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Abstract

This article aims to study the unconditional superconvergent behavior of nonconform-
ing quadrilateral quasi-Wilson element for nonlinear Benjamin Bona Mahoney (BBM)
equation. For the generalized rectangular meshes including rectangular mesh, deformed
rectangular mesh and piecewise deformed rectangular mesh, by use of the special character
of this element, that is, the conforming part(bilinear element) has high accuracy estimates
on the generalized rectangular meshes and the consistency error can reach order O(h?),
one order higher than its interpolation error, the superconvergent estimates with respect
to mesh size h are obtained in the broken H'-norm for the semi-/ fully-discrete schemes.
A striking ingredient is that the restrictions between mesh size h and time step 7 required
in the previous works are removed. Finally, some numerical results are provided to confirm
the theoretical analysis.
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1. Introduction

In this paper, we consider the following nonlinear BBM equation:

—

ug — Auy =V - f(u), (X,t) € Qx (0,7,
u(X,t) =0, (X,t) € 002 x (0,7, (1.1)
u(X,0) = ug(X), Xeq.

Where 0 < T < 00, 2 C R? is a bounded convex domain with the boundary 99, X = (z,y),
up = 2%, up(X) is a known sufficiently smooth function and flu) = (—(3u? +u), —(3u* 4+ u)).

As we know, there have been some studies about the theoretical analysis and numerical
simulation of finite element methods (FEMs) for problem (1.1). For example, the convergence
of conforming Crank-Nicolson (CN) fully-discrete Galerkin FEM was discussed in [1]. The
superconvergence of Galerkin FEMs for conforming element and nonconforming rectangular
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EQ'°" element (see [4]) were studied in [2] and [3], respectively. Recently, the superconvergent
analysis of an H!-Galerkin FEM with conforming element pair was presented in [5]. A new
mixed FEM and its’ superconvergent behavior with nonconforming constrained rotated @,
element and constant pair was developed in [6]. The two-grid method for BDF2 scheme with
bilinear element was investigated in [7]. The main advantage of [6] and [7] is that there is no
restriction between h and 7.

On the other hand, it has been proven in [8] that the consistency error of the famous
rectangular Wilson element is of order O(h) and cannot be improved anymore even the exact
solution is smooth enough. It has been shown in [9] that the consistency errors of quadrilateral
quasi-Wilson elements of [10] are of order O(h?). Later on, these elements and their modified
forms of [11,12] have been widely applied to some PDEs for superconvergent analysis (see
[13-16]). But up to now, there is no report on the application to BBM equation.

In the present work, we will attempt to use the quasi-Wilson element of [9] to solve prob-
lem (1.1). Then, for generalized quadrilateral meshes including rectangular mesh, deformed
rectangular mesh and piecewise deformed rectangular mesh(see [17,18]), we derive the super-
convergent estimates/ unconditional superconvergent estimates for the semi-discrete scheme/
the Backward Euler (BE) and CN schemes on quadrilateral meshes by proving the bounded-
ness of the numerical solution in the broken H'-norm instead of L>°-norm, which improves the
results of [2,3].

The rest of this paper is organized as follows: In section 2, some important estimates of
quasi-Wilson element are introduced. In section 3, the superclose estimate with order O(h?)
for the semi-discrete scheme is derived. In sections 4-5, the superclose estimates are obtained
for both BE and CN fully-discrete schemes with order O(h? + 7) and O(h? + 72) without the
restriction between h and 7, respectively. In section 6, the unconditional global superconvergent
results of the above three schemes are gained through interpolated post-processing technique.
In the last section, some numerical results are given to show the performance of our method.

2. Some Estimates of Quasi-Wilson Element

Let K = [~1,1]? be the reference element on £ — 7 plane with four vertices A, = (-1,-1),
Ay = (1,-1),A3 = (1,1) and A4 = (—1,1). We define the quasi-Wilson element {K, P,%} on

K as [9,15]:

P—span{N(f n) (i=1,2,3,4) 1/’(5) 1/}( )}

o 90
= (0t i = 12,34 o [ Gepaean [ & dean).

where N;(€,1) = 1(1+ &&)(1 +min), (51752753754) (=L, 1,1,-1), (m1,m2,m3,m4) = (-1, -1,
1,1), ¢(s) = §(s? —1)——(8—1)andvz—v(A),Z—1234

Obviously, the only difference between this element and the classical Wilson element is the
change of ¥(+). Let T}, be a family of regular convex quadrilateral subdivision of Q, K € T}, be
an element with vertices A;(z;,vy;), 1 <i <4, then there exists a mapping Fx given by

=Y Ni&mz,  y* =) Nil& )y,

such that

Fx(A) = 4;, Fg(K)=K.
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For any function v(z,y) defined on K, we let
(&) = v(@™ (&), y"(&n)) or b=voFk.
Then on K, we can define
P ={p, plx =po Fx', pe P},
and the associated quasi-Wilson element space
Vi, = {v, v|g € Pk, VK € Tp,}.
Let
V¥ = {v € Vj,v(a) =0, ¥ node a € 90}.

Then, the following lemma can be found in [9,15] and will play a important role in our error
analysis.

Lemma 2.1. For each v, € V{, vy, = v, + v} (where vy and v}, are the conforming and
nonconforming parts, respectively), there hold

lonlli = lloall + loall7,  llvillo < Chllvpln, (2.1)
v} ov}
“hdpdy = | q—="tdady = P (K 2.2
/anxwy /anywy 0, Vq € Pi(K), (2.2)
0
> [ Gevds < CHulallonl,  Yue HYQ) (2.3)
oK 8n
Kel'y,

Here and later in this paper, C > 0 (with or without subscript) denotes a constant independent
of h and maybe different at different places. Py (K) is the linear polynomial space on K, ||+ || =

(> - Rx)?

%,K)E'
KeTy

For the propose of using higher accuracy analysis of bilinear element, we should require
T} to be rectangular mesh/ or deformed rectangular mesh/ or piecewise deformed rectangular
mesh, such that for u € H3(Q) and v, € V!, there holds

(V(u— Inu), Vo) < Ch?fuls]lvall,

where I,u € Hg(Q) is the bilinear interpolation of u (see page 165 of [17] and pages 17, 27-28
of [18] for details).
Now we are ready to state the following:

Lemma 2.2. Let Tj, be one of above three types of meshes, u € H>(Q) N HL(Q), then for
vp € V}?, there holds

(V(u = Iyw), Vop)n < Ch?[ulz||vn|n, (2.4)

where I, is the associated interpolation operator over Vi, (x,%%), = > (%,xx)g = > [
KETy, KETy,

(k) dxdy.
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Proof. Note that
(V (= Iyu), Ven), = (V(u = Iyw), Vo + (V(u— L), Vo) = I + b
By the above estimate and (2.1) we have
I = (V(u— Iyw), Vo) = (V(u — Iyw), Vou) < Ch2Julsllenlln < CH2ulsljon |-
On the other hand, by (2.2) we have

Iy = (Vu,Vop)n = Y (Vu— P (Vu), Voi)k
KeTy

<OR* Y Julsxlvplii < CR2Julsl|oglln < Ch2Juls]op ],
KeTy,

where PJ(Vu) is the linear interpolation of Vu on K defined by [18]:
/ (PE(Vu) — Vu)qdzdy = 0, Vg € Pi(K).
K

Then, combining the estimates of I; and I, yields the desired result. O

3. Superclose Estimate of Semi-Discrete Scheme
The weak formulation of problem (1.1) is: to find u : [0,T] — H(Q), such that

{ (g, 0) + (Vur, Vo) = (V- flu),0), Yo € HY(9), 51)
u(X,0) = up(X), VX €. '

We may pose the semi-discrete problem to find wy, : [0,T] — VhO , such that

{ (unt, vn) + (Vung, Vop)n = (V- flun), vn)n, Vo, € V)2,

un(X,0) = Luuo(X), VX € Q. (3.2)

Theorem 3.1. Let u and up, be the solutions of (1.1) and (3.2), respectively. Assume that
u,up € L2(0,T; H3(2)), then for sufficiently small h, t € [0,T], we have

[Inu — uplln < Ch?. (3.3)

Proof. Let uw —up = (u — Ipu) + (Ipu — up) =: a+ B. Then from (1.1) and (3.2), we have

for v, € V)2,

(Bt,vn) + (VBe, Vur)p = — (ay,vn) — (Vau, Vop)n + Z / 7vhd5

KET,
F (V) = T ) ) (3.4
KeTy
Let vy, = B in (3.4), there holds
335 BIE + 13I) = = (e ) = (V. V) + 3 [ St s
KeTy
4

£ (V@) - fm) B EY A (35)

KeTy, =1
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Then, by Lemma 2.1, terms A; ~ A3 could be bounded by:

A1 < CR?|lugl2l|Bllo < Ch* udll3 + CIBIS,
Az < CR?[ul3||Blln < Ch*||ull + C18]17,

and
As < CP?|ugls||Blln < Ch* w3 + ClIBI7,

respectively. For the sake of simplify, we define V * u = u, + u, for scalar function u. Then

A= (V- (f(w) = flun)), Bk

KET),
= — Z (Vs (u—up), Bk — Z (uV * (u—up), Bk — Z ((u —up)V *up, B)k
KeTy KeTy KeTy
=: Bl,Bg,Bg. (36)

Then, based on [17] and Lemma 2.1, we have

Bi= Y (Vxa,f)x+ Y (V=B,8)k

KeTy, KeTy,
< ) (Vra, Bk + (V*a,8)k] + ClIBI7
KeTy,
< CR?|ullslBllo+ D IVealoxlBllox + ClBIE
KeTy,
< CR?|Julls)|Bllo + > Chllullz.xll8 0. + ClIBII7
KeTy,

< CR?|lullsl|Bllo + CR*||ull2l|B*|n + CIIB]I7
< Ch||ull3 + CIBIl.-

Now, for u € W1>°(K), we define | = ﬁ S udxdy. Then, |u — | < Chluli o0,k Thus, it
follows that

By= Y (u—w)Vsa,B)x+ Y, (@Vra,B)x+ Y (uV=B,B)k

KeTy, KeTy, KeTy,

<Y Mlu=loee,x IV #alloxBlox + Y Ulxl(Vxa,f)x + (Vra,5)k]

KeTy, KeTy,

+ > Nulloo,x IV * Bllo,x 18

KeTy,
< Chlul1,00Chlul2||Bllo + CR*||ulls||8]|n + C||BI17
< Ch*lu|l3 + ClIB|I5-

lo,K

Now, let up(t) = up(-,t) as [6], we can prove that ||up(t)||n < Cy with C; =1+ Jmax [l -
So Bj3 can be estimated as o

By < |lu = unllo,llV * unllol|Bllo,a
< Clllalloa + 1Bllo)lIBlloa < Chull3 4 + ClIBIE
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and it follows that
Ay < CRlull3 + C|IBII7-

Consequently, based on the above estimates, (3.5) becomes

Ld,
2dt
Then, taking integral with respect to ¢, and noting that 5(0) = 0, there holds

18113 + 118117) < Ch*(llul3 + [luel3) + ClIBIE-

t t
182 < O / (ull2ds + [lue|2ds)ds + C / 1]12ds.
By use of Gronwall inequality, we have
t
182 < ot / (all? + (e ) ds. (3.7)

This implies that

[un(@®)ln < lJun(t) = Inw@®)||n + || Inw®) = w(@)||n + [ul)]ln

t
< ChQ[/O (lull3 + lluell3)ds]? + Chllu(t)]l2 + [Ju(t)1
< C(h* +h) + |lu(t)]l < Ch.

The proof is completed. O

4. Superclose Estimate of BE Fully-Discrete Scheme

Let 0 =ty <t; < --- <ty =T be a subdivision of [0,7T] with time step 7 = T'/N for some
positive integer N, t,, = n7, and denote

(wn _ ,(/}n—l) nfé - wn _,'_,(/}n—l
77_ =

aﬂ/f" = ’ 1/1" = 1b(tn)7 E 9

Then, we consider the following BE scheme: find U* : [0,7] — V)2, such that for n > 1,

—

(0:UR, vn) + (VOLU , Nop)w = (V- f(U]), vn)n, Vo, € V)2,
U2(X,0) = I,Up(X), VX € Q.

(4.1)

Theorem 4.1. Let {u™} and {U]'} be the solutions of (1.1) and (4.1), respectively. Assume
that u,uy € L>(0,T; H3(Q)) and uy € L*(0,T; H'(S2)), then for 0 < n < N, there holds

[ Ipu™ = Up|ln < C(h* 4 7). (4.2)
Proof. Let u™ — U} = (u™ — Ipu”) + (Ipu” — UJ}) =: o™ + B". According to (1.1) and (4.1),
we have

(0:8",vn) + (VO B™, Vo),
a n
= — (atanvvh) — (Vata”, V”Uh)h + Z / 75: vpds + (Rl,’uh)
oK

KeTy,
6
+ (VRy, Vop)p — (V- f(u") = V- f(UR), 0n)n =t »_ Di, (4.3)

i=1
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where Ry = Q,u™ — ul! satisfies ||R1||3 < Cr ft:q lue||3ds. Let vy, = B™ in (4.3), the left side
of (4.3) is:

1
(08", B) + (V" V5" = 5 (1873 = 18" 3 + 18”112 — 15" 1)

By interpolation theory and Lemmas 2.1-2.2, the terms Dy ~ D5 on the right hand of (4.3)
can be estimates as:

n n th4 b 2 ni|2
Dy = (0™, ") < —— l[uellzds + C18™ 6,
th—1
n n 2 n n (jh4 tn 2 ni||2
Dy = (Voia™, V") < CR(|0u” |15 In < — [uell3ds + CIB™ 15
tn—1
oul
Ds= ) | —tp"ds < CR*|ulls] 8"l < Ch I3 + ClI5" 17,
KeTy, 0K on

tn
Dy = (Ri,B") < Cr / lueel12ds + C 18712,

tn—1

tn
D5 = (VE1, V") < Cl[Ra[lall 5[0 < CT/ luse|¥ds + C1 8™ |15

th—1

As for the nonlinear term Dg, we rewrite it as

3
Dg = (V* (u" = UR), 8" + (u"V  (u" = Uft), B") + (" = UV % UR, 8")n =2 ) B
i=1
Then, similar to the semi-discrete case, it is not difficult to check that
By < (Vxa", "), + (V" 8" < Ch|u™||3 + ClIB" 7,
By < ChY|[u”[|5 + C||8" |5
Similar to [6], we can prove that U} ||, < Co(Vn=0,1,--- ,N) with Cy = 1+maxo<p<n ||u”|1.

So, we have
By < |[u” = UplloallV * Upllol|8" o < CR* w134+ CIB" 17,
which leads to
Dg < Ch*||u™|3 + C18"I7.-
Combining the estimates of Dy ~ Dg, (4.3) becomes
1 _
o= (18" = 16" 17)

4
SCh
T

tn

tn
/ luel2ds + CRA(Ju” |2 + [ 12) + O / lueel2ds + C|187 13-

tn71 tnfl
Then, multiplying above inequality by 27, summing it from 1 to n and noting that 8° = 0,
we have
@ -cnlsli

n—1

tn .
<ChY(lullze (s @) + el Toe o)) + 072/0 lueel|Fds + C7 Y 118715

i=1
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By use of discrete Gronwall inequality, when 1 — C'7 > 0, we obtain

tn
18717 < Ch*(lull poe (s () + luelFoe graey) + CTQ/O lueel[Fds,

which yields the desired result (4.2). O

5. Superclose Estimate of CN Fully-Discrete Scheme

We develop the CN scheme as: find U} : [0,7] — V;2, such that for v, € V2, n > 1,

P —

U, vp) + (VOUR, Vup)n = (V- F(TU, %), vn)n, Yoy, € V2,
UY(X,0) = I,Up(X), VX € Q.

(5.1)

Theorem 5.1. Let {u™} and {U]'} be the solutions of (1.1) and (5.1), respectively. Assume
that u,uy € L>(0,T; H3(Q)), ue, ugee € L2(0,T; HY(Q)) then for 0 < n < N, there holds

[ I — Uplln < C(h* 4+ 72). (5.2)
Proof. According to (1.1) and (5.1), we have the error equation:
(OeB™,vn) + (VO B™, Vup )

n—
2
ouy

K 6?1

vpds

=— (0ya",vp) — (VO "™, Vo) + Z /
KeT, 9

o1
+ (Reyvn) + (VRo, Vo) + (V- f(@ %) = V- {0, 7), on)
7
H (V- f@W'2) =V f@E) o = > F (5.3)
i=1
where Ry = J;u™ — u?_% satisfies | Rq||2 < C73 fttn"'_l |lueee||2ds. Let vy, = 8™ in (5.3), we have
for the left side of (5.3) that

(08", 8™) + (VOB™, V™) = o= (18”15 — 18" 7§ + 18717 — 18" 17)-

1
27
Now, we start to estimate the terms on the right side of (5.3).

In fact, by interpolation theory and Lemmas 2.1-2.2, we can check that

n o Qn (jh4 tn 2 n||2
F1 = (8", ") < — l[uellzds + C| 8" 15,

tn—1
n n (7h4 i 2 n||2
By = (V0" V5" )n < —— l[uellzds + C[| 8" |7,
tn—1

6un 2 n n—= n n—3% n
3 / L gnds < Ohluy~* sll8" < ChYluy 2 3+ ClI8 3,
oK n

KeTy

tn
Fy = (R, ) < O / e |3ds + C187 2,

tn—1

I3

tn
Fy = (VRy, V") < O Rul|n]|8"[[n < 073/ luseelFds + Cl18 17,

tn—1
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and

t’Vl
Fo = (V- () = V- S8, 8% < 07 [ s +CY6° 3,

tn—1

For the nonlinear term Fg, we rewrite it as

=

(V- f@ =) - V- f(

WO

(V@ =T, B — @AV @ -T2, B

Nl=

3
1 1
— (@2 =T VT, 28" 2 ) G (54)
i=1
Obviously, by Lemma 2.2, we have
A5 on —n—1 n n—
G1 < (V@ 2, M), + (VB 2, 8", < ChA a2 |3 + C(I1B"13 + 187 113),
St n e
Go < ChM|[@" =2 |5+ C(I8™ 1% + 118" I7)-
Similarly, we can prove that for sufficiently small h,
,nil
U, 2ln < Ca, Vnell,N]. (5.5)
Thus, G3 can be estimates as
1
VU *llollB™lloa
34 +CUB L+ 18" MR,

1 =n—3
Gy <|[@ % -T, |l

< ChY|u" =

which yields that
_n—4 n n—
Fo < Ch*|[@== |3 + C(IB" 7 + 18" 7).

Combining the above estimates, (5.3) becomes

1 _ _
5= (IB™11G = 18" 716 + 118™ 1% — 18" 11z

Cht ™ 2 5 [ 2 2
< — |utl|3ds + CT (lJweeellT + llweell7)ds

T tn—1 th—1

+CRY(Ja 25 + @2 13) + CUB™ 15 + 18" 7)-

Then, multiplying above equality by 27, summing it from 1 to n and noting that 5% = 0,
we have

@ =CnUB™MIF+18™17) < Ch* (el Zoe (a3 )y + Nl e (112(0)

tn n—1 ) n—1 .
+ 074/0 (laeeel | + el |F)ds + CT Y1815+ Cm Y 1817
i=1

i=1

by Gronwall’s inequality, when 1 — C7 > 0, we obtain

tn
18™1% < Ch* (lutllf o (s 0y + @l F (a3 0)) + 074/0 (et 1T + Nt 1) s, (5.6)

which is the desired result.
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6. Global Superconvergent Estimates of the Above Three Schemes

For propose of getting the global superconvergent results, we employ the interpolated post-
processing operator Ilg, constructed in [17] satisfying
{ Iop Ipu = Iopu, |u — thuh < Ch2|u|37 Yu € HJ(Q), ( )
o 6.1
Ianv|1 < Cllv||n, Vo e VY.

Theorem 6.1. Under the conditions of Theorem 3.1, Theorem 4.1 and Theorem 5.1, respec-
tively, we have

|u — Mapun||n < Ch*  for semi — discrete scheme, (6.2)
and )
C(h*+7) for BE scheme
n __ mn < ’ .
" = o Uplln < { C(h?+12) for CN scheme, (6:3)
respectively.

Proof. We only prove (6.2), and (6.3) can be treated in the similar way.
In fact, by employing Theorem 3.1, (6.1) and triangle inequality, there holds

lw — Hopup|ln = [lu — HopLpu + opIpu — Hapun||n < [lu — MopZpulln + [T2nInuw — Hapup|n
t
1
< lu — Mapully + [[Taw — unlln < CR*([lulls + (/ (Ilull3 + lluell3)ds)?) < Ch?.
0
The proof is completed.

Remark 6.1. It can be checked that the conditions such as 7 = O(h'*®) (for some a > 0)
used implicity in [2,3] for BBM equation are indeed removed by showing ||uy||, < C instead
of |lunllo,co < C (see [19,20]). At the same time, our results also hold true for the modified
quasi-Wilson element studied in [11,12].

Remark 6.2. It should be mentioned that the main reason why we can get the superconvergent
estimates of this paper is that we modify the shape functions of 1/3(5) and 1&(7]) of the classical
rectangular Wilson element, which lead to the important properties of (2.2) and (2.3) for quasi-
Wilson element on the quadrilateral meshes. This idea comes from the plate bending element
( see [21]). Moreover, there also have been some very important and valuable results about
the Wilson element on quadrilateral mesh, such as three kinds of nonconforming quadrilateral
elements established from different approaches were studied intensively in [22] for incompressible
elasticity, and the uniform convergence rate was derived for both displacement and stresses when
the incompressible limit equals to 0.5. Thus how to extend the results of [22] and to get the
super-convergence result of these elements is a very interesting topic in the future study.

7. Numerical Experiments

In order to confirm our theoretical analysis, we consider the BBM equation as [2, 6] with
Q2=(0,1)x(0,1), T =1:

—

up — Auy =V - f(u) + g, (X,t) € Q2 x (0,1],
u(X,t) =0, (X,t) € 092 x (0,1], (7.1)
u(X,0) = ug(X), X e
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Table 7.1: Numerical results for BE scheme at t = 1.

mesh 4x4 8 x 8 16 x 16 32 x 32
||lw™ — Upn 0.010711632  0.004991097  0.002421478  0.001200197
Order / 1.1017 1.0435 1.0126
lu"™ = Ui lo 0.001037618  0.000286990  0.000073508  0.000018487
Order / 1.8542 1.9650 1.9914
lIpu™ — UR|ln | 0.003624803  0.001020460 0.000263965 0.000066638
Order / 1.8287 1.9508 1.9859
|u™ — I2n U ||n | 0.006540113  0.001676318  0.000412113  0.000102465
Order / 1.9640 2.0242 2.0079

Table 7.2: Numerical results for CN scheme at ¢t = 1.

mesh 4x4 8 x 8 16 x 16 32 x 32
[|[u™ — Uit |n 0.011132405 0.005056957  0.002430280 0.001201317
Order / 1.1384 1.0571 1.0165
lu™ = Ui lo 0.001182465 0.000324567  0.000082982  0.000020860
Order / 1.8652 1.9676 1.9921
Hnu™ — Uk 0.004420070  0.001221855 0.000314161 0.000079162
Order / 1.8550 1.9595 1.9886
|u™ — 2n U ||n | 0.007281603 0.001823046  0.000446984  0.000111084
Order / 1.9979 2.0281 2.0086

Where g and ug are obtained by the exact solution u = e~!(2% — 23)(y? — y).

For simplicity, in the computation, we use the asymptotically regular parallelogram meshes
(see [4] for details), and take 7 = h? for BE scheme and 7 = h for CN scheme, respectively.
Fig.7.1 and Fig.7.2 describe the graphs of exact solution and quasi-Wilson element solution
with mesh 32 x 32 at time ¢ = 1, respectively. Fig.7.3 and Fig.7.4 show the mesh subdivisions
with numbers 8 x 8, 16 x 16 and 32 x 32, respectively.

From Tables 7.1-7.2 we can see that for both BE and CN schemes the convergent rates in
the broken H!'-norm are of order O(h), the superclose and superconvergent rates are of order
O(h?), which confirm the theoretical analysis and show the good performance of the proposed
methods.
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Fig.7.1. The exact solution w at time Fig.7.2. The quasi-Wilson element solu-

t=1. tion with mesh 32 x 32 at time ¢t = 1.
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