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Abstract. In this paper, the finite-time stability and instability are studied for non-
linear impulsive systems. There are mainly four concerns. 1) For the system with
stabilizing impulses, a Lyapunov theorem on global finite-time stability is presented.
2) When the system without impulsive effects is globally finite-time stable (GFTS) and
the settling time is continuous at the origin, it is proved that it is still GFTS over any
class of impulse sequences, if the mixed impulsive jumps satisfy some mild conditions.
3) For systems with destabilizing impulses, it is shown that to be finite-time stable, the
destabilizing impulses should not occur too frequently, otherwise, the origin of the
impulsive system is finite-time instable, which are formulated by average dwell time
(ADT) conditions respectively. 4) A theorem on finite-time instability is provided for
system with stabilizing impulses. For each GFTS theorem of impulsive systems con-
sidered in this paper, the upper boundedness of settling time is given, which depends
on the initial value and impulsive effects. Some numerical examples are given to illus-
trate the theoretical analysis.
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1 Introduction

Impulsive systems combine continuous evolution (typically modelled by ordinary differ-
ential equations) with instantaneous state jumps or resets (also referred to as impulses)
(see [6]). Due to the rich applications, impulsive systems have attracted lots of researchers
attention (e.g., [1,3,5,9,11-14,16,17,23,24,26-28]).
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Recently, finite-time stability of impulsive systems has also attracted lots of attention
(e.g., [3,11,17-22]), because comparing with infinite-time stable system, the finite-time
stable system has faster convergence, better robustness and better disturbance rejection
(see [2,25]). Meanwhile, finite-time stability has rich applications in practical systems,
such as spacecraft system [4], continuously stirred tank reactor system [7] and mechanical
system [10]. In [3], by using the existing results about continuous systems, the finite-time
stability of nonlinear impulsive systems is obtained; in [17], the finite-time stability for
systems with stabilizing impulses and the finite-time stabilization of impulsive dynami-
cal systems are studied; in [11,19-22], the finite-time stability of system with stabilizing
impulses and finite-time stability of system with destabilizing impulses are studied, and
upper boundedness of settling time is estimated; in [18], for the coupled impulsive neural
networks with time-varying delays and saturating actuators, the finite-time stabilization
is achieved by using the finite-time stability theorem in [11, Theorem 1], which is a special
case of Theorem 3.1 of this paper.

On the one hand, in [3,11,17], the original systems without impulsive effects is re-
quired to be finite-time stable. On the other hand, the upper right-hand Dini deriva-
tive of the Lyapunov function in the finite-time stability theorems depends on the ini-
tial value and the first impulsive time (e.g., [21]) or a finite-time stable function pair
(e.g., [19,20,22]). Hence, this agrees us to study the finite-time stability for more gen-
eral impulsive systems. In our finite-time stability theorems, the system without impul-
sive effects may not be finite-time stable, the upper right-hand Dini derivative of the
Lyapunov function may not be related to the finite-time stable function pair and may
be independent of the initial value and the first impulsive time. Because the impulsive
events occur in a finite or infinite sequence of time (see [24]), we study the finite-time
stability for the nonlinear impulsive systems, whose impulse sequence may be finite or
infinite, instead of only finite impulse sequence (e.g., [19,21,22]) or only infinite impulse
sequence (e.g., [20]). Besides, the results about finite-time stability of impulsive systems
in [11,17] are involved in our results.

For the system with stabilizing impulses, we provide a Lyapunov theorem on the
global finite-time stability. It is shown that the more frequently the impulses occur, the
faster the system state reaches the origin, which is formulated by an ADT condition. For
systems with mixed impulses (some impulses are stabilizing and some are destabilizing),
we show that GFTS system with settling time being continuous at the origin is still GFTS
under impulsive effects, if the jumps satisfy some mild conditions. Next, we give a rig-
orous proof on the global finite-time stability of system with destabilizing impulses. It
is shown that the impulses should not occur too frequently, otherwise the origin of the
impulsive system is finite-time instable, which are formulated by ADT conditions respec-
tively. In addition, the finite-time instability of system with stabilizing impulses is also
studied.

The main contributions of this paper include: 1) Our results can be applied to more
general impulsive systems, since our results not only cover all results about the finite-
time stability of impulsive systems in [11,17], but also cover some systems whose finite-
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time stability cannot be analyzed by the existing results about impulsive systems (e.g., [3,
11,17-21]); 2) The global finite-time stability of systems with mixed impulses is studied;
3) For system with destabilizing impulses, we study the global finite-time stability of
the origin, and show the relationship between the global finite-time stability and the
destabilizing impulses.

The organization of this paper is as follows. In Section 2, we introduce some notations
and preliminary results. In Section 3, three finite-time stability theorems on nonlinear
impulsive systems are developed and two finite-time instability theorems on nonlinear
impulsive systems are provided in Section 4. In Section 5, some numerical examples
are given to illustrate the theoretical analysis and some concluding remarks are given in
Section 6.

2 Notations and preliminary results

The following notations will be used throughout this paper:
e 7 denotes the set of all positive integers;
e R, denotes the set of all nonnegative real numbers;
e R" denotes the real n-dimensional space;

e [Cdenotes the set of all functions R —R, which are continuous, strictly increasing
and vanish at zero;

e CY (R, xR"; R, ) denotes the family of all functions V:IRy x R" — IR, which have
continuous partial derivatives with respect to t and x;

e L!(Ry;R) denotes the family of functions [: R ; — R such that

t
/l(s)ds<oo for Vt>0.
0

Consider the following system

X(t)=f(tx(t)), t#t, t>0,
x()=he(x(t7)), t=t, ke{1,2,--}=N, 2.1)
x(0) =xo,

where f; is assumed to be strictly increasing with respect to k € IN on (0,00), f: R x
R" — R" is continuous with f(¢,0) =0 for t € Ry, x(¢~) denotes the left limit of x(t),
hy:R" —R" satisfies /1 (0) =0 for Vk€IN, and xo € R" is a constant. The impulse sequence
{tx} = {tx :k €N} is finite or infinite and unbounded. Let N(t,s) denote the number of
impulse times in interval (s,t], to:=0, No:= {0} UIN, and f, 1 := oo for a finite impulse
sequence {ty,-- ,tko} if there is no explicit illustration.
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Since the global finite-time stability of system (2.1) is related to {#}, and it is inter-
esting to characterize the global finite-time stability over the class of impulse sequences
{tx}, we give the following definition, which is motivated by [6,11].

Definition 2.1. For a given impulse sequence {ty }, the origin of system (2.1) is said to be globally
finite-time stable (GFTS), if there exists a function T (xo,{t;}) taking values in R such that the
following two statements hold:

(i) Finite-time convergence: for Vxo € R"\{0}, each solution x(t) of system (2.1) satisfies
limy 7 (,1) X (8) =0 and x(t) =0 for Vt > T(xo, {t });

(ii) Stability: for Ve > 0, there exists a constant 5(€) > 0 such that |x(t)| <€ for t >0 and
|X0| <.

T(xo0,{tx}) is called as the settling time of system (2.1) with respect to the initial value x(0) =x
and impulse sequence {t;}. The origin of system (2.1) is said to be GFTS over the class S of
impulse sequences, if the origin of system (2.1) is GFTS for V{t;} € S.

The origin of system (2.1) is said to be finite-time instable for an impulse sequence, if
the origin of system (2.1) is not finite-time convergent or stable.

To study the global finite-time stability and instability of system (2.1), we give the
following definition.

Definition 2.2 ([1]). We say that the function V :IR; x IR" — IR belongs to the class vy, if
1) for Vk € N, the function V is continuous in [ty_1,t) X R", and
lim V(t,x(t)=V(t ,x(t,))

bty tE (b1 ty)
exists;
2) Vs locally Lipschitzian in x.
For V € vy, the upper right-hand Dini derivative of V along the solution of (2.1) is

D"V (t,x) :limsup1 (V(t+h,x+hf(tx))=V(tx)). (2.2)
h—0+ h
If VeCY (Ry xR%;R, ), then

DTV (t,x)=V'(t,x)= av&()i’x) + avgix) f(t,x).

The average dwell time (ADT) condition will be used to study the finite-time stability
and instability. Similar to [6], define

t—s
Sr-avg [T Nol = { le: N (t,5) > — —NO}, (2.3a)

t_
SavglT*,No] := {tk:N(t,s) < T—*S+N0}, (2.3b)
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where 7" > 0 denotes the average impulsive interval of the impulse sequence (see [16])
and Ny >0 is a constant.

The following lemma is very important to study the finite-time stability and instabil-
ity of system (2.1).

Lemma 2.1. If there exist a vy function V and positive constants My, k €N, such that

V(tex(t) <MV (to,x(t ), YKEN, (2.4)
then
N(10) ¢/ N(tD)
V(tx(t)) < < I Mk> V(O,xo)+/ < I Mk> D*V(s,x(s))ds, (2.5)
k=1 0 \k=N(s0)+1
where
T fpn _
/ D*V(s,x(s))ds= [ " D*V(s,x(s))ds, N(t,,,0)=k,
t tk
k
[T M=1, Moy=1,

j=k+1

for t=+ty, T=ty41 and k€ Ny. Especially, if M= M for Vk €N, where M is a positive constant,
then (2.5) can be written as

t
V(t,x(t) < MNEOV(0,x)) +/ MNESIDHV (s,x(s))ds. (2.6)
0
Proof. We will prove (2.5) by induction. It is obvious that for t € [0,t1),
t
V(t,x(t)) < V(0,x0) + / D*V (s,x(s))ds, 2.7)
0

s0 (2.5) holds for t € [0,t1).
We assume that (2.5) holds for t € [t;_1,#). Then it follows from (2.4) that

V(t,x(t)) <V (t,x(tx))+ tD*V(s,x(s))ds

tx

<MV (7 x(6)) + /t "DV (s,x(s))ds

N(t;,0) [ N 0)
( I1 Mj) V(O,x0)+/k ( I1 M]-> D+V(s,x(s))ds]
j=1 0 11

j=N(s,0)

<My

j=N(s,0)

t N(t,0)
+ [I M;|DV(s,x(s))ds, (2.8)
+1
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for t € [ty,tx41). Note that for s€ [0,t,7) and t € [ty tri1),

Mk(N(lt—kI,O) ) HM,

j=1
N(t, ,0) N(£,0)
Mk H M] = H M]
j=N(s,0)+1 j=N(s,0)+1

Thus, it follows from (2.8) that (2.5) holds for t € [f;, ;1 1)-

When My =M for VkeN. Let 0 <s <t t € [ty,t;,1) and s € [t;,t;41). f i<k,

N(£0)
11 Mj:Mkfi:MN(t,s)’
j=N(s,0)+1

and if i =k, it follows from H;-‘:k 11 M;=1, that

j=N(s,0)+1

which yields (2.6), and the proof is completed.

O]

Remark 2.1. The estimation of the solution of impulsive systems is also considered in [1,
24], whereas, the estimation in [1] concerns the inverse of some functions, and the esti-
mation in [24] is about the linear impulsive system. Hence, we develop Lemma 2.1 to

analyze the finite-time stability of the nonlinear impulsive systems.

3 Global finite-time stability

In this section, we will investigate the global finite-time stability for three classes of non-

linear impulsive systems.

3.1 The global finite-time stability of systems with stabilizing impulses

First, we study the global finite-time stability of system (2.1) with stabilizing impulses.

Theorem 3.1. If there exist a vy function V, a continuous function | : Ry — R\R, two K

functions ay and ay and constants 5y € (0,1) and n € [0,1) such that

wr(fx]) <V (8x(t)) <aa(|x]),
V(tk, ( ))<§0V(tk,x( )), VkeNN,
DTV (t,x(t)) <I(t)V'(t,x(t)), t#£t, keN.

(3.1a)
(3.1b)
(3.1¢)
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Then, the origin of system (2.1) is GFTS with

(1=m)p(T (xo,{tx})) <V 1(0,x0), (3.2)

over Sy(y) 5, Which denotes the class of impulse sequences {t, } satisfying
t
u(t)= —/ 1(5)50_(1_'7)1\[(5’0)515 —00 as t—oo. (3.3)
0

Proof. Note that u(t) is continuous and increasing with 3(0) =0. Thus, it follows from
(3.3) that there exists a positive constant T; (xo,{#¢}) depending on x¢ and {t;} such that
for xo #0,

u(T1)=V(0,x0), (3.4)

where
V(t,x(t)):= Vl’”(t,x(t))/(l —1).
By (3.1b) and (3.1c), we have

Vitex(t)) <6y "V (to,x(t)),  VkeN, (3.5a)
DTV (t,x(t)) <I(t), t#t, and keNN. (3.5b)

These together with Lemma 2.1, I(s) <0 and N(t,s)=N(t,0)—N(s,0) yield that for V{t } €
Si(),5, and £ >0,
0<V(t,x(t ))<5(1 DN T (0,2 +/ 5 NE DY (s, x(s))ds
<55 PNV (0,00) (1), (36
which together with (3.4) and the definition of V(,x) yield that
V(Ty,x(Ty))=0.

So x(T;) =0 due to (3.1a) and a7 € K.

Since T is a nonnegative constant for the given initial value and impulse sequence,
there exists a kg € Ng such that Tj € [t;,,tx,+1). Then, it follows from (3.1a), (3.1c) and
1(t) <0 that for Vt € [Ty, t,41),

a1 (Jx(t)]) <V (Ex(t) <V(Th,x(Th)) <aa(|x(Th)]). (3.7)

Since a1, ap € K and x(T1) =0, we have x(t) =0 for Vt € [Ty, t,11). Because of (3.1b), we
can prove x(t) =0 for Vt € [ty tr11), k> ko in a similar way. Then we have

x(t)=0 for t>Tj. (3.8)
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Hence, the origin of system (2.1) is finite-time convergent and the settling time is
T(x0,{tx}) < T1, and (3.2) follows from the monotonically increasing property of y and
(3.4).

For Ve >0, let 6 € (0,a; ' (a1 (€))). Then it follows from (3.1a)-(3.1c) and Lemma 2.1
that for any |xo| <6 and t >0,

a(|x(B)]) <V (x(8)) <V(0,x0) <aa(|x0]) <ar(e). (39)
Noting that a; € K, thus, we have
|x(t)|<e for t>0 and |xg|<é.
The proof is completed. O

Remark 3.1. The main differences between Theorem 3.1 and the existing finite-time sta-
bility results of impulsive systems (e.g., [3,11,17,19-22]) are as follows:

1) the original system without impulsive effects is not necessary to be finite-time sta-
ble;

2) D'V does not depend on the initial value or the first impulsive time;

3) I(t) may be not a finite-time stable function, i.e., there are two constants A1 >0 and
As >0 such that

/tl(t)dtg—}\l(t—s)—i—/\z.

Corollary 3.1. Assume that conditions of Theorem 3.1 hold with 1(t) = —co, then:

1) the origin of system (2.1) is GFTS with

T yi=n (O,XO)III(SO
T(xo{tx}) < —+——51In|1- =:T7 (3.10)
(1—17)111(50 Coéé\lﬂ(l—ﬂ)r* 1

over S;_avg[T*,No] for all No >0 and T >0;

2) we can obtain the GFTS results of impulsive systems in [17, Theorem 3.1] and [11, Theorem
1], namely, the origin of system (2.1) is GFTS over any class of impulse sequences with
T(x0,{tx}) < Ty, and over Sy :={t,---,tn} with T(xo,{tx}) < ¥NTy,, where cq is a
positive constant,

I_,x — V(O,xg)

0" ’ =

: , B=6y" and ye(B1).
0
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Proof. 1) For [(t) = —co and {fx} € S;—avg[T*,No], we obtain

_TcéMm'Waeﬁgmfﬂﬁﬁ/ul—qnn%):4qa) (3.11)
with 1 (T]") =V (0,xp). Then it follows from (3.6) that
0< V(T x(Ty)) <o "N <me@ u(T))
INIE (70, %0) —pua (T])) = (3.12)

ie, u(T)=V(0,x0). In addition, p(t) > p1(t) and py(t) — oo as t — oo yield (3.3). The
desired result 1) follows from Theorem 3.1.

2) For any given class of impulse sequences {t;}, we have u(t) > cot, which yields
(3.3). In addition, (3.6) implies

<t

0<V(0,x0) —1(Tyy) <V(0,x0) —coly, =0,

so we have u(T'y,) =V(0,x). Hence, by Theorem 3.1, we obtain that the origin of system
(2.1) is GFTS over any class of impulse sequences with T (xo, {f;}) <Ty,.

For the impulse sequence SN, let tyi1 = 'yNFxO. Since tj <ty for 1<j< N and 7€
(0,1), we have that for Vj€ {1,2,---,N}, t; <ty <'yj*11“x0('y B)/(1—B),ie, By t+tj(1—
B) /Ty, <7/, which together with (3.6) and co=V(0,x0) /Ty, yields that

0<ﬁ“”“”%?mxw—ua»

. ot
=p/V(0,x0 _COZ ﬁ]_k+1ds—/ cods

te 1 tj

=BV (0,x0)+co Z tB T (1—B) —cot
k=1

=V (0,x0) (B 1 (B+(1—B)t1/Tx,) + iﬁjfkfk(l—ﬁ)/rxo) —cot
k=2
<YV (0,x0) —cot,

for t € [t;,tj;1) and 0 <j < N. Besides, YNV (0,x0) —cot =0 at t =ty 1. Thus, u(tyi1) =
V(0,x0). Therefore, it follows from Theorem 3.1 that the origin of (2.1) is GFTS over Sy
with T(xo,{t}) <tni1=7NTy,. The proof is completed. O

Remark 3.2. Let ¢(t) := tIn(1+c/t) with ¢ being a positive constant. Then ¢"(t) <0,
t>0and lim;_,« ¢'(t) =0, which implies that ¢'(t) >0 for t >0. Thus, T} in (3.10) is an in-
creasing function with respect to T, which shows that the more frequently the stabilizing
impulses happen, the faster the state reaches the origin.
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3.2 The global finite-time stability of systems with mixed impulses

Impulses may be stabilizing and destabilizing. Now, we study the global finite-time
stability of systems with stabilizing and destabilizing impulses, which are called as the
systems with mixed impulses in this paper.

Theorem 3.2. If there exist a vy function V, a function I: R4 —R\R, two K functions aq and
ap, and constants 61,0, >0, 7 € [0,1) and positive constants My, k € N such that

ar(|x]) <V (tx) <ax(|x|), VteRy, VxeR”, (3.13a)

V(bx(t) < MVt x(t)), VkEN, (3.13b)

DYV (t,x(t)) 1)V (t,x(t)), t#t, keN, (3.13¢)
N(£,0)

o< J] Mi<6, t>5>0, (3.13d)
k=N(s,0)+1

then the origin of system (2.1) is GFTS with

6, "
v(T(x0,{t})) < =2V 7" (0,x0), (3.14)
6, "(1—7)
over any impulse sequence, where the continuous function v(t) = — fo s)ds satisfies
v(t)<oco and v(t)—oo as t— oo. (3.15)

Proof. Since v(t) is continuous and increasing and v(0) =0. It follows from (3.15) that
there exists a positive constant T»(xo,{tx}) depending on xp and {t;} such that for xo #0,

6, "v(Ty) =6y "V'1(0,x0), (3.16)

where V (t,x) =V71(t,x)/(1—17). It follows from (3.13b) and (3.13c) that

V(tex(t) <ML TV (e, x(8)), VkeN, (3.17a)
DTV (t,x(t)) <I(t), t#£t, keN. (3.17b)
Note that (3.13d) implies
N(t,0
6,"< I M "<8,", t>s>o0. (3.18)
k=N(s,0)+1

Thus, by Lemma 2.1 and I(t) <0, we obtain that for V{#;} and 0<t< T,

0<V(t,x(t)) g@;”V(O,xO)—i—G}”/Otl(s)ds

=05 "V (0,x0)—6; "v(t). (3.19)
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By (3.16) and the definition of V(t,x), we obtain V(T,,x(T2)) =0. Then it follows from
(3.13a) and a; € K that x(T,) =0. In a similar way to prove (3.8), we have

x(t)=0 for t>T,. (3.20)

Hence, the origin of system (2.1) is finite-time convergent for any given impulse sequence
and the settling time is T(xo,{tx}) < T». Since v is increasing, (3.14) follows from (3.16).

For Ve >0, let 6 € (0,a, ' (a1(€)/62)). Then it follows from (3.13a)-(3.13d), /(#) <0 and
Lemma 2.1 that for any |xo| <J, >0,

ar(|x(£)]) <V (8,x(t)) <62V (0,x0) <Oraa([x0]) <ai(e), (3.21)
which together with a; € K yield that
lx(t)|<e
for t >0 and |xo| <. The proof is completed. O

Remark 3.3. The finite-time stability with mixed impulses is also studied in [21], where
I(t) depends on the initial value, and 6, is less than 1, but in Theorem 3.2, 6, is an any
positive constant.

Remark 3.4. By [8, Lemma 4.3], we know that (3.13a) always holds when V(t,x) is a
positive definite function for V¢t > 0. In addition, by [2, Theorem 4.3], we obtain that
(3.13a) and (3.13c¢) hold if the continuous dynamics (the dynamics of the system without
impulsive effects) are GFTS with the settling time being continuous at the origin. Thus, if
the continuous dynamics are GFTS with the settling time being continuous at the origin
and impulse jumps satisfy (3.13d), the impulsive system (2.1) with f(t,x) = f(x) is GFTS
over any class of impulse sequences. This case is covered by Theorem 3.2. However, the
finite-time stability cannot be analyzed by the existing finite-time stable results, such as
Theorem 3.1 in this paper and the results in [3,11,17,19-22].

3.3 The global finite-time stability of systems with destabilizing impulses

It is shown in [6] that the destabilizing impulses should not happen too frequently, be-
cause the destabilizing impulses destroy the input-to-state stability. In this subsection, we
will extend the result to the global finite-time stability of system (2.1) with destabilizing
impulses.

Theorem 3.3. If there exist a vy function V, two K functions ay and ap and constants 61 > 1,
n€1[0,1) and ¢; >0 such that

wr(|x]) <V (8,x(t)) <aa(lx]), (3.22a)
V(tx(t) <OVt x (), keN, (3.22b)
DTV (t,x(t)) < —c V(t,x(t)), t#£t, ke, (3.22¢)



60 G. Zhao and H. Liang / Adv. Appl. Math. Mech., 15 (2023), pp. 49-68

then the origin of system (2.1) is finite-time convergent over 8611, 5, Here Scll, 5, denotes a class of
impulse sequences {ty} such that

8(t)=0 (3.23)

has a positive solution Ts(xo,{t;}) depending on xo and {t} for xo #0, where

t
o(t) =o' NIV (0,0) ey [ aft N
0
V(t,x):=VI(tx)/(1-7).

Furthermore, let 821 = {ty € S} 5 : there exists a positive constant o such that
sup{N(Ts(xo,{tx}), ) |x0\ <o} < oo} Then the origin of system (2.1) is GFTS with
(Xo,{tk}) S T3 over Scl, o

Proof. 1t follows from (3.22b) and (3.22c¢) that
V(tx(t) <6 "Vt x(t), VkeN, (3.24a)
DTV (t,x(t)) < —cy, t#t and keNN. (3.24b)
Then by Lemma 2.1, we obtain
0<V(t,x(t)) <d(¢). (3.25)

Note that §(T3) =0 for {t} € S} 5 and xo #0. Thus, V(T3,x(T3)) = 0, which implies
V(T3,x(T3)) =0. Then it follows Hom (3.22a) and «q € K that x(T3) =0. Similarly to the
proof of (3.8), we can prove that

x(t)=0 for t>Ts. (3.26)

So the origin of system (2.1) is finite-time convergent over S! s, and the settling time is

T(XO,{fk}) < T3
For any given ¢ >0 and {#;} € S? . 5,» the construction of S? s, implies that there exists

a constant ¢ > 0 such that p:= sup{N(Tg(xO,{tk}) txo| < a} <oo. Let M:=4} and

§:=min{c,a, ' (a1(€)/M)}. Then it follows from (3.22a), (3.22b), (3.22c) and Lemma 2.1
that for V|xo| <4, Vt€[0,T5],

a1<|x<t>|>sv<t,x<t>>sai““'“)wo,xo)Sszzuxo\ml(e» (3.27)

Then we have that when {#;} €S 5 , |x(t)| <€ for ¥|xg| <6 and Vt € [0, T3]. This together

with (3.26) yields the stability of the origin of system (2.1) for V{#;} € Sczl, 5 The proof is
completed. O

Now, we give two special cases of Theorem 3.3 in the following remark and corollary.



G. Zhao and H. Liang / Adv. Appl. Math. Mech., 15 (2023), pp. 49-68 61

Remark 3.5. Let f:= 5%_’7, [y:= a;_”(a)/(cl(l —17)) and S! denote the class of impulse
sequences {f; } satisfying
1—
t] > ) 17(0)
>
=t a(l—n)

Assume that conditions of Theorem 3.3 hold. It follows from the construction of V, (3.22a)
and 81 >1 that for {#;} €S and |xo| <o,

min{ jez. }::N1 < co. (3.28)

—_ t —
O(t) :ﬁN(t'O)V(O,xO)—cl/O ,BN(t's)dsg,BN(t'O)(x; o)/ (1—n)—cqt.

So
l9(t) §,8N1’1C11"g—c1t for te [tlelthl)-

Note that {f;} eS! implies ¢, <[3j_11’g forj=1,---,Ni—1and tn, 2[31\]1_11}, which together
with B>1yield that ty, 4 <ﬁNl_1I’(7 <tn,. Thus, if /SNl_ll’g <tn,, we have 19(,3N1_1FU) <0,
and if BN 71T, =ty,, we obtain &(ty, ) <0, which together with 8(ty,) :(Si*”ﬁ(tﬁl) yields
#(BN1~IT,) <0. Then it follows from (3.25) that #(BN'~'T,;) =0. Hence, [11, Theorem 2]
can be viewed as a special case of Theorem 3.3 with S! ; =S8" and T (xo,{t}) <M T,
Besides, since N(T3,0) < Nj for |xo| <o and V{#} €S!, Theorem 3.3 implies that the origin
of system (2.1) is finite-time stable over S 1

Corollary 3.2. Assume that conditions of Theorem 3.3 hold with 6, > 1, then the origin of system
(2.1) is GFTS with T(xo,{tx}) < T*, over S;—avg[T*,No]NSavg [T*,No] for all Ng >0 and t*

satisfying

T > In(8)6r PNV (0,x0) /¢y, (3.29)
where X .
T T
= In .
(1—7])11’151 <c1T*—5f(1")N°V1—W(O,x0)1n51>

Proof. For V{t;} €S avg[T*,No]NSavg[T*,No], we have

t(1-y)

o) b(=9)0n) o
(1) <6, +No(1 W)V(O,xo)—cl/ 5 T No(1=1)) 5
0

C]T*(S;NO(lirl) ) clT*5;NO(1777)
(1—17)11’1(51 (1—17)11’151
—:a1(t). (330)

t(d-y) ) -
=5, (P (0,x0) -

Note that o7 (T*) =0 and (3.29) implies T* > 0. Thus, it follows from (3.25) that

0< V(T*,x(T*)) <8(T*) <oy (T*) =0,
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ie., 9(T*)=0. Note that N(T*,0) <T*/1*+Np for {t;} € Savg[T*,No] and

*

T cT*
T < In
(1—7)Ins (ClT*—55(1_17)1\]004;_’7(1)111(51)

for [xo| <1. Thus, sup{N(T*,0): |xo| <1} < oo for V{t;} € Savg[T*,No], and the desired
result follows from Theorem 3.3. O

Remark 3.6. Note that the impulse sequence in Theorem 3.3 may be finite or infinite and
unbounded. However, in [11,19,21,22], only finite impulse sequence is considered.

4 Finite-time instability

In this section, for the finite-time instability of system (2.1), we mainly investigate two
cases: finite-time stable system with destabilizing impulses and finite-time instable sys-
tem with stabilizing impulses.

4.1 The finite-time instability of systems with destabilizing impulses

The finite-time instability of systems with destabilizing impulses is studied in the follow-
ing theorem.

Theorem 4.1. If there exist a function VeC 11 (R4 xR";Ry), two Ko functions oy and ay, and
constants 6, >1, 1€ 0,1), and c; >0 such that

ar(|x]) <V (t,x) <ax(|x]), Vt>0, VxeR", (4.1a)
V'(t,x)=—c1V'(t,x), t#t, ke, (4.1b)
V(t,x(t)) =01V (£, ,x(t)), keN, (4.1c)

then the origin of system (2.1) is finite-time instable for V{t;} € S;_avg[T*,No]NSavg[T*, No),
where Ny >0 and T* satisfy

yi-n (O,XO) Indq

0<t*<
Clé%(l—ﬂ)No

(4.2)

Proof. Let V(t,x):=V'1(t,x(t))/(1—7). Then by (4.1b) and (4.1c), we obtain that for
t#tr and k€N,

V/(t,x)=—c1, V(tex(t))=68, "V(t ,x(t)). (4.3)

Following the proof of Lemma 2.1, we have

t
V(tx(t))=6"""NOY(0,x0) —c; / SITINES) g, (4.4)
0
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Since {t;} € St—avg[T*,No]NSavg [T*,No), by (2.3a) and (2.3b), we obtain

_ ot _ t _ t;*s
V(tx(t) 28 N NO)V(O,xo)—Cl/ 5 (),
0

% s(1=17)No # s(1=1)No
_ 5=/ (== No _atd C17"0;
= (o TR0 s ) e 49

which together with (4.2) yield that V(t,x(t)) >0 for t >0 and x9 # 0. Then it follows
from the construction of V and (4.1a) that x(t) #0 for t >0 and xo #0. The proof is
completed. O

Remark 4.1. According to [15, Theorem 2.2], the origin of system (2.1) without impulsive
effects is finite-time stable if the conditions of Theorem 4.1 hold. If the impulses are
destabilizing, in order to guarantee the origin of the system to be finite-time stable, the
impulses should not occur frequently (see Corollary 3.2); otherwise, the origin of the
system may be finite-time instable (see Theorem 4.1). This result will be illustrated by the
numerical simulations of system (5.4) in Section 5.

4.2 The finite-time instability of systems with stabilizing impulses

In the following, we present a class of systems, which cannot be stabilized by the stabi-
lizing impulses.

Theorem 4.2. If there exist a function V € CV1 (R x R"; Ry ), a function | € LY (R ;R), two K
functions ay and ap and a positive constant &y € (0,1) such that for Vx € R",

ar(|x]) <V (t,x) <ar(|x]), (4.6a)
V/(t,x)>1(t)V(t,x), t#t, ke, (4.6b)
V(tk,x(tk)):(50V(t;,x(t,;)), keN, (4.6¢)

then the origin of system (2.1) is finite-time instable for any given impulse sequence with N (t,0) <
co for V't > 0.

Proof. Let
V(tx):=e holOdsy (g x).

Then it follows from (4.6b) and (4.6¢) that V' (t,x(t)) >0 and V (t,x(tx)) =V (t ,x(t;))
for t #t; and k €N, which together with the proof of Lemma 2.1 yield that

V(tx(8) 28 "V (0,2(0)), t>0. (4.7)
Combining this inequality with the definition of V (t,x(t)) and (4.6a) yield that
wa(|x(D)]) 2V (t,x(2)) 2 65 “Vel OBV (0,x,)
zéé\l(t’o)ejgl(s)dsal(]xo\). (4.8)
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Then we have that there is no finite time * > 0 such that x(+*) =0 for xp # 0 and any
impulse sequence satisfying N(#,0) < co. The proof is completed. O

Remark 4.2. By (4.8), it is shown that the origin of system (2.1) without impulsive effects
is finite-time instable if the conditions of Theorem 4.2 hold. Thus, we obtain that some
finite-time instable systems cannot be stabilized by the stabilizing impulses.

5 Numerical examples

In this section, we provide some numerical examples to illustrate the obtained results on
finite-time stability.

Example 5.1. Consider the following system
x(t)=—2"2x73(t), t#k keZ.,
x(k)=2"3x(k"),

with the initial value x(0) =3.

It follows from Theorem 3.1 that the origin of system (5.1) is finite-time stable, since
by letting

V(b x(t)) = ;x%(t),

we have a1 (s) =an(s) =3s*/3/2, 7 =0, 1(t) = —27"2*1, 5, =1/2 and

t 3 t
y(t)z/ 2-itlpslgg— 2 (22 -1).
0

In2

In addition, the solution of system (5.1) without impulsive jump is

s, 8 "y 3In2_4
which cannot reach the origin in finite time, and /(¢) has no relation with the initial value
and the first impulsive time, and is not a finite-time stable function, thus, the existing
finite-time stability results (e.g., [3,11,17,19-22]) cannot be used to analyze the the finite-
time stability of (5.1). Fig. 1(a) shows that the state of system (5.1) converges to the origin
in finite time.

Example 5.2. Consider the following system

1
xl(t):_%foer, t#k, keZ.,,
1
ffz(t)z—%xg—xl, £k, (5.3)

k

x(k) =2 % (k).
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4 1.5 ‘
—X
1
3 \ 1 /\ Xy |
~ 2 —
= <057
X 1 \\ < \
-1 -0.5 ‘
t (sec) t (sec)
(a) State of system (5.1) (b) State of system (5.3)

Figure 1: Simulations of systems (5.1) and (5.3).

Let V(t,x):=x3+4x3. Then the conditions of Theorem 3.2 hold with a1 (s) =az(s) =2,
I(t)=—t, 1=2/3, 01 =1/2 and 6, =2. Hence, the origin of system (5.3) is finite-time
stable. We provide the simulations for the state of system (5.3) with x(0) = (1,1)T in
Fig. 1(b), which show that the state of system (5.3) converges to the origin in finite time.

Example 5.3. Consider the following system

{ =31}, 1t 5.4)

with x(0) =1.
Let V(t,x):=x2. Then
V/(x(t)=—Vi(tx(t) for t#t and V(tex(t))=eV(t,x(t)).

For the case of {f;:ty =4k, k€ Z,}, we have 7" =4 and Ny =1. Then system (5.4) with
{tx:ty =4k, k€ Z .} satisfies the conditions of Corollary 3.2. Namely, the origin of system
(5.4) with {ty:t, =4k, ke Z } is finite-time stable. We provide the simulations of system
(5.4) with {ti:ty=4k, k€Z} and {t;:t;,= %, keZ. } in Fig. 2(a) and Fig. 2(b) respectively.
Fig. 2(a) shows that state of system (5.4) with {f;:ty =4k, k€ Z .} converges to the origin
in finite time. However, when the impulse sequence is {t;:t; = %, ke Z.}, the state of
system (5.4) cannot converge to the origin in Fig. 2(b). Fig. 2 shows that for the system
with destabilizing impulses, the impulses should not occur frequently; otherwise, the
origin of the system is finite-time instable.
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Figure 2: Simulations of system (5.4).

6 Concluding remarks

The global finite-time stability and instability of nonlinear impulsive systems are stud-
ied in this paper. For system with stabilizing impulses, we provide a Lyapunov theorem
on global finite-time stability and show that the more frequently the stabilizing impulses
happen, the faster the state converges to the origin. For system with mixed impulses,
the global finite-time stability is studied, and it is shown that if the continuous system
is GFTS with settling time being continuous at the origin, then the system is still GFTS
under any impulsive effects if the jumps satisfy some mild conditions. For system with
destabilizing impulses, the global finite-time stability and finite-time instability are stud-
ied and it is shown that to be finite-time stable, the destabilizing impulses should not
occur too frequently, otherwise, the origin of the system is finite-time instable, which
are formulated by ADT conditions respectively. A theorem of finite-time instability for
system with stabilizing impulses is developed, and it is shown that a class of finite-time
instable systems cannot be stabilized by the stabilizing impulses.

Acknowledgements

The work of the first author was supported by National Natural Science Foundation of
China (No. 61807017). The work of the second author was supported by the National Nat-
ural Science Foundation of China (Nos. 12171122, 11771128), Shenzhen Science and Tech-
nology Program (Grant No. RCJC20210609103755110), Fundamental Research Project of
Shenzhen (No. JCYJ20190806143201649), Project (HIT.NSRIF. 2020056) Supported by Nat-
ural Scientific Research Innovation Foundation in Harbin Institute of Technology, and
Research start-up fund Foundation in Harbin Institute of Technology (No. 20190019).



G. Zhao and H. Liang / Adv. Appl. Math. Mech., 15 (2023), pp. 49-68 67

References

[1] D. D. BAINOV, AND P. S. SIMEONOV, Systems with Impulse Effect: Stability, Theory and
Applications, Ellis Horwood, Chichester, 1989.

[2] S. P. BHAT, AND D. S. BERNSTEIN, Finite-time stability of continuous autonomous systems,
SIAM ]J. Control Optim., 38(3) (2000), pp. 751-766.

[3] G. CHEN, Y. YANG, AND J. LI, Finite time stability of a class of hybrid dynamical systems, IET
Control Theory Appl., 6(1) (2012), pp. 8-13.

[4] H. B. Du, S. H. L1, AND C. J. QIAN, Finite-time attitude tracking control of spacecraft with
application to attitude synchronization, IEEE Trans. Automat. Control, 56(11) (2011), pp. 2711~
2717.

[5] W. HADDAD, V. CHELLABOINA, AND S. NERSESOV, Impulsive and Hybrid Dynamical Sys-
tems: Stability, Dissipativity and Control, New Jersey, Princeton University Press, 2006.

[6] J. HESPANHA, D. LIBERZON, AND A. TEEL, Lyapunov conditions for input-to-state stability of
impulsive systems, Automatica, 44 (2008), pp. 2735-2744.

[7] S. HUANG, AND Z. XIANG, Finite-time stabilization of switched stochastic nonlinear systems with
mixed odd and even powers, Automatica, 73 (2016), pp. 130-137.

[8] H. K. KHALIL, Nonlinear Systems, Prentice Hall, 2002.

[9] V. LAKSHMIKANTHAM, D. BAINOV, AND P. SIMEONOV, Theory of Impulsive Differential
Equations, Singapore, World Scientific, 1989.

[10] Q.X.LAN,S.H.LI, S. KHOO, AND P. SHI, Global finite-time stabilisation for a class of stochastic
nonlinear systems by output feedback, Int. . Control, 88 (2015), pp. 494-506.

[11] X. D. L1, D. W. C. HO, AND J. D. CAO, Finite-time stability and settling time estimation of
nonlinear impulsive systems, Automatica, 99 (2019), pp. 361-368.

[12] H. LIANG, M. H. SONG, AND M. Z. L1u, Stability of the analytic and numerical solutions for
impulsive differential equations, Appl. Numer. Math., 61 (2011), pp. 1103-1113.

[13] M. Z. L1y, G. H. ZHAO, AND M. H. SONG, Stability of the semi-implicit Euler method for a
linear impulsive stochastic differential equation, Dyn. Contin. Dis. Ser. B, 18 (2011), pp. 123-134.

[14] X. L1y, G. L. ZHANG, AND M. Z. L1U, Analytic and numerical exponential asymptotic stability
of nonlinear impulsive differential equations, Appl. Numer. Math., 81 (2014), pp. 40-49.

[15] Y. G. L1u, Global finite-time stabilization via time-varying feedback for uncertain nonlinear systems,
SIAM J. Control Optim., 52(3) (2014), pp. 1886-1913.

[16] J. Q. Lu, D. W. C. HO, AND J. D. CAO, A unified synchronization criterion for impulsive dy-
namical networks, Automatica, 46 (2010), pp. 1215-1221.

[17] S. G. NERSESOV, AND W. M. HADDAD, Finite-time stabilization of nonlinear impulsive dynam-
ical systems, Nonlinear Anal. Hybrid Syst., 2 (2008), pp. 832-845.

[18] D. OUYANG, J. SHAO, H. JIANG, S. WEN, AND S. K. NGUANG, Finite-time stability of coupled
impulsive neural networks with time-varying delays and saturating actuators, Neurocomputing,
453 (2021), pp. 590-598.

[19] Z. WANG, ]J. CAO, Z. CAI, AND M. ABDEL-ATY, A novel lyapunov theorem on finite/ fixed-time
stability of discontinuous impulsive systems, Chaos, 30 (2020), 013139.

[20] Z. WANG, ]J. CAO, Z. CAL, AND L. HUANG, Finite-time stability of impulsive differential in-
clusion: applications to discontinuous impulsive neural networks, Dyn. Contin. Dis. Ser. B, 26(5)
(2021), pp. 2677-2692.

[21] J. WU, X. L1, AND X. XIE, Finite-time stability for time-varying nonlinear impulsive systems,
Math. Meth. Appl. Sci., (2021), pp. 1-16.

[22] Q. X1, Z. LIANG, AND X. LI, Uniform finite-time stability of nonlinear impulsive time-varying



68 G. Zhao and H. Liang / Adv. Appl. Math. Mech., 15 (2023), pp. 49-68

systems, Appl. Math. Model., 91 (2021), pp. 913-922.

[23] J. XU, AND J. L1u, Temperature effect on the fundamental breakdown mechanism of mack mode
disturbances in hypersonic boundary layers, Adv. Appl. Math. Mech., 13(2) (2021), pp. 333-354.

[24] T. YANG, Impulsive Control Theory, Berlin, Springer-Verlag, 2001.

[25] G. H. ZHAO, ]J. C. L1, AND S. J. L1U, Finite-time stabilization of weak solutions for a class of
non-local Lipschitzian stochastic nonlinear systems with inverse dynamics, Automatica, 98 (2018),
pp. 285-295.

[26] G. H. ZHAO, AND S. J. LU, Finite-time stabilization of nonlocal Lipschitzian stochastic time-
varying nonlinear systems with Markovian switching, Sci. China Inf. Sci., doi: 10.1007/511432-
021-3458-9.

[27] G. H.ZHAO, M. H. SONG, AND M. Z. L1U, Exponential stability of Euler-Maruyama solutions
for impulsive stochastic differential equations with delay, Appl. Math. Comput., 215 (2010), pp.
3425-3432.

[28] G. H. ZHAO, M. H. SONG, AND Z. W. YANG, Mean-square stability of analytic solution and
Euler-Maruyama method for impulsive stochastic differential equations, Appl. Math. Comput., 251
(2015), pp. 527-538.

[29] H. ZHOU, Z. SHENG, AND G. YUAN, A conservative gradient discretization method for parabolic
equations, Adv. Appl. Math. Mech., 13(1) (2021), pp. 232-260.



