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Abstract. In this paper, a three-dimensional time-dependent nonlinear Riesz space-
fractional reaction-diffusion equation is considered. First, a linearized finite volume
method, named BDF-FV, is developed and analyzed via the discrete energy method,
in which the space-fractional derivative is discretized by the finite volume element
method and the time derivative is treated by the backward differentiation formulae
(BDF). The method is rigorously proved to be convergent with second-order accu-
racy both in time and space with respect to the discrete and continuous L? norms.
Next, by adding high-order perturbation terms in time to the BDE-FV scheme, an al-
ternating direction implicit linear finite volume scheme, denoted as BDF-FV-AD], is
proposed. Convergence with second-order accuracy is also strictly proved under a
rough temporal-spatial stepsize constraint. Besides, efficient implementation of the
ADI method is briefly discussed, based on a fast conjugate gradient (FCG) solver for
the resulting symmetric positive definite linear algebraic systems. Numerical experi-
ments are presented to support the theoretical analysis and demonstrate the effective-
ness and efficiency of the method for large-scale modeling and simulations.
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1 Introduction

In the past decades, nonlinear space-fractional differential equations (s-FDEs) have been
shown to provide an adequate and accurate description for challenging phenomena such
as long-range interaction and anomalously diffusive transport in various science and en-
gineering fields. For example, the fractional Allen-Cahn equation [2,12] was applied to
describe the mesoscale morphological pattern formation and interface motion; the frac-
tional FitzHugh-Nagumo model [3] was used to represent impulse propagation in nerve
membranes; and the fractional Bloch-Torrey equation [21] has been successfully used in
magnetic resonance. However, in most case it is not available to obtain the analytical
solutions [15,32] for fractional differential equations. Therefore, efficient numerical mod-
eling becomes extremely urgent and important. Up to now, there has been an increasing
interest in developing and analyzing efficient numerical methods, see [4,7, 16,19, 20,23,
24,28,31,35,37,38] and the references therein.

Due to the local conservation property, the finite volume (FV) method is particu-
larly suitable for modeling and simulation of conservative type s-FDEs. Hejazi and Mo-
roney [10] presented a finite volume approximation to the one-dimensional time-space
fractional advection-dispersion equation, and showed that this method performs bet-
ter than finite difference method for the considered problem with variable coefficient,
since it deals with the equation directly in a conservative form. A preconditioned Lanc-
zos method which uses finite volume spatial discretization for space-fractional reaction-
diffusion equations was proposed and verified to be suitable for unstructured meshes
in [36]. Liu et al. [20] presented a finite volume method for the space-fractional diffusion
equation with variable coefficients and nonlinear source term. Simmons and Yang [27]
developed a novel finite volume discretization based on non-uniform meshes for two-
sided fractional diffusion equations with Riemann-Liouville derivative and proved the
stability of the scheme. In order to obtain second-order temporal accuracy, some nu-
merical techniques like Crank-Nicolson method [8,38] and backward differentiation for-
mulae (BDF) [5,13] were considered for related fractional models. In particular, Fu et
al. presented second-order Crank-Nicolson FV approximations for the two-dimensional
s-FDEs [8], and for the three-dimensional nonlinear distributed-order s-FDEs [41]. Corre-
sponding unconditional stability and error estimates in discrete energy norms were rig-
orously studied. However, the FV scheme coupling with the BDF method for nonlinear
space-fractional models has not been studied yet.

In this paper, we are interested in the following three-dimensional nonlinear Riesz
space-fractional reaction-diffusion equation (s-FRDEs) with orders a (1 <a <2) in x- di-
rection, B (1< B<2) in y- direction and 7y (1 <y <2) in z-direction [6,13]:

ou " u(x,t) Pu(x,t) Mu(x,t)
g_dx a\x]"‘ _d]/ a‘y"B _dz 8]2\7 _f(u)+g(x/t)/ (X,t)GQX(O,T], (11&)
u(x,t)=0, (x,t)€o0Qx[0,T], u(x,0) :uo(x), xeq, (1.1b)

where T < oo is the final time instant, 0Q2 is the boundary of (2 C R? and x= (x,y,z).
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Generally speaking, numerical methods based on fully-implicit discretization for the
nonlinear model (1.1a)—-(1.1b) are usually proved to be unconditionally stable and con-
vergent. However, one has to solve a system of nonlinear equations [12,41], in which
an extra iterative process must be imposed at each time level. To reduce the computa-
tional costs, many linearized numerical methods are developed. For example, Cheng et
al. [6] presented a second-order Newton linearized compact difference scheme for the
two-dimensional analogs of (1.1a), under the assumption that f(u) € C?>(R). Hu and
Cao [13] utilized the BDF and temporal extrapolation techniques, and proposed a com-
pact ADI scheme for the same model under the global Lipschitz continuous assump-
tion of f(u). Combining the fourth-order compact operator in space discretization, a
linearized compact difference scheme was proposed in [40] for the two-dimensional non-
linear space-fractional Schrédinger equation, and then a compact ADI scheme was also
presented and analyzed. The main purposes of this paper are (i) to develop an efficient
linearized second-order accurate finite volume method for the three-dimensional model
(1.1a) under assumption f(u) € C}(R), and (ii) to establish corresponding convergence
analysis under a weak temporal-spatial stepsize constraint. For discretization of the time
derivative, we shall also use the two-step BDF scheme combined with second-order tem-
poral extrapolation technique; while for the spatial counterpart, the linear finite volume
element method is adopted.

From the perspective of computation, there will be huge computational complexity
and storage problem when numerically solving multi-dimensional time-dependent mod-
els. To overcome these challenges, the alternating direction implicit (ADI) techniques,
which reduce the solution of a multi-dimensional large-scale problem to a series of in-
dependent one-dimensional small-scale subproblems, have deserved great increasing re-
search interests. For instance, Tadjeran and Meerschaert [29] proposed a second-order
ADI difference method for the two-dimensional s-FDEs, and stability was discussed by
using a spectral analysis method. Zhao et al. [40] established a fourth-order compact
ADI difference scheme for the two-dimensional space-fractional Schrodinger equation.
In [38], Zeng et al. developed an ADI Galerkin-Legendre spectral method for the two-
dimensional nonlinear s-FRDEs and proved its stability and convergence. After that,
Zhang et al. [39] extended this ADI method to the two-dimensional advection-diffusion
equation with the Riesz space distributed-order derivative. Recently, Liu et al. [18] con-
structed and analyzed a second-order ADI finite volume method for the two-dimensional
linear s-FDEs. Besides, due to the non-local nature of fractional derivatives, numerical
methods for s-FDEs usually yield dense stiffness matrices which require O(N?) memory
and O(N?) computational complexity per time step using the direct Gaussian elimina-
tion (GE) solver, where N is the total number of spatial unknowns. Wang et al. [33] then
developed a fast ADI difference method, which only requires computational work of
O(Nlog?N) per time step and memory of O(N) without losing any accuracy. The idea
was also adopted in e.g., [14,18,34]. These works inspire us to propose an efficient fi-
nite volume ADI method, denoted as BDF-FV-ADI, for the three-dimensional nonlinear
s-FRDEs. Most importantly, it is well known that the ADI method is well suitable for
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large-scale modeling and simulations via parallel computing.

The rest of this paper is organized as follows. In Section 2, some preliminary lemmas
are presented. In Section 3, we propose the BDF-FV scheme and analyze the second-order
convergence in the discrete and continuous L? norms. Then, the BDF-FV-ADI method
and corresponding error estimate are carefully discussed in Section 4, and also efficient
implementation of the ADI method is briefly analyzed. In Section 5, we carry out several
numerical experiments to verify the effectiveness and efficiency of the proposed method.
Finally, we draw a brief conclusion. In the following, we use C to represent a general
positive constant, which can be different under different circumstances.

2 Preliminaries

Let Q:=(x1,xr) X (y1,¥r) X (21,2R) be the interested domain. In model (1.1a), u(x,t) usu-
ally represents concentration, mass, or other physical quantities of interest, f(u) € C!(R)
is a nonlinear reaction term and g(x,t) is a given source or sink term. Besides, d, dy and
d, are three positive constant-diffusivity coefficients. Moreover, the Risez space-fractional

derivative 4% is defined by [25]

d|x|«
Fulxt) 1 9 (3 u(x,t) 9 lu(x.t)
alx|* " 2cos(am/2)dx \ 9;x1 o_xx-1 )7
with
" lu(xt) 1 a/x u(x,t) s
0y xv=1 T T(2—a) dx Jy, (x—s)a" 17
*luxt) 1 B/XR u(x,t) s
0_xv-1 " T(2—a)oxte (s—x)* 177
For simplicity of presentation, we denote
or-1 or-1

D 1= — .
a+x¢x—1 o_xo—1

g i . . . . . ..
9 al\l;\(ﬁlt) d? ab"z(‘x;t) in other two directions can be defined in a similar

The Risez derivatives
way.

Let M be a positive integer and define a uniform temporal partition of [0,T] with
tm:=mt for m=0,1,---,M, such that the temporal stepsize 7:=T /M. Denote the set of
temporal partition I;:={1,2,---,M}. For m=1, we approximate the time derivative by the
first-order BDF (Backward Euler) method, i.e., §'(#1) ~ (g(t1) —g(to)) /T; while for m >2,

we approximate it by the second-order BDF method, i.e.,

8 (tm) ~ (3 (tm) —48(tm—1)+8(tm—2))/27.

Then the following lemma holds.
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Lemma 2.1 ([30]). Let

u(x,t) —u(x,to)

s m:1,
-: T 1
Dtu(X,tm) : 3U(X,tm) —4M(X,tm_1) +u(x’tm72) m>2 (2 )
2T ’ o

Then, for u(x,-) € C3([0,T]), it holds

W:Dtu(x,tm)+r’f, mely,
such that
e O(r), m=1,
v =
! O(1?), m>2.

At each time level t,,, the nonlinear reaction term can be approximated by the linear
extrapolation method [13]

(2.2)

f(u(x,tm>>zf<u<x,tm>>::{ Flu(xh)), =1,

fQu(xty—1)—u(Xty—2)), m>2.
Lemma 2.2. Let v := f(u(x,tn)) — f(u(x,ty)). Then, if f(u) € C*(R) and u(x,-) € C2[0,T],
it holds
i O(r), m=1,
Iral = O(t?), m>2.

Let A®B represents the Kronecker product of two matrices A and B. We review the
following well-known conclusions which are required in the analysis.

Lemma 2.3 ([17]). Suppose A and B are two real symmetric positive definite matrices, then both
A®B and B&® A are symmetric positive definite.

Lemma 2.4 ([11]). Let Ac R™*", BE€R"™*S, C€ R"*? and D € R**!. Then
(A®B)(C®D)=AC®BD.
The following lemma can be proved directly from Lemma 2.4.

Lemma 2.5. Let {A;}2_, e R™", {B;}2_, e R"*" and {C;}2_, €R™". Accordingly, let I,c be
the identity matrix of order x for xk =m,n and r, we have

(A1 :|:A2) X (B1 :|:B2) & (C1 :|:C2)
= ((A1£45) @11 ) (1,2 (B1£B2) @1, ) Ly 81,2 (C1£C,) ). (2.3)
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3 The BDF-FV method and its error estimate

In this section, we are committed to establishing the finite volume space discretization
of the three-dimensional nonlinear Riesz s-FRDEs model (1.1a)—(1.1b) combined with the
second-order BDF time discretization and the linear extrapolation technique. Meanwhile,
we shall prove the corresponding convergence analysis.

3.1 Derivation of the BDF-FV scheme

First, note that at each time level t,;,, model (1.1a) can be rewritten as

" u(x,ty) Pu(x,ty) ATu(X,ty)
Dt”(xrtm)_dx a’x‘“ _d}/ a]y|ﬁ _dz 8’2‘7

=F(u(Xtm))+8 (X tw) +1 +17, (3.1)

where the temporal truncation errors r* and )} satisfy Lemmas 2.1-2.2.

Let Ny, Ny and N, be three given positive integers. The domain () is uniformly di-
vided by x;:= x +ihy, yj:=yr+jhy, zx :=zp+kh; for i=0,1,--- ,Ny+1, j=0,1,---,Ny+1
and k =0,1,---,N;+1, such that the spatial mesh sizes hy := (xp—xr)/(Ny+1), h, :=
(yr—yr)/(Ny+1) and h; := (zr —z1)/(N;+1). Denote the sets of spatial partitions as
L.:={1,2,--- N}, I,:={1,2,---,N, } and I,:={1,2,---,N, }. Moreover, let x;_1/5:=(xi_1+
xXi)/2,Yi-1/2:=Yj-1+Y;) /2, zZk—1/2:=(2x—1+2¢) /2 and define the control volume element
Qi,j,k = [xi_1/2,xi+1/2] X []/j—l/Zr]/j+1/2] X [Zk_1/2,Zk+1/2] foreachiel,, je ]Iy and kel,.

Let S;(Q)) be the space of continuous and piecewise linear functions with respect to
the spatial partition, which vanishes at the boundary 0(). Besides, let ”?,},k be the finite

volume approximations to the true solution u(xi,y]-,zk,tm) foriely, jel, and ke, at
time t,,,m € I;. Then the finite volume solution uy(x,t,;,) € S;(Q)) of model (1.1a) can be
expressed as

up (X tm) =Y Y Y ulh @ (X)) ()93 (2), (3.2)

lel, rel,sel,

where ¢7(x), ¢/ (y) and ¢?(z) are the standard Lagrange piecewise linear nodal basis
functions along the x-, y- and z-directions, respectively. Basically, we have the following
conclusions for the basis functions.

Lemma 3.1 ([7,41]). For each piecewise linear nodal basis function ¢} (x), 1 €1y, we have

1, |I-i]=1,

Xi

/H/chf(x)dx:hx 6, 1=i,
Xi—1/2 8

0, else,
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_Sl(i)iﬂ' I>1,
Drx—lcpx(x) .t S(()a)_sga)f =i,
P lv=x 00 T (3—0) sWosl, 1=i-1,
s\, 1<i-1,
s, 1>,
pog| L) s =i,
! X=Xi+1/2 hﬁflr(3—0¢) Sga) —S(()a), l: i,
\ Sz(a)l-i-l’ l<l,

where

1 2—u

) - =0
2—u 2—u

(w) 3 1 .
ER— — — — —

6 =6) -

1 2—un 1 2—u 3 2—u
i+~ —2(i—= j— = , 2<i<N;.

| (2) (=) +(=3) 2=

Remark 3.1. Similar conclusions for the basis functions ¢} (v),r €I, and ¢?(z),s € I, can
be derived by a small modification of Lemma 3.1, in which parameters (hy,Ny,a) are
replaced by (h,,Ny,B) and (h,N,7), respectively.

Now we consider the finite volume element approximation of model (1.1a). Integrat-
ing both sides of the governing equation (3.1) over each (); ;, with u(x,t,) replaced by
up(x,ty) in (3.2), and then dropping the temporal truncation errors give rise to the lin-
early implicit BDF-FV scheme:

> ¥ LD [ g gt)en)x

lel, relysel, i,j,k
xi+1/2 Yi+1/2 Zk41/2
+ 5o T ufs | D9t | T gty [ g2 ()
2COS(£X7'[/2 l&rg;sgz 7,5 [ xi—1/2 v Zas
y;+1/2 Xit+1/2 Zk+1/2
+to—— u [Dﬁ Lol (y / (px(x)dx/ cpz(z)dz}
2COS 57'(/2 lgxrgys& Lr,s y;—l/z i1 1 s s

Zk1/2  [Xi+1/2 Yj+1/2
e [ ¢¥<y>dy]

Zk-1/2Y Xi-1/2 i-1/2

Ty Zuzrs[D” 19:(2)

lell, rellysel;,

—hyhyh [A/;”;k—kﬁz ]k} (3.3)

2cos 77{/2
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where

m m
l]k h h h /l]kf up Xtm))d X, Z]k h h h /”k Xtm (34)

Next, we reformulate the finite volume scheme (3.3) into a compact matrix form. Let
U™ N"™and L™ be N:= NNy N.- dimensional vectors defined by

m.,__ m m m m m m
U= [”1,1,1/"'/uNx,l,ll'"/ul,Ny,ll'"/MNX,Ny,ll"'/ul,l,NZ/"'/uNx,Ny,Nz} / (3.5a)
T
m.__ m m m m m m
N™:= [Nl,l,ll"'lNNx,l,lf'"/Nl,Ny,ll'"'NNX,Ny,lf"'/ 1,1,NZ""1NNX,Ny,NZ} , (3.5Db)
m,__ m m m m m m
L -—[ 1,1,1/"'/ENx,l,ll"'/ﬁl,Ny,ll"'/ENX,Ny,ll"'/£1,1,NZ/"'/£NX,Ny,NZ] (3.5¢)

Furthermore, let A, and B, be respectively the mass matrix and stiffness matrix of order
N, as

r6 1 -+ -~ 07 r qgrx) qg”‘) ql(\u;) 7
et R
Ax¢=§ B,: : - , (3.6)
Lo 1 - RN
0 6 | IO ROl
with
Z(Séa)_sga)), 121’
ql(vc): Sglx)_s(()a)_sga)/ i=2
sff)l—sg'x), 3<i<N,.

Similarly, we can define the matrices A, and B, of order N,, and A; and B; of order N,
just with («,Ny) being replaced by (B,Ny) and (-y,N;).

Let
. dy T
T = D cos(an/2)T(B3—a) he’
— dy T
"6 2cos(Br/2)T (3= B) 1’
d, T
Ny=

2cos(ym/2)T(3—7) )
Then the matrix form of the BDF-FV scheme (3.3) reads as:

(A:®A, @A) DU+ (7,A: @Ay @By +15A. @B, @A, +17,B.0 A, ®A,) U"

=T(N"+L™), (3.7)
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for m €1;, where

ul-u°, m=1,
DiU™:=1{ aum—aun-14un-?

Cm>2.
2 "=

The following lemma follows immediately from [8].

Lemma 3.2. The mass matrices Ay, Ay and A, and the stiffness matrices By, B, and B, are all
symmetric positive definite.

Remark 3.2. Lemmas 2.3 and 3.2 further imply that the Kronecker products A, ®A,®A,
A; QA @By, A;®B,®A, and B,®A,®A, in (3.7) are all symmetric positive definite. Be-
sides, A;®B,®B,, B,®A,®B,, B,®B,®A, and B, ®B,®B, are also symmetric positive
definite. These facts play an important role in the following convergence estimates.

Remark 3.3. We have proposed a linearized second-order finite volume scheme (3.3),
which avoids the solution of a nonlinear algebra system resulting from the fully-implicit
finite volume discretization of the nonlinear Riesz s-FRDE model (1.1a). However, at each
time level t,, (m €1;), one still has to solve a large-scale and dense N-by-N linear algebra
system (3.7). It is well-known that if the traditional GE solver is adopted for the solution
of (3.7), the memory requirement is of order O(N?) and the computational complexity is
of order O(N?). This is deemed computationally challenging for large-scale modeling of
multi-dimensional s-FRDEs, compared with the one-dimensional analogs.

However, note that the matrices A,, A, and A; are all tri-diagonal, and By, B, and
B are all symmetric positive definite and Topelitz [9]. Based on these special matrix
structures, using the same idea of Zheng et al. [41], we can develop a fast version Krylov
subspace iterative method for the BDF-FV scheme (3.7), in which the computational com-
plexity can be reduced to O(NlogN) per iteration and meanwhile the total memory re-
quirement is reduced to O(N). As it is not the main concern of this paper, we refer
readers to [41] for the details.

3.2 Error estimate of the BDF-FV scheme

In this subsection, we prove the convergence of the BDF-FV scheme (3.7) via the discrete
energy method. Throughout the paper, just like [6,40], we assume that there exists a
positive constant K such that

max|u(x,ty)| <K, mel;. (3.8)
xeQ)

Define mesh grid space

Vi={v|v={v;jx}, i€l jel,, kel,}.
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For any v,w €V, define the discrete L? inner product and discrete L% and L*® norms as
follows:

(v,w):= hxhthwTv: hyhyh, Z Z Z i j kWi j ks (3.9a)

i€l jel kel
= = ikl 3.9b
Ivli=y/(wm) Vllmi= | max oy (39b)

Moreover, we introduce the following weighted discrete inner product and norm
(v, W)= (Kv,w) =hehyhow ' Kv,  |[v|c:=1/(v,V), (3.10)
for any positive definite matrix K of order N. In particular, by Remark 3.2 we define
||VHA3:HVHAZ®A},®AX, (3.11a)
vlle:= (v on,om, 18IV IR cm 0m, 4V IBoncn,) (3.11b)

The following lemma states the equivalence of the norms ||-||4 and ||-||.

Lemma 3.3 ([41]). The |- || and ||-|| o norms are equivalent with the following relation holds

1
—— V|| < vl|a < V]|, veV,.
S MI<Ivla< vl vevs

Let I'Tj, be the standard Lagrange piecewise linear interpolation operator [26], i.e.,

I,g(x):= Y Y Y g(xn,yrzs) 7 (X) 7 (v) i (2), (3.12)

I€N, relysel,
where ¢¥(x), ¢7 (v) and ¢Z(z) are the Larange piecewise linear basis functions. Denote
rfi=u(X,ty) —Iu(x,ty), mel;.
Then, for u(-,t) € C>(Q)) we have
=0 (141 +12). (3.13)
For n€INU{0} and 6 >0, define

L) = {p(z) L' )] [ (1)) | F (@) ldo <o0],

where

o]

F(w) :/ ¢(z)e“?dz

—00
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denotes the Fourier transform of ¢(z).
Denote the spatial truncation errors

=D =DF 1y, =D 1y,
x I I I

Moreover, for fixed y € [y1,yr], z € 21,2 R] and t € [0, T], define

ﬁ(x,t):{ u(x,t), x€lxp,xgl,

0/ X g [xleR]l

for fixed x € [x,xR], z€[z1,zr] and t € [0, T|, define

R u(xt), yelyLyrl
/t =
B { 0, y&yLyrl,

for fixed x € [x1,xr], y € [yL,yr]| and t € [0,T], define

5 u(x,t), z€lzr,zr],
i(x,t)=
01 z % [ZLIZR]'
Then the following lemma holds.

Lemma 3.4 ([18]). Assume that for each fixed t €[0,T|, the zero extension functions i(-,y,z,t)
L2H%(R), 6i(x,,z,t) € L2HP(R) and 1i(x,y,-,t) € L2 (R). Then

X=X.
m i+

Tx

=0(1n), rm‘y Ui

y
y=y;

=0(hy),

1—

1
2
X=X. 1
2

I\J{»—l [Ty

‘:O(hg).

Next, we turn to the estimate of the BDF-FV scheme (3.7). We see from the governing
equation (3.1) that the exact solution u(x,t,,) satisfies the following formula

Yi+1/2 fZk+1/2 _ Xit1/2
/ Diu(x,ty)dx+ —F————= / / D" u(x,ty) dydz
0y 2cos (xn/2 iz Jzeap Xi172
d Xit1/2  [Zk+1/2 Yit+1/2
n y / [ PP Lu(x,ty)| }dxdz
2cos( 57-(/2 X172 Jzk-172 Yi-172
Xiv1/2 [Yj+1/2 Zk+1/2
e ] [ (X, tm) ' ] dxdy
2cos( ')’75/2 xi-12 JYj-1/2 Zk-1/2

—hyhyh [/\/'1],+£:';l+rt ! ]

(3.14)
where

N 1 .
m .
W algh /Qi,j,kf (%t ) ) dx. (3.15)
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Let u™:={u(x;,yj,zk,tm) } €V be the exact solution vector of (1.1a) at t=t,,. Now replacing
u(x,ty) on the left-hand side of (3.14) by its Lagrange linear interpolation ITju(x,t,), it
follows from (3.13) and Lemma 3.4 that the exact solution vector u” also satisfies a similar
formula of (3.3) with an extra local spatial truncation error

\ry|:o(h§+h§+h§). (3.16)
That means in matrix form the error e” :=u™ — U™ satisfies

(A;®A,®A,)Die"
+ (7A@ Ay @By +15A; OBy ® A, +17,B.0A, ®A,) "
—7 (ﬁm—NMRm), (3.17)

for m € I;, where R" = (r/" ++" ++")Eand E=[1,1,---,1] .

Lemma 3.5. Let N, N € V), with elements defined by (3.4) and (3.15), respectively. If f(-) €
CY(R), then we have

2
2 2 2 _
A O(i2+m+12)", m=1,
— 2
128L2H2e’”_1—em_2]|34+(9(h§+h§+h§> . m>2,

provided that the the finite volume solutions uj,(X,t,,—1) and wy,(X,ty,—2) are bounded. Here the
constant L:=max|f’'(-)| is finite which depends on the solutions uy(X,ty,—1) and uy(X,tm—2).

Proof. First, for the initial time we take uy,(x,to) =1IT,u°(x) which yields

‘M]k f\/;ljk‘ hyhyh, h h, /l]k f )) f(”g(x))]dx
S hh /Uk‘f (Hhu ))‘dx
1 . o
thhyhz /O,-,,-,kL‘rI‘dxgc<hx+hy+hz),

where the interpolation estimate (3.13) is utilized in the last step, and L is finite because
the initial value uy,(x,ty) =1T,u%(x) is bounded. With the help of the above inequality, we
then directly have

IN NP =hahyhe Y Y Y [N ij\ <c(m+m+n2),  (318)

i€l jelykel,

which proves the case for m=1.
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Next, we pay special attention on the estimate of || N — || for m >2. By the mean
value theorem

~ - 1
||N -N ||2:hxhyhz Z E Z [hxhyhz/ﬂirj,kf<21/l(x,tm1)—u(x,tm_2)>

i€l jelykel,
2

_ f(Zuh(x,tm_l) —uh(x,tmz))dx]
SN
ijk

i€l jelykel,

Qu(x,ty—1)—u(X,tm—2))
— (Zuh(x,tm,l) —uh(x,tm_z)) ‘zdx,

for f(-) € C'(R), provided that the numerical solutions uy,(x,t,_1) and u;(x,t,_2) are
bounded.
Note that on each control volume element (); ;;, by triangle inequality we have

’ (u(x,ty—1) —u(X,tm—2)) — up(X,tm—1) =ty (X,tm—2)) ‘
g’ (u(x,ty—1) —u(X,tm—2)) — (2ILu(x, ty—1) =TT u(x,ty—2)) ’
+ ‘ (ZHhu(x,tm,l) —Hhu(x,tm_z)) — (Zuh(x,tm,l) — Uy (X,tm_z)) ‘

= ’21’?1_1 _rIm—Z ‘ + ’26h(x,tm,1) —ey (X,tm_z)

4

where
en(X, b)) =TT (X, by ) —up (X, tn),
and thus

2
ZrT_l —rT‘z‘ dx

IN" N> <212 Y Y Z/Q,,
i,k

i€l jel, kel

+212Y Y % /Q

i€l jelykel,

2
2ep (X, tm—1) —ep(X,tm—2)| dx

=:L+1. (3.19)
While for the first term of (3.19), by interpolation estimate (3.13), it is bounded by

2
L gc(h§+h§+h§) . (3.20)

Next, for the second term I, note that on each fixed element Qi jk, we have

i+1 j+1 k1

en(tm)=Y, Y, Y el dr(x)¢F(y)¢i(z) (3.21)

I=i—1r=j—1s=k—1
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and therefore

i+l j+l ?
w2l EEE [ (BT () eonnie)) o

il jelykel, Qijk \1=i—1r= =j—1s=k—1

<5412y Y Y [ Z‘ZE ]f kf <2€;ﬂrs1_e71r52)2]

i€l jelykel, [I=i—1r=j—1s=

< (050) (#w) (426)) ax
<16L? [|2e™ 1 —e™72|2, (3.22)

where we have used the facts [41] that

[ o) n T

i—1/2 .
by

[ () av= [

i—1/2 Xi-1/2

Now substituting (3.20)-(3.22) into (3.19) and utilizing Lemma 3.3, we have
— 2
| — A2 < 16L2]|2e™ 1 — &2 |2 4-C (h§+h§+h§) ,
which proves the lemma. O

Theorem 3.1. Suppose that model (1.1a)—(1.1b) has a unique solution u(x,t)€C3([0,T];C*(Q2))
and the condition in Lemma 3.4 holds Moreover, assume that f(u)€C(IR) and (3.8) is satisfied.
If the stepsizes T, hy, hy, h, and \/m are sufficiently small, the BDF-FV scheme (3.7) admits

a unique solution uy(x,t,) satisfying

mag<|uh(x tm)| <K+1, mel,. (3.23)
b<S

Moreover, there exists a constant T >0 such that the following error estimate holds for T <t
" — U™ ||+ ||u" —U™||[ < C (rz+h§+h§+h§> , mel, (3.24)

where the constant C is independent of the mesh parameters hy, hy, h, and T.

Proof. First, the existence and uniqueness of the BDF-FV solution follows immediately
from the fact that the coefficient matrix of (3.7) is symmetric positive definite.

Next, we start to prove the boundedness result (3.23) and error estimate (3.24) by the
mathematical induction method. Taking the discrete inner product of (3.17) with e™, by
notations (3.10)—(3.11) we have

(ﬁtem,em)A+||emH%:T<ﬁm—/\/'m+Rm,em). (3.25)
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Firstly, we verify (3.23)—(3.24) for the case m =1 from the above equation. Note that
e’ =0 and in this case the following inequality holds

A 1 1
1,1 2 112 _ 1102 ) = = [[e!]|2 . .
(Dretet) =5 (e 13- 11e"I3) =5 e 3.26)

Now inserting (3.26) and Lemma 3.5 into (3.25) for m =1, and then the norm equivalence
in Lemma 3.3 implies

le' % +lle'IE <27lR"[[[e'| <4v2e|RY[[le']4 = [e'[la<4v2TRY.  (327)
Thus, we can derive from Lemmas 2.1-2.2 and (3.16) that

le*lla+le'[[e <8R
§8\/(xR—xL)(yR—yL)(zR—zL) Ct (T—i—hi—f—h;—i—hg)
gc(r2+h§+h§+h§), (3.28)

for sufficiently small T <1.

Therefore, by the norm equivalence in Lemma 3.3, the error inequality (3.24) holds for
m=1. Furthermore, using the triangle inequality and inverse inequality, we can easily
get the boundedness of the numerical solution u,(x,t1), i.e.,

_1
max|uy (%, 1)| =] UM floo < [[0|oo+ [l € |eo < [fu" oo+ ClReltyhiz) > 1€

< [0t oo+ Clhghyh,) > <r2+h§+h§+h§> <K+1, (3.29)

whenever , Wy, hy and h; are sufficiently small.

T2
N
Next, we assume (3.23) holds for k <m—1 with m >2. We need to prove that (3.23)-
(3.24) also hold for k=m. Since for Va,b,c € R,

(3a—4b+c)a:% [a*+ (2a—b)?] —% (6% +(2b—c)?] -l-%(a—Zb-l—c)z. (3.30)
Then, we conclude for m>2
(Dfem'em)A
>[I Bt izem—em )~ (e M5+ ll2e™ e 23] @a

Now inserting (3.31) into (3.25), and then utilizing the Cauchy-Schwarz inequality and
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the norm equivalence in Lemma 3.3, we have
e (13 + 12e™ —e™ 15+ e 13
<[le" Y+ 12e" ! —e" 2|3 +8v2r [N — N[ [ 4+8v2T [|R™| €] 4
<3 + €™ ! — e 2| 42 (N — N2+ [ R™|12) +-8V/2T ||}
<lle" |4+ (14512v2L27 ) [[2e" " — e 2|5 482w " | +4v/27 | R" |
2
tCt (h§+h§+h§) , (3.32)

where we have used the estimate for | N —A™|| via Lemma 3.5 based on the bounded-
ness of the finite volume solutions uy,(x,t,_1) and uy (X, ty—2).

Denote
O(e") =|le"|%+12e" —e" |3

We can rewrite the inequality (3.32) as

O(e™)+|le" |z
1+512\TL T _ 421
O(e™ 1)+ R"|*+Crt (B3 +hy+h3 3.33
(e ) R Cr J PCED
for T< ‘g, which further implies
12v/2L27 | 14512212 4+/2
O(e") 1 [le" |3 < IRV \ ISV T o iy, AV2T o
1—8v21 1—8v21 1-8v21
+C (h2+h2+h2)2 i IR™|[2+C (h2+h2+h2>
T hy+hy+h; 1_8v/2¢ T
-1 —
1+512v/2027 )" o aVaT I (14512v202 T
<\ ————— O(e’)+ Y. ||R |
1-8v2t 1-8V2t/=\ 1-8V27
—k
14512v/2127 s o 12)\2
+Ct W2 +h2+h2) . 3.34
kg( HMT) (m+12+12) (3.34)

Noting the definition of @(e™), we know

2
Oe!) = le' 3+ |2 "3 =5[le! |3 <C(R+R+12+IZ) . (3.35)
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Also, noting the fact for 7 < %2

k T/
145122127\ _ (14512V21%7 ‘
1—8v271 - 1—8+v271

T/t
2 (8+51212) V2T
- <1+ (84512L )ﬁr> P

avar 3.36
1—8V271 (3.36)

Then, we plug (3.35)—(3.36) into (3.34) to directly obtain
2
(™) +le" [} <C (T +i +i+12) . (337)

Now, we can obtain from the inequality (3.37) that

le™ 1+ lle" ]l <2v/2le” | o+ le” | <21/20(em) + [le" [ < C (P +12+15+12),

which proves (3.24) for k=m.
Finally, analogous to the process (3.29), we can easily prove the boundedness of the
finite volume solution uy, (X, t,):

max iy (Xt ) | =[[U" || < [[0™ [[oo 4[| €™ |0
xeQ)

<" o+ Cllteliyhe)H (P2 +IZ+I2) <K+1, (338)

for sufficiently small C = hy, hy and h. This completes the proof of Theorem 3.1. [

N
Remark 3.4. The temporal-spatial stepsize constraint condition in Theorem 3.1 is not
very stringent. It only demands t~h%* for h, =h,=h, =h. In particular, if the nonlinear
reaction term f (1) satisfies the Lipschitz continuous condition, i.e., there exists a positive
constant L such that

|f(u1) — f(u2)| <L|ug—ua|, Vuy,u€R, (3.39)

the assumption (3.8) as well as the temporal-spatial stepsize constraint can be naturally
canceled, see, for example, [13,41]. However, the Lipschitz assumption (3.39) greatly
limits the application of the nonlinear model. For example, it is easy to check that (3.39)
is satisfied for f(u)= (sinu)* in Section 5.1, however, it is not fulfilled for f(u) =u—u3 in
Example 5.2. Therefore, in this paper we assume a more general case f(u) € C}(R) and
hence (3.8) is needed.

Corollary 3.1. Theorem 3.1 further shows that the conclusion of Lemma 3.5 reduces to

||ﬁ’”—/\/m|| :O<h§+h§+h§), m e I;.
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We end this section by giving an optimal-order error estimates for the BDF-FV scheme
(3.3) in the continuous L2 norm. By the classical interpolation theory, we have

a3, ) = Thyte (3 ) 2 < Cor (4412 ) e, (3.40)

for u€ H?(Q)NH} (Q)), where Cq, is a positive constant that only depends on the domain
Q.
Considering the definitions of ITj, (see, (3.12)) and ||-||;2, we obtain by (3.21) that

T80 ) =00 ) [ = | (a3 ) =10y (1)

i1+l k1 2
50305 Mol of wERUBIIETB) P
il jel,kel,” Qijk \I=i—1r=j—1s=k—1

Applying a similar process to (3.22) and Theorem 3.1, we can easily obtain the following
estimate:

1034 ) =t (% ) | 2 <292 ]| <202 (P24 -2 +H2). (3.41)

Therefore, combing (3.40) and (3.41) together, and using the triangle inequality, we im-
mediately have:

Corollary 3.2. Under the assumptions in Theorem 3.1, we further have

1£(%,t) — 1t (X, ) || 2 < C (r2+h§+h§+h§), mel. (3.42)

4 Derivation and error estimate of the BDF-FV-ADI scheme

In the previous section, a second-order accuracy BDF-FV scheme is proposed and ana-
lyzed. As pointed out in Remark 3.3, a fast solution method can be developed for the
efficient implementation of BDF-FV scheme. However, as the grid parameters getting
smaller and smaller, the developed method shall also be CPU time consuming. In order
to improve the computational efficiency, we further construct an efficient alternating di-
rection implicit method, named BDF-FV-AD], to reduce the large-scale three-dimensional
modeling to a series of independent small-scale one-dimensional analogs, and mean-
while the method can be implemented in parallel.

4.1 Derivation of the BDF-FV-ADI scheme
Define two perturbation terms of order O(7%):

+17a17;3177BZ®By®BX> <DtU1>, m=1, (4.1)
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and

4 4 4
p"i= (917a17/3Az®By®Bx + §’7a’7732®Ay®Bx + §”ﬁU7BZ®By®AX

8 N
+27’7a77ﬁ’7732®3y®3x> (DU™), m>2. (4.2)

Then adding them to the left-hand side of the BDF-FV scheme (3.7) and distributing them
appropriately to the left and right-hand side of the equations, we are left with

(A:+7,B.)® (Ay+;7,5By) ® (Ax+17,xBx) <DtU1>
=~ (1A @A, @B+ 1A @B, @A+, B. 0 A, ©AL ) U+ (A +L1)
=F!, (4.3)

form=1, and

(AZ+%BZ) ® (Ay+2’7ﬁsy) ® (Ax+23ﬂBx) (Dru)

3 3
1 I

—— 3 (A9 A, OB +15A- 0B, @ A+, B0 A, @A, ) (4" —U"2)
+T(N L)

=F", (4.4)

for m>2.
Algorithm 4.1. BDF-FV-ADI at time ¢;.

(i) Solving the subproblem in z-direction for the intermediate solution Ul*** :=
{U7" ) €RN that

A.+1,B;) @Iy @Iy, |UY** =F; (4.5)
y

(ii) Solving the subproblem in y-direction for the intermediate solution UM** :=
{ul7*} RN that
ok

(INZ ® (Ay+15By) ®INx>U1'** =Ul (4.6)

(iii) Solving the subproblem in x-direction for the intermediate solution U*:= {U}]*k} €
RN that
(INZ®INy® (Ax+17,,¢Bx)>U1'* —yl, 4.7)
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(iv) Updating the solution U! via D, Ul =UY, ie.,

Ul =Uu 41" (4.8)
Equivalently, by Lemma 2.5, we can rewrite (4.3) for m=1 as

((Ac+7,B2) @Iy, @1y, ) (Tn. @ (A, +75B,) @1, )
(INZ ©ly,® (Ax+17an)) (Dful) —F!, 4.9)

and from which the BDF-FV-ADI scheme at the first time level can be formulated as
Algorithm 4.1.
Similarly, Eq. (4.4) is equivalent to

((Aﬁ%BZ) ®1Ny®1Nx) (INZ ® (Ay+ ZZﬁBy) ®INX>

(1N2®1Ny® (Aﬁ%BX)) (DtU’”) —F", (4.10)

Once the solution U! is obtained via Algorithm 4.1, then from (4.10) we can get U™ via
the following Algorithm 4.2 for m=2,3,---,M.

Algorithm 4.2. BDF-FV-ADI at time t,,, (m >2).

Mkkk

(i) Solving the subproblem in z-direction for the intermediate solution U

{ur}e RY that

((Az—i—z%BZ)®1Ny®INX>Um'***:Fm; (4.11)

(ii) Solving the subproblem in y-direction for the intermediate solution U"™** :=
{ui}e RN that
g

(1v.® (A + "By ) @1y, U = U™ (412)

(iii) Solving the subproblem in x-direction for the intermediate solution U"*:={ UZ";;;} €
RN that
21

(1n.0Ly, @ (Ax+ 2By ) U™ =U™"; (413)

(iv) Updating the solution U™ via D;Um =U"*, ie.,

1
U" = %U’“’* + %U”H — §U’“*2. (4.14)
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4.2 Practical efficient implementation of the BDF-FV-ADI scheme

In this subsection, we briefly discuss the efficient implementation of the BDF-FV-ADI
scheme described in Algorithms 4.1-4.2. As they only have a bit difference, we just take
Algorithm 4.1 as a brief illustration.

For any N-dimensional vector v={v; i} €V defined in the form of (3.5), we denote
its column vectors along each spatial direction by

T N. .
V.iki= [vl,]',k/UZ,]’,k/' x /va,j,k] eR™, jel, kel
TN .
Vi k= [Uz',l,k/vi,Z,k/' - /Ui,Ny,k} eR™, i€l kel
T N. . .
Vij: = [vi,j,lrvi,j,Zl---/vi,j,Nz] cR z, lEI[x, ]E]Iy,

such that v can be represented by block vectors, i.e.,

v={v.ix }jeﬂy, ke, VT {Viskbien, ker.r V= {vij: }ie]Ix, jeL,”

Actually, in practical computation, (4.5)—(4.7) reduce to solve a series of small-scale linear
algebraic systems.

o First, the solution of (4.5) is equivalent to solve a series of N;-by-N; linear system

(Az+ﬂsz)U},}.’;** :F},].,:, iel,, jel, (4.15)
along the z-direction. As the special matrix structures (see (3.6)), the coefficient matrix
of (4.15) can be computed only one time and stored in O(N,) memory. The main
computational costs lie in two aspects:

(i) The first one is the evaluation of the right-hand side N-dimensional vector F! (see
(4.3)). Following the same idea of Ref. [41], it can be computed in

N.N,O(NylogNy)+N,;N,O(N,logN,)+N,N,O(N;logN,) = O(NlogN)

operations only one time.

(ii) Another one is the solution of these linear systems. However, as the coefficient
matrix is symmetric positive definite, we can employ the well-known conjugate
gradient (CG) solver [1]. As we can see from Algorithm 4.3 below, the main com-
putational cost in this algorithm is the matrix-vector multiplication (A.+1,B.)w
for any w € RM:, which requires O(N,logN,) operations per iteration [8]. Thus
the total computational cost for these systems is

NN, O(L;N;logN,)=0O(L.:NlogN;),

where L, is the average number of iterations for the solution of each (4.15). Ac-
tually, (4.15) can be solved in parallel on different processors. This will further
improve the computational efficiency.
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¢ Then, the solution of (4.6) is equivalent to solve a series of Ny-by-N, linear system
(Ay+nsB, ) ULT =ULY", i€l kel (4.16)
along the y-direction, which requires
NN, O(LyN,logN,)=O(LyNlogN,)
operations, where L, is the average number of iterations for the solution of each (4.16).

¢ Finally, the solution of (4.7) is equivalent to solve a series of Ny-by-N, linear system

(AstnmB Ul =ULY, jel, kel (4.17)

along the x-direction, which requires
NyN,O(LyNylogNy)=O(LyNlogNy)
operations, where L, is the average number of iterations for the solution of each (4.17).
Algorithm 4.3. Review of CG method for linear system Ax=b.

0

For an initial guess vector x’, compute r(?) =b—Ax’.

Fori=1,2,---
Pifl e r(i_l)Tr(i_l).
If i=1, then set p(l) =10,
Else
Biii=pi-1/pia, PV =r"V g, 1pliD.
End if
q(l) :Ap(l)’ Déi:Pi—l/P(i)Tq(i)/ x(i) :x(i_l)_f_aip(i), r(i) :r(i_l)_lxiq(i)‘
Check convergence; continue if necessary
End
x=x{,

Remark 4.1. Based on the above discussion, we can obtain a fast version of Algorithm 4.3,
named fast conjugate gradient (FCG) solver. Similarly, in practical computation, (4.11)-
(4.13) reduce to solve a series of small-scale linear algebraic systems along each spatial
direction:

2 K3k Kk . .
<AZ+%’7732)UZ‘2 =Fj. i€l jely; (4.18a)
2 *k Kok ok .
(v =3 0nBy ) UL = U, i€ly, kell; (4.18b)

2 * *k .
(A”%”“Bx) U=l j€ly, kel; (4.18¢)

.,
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and also these equations can be solved in parallel. Besides, the memory requirement and
computational cost are similar as discussed above.

In summary, we have the following conclusion of the implementation of the BDF-FV-
ADI scheme.

Proposition 4.1. Let L:=max{Ly,Ly,L.}. The total computational cost for the BDF-FV-ADI
scheme (4.3)—(4.4) is of order O(LMNlogN ), and the memory requirement is of order O(N).

4.3 Corresponding error estimate of the BDF-FV-ADI scheme

In this subsection, we devote to prove the convergence of the BDF-FV-ADI scheme (4.3)-
(4.4) via the discrete energy method. We define the following weighted discrete norms

vl (1113 #9100, 107 ¥ 0,

1/2
s VIR o, 1 Vo n, ) (£190)

4 4
lIvllBpF:= (HVHE\‘F977/377WHVH1232®By®Ax+97706777HVH]252®Ay®Bx

1/2
4 8
+ g1l o, om, + et V1B n,em, ) (4.19b)

by (3.10) and Remark 3.2.
The following equivalence conclusion about the two norms can be proved easily.

Lemma 4.1. The norms |||-||| and ||| |||spF are equivalent with the following relation holds

2v/6

9
Theorem 4.1. Suppose that model (1.1a)—(1.1b) has a unique solution u(x,t) €
C3([0,T);C2(Q2))NCL([0,T);C¥ P7(QQ)) and the condition in Lemma 3.4 holds. Moreover,

assume that f(u) € C'(R) and (3.8) is satisfied. If the stepsizes T, hy, hy, h. and \/hzizhﬁ are suf-

ficiently small, the BDF-FV-ADI scheme defined in (4.3)—(4.4) admits a unique solution uy,(X,t,, )
satisfying

vl <lIvlllsor < IV, vE V.

max |up(x,ty)| <K+1, mel;. (4.20)
x€Q)
Moreover, there exists a constant T >0 such that the following error estimate holds for T < T
[ — U™ ||+ ||u" —U™||[ < C <r2+h§+h§+h§>, mel, (4.21)

where the constant C is independent of the mesh parameters hy, hy, h, and T.
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Proof. Due to the positive definiteness of the coefficient matrix yielded by the BDF-FV-
ADI scheme (4.3)-(4.4), the existence and uniqueness of the numerical solution follows
immediately.

Similar to the proof of Theorem 3.1, we shall prove (4.20)—(4.21) by the mathematical
induction method. Let e” :=u" — U™ with e’ =0. Considering the added small perturba-
tion terms p™, we conclude that e™ satisfies the following error equations:

(Az+11,B2) @ (Ay+175By) @ (Ac+7.By) (Dre! ) =7 (N1 =N 4Rpr ), (422)

form=1, and

(AﬁzﬂBZ) ® (Ay+277’SBy> ® (AﬁzﬂBx) (Dre™)

3 3 3
1
+T<]\\/’/m—./\/’m+R%1DF>/ (4‘23)

for m >2, where from Lemmas 2.1-2.2, (3.16) and (4.1)—(4.2) that

O(t+i+12+12)E, m=1,
REpp= (1" +ry +1{ +p" /T)E= (4.24)

@) (rz+h§+h§+h§) E, m>2.

Next, we firstly prove (4.20)—(4.21) for the case m =1. Note that (4.22) is equivalent to the
following form:

(AZ®Ay®Ax+77a77ﬂAz®By®Bx+770c’7'sz®Ay®Bx+ﬂﬂﬂ7Bz®By®Ax
=7 (N'=N"+Rhpr ). (4.25)

Then, taking the discrete inner product of (4.25) with e!, and following a similar treat-
ment as (3.26)—(3.29), we derive

lletli+lle!le < C (T +R+1+r2), (4.26)

for sufficiently small T<1, and thus by Lemma 3.3 and definition (4.19a), this immediately

yields the estimate (4.21) for m = 1. Moreover, the boundedness of the finite volume
solution uy(x,t1) in (4.20) can be proved similarly as (3.29) for sufficiently small ﬁ,
xttyttz

hy, hy and h.
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Secondly, we assume that (4.20) holds for k <m —1 with m >2. To prove (4.20)—(4.21)
at the time instant t,,, we start from the following equivalent form of (4.23):

4 4
olallyBz® Ay @B+ 517511, B: @By ® A

4
*WaUﬁAz@)By@Bx“‘ 9

9
8 DI
+E77a77‘877'sz®By®Bx) (Dte )
=7 (/\7'" —N m+R'§DF), m>2. (4.27)

(AZ®Ay®Ax+

Then, similar as the proof of Theorem 3.1, by taking the discrete inner product of (4.27)
with e and using a similar inequality (3.31) with || -|| 4 norm replaced by ||| - |||ppr norm,
we can obtain

lle™ 3pr+ 12" —e" " [3pr+ e |2
<l pp+12¢" " e 2|3 pp+4T (N~ A"+ Rfpp e” )
<lle" M Ipp+ (1+512v2L%7) [ 2¢" " — " 2||pr+8v/2T | €” 3 pr
2
+4V2T | Ryl +Ct (24 +12) (4.28)

where Lemma 3.5 is utilized to estimate |[N™—AN"| due to the fact u;(x,t,_1) and
up(x,ty—2) are bounded.
Denote

2 —112
Q(e™)=lle" lzpr+12e™ —e™ 3k

We can further deduce from (4.28), (4.24) and (3.36) that

Q(e")+|le" |2
1+512fL2 L 4V21 ) 5 o 9\2
e" 1)+ R +Ct (h24-h2+H?
Qe ) e Rl Cr (144 412
-1 —k
1+512v2027\ " 42T o (1es12v2re\ T
< | === - Q(e’)+ ) IRBpE|l
1-8v2t 1-8V2t/=\ 1-8V2t
—k
14+512v2L%1 2
+Ct W24 h24h2
Ez( 1-8v/21 ) ( g )
2 2
gC[Q(el)+<T2+h§+h§+h§> } r<‘1€ (4.29)

Noting the definition of Q(e™) and (4.26), and meanwhile using Lemma 4.1, we have

2
Q(e") =5lle!lf3pr <5lle! 2 <C (P +r2+H+12) ", (4:30)
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and then, we substitute (4.30) into (4.29) to obtain
m m||2 2 2 2 2 2
Q(e")+le" B <C (T ++h+12),
which proves (4.21) using Lemma 3.3 and definition (4.19b).

Finally, similar to the process (3.38), we can easily obtain the boundedness results
2

(4.20) for the BDF-FV-ADI solution uy,(x,t,,) for sufficiently small \/;127117, hy, hy and ;.
Thus, Theorem 4.1 is proved. O

Corollary 4.1. Assume the conditions in Theorem 4.1 hold. Analogous to Corollary 3.2, we
can further derive the optimal-order error estimate of the BDF-FV-ADI scheme in the sense of
continuous L* norm:

400 bar) =10 (X b | 2 < C (TP I+ BE+12) (431)

5 Numerical experiments

In this section, we carry out several numerical experiments to investigate the conver-
gence and efficiency of the proposed finite volume methods. Both the BDF-FV scheme
(3.7) and the BDF-FV-ADI scheme (4.3)—(4.4) are implemented, which are solved by the
traditional GE solver, the CG solver and the FCG solver. All numerical experiments be-
low are carried out using MATLAB R2018b on a Windows server with Intel(R) Xeon(R)
E5-2650 processor of 128GB RAM and 2.30GHz CPU. Besides, in all simulations, the con-
vergence orders of the schemes are measured as follows:

Erry(2h,27) Errc(2h,27)
cou=ton (i ) (i)

where Err;(h,7) and Err.(h,) respectively denote the discrete and continuous L?>-norm
errors with h=hy,=h, =h,.

5.1 Accuracy of the BDF-FV and BDF-FV-ADI schemes

In this subsection, the analytical solution of (1.1a) is given by
u(x,t) =64e'x*(1—x)%y*(1—-y)*2*(1—2)?%,

for (x,t) €[0,1]3x [0,1], where the nonlinear reaction term f(u) = (sinu)*, and the linear
part g(x,f) is computed accordingly.

We run two sets of numerical experiments to verify the convergence of the BDF-FV
and BDF-FV-ADI schemes via GE solver with respect to various fractional orders «, 3,
7 and various diffusion coefficients dy, d,, d.. First, for fixed diffusion coefficients d, =
dy=d,=1, we test the discrete and continuous L?-norm errors and convergence orders of
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— G- Errgwitha=fg=y=11 — @ - Errgwitha =
8 . * —8— Err, witha =

3r N - O - Errg with a =
S —&— Erre with a =

— % — Errg with a =
—%— Err. with a =

5
S el — - Errgwitha=f8=~=19
S ae —%— Err witha=f=v=19
~
.

log(error)
log(error)

1 1.5 1 1.5 2
log(M) log(M)

(a) The BDF-FV scheme (b) The BDF-FV-ADI scheme

Figure 1: Errors and corresponding convergence orders, where the tangent of the triangle is 2.

the BDF-FV scheme and BDF-FV-ADI scheme, where different fractional orders a« ==
v=1.1,1.5 and 1.9 are selected. From the numerical results shown in Tables 1-2, we can
observe that both the two numerical schemes generate the numerical solutions with the
same magnitude accuracy, although an extra perturbation term is introduced in the ADI
method. Meanwhile, second-order convergence in time and space is easily seen from
Fig. 1, which is independent of the fractional orders.

Next, for fixed fractional orders a=1.7, B=1.5 and y=1.3, we also test the convergence
of the two schemes for various diffusion coefficients d, :dy =d,=1;d,=1.5, dy =1,d,=0.5
and d, =100, d, =1, d; =0.01. Similarly, numerical solutions with the same magnitude
error accuracy and second-order convergence in the sense of discrete and continuous L?
norm errors are both observed from Tables 3—4 and Fig. 2. Moreover, we also see the error
accuracy and convergence orders are independent of the diffusion coefficients.

Table 1: Results of the BDF-FV scheme for dx:dy:dz =1 and representative fractional orders.

Ny=Ny=N;=M a=p=vy=11 x=F=7=15 x=B=7=19
Erry Covy Erry Covy Erry Covy
23=8 5.86x 10~ % — 591x10~% — 6.00x10~% —
2¢=16 1.41x104 2.05 1.44x 104 2.04 1.47x10~* 2.03
25=32 3.48x107° 2.02 3.58x107° 2.01 3.65x107° 2.00
26=64 out of memory = — | outof memory — | outof memory «—
Err. Cov, Err. Cov, Err. Cov,
23=8 495%x107° — 6.79x107° — 9.46x107° —
24=16 1.04x107° 2.25 1.61x107° 2.08 247x107° 1.94
25=32 2.22x107° 2.24 3.73x107° 2.11 6.30x107° 1.97
26 =64 out of memory = — | outof memory — | outof memory «—
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Table 2: Results of the BDF-FV-ADI scheme for dx:dy:dzzl and representative fractional orders.

Ny=Ny=N;=M n=B=y=11 x=B=7=15 x=B=v7=19
Erry Covy Erry Covy Erry Covy
25=8 781x100% — [950x100% — [130x10°% —
2¢=16 1.83x107% 2.10 | 2.16x10~% 214 | 2.85x10~* 2.19
25=32 447x107° 2.03 | 526x107°> 2.04 | 6.73x107° 2.08
20 —64 1.10x107° 2.02 | 1.30x107> 2.02 | 1.65x10°> 2.03
Errc Cov, Err. Cou, Errc Cov,
23=8 817x10° — [124x100% — [211x10% —
2¢=16 1.83x107° 2.16 | 2.84x107°> 213 |4.72x107° 2.16
25=32 422%x107% 211 | 6.70x107® 2.08 | 1.13x10™° 2.06
20=64 993x1077 209 | 1.60x107® 2.07 |2.78x10°® 2.03

Table 3: Results of the BDF-FV scheme for t =1.7, B=1.5, 7v=1.3 and representative diffusion coefficients.

Ny=N,=N;=M dy=d,=d, =1 dy=15d,=1,d:=05 | d,=100,d,=1,d-=0.01
Erry Covy Erry Covy Erry Covy

2%=8 5.97x10~% — 6.17x10~% — 6.95x10~% —
2%=16 1.46x 1074 2.04 1.50x 104 2.04 1.67x107% 2.06
25=32 3.62x107° 2.01 3.73x107° 2.01 412%x1075 2.02

26 =64 outof memory  — | outofmemory @ —  outof memory —
Errc Cov, Err¢ Cov, Errc Cov,

2%=8 7.06x107° — 7.35%x107° — 7.92x107° —
2¢=16 1.70x10~° 2.05 1.79x10~° 2.04 1.96x10~° 2.01
25=32 4.02x107° 2.08 4.26x107° 2.07 4.75x 1076 2.05

26 =64 outof memory  — | outofmemory @ —  outof memory —

Table 4: Results of the BDF-FV-ADI scheme for a=1.7, B=1.5, y=1.3 and representative diffusion coefficients.

N:=N,=N.=M  dy=dy=d.=1 [d.=15d,=1d.=05 [ d,=100,d,=1,d.=0.01
Erry Covy Erry Covy Erry Covy
23=8 956x10~% — [9.36x10°* — 1.10x10°3 —
2¢=16 2.18x107% 213 | 2.16x10°* 2.12 243x107% 2.18
25=32 530x107° 2.04 | 527x107° 2.03 593x107° 2.03
20=64 1.31x107° 2.02 | 1.30x10°° 2.01 1.47x107> 2.01
Err. Cov, Err. Cov, Err; Cov,
23=8 127x10°% — [125x10°% — 1.50x 10~ % —
2¢=16 293x107° 212 | 3.62x107° 2.09 3.62x107° 2.05
25=32 6.98x107% 2.07 | 8.83x10°° 2.06 8.83x107° 2.04
20 =64 1.68x107° 206 | 2.16x10°° 2.05 2.16x107° 2.03

1427

In addition, it is observed that the BDF-FV-ADI scheme (4.3)-(4.4) is more memory
saving than the BDF-FV scheme (3.7). For example, when N, = N, = N, = M =64, the
former can still run, while the latter is out of memory, as at this moment there are 262,144
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- =% — Err P Ky =1L K.
—#— Err, with K, =100, K, = 1, K. = 0.01

1 1.5 1 1.5 2
log(M) log(M)

(a) The BDF-FV scheme (b) The BDF-FV-ADI scheme

Figure 2: Errors and corresponding convergence orders, where the tangent of the triangle is 2.

unknowns at each time level. In the following test, we shall implement further experi-
ments to corroborate the efficiency of proposed ADI method.

5.2 Performance of the BDF-FV and BDF-FV-ADI schemes via different
solvers

In this test, we take f(u) =u—u>, and in this case model (1.1a) reduces to the space-
fractional Allen-Cahn equation with a polynomial double-well potential [12]. The linear
part g(x,f) is given such that the analytical solution is

u(x,t) =11134e~'x*(1—x)*y*(1—-y)?*2*(1—z2)?,

for (x,t) €[0,1]3x [0,1]. We fix the fractional orders a =1.7, B=1.5, v =1.3 and diffusion
coefficients dy =d, =d, =1 to compare the performance of the BDF-FV scheme and the
BDF-FV-ADI scheme via different solvers.

By testing this Allen-Cahn equation, we list the numerical errors and CPU times con-
sumed by the GE, CG and FCG solvers for the two schemes in Tables 5-6, respectively.
First, we observe that the proposed ADI method greatly reduces the CPU time and mem-
ory requirement compared with the BDF-FV scheme, no matter which solver is adopted.
For example, when Ny = N, =N, = 24 it takes more than two hours for the BDF-FV
scheme via the GE solver, and it is even out of memory for N, = Ny=N;= 26 while the
BDF-FV-ADI scheme with the GE solver consumes only about six minutes for the latter
case! What we have to mention more is that there is not enough memory for the BDF-FV
scheme to run this numerical experiment when Ny = N, = N, > 26, while the BDF-FV-
ADI scheme can still run even for Ny = N, = N. =2%. This confirms that the proposed
ADI method can significantly reduce the memory requirement for the BDF-FV scheme.
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Table 5: Results of the BDF-FV scheme for Allen-Cahn equation with =17, =15, y=1.3.

Nx=Ny,=N;=M CPU times (GE) CPU times (CG) CPU times (FCG) Erry Covy
23=8 0.74s 0.14s 0.56 s 982x1072 —
2%=16 2h7m17s 30.31s 419s 242%x1072  2.02
25=32 >10d 2h35m7s 1mb5s 6.00x1073  2.01
26 =64 out of memory out of memory 16 m59s 150x1073  2.00

Table 6: Results of the BDF-FV-ADI scheme for Allen-Cahn equation with x=1.7, f=1.5, y=1.3.

N:=N,=N.=M CPU times (GE) CPU times (CG) CPU times (FCG) Err, Cov,
26 =64 6m17s 2m18s 3mb55s 2201073 —
27=128 6h32m15s 3h7m10s 1h37m59s 541x107~%  2.02
28 =256 >10d 8d13h37 m 1d8h48m 1.35x107%  2.01

Thus, the developed BDF-FV-ADI method is more suitable for large-scale modeling and
simulations of three-dimensional problems.

Next, we see that all solvers basically generate the same error results, but the FCG
solver for both schemes has clear advantages in computational efficiency and storage
over the other two solvers. For example, when Ny =N, =N, = 27 (about 2.1 millions of
unknowns each time level), it takes more than six and a half hours for the implementa-
tion of the BDF-FV-ADI scheme via the GE solver, while the CG solver consumes about
three hours. What is even more amazing is that the developed FCG solver takes only
about one and a half hours! The contrasts shall be more obvious for even fine tempo-
ral/spatial meshes. Besides, when Ny =N, =N, = 26, both the traditional GE and CG
solvers are running out of memory for the BDF-FV scheme, but the FCG solver with effi-
cient computational strategy and storage solution (see Remark 3.3 and [41]) can still run.
It is deemed that for fine temporal/spatial meshes, even the BDF-FV-ADI scheme with
GE and CG solvers shall be out of memory, but the FCG solver can still run. In conclu-
sion, numerical results show that the BDF-FV-ADI scheme via the FCG solver can greatly
reduce the CPU time and storage, which is consistent with our analysis in subsection 4.2.

6 Conclusions

In this paper, by using the linear extrapolation technique to deal with the nonlinear re-
action term, two linearized implicit finite volume schemes combined with the second-
order BDF time discretization are developed for the three-dimensional nonlinear Riesz
s-FRDEs. Second-order convergence of the proposed methods are strictly proved with
respect to discrete and continuous L? norms via the discrete energy method. Compared
with the BDF-FV scheme, the BDF-FV-ADI method reduces the solution of a large-scale
three-dimensional problem into a series of independent small-scale one-dimensional sub-
problems, which greatly reduce the computational complexity and memory requirement.
Moreover, practical efficient implementation of the ADI method is briefly discussed based
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on the CG solver. Finally, numerical experiments are given to verify the theoretical anal-
ysis results.
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