18), we obtain

1Am1 (8) = An2(8)|[5, < ellur(t) = ua ()5 + C/ 1 (s) — wa(s)|[7ds

t
<o / () — ma(s)[Bds + / / () — ma ()| drds

<e [[Im(e) - m(s) s

for a.e. t € (0,T). By Theorem 2.3, we deduce that there exists a unique fixed
point n* of A.

Step 3. Let n* € V be the unique fixed point of the operator A. Let uy,- €
H'(0,T;V) be the unique solution to problem (10) corresponding to *. From the
definition of the operator A, we have

(" (1), v)y = (An* (1), v)y = ((Eun-) (1), v)y

for all v € V and t € [0,T]. Thus, u, € H'(0,T;V) is the unique solution to
Problem 3.3. This completes the proof of the theorem. ([
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4. Continuous dependence result

In this section, we first introduce an evolutionary inclusion of the subdifferential
type, which share the same unique solution with Problem 3.3. Then, some priori
estimates for the solution to Problem 3.3 will be established. Finally, we prove a
continuous dependence result for the solution map.

We introduce functionals @1 : L%(T32) — R, @2 : M x L?*(T'32;R?Y) — R and
@3 : L2(T31) — RU {+00} defined as follows

$1(v) :/ Fu dr, v e L*(T32),
I's 2
Baiv) = / pFlol dU,  je M, ve LT3 RY),
I'z 2

Ba(v) = / Iewq(®) dl,  ve IA(Ts,).
I's

Let v : V — L?(I'3 ) and 42 : V — L?(I'3 2; R?) be operators of the normal and
tangential traces on I's 2, respectively, defined by vi(v) = v, and y2(v) = v, for
vEV. Lety3:V — L? (T's,1) be the operator of the normal trace on I's ;. We can
easily find that the following problem is equivalent to Problem 3.3.

Problem 4.1. Find w: [0,T] — V such that u(0) = ug and for a.e. t € (0,T),
(w'(t) + (Ew) (), v — u(t))y + F1(nv) — G1(nu(t)

+ P2(k; 20) — P2(p, 2u(t)) + G3(13v) — P3(v3ul(t))
(21) >(f(t),v—u(t))y forallveV.

We consider the following evolutionary inclusion problem.
Problem 4.2. Find w:[0,T] — V such that u(0) = ug and for a.e. t € (0,T),
u/(t) + (Ew)(t) + 77061 (11u(t))

(22) + 73082 (1, y2u(t)) +73083(vsu(t)) 3 f(t) in V.
Note that (22) can also be writed as

(23) w/(t) + (Ew)(t) + 176 (t) +7562(t) +138s(t) = £(), iV,

where

(24)  &i(t) € 0p1(mu(t)), &a(t) € ¥30Pa(, v2ul(t)), &3(t) € Op3(y3ul(t)).

Furthermore, using the corresponding Nemitsky operators, (23) can be equivalently
written as

(25) w+Eu+l + b+ =F, inV.

Here and after, we may not use new notations for Nemitsky operators and it will
not cause confusion.

Lemma 4.3. Problems 4.1 and 4.2 are equivalent.

Proof. On the one hand, assume w € H'(0,7;V) is a solution of Problem 4.1.
Since w is also the solution of Problem 3.3, we equivalently write (9) as

(—u/(t) = (Ew)(t) + f(t),v — u(t)y < @1(v) — @1 (u(t))
+p2(v) = pa(u(t)) + 3(v) — ps(u(t)) forallveV.
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From the definition of the convex subdifferential, we have
—u'(t) — (Eu)(t) + f(t) € Op1(u(t)) + dpa(u(t)) + Ops(u(t)) V.

In addition, we have the following properties
d¢p1(v) = 7110¢1 (M),
p2(v) = 730P2(1, 12v),
9p3(v) = 730¢3(73v),

for all v € V. Thus, we obtain

—u'(t) — (Eu)(t) + £(1)
€ 77001 (nu(t) + 73052 (1, v2u(t)) + v3083(vsu(t)) in V.

This is (22). On the other hand, assume w € H'(0,T;V) is a solution of Problem
4.2. According to (23), (24) and the definition of the convex subdifferential, we
have

(—u'(t) = (Eu)(t) + f(t), v —u(t)y
= (&), v —nu(d))y + (§2(8), 720 — 2u(t))y + (&3(1), 130 — ysult))y
< @1(nv) = r(mul(t) + G2, 12v) — Pa(p, v2u(t)) + @3(y13v) — Ps(ysu(t)),
which verifies (21) and completes the proof. O

Now we define operators & : V — V, Ny : V — L*(0,T;L*(T'32)), No : V —
LQ(O,T; L2(F372;Rd>) and MO Y — LQ(O,T, L2(F371)) by

(Eov)(t) = (E(v + o)) (D),

(Nov)(t) = {€ € L*(0,T5 L*(T's2)) | £(t) € 9%1(m(w(t) + o))},
(Nov)(t) = {€ € L*(0,T; L*(T5,2:RY)) | £(1) € 02 (1, 72(v(t) + o))},
(Mow)(t) = {€ € L*(0, T3 L*(T5,1)) | £(t) € 05 (y3(v(t) + w0))},

for all v € V and a.e. t € (0,T). We propose the following evolutionary inclusion
problem.

Problem 4.4. Find w: [0,T] = V such that w(0) = 0 and

(26) w' +Ew G+ ¢+ =F, V.
where
(27) G eNw, & eNw, (5€ Mow.

It is obvious that w € H'(0,T;V) is a solution to Problem 4.4 if and only if
u = w + ug is a solution to Problem 4.2.

Theorem 4.5. Under the assumptions H(A), H(B), H(R), H(C) and H(f), the
unique solution to Problem 4.1 has the following estimate

(28) lully + [/l < c(uo, £),

where c(ug, f) denote a constant dependent on ||ugllyv and || f||y.

Proof. Take v =0 in (21), we have

(' (1), w(t)y + (Be(u(t)), e(u(t)))g + ( | - s)e(u(s))ds,e<u<t>>)

Q
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(20) + / F(mu(t))dr + / WFau(®)dT < (), u()v.

3,2
We estimate each term of (29). First, from H(B)(ii), we have

(30) (Be(u(t), e(u(t))q = mslle(u(®)|g = ﬁIIU(t)H%-

Using H(R), we get

([ == oetutsns e(u(t)))@
2

> —elle(u(®)|g — cle) / R(t = s)e(u(s))ds
0

Q
2 T t
(3) > Zul} - @ [ u)lfds
ma ma Jo
From H(C), we have
/ Flyu(t))dr
Iz 2
- 2dr — F24r
> e / PO (o) /
(32) > —ellnlPlu®lE — @)1 F 22, o,
and
(33) / HF|gu(t)]|dT > 0.
T32
Finally,
(34) (F(0) ul)y < lu®)l? + @) FO)2.

We apply (30)—(34) to (29) and obtain

mpa

(1), w(t))y + (”Al - el? - ) ()l

69 2e@Z [ ulds +e@IF e, + IFO]F-
ma Jo

Integrating (35) over the time interval [0, ¢], we get

1 mpg 9 t
— || (t 2—}—(——5 2—8)/ u(s)||? ds
5 @)y 1Al ma |71l | Ju(s)|v

AT [t [®
<e@Zc [ [ lutlards + @ IF i

(36) +e@IFIR + 5 ol

Taking ¢ small enough and using Gronwall’s inequality, we obtain
el < (X + uolly + IFI)-

That is,

(37) l[ully < c(uo, f)-

39
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Let w € H'(0,T;V) be the solution to Problem 4.4, from (26), (27) and Lemma
4.3, we have
(38) W[5 = llw'[l5 < e ([€owl + TGl + s Calls + v csl + ILFI) -
Since the relation w = w + ug holds, by (37), we get
(39) lwlly < e(uo, f).

According to the assumptions H(B) and H(R) and the definition of the operator
&y, we find that

(40) [Eowlly < c(1+ [wlly + [luollv) < c(uo, f).
By direct calculation of convex subdifferentials, we have
(41) G, t) = F(x), G(w,t) € p(z)F(x)d||w:(2,1) + uo - ()],

for a.e. (x,t) € I's 2 x (0,T'). From (26), (39)—(41), we have
(3G,w)y = (f —w' — Ew =G =736, w)y
(42) <(Iflv + 1€owlly + i Glly + 13 &llv) [wlly < c(uo, £).

According to Lemma 3.10 in [22], the operator v5My is strongly quasi-bounded.
Then, by (39) and (42), we find that

(43) 173Gy < c(uo, ).

Now we apply (40), (41) and (43) to (38) and obtain

(44) [y < e(uo, £).

Combining (37) and (44), we complete the proof of (28). O

We denote by u = U(fa, 1, up) the unique solution to Problem 4.2 with data
(f2, 1, uo). Here

U: L*0,T; L*(To;RY)) x M x V=V, (f2,1,u0) = w =U(fo, 1, o),

is the solution map of Problem 4.2. Now we present the continuous dependence
result for the solution map.

Theorem 4.6. If the assumptions H(A), H(B), H(R), H(C) and H(f) hold,
{f2} € L3(0,T; L*(To; RY)), £ — fo weakly in L?(0,T; L?(T2; RY)), {un} C M,
pn, — p weakly in L?(Ts2), {uf} C V, ull — wo weakly in V. Then

u, - u weakly in V),
u, —u'  weakly in V,
where Wy, = U(FY, i, uf) and w =U(fa, 11, uo).

Proof. Since u,, is the unique solution to Problem 4.2 with data (f3, pn, uf)), we
have

(45) Uy, + Eun + 91 +5€5 + 7388 = fu 0V,
with
§(t) € 0p1(mun(t)), &5(1) € 0P2(n: Y2un(t)), &5(t) € 03 (ysun(t)),
for a.e. t € (0,T) and
(fn(t),v)y = (fo(t),v)m + (f2'(t),v)2(ryraey, forallv eV, ae te(0,7).
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According to Theorem 4.5, we have
[unllv + llug v < c(ug, fo)-

From the conditions that f3 — fo weakly in L2(0,T; L?(T2; R?)) and uf — g
weakly in V, we deduce that {f3'} is bounded in L2(0,T; L?(T2;RY)) and {uy} is
bounded in V. Thus the sequences {u,} and {u},} are bounded in V. As a result,
passing to a subsequence, if necessary, we have

(46) u, - u weakly in V,

(47) u,, —u' weakly in V.

By direct calculation of convex subdifferentials, we can find that
(48) &' (z,t) = F(z),

(49) &5 (,1) € pn () F ()0, - (2, 1),

for a.e. (x,t) € T'32 % (0,T). From (48), we get £7" — &; in L?(0,T; L*(T'3 2)), with
&1 (t) = F and
&1(t) € 01 (mu(t)),
for a.e. t € (0,T). In fact, ¢, is a single-valued map such as 9p;(v) = F for all
v € L*(T32). By (48) and (49), we can also find that {¢]'} and {£}} are bounded
in L2(0,7T; L*(T'3)) and L?(0,T; L?(T'5 2; R?)), respectively. From (45), we have
V38 = fn — (up + Eup + 1€ +73€5) in V.

Since &, 77 and ~3 are all bounded operators, all terms in the right side of the
above equality are bounded. Thus {£%} is bounded in L?(0,T; L?(I'31)). Passing
to a subsequence, if necessary, we have

€5 — & weakly in L*(0,T; L*(I's 2;R%)),
& — & weakly in L?(0,T; L*(I'31)).

In what follows, we will prove that w € H*(0,T;V) is the solution of Problem
4.2 with data (fo, u, up).

We first prove the initial condition. From (46) and (47), by Lemma 2.55(i) of
[9], we have u,(0) — u(0) weakly in V. Since u,,(0) = ul} — uo weakly in V, we
obtain u(0) = uyg.

Then we prove that uw € H'(0,T;V) satisfies the equation. Under the assump-

tions H(B) and H(R), the operator £ is linear and bounded, thus it is weakly
continuous. From (46), we have

Eu,, —» Eu  weakly in V.
By Theorem 2.18 of [1],
Yo, — you in L*(0,T; L*(I's 2; RY)),
Y3un, — ysu in L?(0,T;L*(T's1)).
Passing to a subsequence, if necessary, we have for a.e. t € (0,7),
Yoty (t) — you(t) in L*(['32;RY),
Yaun (t) = yau(t) in L*(T31).
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According to Lemma 10 in [4], d¢5 is upper semicontinuous as a multifunction from
M, x L*(T'39;R?) to L2 (T3 2;R?). We use Lemma 2.4 to conclude that

§2(t) € 0pa(p, v2u(t)),
for a.e. t € (0,T). Moreover, we refer to Lemma 3.5 (P3) in [22], the graph of @3
is closed in the topology of L?(I's 5) x L2 (I's2). Thus

&3(t) € 0p3(vau(?)),
for a.e. t € (0,7). On the other hand, it is immediate to see that
T = i&s 1268 = 1382, Y585 — v3és weakly in V.
Moreover, from fJ — fo weakly in L%(0,T; L?(I'y; R?)), we can easily deduce that
fn— f weakly in V.
Now we pass to the limit in the inequality (45) to obtain
v+ Eutyia+ bt =Ff iV,
which completes the proof. O

5. An optimal control problem

In this section, we consider an optimal control problem for the problem we
studied in Section 3 and Section 4, say Problem 3.3 or its equivalent form Problem
4.2. The control variables contain boundary and initial conditions, and the objective
cost functional combines observations within the domain, on the boundary and at
the terminal time. Our goal is to prove that the optimal control problem has at
least one solution.

To begin with, the control variables are given by fo, u and ug, and the admissible
control set, denoted by U,q, is defined by

Uad:FadXMXVadv

where F,q and V,4 are convex, closed, bounded in L?(0,T;L?(I'y;R?)) and V,
respectively.

Then we define a cost functional J : L2(0,T; L?(T2; R?)) x M x V x V — R as
follows

T(For i th0,w) = i o — @oll? + pollu(T) — tr [
T
bl il e+ [ pr(Ollut) = w(olf
T —
= [ (ps0tt) = O + puO A0 Folt) )

with the following assumptions of the given data

Hop pi €R,p;>0,fori=1,2,3. pj € L>(0,T),p; >0, for j =4,5,6. g €V,
ur €V, € L?(T32), €V, u€H, fo € L?(0,T;L*(I'y;RY)).

The optimal control problem we are concerned with is
(50) minimize J(f2, 1, wo, u) subject to (fa, u, ug) € Upq and u = U(f2, 1, uo).

Theorem 5.1. Under the assumptions H(A), H(B), H(R), H(C), H(f) and H,p,
the optimal control problem (50) has a solution (fa, i, wo, w) € L?(0,T; L?(T'y; RY)) x
MxV xV.
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Proof. We set
m = inf{J(f27uau0au) | (f27/’[’7 uO) € Uada u :u(f27/~j'7u0)}~

Let (f3, tin, uf, u,) be a minimizing sequence for the cost functional J, i.e.,

lim (an,,umugaun) =m with u, = U(fgn,un,ug)-
n— oo

Since F,4 and V,q are convex, closed, bounded subsets in L?(0,T; L?(I'y; R%)) and
V', respectively, there exists a subsequence of {(f3,u{)}, denoted by the same
notation, such that

(51) fi— f5  weakly in L?(0,T; L*(Ty; R%)),
(52) ug — u;  weakly in V.

Note that M is a convex, closed, bounded subset of L?(I's ), then we may also find
a subsequence of {y,}, denoted by the same notation, such that
(53) pn — p* weakly in L?(T'3 ).

It is well-known that a convex subset of a Banach space is closed if and only if it is
weakly closed, thus

(f3, 17, ug) € Uad.

From Theorem 4.6, we have

(54) u, — u*  weakly in V,
(55) u!, = u*  weakly in V,
where u* = U(f5, p*,ug) is the unique solution to Problem 4.2. We note that the
norm || - ||y is weak lower semicontinuous, from (52), we have
(56) lim inf [|lug — Gol[§, > fug — woll¥-
n—oo

From (54) and (55), by Lemma 2.55(1) of [9], we get

(57) u,(t) = uw*(t) weakly in V, for all ¢t € [0,T].
Specifically,
un(T) = u*(T) weakly in V|
thus,
(58) lim inf [, (T) — iz [} > [u*(T) — @}
Since the norm | - [|z2(r, ,) is also weak lower semicontinuous, we deduce the fol-

lowing inequality from (53)
(59) tm i [ — il > 2”3 ey

Applying Fatou’s Lemma, we obtain

lim inf / pa(®) [ (2) — (1) % dt

n— oo

n—roo

T
> / lim inf py () () — @(t)]| 3 dt
0

(60) > / pa(t) [ (t) — a(t)||2 d.



44 Y. LI, X. CHENG AND X. WANG

Since the embedding V' C H is compact, from (57), we have
u,(t) —» u*(t) in H, forallte][0,T],
Combined with the fact w,,u* € C([0,T]; H), the above convergence gives
(61) u, - u* inH.
Now we define an operator L : (0,T) x H x L?(Ty;R%) — R by
L(t,v,w) = ps(t)|[v — w(t)||F + po(t)llw — Fo ()72 1y m0)-
In fact, the operator L : (0,T) x H x L?(I'y;R?) — R satisfies

(i) L(t,-,-) is sequentially lower semicontinuous on H x L?(T'y;R?),
for a.e. t € (0,T);

(ii) L(t,v,-) is convex on L?(Ty;R?), for all v € H, a.e. t € (0,7T);

(ili) There is N > 0 and ¢ € L1(0,T) such that

L(t,v,w) > ¢(t) = N (|lv]la + |wl|r2(r,;ray) »
for all v € H, w € L?(I'y;RY), ae. t € (0,7).

We give the proof of (iii). For a € R, the simple inequality holds: a? > 2a — 1,
then we have

L(t,v,w) > 2¢/p5(0)|[v — @) || + 2v/p6 (D) |w — Fo(t) ] L2 (ryimey — 2
> —2¢/p5(t) (o]l i + [|1@(t)]| )
—2v/p6(t) ([|wl 2 (rymay + 1 F2 ()| L2(ry5may) — 2
—2Vps(O)w(®)[lar = 2v/p6 (D) F2(D)[| 22 1oy —
= 2p ([[v]la + [lwll 2, ma)) -

where

p = max{\/ 95 0.1y, /Il o)}

We complete the proof of (iii) by taking N = 2p and

t) = =2/ ps(t)la(t) | — 2/ ps () | f2(8)] L2 (ryra) — 2.

According to the claims (i)-(iii) related to the operator L, using Theorem 2.1 of
[15], the integral

I— /O L(t, u(t), f(t))dt

is sequentially strong-weak lower semicontinuous on H x L2(0, T; L?(T'3; R?)). Then
we use (51) and (61) to obtain

T T
(62) liminf [ L(t, un(t), f3(¢))dt > / L(t,u"(t), f5(t))dt
Finally, from (56), (58), (59), (60) and (62), we have

‘](f2*7 .u’*? U’S’ ’U,*) S hHi)lIlf ‘](féna ,LLn, u6L7 un) = m7

which means (f5, u*, ufj, u*) is a solution to the optimal control problem (50). O
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