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Abstract. This paper develops and analyzes interior penalty discontinuous Galerkin
(IPDG) method by patch reconstruction technique for Helmholtz problems. The tech-
nique achieves high order approximation by locally solving a discrete least-squares
over a neighboring element patch. We prove a prior error estimates in the L2 norm
and energy norm. For each fixed wave number k, the accuracy and efficiency of the
method up to order five with high-order polynomials. Numerical examples are carried
out to validate the theoretical results.
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1 Introduction

The Helmholtz equation is a linear mathematical model that describes time-harmonic
acoustic, elastic and electromagnetic steady state waves. One major problem in approxi-
mating this equation by classical finite element methods is the loss of ellipticity with an
increasing excitation frequency.

For many years, the finite element method (and other type methods) has been widely
used to discretize the Helmholtz equation with various types of boundary conditions,
see [1,5-7,10,18,19,22,29] and the references therein. It is well known that, in every coor-
dinate direction, one must put some minimal number of grid points in each wave length
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I =27 /k in order to resolve the wave; that is, the mesh size h must satisfy the constraint
hk <1. In practice, 6-10 grid points are used in a wave length, which is often referred to
as the “rule of thumb”. However, this “rule of thumb” was probed rigorously not long
ago by Ihlenburg [19] only in the one-dimensional case (called the preasymptotic error
analysis). The main difficulty of the analysis is caused by the strong indefiniteness of the
Helmholtz equation, which in turn makes it hard to establish stability estimates for the
finite element solution under the “rule of thumb” mesh constraint. Standard finite ele-
ment methods based on low-order polynomials do not perform well for the Helmholtz
equation at high wavenumber. On the one hand, low-order polynomials do not well
resolve the solution unless several grid points per wave length are used. On the other
hand, such methods suffer from the so-called pollution effect: for a fixed number of grid
points per wave length, the numerical error grows with the wavenumber [20,21]. The
detailed analysis of [15,19] also shows that the pollution effect is inherent in the finite
element method and is caused by the deterioration of stability of the Helmholtz opera-
tor as the wave number k becomes large. Indeed, it was suggested in [27,28] that the
pollution effect can be suppressed by using higher order polynomials for problems with
higher wavenumber.

In the past fifteen years, DG methods have received a lot of attention and under-
gone intensive studies by many people. We refer the reader to [3,4, 8,12-14, 30, 32] and
the references therein for a detailed account on DG methods for coercive elliptic and
parabolic problems. We like to note that, in addition to the well known advantages
of DG methods, the results of this paper also demonstrate the flexibility and effective-
ness of DG methods for strongly indefinite problems, which was not well understood
before. In this article, the discontinuous Galerkin method by patch reconstruction will
be employed to study the Helmholtz problem. The method is an efficient numerical
method for solving partial differential equations, was firstly introduced in [24] for the
elliptic problems, and applied to many other model problems [23,25,26]. In [24], Li et
al. proposed an arbitrary-order discontinuous Galerkin method for second-order elliptic
problem on general polygonal mesh with only one degree of freedom per element by
solving a local discrete least-squares over a neighboring element patch. In this work, our
mesh-dependent sesquilinear forms penalize the jumps of the function values across the
element edges/faces.

This paper has a small but vitally important idea that takes the penalty parameters as
complex numbers of positive imaginary parts. This idea also contributes critically to the
stability of the IPDG methods of this paper. The rest of the paper is organized as follows.
In Section 2, we briefly describe the reconstruction finite element space, then state the
basic properties of those spaces. In Section 3, we present the interior penalty discontinued
Galerkin method for Helmholtz problem with the reconstructured approximation space
and prove a priori error estimate. In Section 4, we perform several benchmark problems
for Helmholtz problem to demonstrate the efficiency of the proposed method. Finally, in
Section 5, we summarize the work and draw some conclusions.
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2 The reconstructed finite element space

For a given polygonal domain () in R?, its polygonal partition is 7}, and the element is
denoted by K and Uge7, K=Q). hg denotes its diameter and h:=maxge7; hk. Let £, denote
the union of boundaries of element K € 7j,. The partition 7, must satisfy the same shape
regularity conditions A1, A2 as in [24] : There exist an integer number N independent of
h, a real positive number ¢ independent of h, a compatible sub-decomposition 7;, such
that

e Al. Any element K admits a decomposition Ty |k that consists of at most N triangles
T.

e A2, Any 1€ 77, is shape-regular in the sense of Ciarlet-Raviart [11]: there exists ¢
such that h/pr <o where h- is the diameter of T and p- is the radius of the largest
ball inscribed in 7.

Assumptions A1l and A2 impose quite weak constraints on the triangulation, which
may contain elements with quite general shapes, for example, non-convex or degenerate
elements are allowed.

The above shape regularity assumptions lead to some useful consequences, which
will be extensively used in the later analysis.

e ML. For any T€7j, there exists p; >1 that depends on N and ¢ such that hig /1. <py.

e M2 (Agmon inequality). For all v€ H!(K), there exists C that depends on N and ¢,
but independent of hk such that

19182(a) < C (i 12122010+l VO 22 ) 2.1)

e M3 (Approximation property). For any positive integer m, there exists C that de-
pends on N, m and ¢, but independent of hx such that for any v € Hmtl (K), there
exists an approximation polynomial € P"(K) such that

’|v_ﬁHL2(K)+hKH V(U—ﬁ) HLZ(K) S Cthrl‘U‘HmH(K). (22)

e M4 (Inverse inequality). For any v € IP"(K), there exists a constant C that depends
only on N, m, ¢ and p; such that

1V 12k) < Chi ol 2k (2.3)

The proofs of above conclusions can be found in [24]. Moreover, we introduce some
notations which will be used later. Let D denote a subdomain of (), it may be an element
in 7Tj, or an aggregation of the elements belonging to 7,. H" (D) and IP"*(D) denote the
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Sobolev space and the polynomial space with a total degree not greater than m on D,
respectively.
Let U}, be the space consisting of piecewise constant functions related to 7j;:

U,={vel?(Q) | v|geP’(K), VKT, }.

Given the qualified partition 7;, we need to define reconstruction spaces Vj, and op-
erators R. The reconstruction operator R is introduced in [24] which maps the piecewise
constant space to discontinuous piecewise polynomial space V},. Here we restate the basic
process to construct the space and the operator to unify the notations.

The reconstruction space and the operator rely on two sets, namely, the element patch
S(K) and the sampling nodes Z(K). The element patch S(K) is a collection of the elements
which contain K itself and neighboring elements around K. For each element K, a sam-
pling node xg is assigned in the interior of K. Let Z(K) denote the set of sampling nodes
belong to S(K). For brevity, we omit the principles of how to choose the element patches
and the sampling nodes here, the details can be found in [24].

For Yve Uy, and VK €Ty, solving the following discrete least-square problem gives the
local reconstruction Rgv on S(K)

Riv= argmin Y [o(x)—p(x)[>, (2.4)
pelP™(S(K)) xeZx

where the operator Rx maps the piece-wise polynomial v to a m-th order polynomial p
on S(K).

Although R v gives the approximate polynomial on the element patch S(K), we limit
the approximate polynomial just on the element K. Thereafter, the global reconstruction
operator R is defined as follow,

R|k=Rk.

As long as the reconstruction operator is given, the approximation space appears auto-
matically. The operator R embed the space U}, into an m-order discontinuous polynomial
finite element space. The approximation space is defined by

V, =RU,.

Before introducing the approximation property of R, we discuss the size of element patch
S(K) first. Next, we compute the degree of freedom of the m-order polynomial, we have:

(m+1)(m+2)

nop = 5

Then the size of element patch denoted by nppts, should satisfy:

(n+1)(n+2)

nppts >nop = 5
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Now we are ready to state the approximation property of the operator R. The detailed
proof can be found in [24]. Define

dg:=diamS(K) and d=maxdk.

KeT,
Moreover, we assume the sampling node set Z(K) satisfy the following assumption.
Assumption 2.1. For every K€ 7Tj, pP"(5(K)),

Assumption 2.1 guarantees the uniqueness of solution to the least squares prob-
lem (2.4). It also implies the element patch S(K) must be large enough, and the quan-
titative estimate is as follows,

A(m,Z(K))<oo
with

A(m,I(K)):= max Iplle=(s0). (2.6)

pePr(S(K) 1Pl zek) [l e

The constant A(m,Z(K)) is similar to the Lebesgue constant in the approximation theory.
We refer to [24] for the constraints of the uniform upper bound of A(m,Z(K)). The local
reconstruction operator has the following approximation property.

Lemma 2.1 ([24, Lemma 3]). If Assumption 2.1 holds, then there exists a unique solution
to (2.4). Furthermore, Rkq satisfy

Rrq=q forall geP™(S(K)). (2.7)
For g€ C°(S(K)), the stability property holds

IRk [l e () < A(m, Z(K))AHL(K) | gl 2k [ e/ (2.8)

and the quasi-optimal approximation property is valid

1g—Rkq | L=(x) < Am mf Hq P (s (2.9)

pelP™(S
where
A :?eaT);{H—A(m,I(K)) H#T(K) }
The optimal approximation property follows as

Lemma 2.2 ([24, Lemma 4]). If Assumption 2.1 holds, for g € C°(S(K))NH™*1(S(K)), then
there exists C such that

Hq RKqHLZ <CA thK|q|Hm+1 )) (2.10&)
IV (g— RKq)HLz ) < CUR A+ Amdid) 1] o s i) - (2.10b)
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The global reconstruction operators R and S have the following approximation esti-
mates.

Lemma 2.3. For g€ H"*1(Q), together with the Agmon inequality and the local approximation
estimates (2.10a) and (2.10b), there exists a positive constant C, such that

19=Rqll 200 S CAwR™ 4] s (2.11a)
|V (g— Rq)HLz < CA,,h™ ’q‘Herl (2.11b)

where d is eliminated by h and C depends on the recursion depth t of the element patch.

3 Helmholtz problems

Now we consider the Helmholtz problems:

{ —Au—ku=f in Q, 3.)

Vu-n+iku=g on 0Q,

where k is a given positive number and known as the wave number and i denotes the
imaginary unit.
The discretized variational problem for Egs. (3.1) reads: find uj, € U}, such that

ah(Ruh,Rv)—k2(Ruh,Rv):(f,Rv)h+/ ¢Rudx, Vvel,. (3.2)
90

The symmetric interior penalty method is employed to discretize the elliptic operator.
For the second order elliptic operator, a,(-,-) is

=) /Vvadx—Z/e v|[{Va}+r[w]{Vo})ds

KeT, ec;

+ L i [neh, ol [@lds+ i [ kowas, (3.3)

ecéi ectl ¢

and

(f Ro)= Y. / FRodx,
KeTy, K
where 7, is a positive constant. More precisely, for r=1, we obtain the classical (symmet-
ric) interior penalty (SIP) method, for r=—1 the stabilized version of the Baumann-Oden
method, usually referred to as non-symmetric interior penalty (NIP) method, and for =0
the incomplete interior penalty (IIP) method. We refer readers to [2,9] for those interior
penalty method. In this paper, we only consider the error estimation of the eigenvalue
and eigenfunction with SIP method, but several benchmark problems for NIP and IIP
method are carried out in Section 4.
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Let £ denote the collection of the interior faces. The set of boundary faces is denoted
as £/, and &, =& UEY. Let e be an interior face shared by two neighboring elements
K*, K=, and n™, n~ denote the corresponding outward unit normals. For the scalar-
valued function g and the vector-valued function v, the average operator {-} and the
jump operator [[-]] are defined as

1
vy==(v"+07), [v]l=nT-v"4+n"-v".
fop=1(
Here v+t =v|g+ and v~ =v|g. Fore€ £}, we set
{v}=vlk, [v]=n-v|k.

We define the energy norm ||- ||, for any v €V, =RUj,

ol = ¥ 190lB2+ X b ol By + X Kol + X RlolZg G4

KeTy ecE] ec&l KeT,

From the Agmon inequality (2.3) and Lemma 2.3, the following interpolation estimates
are straightforward for the reconstruction operator in the energy norm.
For g € H"*1(Q), there exists C that depends on N, ¢, v and m such that

llg—RglIP < CAZI" (14 K-+ K2H2) g 2 . (35)

By definition, we obtain the consistency of 4, in the sense that
ay(u,Ro) —k*(u,Ro) = (f,Rv)+/ gRudx, Vovel,. (3.6)
20

Therefore, the following Galerkin orthogonality holds true.
ay(u—Ruy,Rv) —k*(u—Ruy,Rv,) =0, Yoel,,. (3.7)
Next, we define an auxiliary bilinear form b, and a mesh-dependent norm || ||:
by (u,0): =ay (u,0) + (Ku,v). (3.8)
By the definition of energy norm and Cauchy’s inequality, we have
|a,(Ro,Rw) +k*(Ro, Rw)| <2||Rul||||Rw]||, Vo,we U,. (3.9)
Next, we need to prove the coercivity of by,.
Lemma 3.1. There is a constant A >0 independent of h such that for any v € Uy, we have

by(Ro,Ro) > A||Rol. (3.10)
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Proof. Let v Uj,. By definition of b, we have

by(Ro,Ro) = Y | VRo| ZZRe/ [Ro]] { VR ds

KeT, ect}

+ Y ine RN ey + X ik R0 22+ ¥ IR0l (1)

ec€l eceh KeTy

Using the Cauchy inequality and Young’s inequality, for any s >0, we have
s h
2Re [ [Ro]{ VRo}ds| < [ [Roll [+ S I {VR} [z, (3.12)

Then we have
V2|b,(Rv,Rv)| >Re by, (Rv,Rv)+Im b, (Rv,Rv)
s h
> ¥ VR0 — & (SR Ry + S I1{ TR} 2y, )

KeT, ecél

+ Y el RN 2y + X kI RO F20+ Y Kl ROk
ecél ecéb KeTy,

By Agmon inequality, we have

[{VRV} |22, < Cinohic | { VRO } |22
(e)

Then we have

V2liy(RoRo)| = ¥ [ VR0~ L fI VR0l + o
KeT;, KeT, ee:‘:’
h B
- ¥ CllRe e+ 21 {VRo) Hiz(e)) + Y e R I,
ecél ecél
+ Y KIRo[ T2+ Y IR0l i
665}1’ KeT,
1 2
>(1-1)| VRO |2+ ( —JH{VRo} |2
eeé" znv
+ Y (%—E)H[[Rv]]\! )+ L kIR [Fa) +R VR IF2
ecél ety

If we choose t and s, suchthati—f>0and17—s>0 1—t>0,ie,1>t>5%m s<y. Then

lﬂl)

for sufficiently large 7,, the result follows. O
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Theorem 3.1. Let u € H?(Q) be the exact solution to the problem (3.1) and Ruy, be the discrete
solution of (3.2), if Assumption B holds, then

2 2k
llu=Ra I < (145 ) llu =Rl + = =R 2. (3.13)
Proof. Denote v="TRu—"Ruy, we obtain

1 Rau— R < by (Rt~ Rty Rus— Ry
§%|bh(Ru—u,Ru—Ruh)|+%|bh(u—Ruh,Ru—Ruh)|. (3.14)
By Galerkin orthogonality
ap(u—TRuy,Ro) :kz(u—Ruh,Rv), Yoe U, (3.15)
we have

by, (u— Ruy, Ru—Ruy,) | =|ay, (u—Rup, Ru—Ruy,) +k*(u—Ruy, Ru—Ruy,)
=2|k*(u—Ruy, Ru—Ruy)|. (3.16)

Then we will obtain
Rt =Rty |2 < 2 [t — R || || Rt — Roay | +%|k2(u—Ruh,Ru—Ruh)|. (3.17)
By definition of the energy norm, we obtain
Kl Ru— Rty | 2y < IRt — R |. (3.18)
Then we have

|k (10— Ry, Rt — R, )| <k||u—Raup || 20y - kl| Rt = Rty || 12
<k|[u—Raup || 2(cy) | Rt — Raay [ (3.19)

Then we obtain 5 ok
1R Ry < 5 = Raal| 4+ 1= Roag |z (3:20)

From the above we can see
([t = R ||| <[[[1e — Rl +[[|R1e — R |

2 2k
< (15 =R+ = =Ry 2. (3:21)

Thus, we complete the proof. O
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Theorem 3.2. Let () be a bounded convex domain. Consider the following adjoint problem of
(3.1):

(3.22)

—~Ap—Kp=w in Q,
Vo-n+ikg=0 on dQ),

where w € L*(QY) and the solution ¢ € H*(Q). Then there is a constant C; > 0 only depending
on Q) such that

|#l2 () SC1(1+K) | w ]| 12 (3.23)
Proof. From [31, Theorem 4.4], we obtain the result directly. O

Theorem 3.3. Let u€ H™+1(Q) be the exact solution of (3.1). Let uy, € Uy, be the discrete solution
of the variational problem (3.2). Provided that the following threshold condition holds:

";{‘cq/\mh(l +kh+K*h2)V2(14k) <1,

then there is a constant C only depends on Q), N, o, 7y such that

|t — Ry |[| < CH™ (1+kh+K2H*) 2 1] s oy, (3.24a)
|| u —Ruh HL2(Q) S Chm+1 (1+kh+k2]’l2) (1 +k) |M|Hm+1(0). (324b)

Proof. Using (3.5) and let m =1, g= ¢, we obtain

llo—Rell SCAwh(1+kh+K1*)'2[g| (0
<CC1ARh(1+kh+KH) 2 (1+k) | w |l 2 (). (3.25)

If we take w=u—"Ru;, then
llg—Re|l| < CCLAwA(1+kh+K2H*) "2 (14k) || u— Ry || 12 () - (3.26)
By adjoint problem, we obtain
|u—TRuy ||i2(0) =a,(u—Ruy, @) —k*(u—Ruy, ). (3.27)
Using Galerkin orthogonality (3.7), we have

[t =Ry |72y =an (4= Run, 9 = Rep) —k* (1= Ru,, 9~ Rep)
<2[[Ju—=Rupl[lllo—Rell- (3.28)

Combining with (3.25), we obtain

=Rt || 2y <2CC1AWh(1+kh+ K212 (14-k) |||t — Ry . (3.29)
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By Theorem 3.1, we obtain
2 4k 2;241/2
| —Ruy|| < <1+X> ]Hu—RuH]+XCC1Amh(1+kh+k h=)Y2(1+k)||u—Ruyll|. (3.30)

If we assume that m
XCQAmh(l+kh+k2h2)1/2(1+k) <1,

we will obtain that there exists a constant Cy;,¢, such that

[l =R |[| < Cing || 1 = R

Combining with (3.5), we obtain

|t — Ry ||| < CCinp A™ (14K 4-K2H2) 2 | s ), (3.31a)
=Ry || 12(0) <2C*C1Cin g AGH" T (14+kh+K2H*) (14K) 1] gy - (3.31b)
So, we complete the proof. O

4 Numerical experiments

In this section, we present some numerical results to show that our method is efficient for
Helmholtz problems, and verify the theoretical estimates.

4.1 Numerical example

Here we present several benchmark problems for Helmholtz problems. As mentioned in
(3.3), we take 7, as a positive constant. Before demonstrating the numerical results, we
want to illustrate the purpose of the two examples. Example 4.1 is a smooth case which is
served as the theoretical verification. Example 4.2 employs three different methods with
the same uniform triangle mesh. The comparison wants to exhibit the proposed method
possesses the high efficiency of utilizing the DOFs. The relative L2-error ||u;, —u|;2 and
the energy norm error |||uj, —u/|| are studied.
We consider the following 2D Helmholtz problem:

—Au—kKu=f:= in Q,
Vu-n+iku=g on 0Q).

sin(kr)
r 4.1)

Here g is chosen so that the exact solution is

_ cos(kr)  cos(k)+isin(k)
ok k(Jo(k)+i]1(k))

in polar coordinates, where J,(z) are Bessel functions of the first kind.

]Q(ki")
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Example 4.1. In this example, we consider SIP method and the other numerical settings
are as follows, the computational domain is square domain () = [0,1]2, the domain is
partitioned into quasi-uniform triangular by Gmsh [16]. The size of the element patch is
presented in Table 1, where m is the order of polynomials.

Table 1: The size of element patch S(K) in Example 4.1 with different m-th order polynomial.

k k=0.01 | k=50 | k=100
m
m=1 4 4 5
m=2 8 10 8
m=3 17 17 15
m=4 19 19 20
m=>5 28 28 28

Table 2: The relative L2-errors and convergence rates of SIP method with k=0.01 in Example 4.1.

Order | h=1E-1

h=5E—2 Rate

h=25E—-2 Rate

1.25E—2 Rate

m=1 | 310E—-05 7.28E—06
m=2 | 1.16E—08
m=3 | 843E—-10 3.84E-11

1.32E—09

209 1.63E—-06

313 137E-10 3.27
446 212E-12 4.18

216 3.85E—-07 2.08

1.69E—-11 3.02
1.50E—-13 3.82

Table 3:

The relative energy norm errors and convergence rates of SIP method with k=0.01 in Example 4.1.

Order | h=1E-1

h=5E—-2

Rate h=25E—-2 Rate

1.25E—-2 Rate

m=1 | 1.51E-03 741E—-04
m=2 | 546E—-07 1.23E—-07
m=3 | 397E—-08 3.94E—-09

1.02  3.69E—-04 1.00
216 263E-08 222

333 451E-10

1.79E—-04 1.04
6.55E—-09 2.00

313 556E—-11 3.02

Table 4: The relative L2-errors and convergence rates of SIP method with k=50 in Example 4.1.

Order | h=5E—2 h=25E—-2 Rate 125E—-2 Rate 625E—3 Rate 3.125E—3 Rate
m=1 | 741E-03 126E-03 256 4.10E-04 162 9.66E—-05 2.08 238E-05 2.02
m=2 | 450E—-03 3.89E—04 353 488E-05 299 619E-06 298 7.73E—-07 3.00
m=3 | 3.06E-03 171E-04 416 109E-05 398 6.08E—-07 416 3.84E—-08 3.99
m=4 | 1.53E—-03 572E—-05 474 190E—-06 491 500E-08 525 144E—-09 5.12
m=5 | 290E-03 3.70E-05 6.29 5.03E-07 620 6.74E—-09 6.22 937E-11 6.17

Tables 2, 3 and Fig. 1 demonstrate the relative error and the convergence order with
k=0.01. The convergence order can be observed which agree with the Theorem 3.3. The
reason of showing until m=3 or h=1.25E—2 with k=0.01 is that the relative error achieves
the machine precision with the highest approximation order and finest mesh.

Tables 4, 5 and Fig. 2 demonstrate the relative error and the convergence order with
k =50. We can see that when h tends to zero, the convergence order conforms to the
theorem.
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Figure 1: The convergence rates of relative L2-errors (left)/energy-norm errors (right) with SIP method and
k=0.01 in Example 4.1.
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Figure 2: the convergence rates of relative L2-errors (left)/energy-norm errors (right) with SIP method and
k=50 in Example 4.1.

Tables 6, 7 and Fig. 3 demonstrate the relative error and the convergence order with
k=100. We can see that when / tends to zero, the convergence order conforms to the

Table 5: The relative energy norm errors and convergence rates of SIP method with k=50 in Example 4.1.

Order | h=5E—2 h=25E—2 Rate 125E—2 Rate 625E—3 Rate 3.125E—3 Rate
m=1 | 5.54E—-01 1.13E-01 229 752E—-02 059 392E—-02 094 197E-02 0.99
3.34E—-01 7.40E—02 218 191E-02 195 476E—-03 201 117E-03 2.03
2.54E—01 3.28E—02 295 4.01E—-03 3.03 454E—04 314 562E—-05 3.01
1.70E—-01 1.22E—02 3.80 7.06E—04 411 381E-05 421 219E-06 4.12
2.35E—-01 7.64E—03 494 212E—-04 517 547E—-06 528 1.80E—07 493
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Figure 3: the convergence rates of relative L2-errors (left)/energy-norm errors (right) with SIP method and
k=100 in Example 4.1.

Table 6: The relative L2-errors and convergence rates of SIP method with k=100 in Example 4.1.

Order | h=5E—2 h=25E—-2 Rate 125E—-2 Rate 625E—3 Rate 3.125E—3 Rate
521E-03 429E-03 028 257E—-03 074 6.89E—-04 190 179E-04 194
5.00E-03 255E-03 097 3.64E—-04 281 205E-05 415 244E-06 3.07
532E-03 1.18E-03 217 799E-05 3.89 433E-06 421 256E—-07 4.08
513E—-03 5.00E—-04 336 325E—-05 394 946E—-07 510 264E-08 5.17
5.08E—-03 526E—-04 327 176E-05 490 241E-07 6.19 397E—-09 592
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Table 7: The relative energy norm errors and convergence rates of SIP method with k=100 in Example 4.1.

Order | h=5E—2 h=25E—-2 Rate 125E—2 QRate 6.25E—3 Rate 3.125E—3 Rate

m=1 | 738E—01 6.09E—01 028 3.60E—-01 0.76 6.92E—02 238 3.22E—-02 1.10

m=2 | 714E—-01 4.10E-01 0.80 841E—-02 229 154E-02 245 357E-03 211

m=3 | 748E—01 231E-01 1.70 296E—-02 296 339E—-03 316 3.87E—04 3.09

m=4 | 734E—-01 942E—-02 296 128E—-02 288 732E—-04 413 4.03E-05 4.18

m=5 | 727E—01 945E—-02 294 7.72E—-03 3.61 201E—-04 528 6.78E—06 4.89
theorem.

Example 4.2. In this example, we consider NIP and IIP method and only consider k =
50 and k =100. The other numerical settings are same with Example 4.1. Tables 8, 9,
Tables 10, 11 demonstrate the relative error and the convergence order of NIP method
with k=50 and k=100. Tables 12, 13, 14, and 15 demonstrate the relative error and the
convergence order of IIP method with k=50 and k=100. We can observe that we obtain
the ideal convergence order when / is small enough and the results are also coincide with
the Theorem 3.3. It also can be seen that for k-th order polynomial degrees, if we consider
relative energy norm error, the order of convergence is k. However if we consider relative
L2-error and if k is even number, the order of convergence is k and if k is odd number, we
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Table 8: The relative L2-errors and convergence rates of NIP method with k=50 in Example 4.2.

Order | h=5E—2 h=25E—-2 Rate 125E—2 QRate 6.25E—3 Rate 3.125E—3 Rate
m=1 1.01E—02 6.25E—03 069 212E-03 156 6.16E—04 178 168E—04 1.87
8.86E—03 788E—-03 0.17 347E—-03 118 712E-04 229 174E-04 2.03
8.10E—-03 731E—-04 347 479E-05 393 259E—-06 421 165E—-07 397
6.89E—03 876E—04 297 723E-05 3.60 3.82E—-06 424 211E-07 4.17
3.80E—03 6.58E—05 585 3.03E—06 444 398E—-08 625 655E—10 5.93

SIS
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Table 9: The relative energy norm errors and convergence rates of NIP method with k=50 in Example 4.2.

Order | h=5E—2 h=25E—2 Rate 125E—2 Rate 625E—3 Rate 3.125E—3 Rate
m=1 | 495E-01 3.19E-01 063 121E—01 140 455E—-02 141 190E-02 1.26
m=2 | 640E—01 5.66E—01 018 247E-01 120 5.19E—-02 225 1.28E—-02 2.02
m=3 | 5.79E—01 5.79E—02 332 337E—-03 410 5.00E—04 275 6.11E—-05 3.03
m=4 | 499E—-01 6.20E—02 3.01 518E—-03 358 274E—04 424 154E-05 4.16
m=5 | 2.84E—01 6.11E—03 554 200E—04 493 b526E—06 525 154E—-07 5.09

Table 10: The relative L2-errors and convergence rates of NIP method with k=100 in Example 4.2.

Order | h=5E—2 h=25E-2 Rate 1.25E-2 Rate 6.25E-3 Rate  3.125E-3  Rate
m=1 | 5.34E—03 495E—-03 0.11 456E—-03 0.12 344E-03 041 1.66E—-03 1.05
518E—-03 477E—03 0.12 4.17E-03 0.19 237E—-03 0.82 6.26E—-04 192
526E—03 455E—-03 021 743E-04 261 569E-05 371 328E-06 4.11
518E—-03 4.05E-03 035 121E-03 175 727E-05 4.05 451E—-06 4.01
516E—03 267E—03 095 352E-05 625 537E—-07 6.04 732E—-09 6.20
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Table 11: The relative energy norm errors and convergence rates of NIP method with k=100 in Example 4.2.

Order | h=5E—2 h=25E—-2 Rate 125E—2 Rate 625E—3 Rate 3.125E—3 Rate
m=1 | 751E—-01 7.02E—01 0.10 647E—-01 012 4.88E—-01 041 238E—-01 1.04
7.33E—01 6.83E—01 0.10 5.94E—-01 020 3.36E—01 082 884E—02 1.93
744E—01 6.50E—01 020 1.07ZE—01 260 730E—03 387 4.15E-04 4.14
7.35E—01 5.80E—-01 034 171E-01 176 1.02E—02 4.06 636E—04 4.01
520E-01 2.78E—-01 091 6.21E—03 548 1.64E—04 525 490E—-06 5.06
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Table 12: The relative L2-errors and convergence rates of |IP method with k=50 in Example 4.2.
vskip2mm
Order | h=5E—2 h=25E—-2 Rate 125E—2 Rate 625E—3 Rate 3.125E—3 Rate
m=1 | 1.00E—02 6.17E—03 0.70 2.19E—-03 149 6.08E—04 1.85 158E—-04 195
870E—03 5.14E-03 076 143E—03 1.85 3.04E—04 223 748E—-05 2.02
8.02E—03 694E—04 353 395E—-05 4.13 205E—06 427 134E—-07 3.94
589E—03 4.20E—-04 381 3.64E—-05 353 191E—-06 425 1.06E—07 4.17
443E—03 3.89E—05 683 147E—06 472 234E—-08 598 3.89E—10 591
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observe the order of convergence is k+1.

Example 4.3. The square domain Q=[0,1]? is still considered, and isosceles right-angled
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Table 13: The relative energy norm errors and convergence rates of |IP method with k=50 in Example 4.2.

Order | h=5E—2 h=25E—-2 Rate 125E—2 QRate 6.25E—3 Rate 3.125E—3 Rate
7.04E—-01 4.42E—01 067 167E—01 141 545E—-02 1.61 204E—-02 142
6.31E—01 3.78E—01 0.74 1.04E—-01 187 224E-02 221 554E-03 2.01
571E—-01 5.73E—-02 332 3.65E—-03 397 456E—-04 3.00 560E-05 3.03
433E—-01 288E—-02 391 257E-03 349 134E-04 425 765E—06 4.14
232E—-01 6.03E—03 527 220E-04 478 b574E—-06 526 156E—07 5.18
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Table 14: The relative L2-errors and convergence rates of |IP method with k=100 in Example 4.2.

Order | h=5E—2 h=25E—-2 Rate 125E—2 QRate 6.25E—3 Rate 3.125E—3 Rate
534E—-03 495E—-03 011 456E-03 0.12 343E—-03 041 1.66E—03 1.05
517E—-03 4.70E—03 0.14 326E—-03 053 127E-03 136 3.06E—04 2.06
526E—03 454E-03 021 565E—04 301 288E-05 429 170E-06 4.09
518E—-03 349E—-03 057 598E—-04 254 363E—-05 4.04 227E—-06 4.00
5.15E—03 2.58E—-03 1.00 445E—-05 586 778E—07 584 140E—08 5.80
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Table 15: The relative energy norm errors and convergence rates of ||IP method with k=100 in Example 4.2.

Order | h=5E—2 h=25E—-2 Rate 125E—2 QRate 6.25E—3 Rate 3.125E—3 Rate
752E—-01 7.01E-01 010 6.46E—-01 012 487E-01 041 237E-01 1.04
7.32E—-01 6.75E—-01 012 471E-01 052 181E-01 138 429E-02 2.07
744E—-01 6.48E-01 020 849E—-02 293 285E-—-03 490 3.81E—-04 290
735E—01 5.05E—01 054 839E—02 259 5.04E—03 4.06 3.17E—04 3.99
7.32E—-01 3.72E-01 098 6.19E—03 591 156E—04 531 5.01E-06 4.96
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triangles uniformly partition it. In this example, we give a numerical comparison among
finite element method, discontinuous Galerkin method and the proposed method and we
take SIP method in this example. The first two methods are preformed by FreeFem++ [17]
with IP¥ element pair(k=2,3), as P! element pair has no convergence order when k= 100.
The results are consistent with those in [31, Table 2]. The meshes size list as follows:
10x10, 20%20, 40x40, 80+80, then we investigate the relative energy norm error with
k=100. Fig. 4 shows the numerical performance of the different methods in which the
horizontal ordinate is the number of the DOFs, and the vertical coordinate is also the rel-
ative energy norm error. The figure is the log-log scale plot that is capable of illustrating
the convergence rate explicitly. Firstly, we can observe that all the methods achieve the
optimal convergence rate as expected. The comparison of the three methods is conducted
in the low-order approximation. The DG method is weak in the DOFs utilizing efficiency
among the three methods. Meanwhile, the proposed method is comparable with the
FEM. Finally, we focus on the performance of the proposed method. It employs the iden-
tical number of DOFs for arbitrary order approximations. The efficiency of utilizing the
DOFs is improving while the approximation order is increasing.
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Figure 4: The relative energy norm error of Example 4.3.

5 Conclusions

This paper presents the discontinuous Galerkin method by patch reconstruction to solve
the Helmholtz problems. We derive a priori estimates in the L?> norm and energy norm
for an IPDG method. For each fixed wave number k, the accuracy and efficiency of the
method up to order five with high-order polynomials. Numerical experiments show
that the convergence behavior of the proposed method is very similar to the theoretical
results.
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