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Abstract
A second order accurate method in the infinity norm is proposed for general three
dimensional anisotropic elliptic interface problems in which the solution and its derivatives,
the coefficients, and source terms all can have finite jumps across one or several arbitrary
smooth interfaces. The method is based on the 2D finite element-finite difference (FE-
FD) method but with substantial differences in method derivation, implementation, and
convergence analysis. One of challenges is to derive 3D interface relations since there
is no invariance anymore under coordinate system transforms for the partial differential
equations and the jump conditions. A finite element discretization whose coefficient matrix
is a symmetric semi-positive definite is used away from the interface; and the maximum
preserving finite difference discretization whose coefficient matrix part is an M-matrix is
constructed at irregular elements where the interface cuts through. We aim to get a sharp
interface method that can have second order accuracy in the point-wise norm. We show the
convergence analysis by splitting errors into several parts. Nontrivial numerical examples

are presented to confirm the convergence analysis.

Mathematics subject classification: 65M06, T6M20, 65N06.
Key words: 3D anisotropic PDE, Cartesian meshes, Finite element method, Finite differ-
ence method, Maximum preserving IIM, Convergence analysis.

1. Introduction

In this paper, we develop a finite element-finite difference method for three dimensional
(3D) anisotropic elliptic partial differential equations (PDEs) involving finite number of non-
overlapping interfaces across which the coefficients of the PDE may be discontinuous, and the
source term may be discontinuous and even can have a singular source term corresponding to
a jump in the flux or the solution. The problem is described as follows,

-V (A(X)Vu(x)) +ox)ux) = f(x), x=(1,y,2) € Q\ILQA=QTUQ", 1)

U(X) = UO(X)v X= (Iayvz) € 09,
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where the coefficient matrix A(x) € C1(Q\I') is a 3 x 3 symmetric positive definite (SPD)
matrix,

We define the A* and A~ as the restrictions of A on Q% and Q~, respectively,

AT(x), if xeQt,
A= (1.3)
A" (x), if xeQ,

where A*(x) € C1(Q%). Since we use both finite element and finite difference discretization,
we assume that o(x) > 0; f(x) € C(Q\ '), and the interface I' is C? within the domain , see
Fig. 1.1 for an illustration. We allow both of the solution and the flux to be discontinuous,

[u](X) =w(X), [AVu-n|(X)=Q(X), X=(X,Y,Z)€Tl, (1.4)

where n(X) is the unit normal direction at a point X on the interface pointing to the QF side.
For the regularity requirement, we assume that w € C?(T'), and Q € C*(TI"). The above two
jump conditions along the boundary condition make the problem well-posed. The jumps on the
interface, such as [u](X) and [AVu - n](X), are defined as the differences of the limiting values
from different sides of the interface; for example,
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Fig. 1.1. A diagram of the anisotropic interface problem: a rectangular domain with a closed smooth
interface (surface).

The existence and uniqueness of the solution is well-known based on the Lax-Milgram lem-
ma, see for example [1]. The Galerkin finite element method can be applied to solve the problem
numerically if a body-fitted 3D mesh (unstructured) can be generated, which is non-trivial and
maybe time consuming. However, sometimes Cartesian methods are preferred for number of
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reasons. In a Cartesian mesh method, we do not need to generate the mesh. The resulting
linear system of equations can be solved by structured fast solvers; A Cartesian mesh method is
often easier to be combined with other existing packages. Challenges with Cartesian methods
include how to get accurate discretization near or on the interface and carry out the convergence
analysis. There are limited Cartesian methods for anisotropic interface problems, mostly based
on Galerkin finite element method, for example, the immersed finite element method (IFEM)
in [2] or Petrov Galerkin method in [3-5], even fewer for 3D problems except for the Petrov
Galerkin method in [5] and recent IFEM [6]. Note that the IFEM methods can be second order
accurate in L? norm for 2D and 3D problems only if the discontinuous Galerkin (DG) correction
terms are added along the edges of interface triangles/tetrohedrons. As far as we know, there
is no proof of the convergence in the L* norm for IFE or Petrov Galerkin methods. There is
almost no finite difference methods for anisotropic interface problems except for the first order
maximum principle preserving scheme for elliptic anisotropic PDEs on irregular domains [7],
and our recent finite element-finite difference (FE-FD) method [8] for 2D elliptic anisotropic
interface problems.

Our new FE-FD method proposed in this paper has some important features: it is a sharp
interface method because the interface conditions are enforced and pointwise second order
accuracy except by a factor |log h|4/ 3 can be proved. Our method also avoids complicated
volume integrals for interface tetrahedrons. While the main ideas for 2D and 3D problems are
similar, the theoretic derivation of the jump conditions, methods design and implementation
are much challenging in 3D. In 2D, the interfaces are curves and there is a unique tangential
direction at a point on an interface. In 3D, the interfaces are surfaces and there are two arbitrary
tangent directions. There are many more terms in the interface relations in 3D compared with
that in 2D.

The rest of the paper is organized as follows. In Section 2, we describe the finite element
method based on a uniform tetrahedralization for regular anisotropic elliptic PDEs in 3D.
In Section 3, we derive new interface relations of the 3D anisotropic elliptic interface PDEs.
After those preparations, we construct the maximum principle preserving discretization at
irregular grid points and present the convergence analysis. Several numerical experiments will
be provided in Section 4. We conclude in the last section.

2. Finite Element Discretization for 3D Anisotropic Elliptic Problems

In this section, we use a standard finite element method to derive the discrete linear system
of equations at elements away from the interface. Since a uniform mesh is used, the finite
element discretization is equivalent to a finite difference discretization. We use the theory of
finite element methods for the convergence proof.

We assume that the domain Q is a cube Q = [a1,b1] X [az,b2] X [as,bs]. For simplicity of
discussion, we use a uniform Cartesian grid

$i:a1+ih, i:O,l,"',L,
yj:a2+.jh’a .]20715 aMa (21)
zr = ag + kh, k=0,1,---,N,

where h = (by — a1)/l = (b2 — a2)/m = (bs — a3)/n. We divide every cubic cell region
[Ti—1, i) X [Yj—1, Y;] X [2k—1, 2k] into six tetrahedral elements to have a uniform tetrahedralization
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T", see Fig. 2.1 as an illustration. The interface I is represent by a zero level set of a Lipschitz

e ! 1 8

R

Fig. 2.1. A diagram of a cubic mesh and the uniform tetrahedralization.

continuous function p(x) = ¢(x,y, z), often the signed distance function,

I'={(z,y,2)| ¢(z,y,2) =0, (z,y,2) € Q}. (2.2)
At a grid point (z;,y;, zx), we define

max
i = MaX{Pi—1j.k, Pijks Pit 1,5,k Piri—1ks Pij+1ks Pijk—1s Pijk+1s

Pic1,5—1,k> Pit1,j41,ks Pie1,j,k—1s Pit1,j,k+1>Pij—1,k—15Pi,j+1,k+1 (2.3)

Pi—1,5—1,k—1, <Pi+1,j+1,k+1}7

min

Pk = mIn{@i—1,5,ks Pijhs Pit 1,5,k Pij—1,ks Pirj+1,ks Pik—15 Pijk+1,
Qi1 1k Pit1,j+ 1k Pie1,j,k—1 Pit1,jk+1s Pij—Lk—1s Pij+1k+15 (2.4)

Pi1,j—1k—1s Pit1,j+1,k+1}
where @, = @(x;, Y5, 2,). A grid point (z;,y;, zx) is called regular if wi’;zxgag};‘ > 0, otherwise
it is 4rregular. In this section, we discuss the finite element discretization at regular grid points.
From [9], we know that there exists a piecewise smooth function @ : Q — R that satisfies

[W](X) =w(X), XeT, wW(x) = up(x), x €.

Note that such a @ is not needed in our algorithm but useful to get the weak form. The original
interface problem can be re-formulated as: find u(x) = ¢(x) + @(x) with q(x) € H}(2) such
that

a(q,v) = /vadxdydz -, Quds — 5 AV® - Vudzdydz, v € Hi(RQ), (2.5)

where
a(q,v) :/ (AVq - Vv + oqu)dedydz
Q

=/ <A11szz + Agaqyvy + Asz3q.v. + A12(gzvy + qyus)
Q

+ A13(quv; + qug) + Aas(qyus + qvy) + qu) dzrdydz.
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For convenience, we also define
HYQF) = {v(x) € L*(Q) | v(X)|lxea+ € H'(QT);  v(x)|xea- € H'(Q7)}.

Let V}, be the standard P; conforming linear finite element space associated with the tetrahedral
mesh. On regular nodal points at which the surrounding tetrahedrons are all on the same side
of the interface, the contribution to the resulting linear system of equations is the same as the
original weak form, that is, treating the last two terms in (2.5) as zero to have

a(up,vp) = / fopdedydz, vp € Vio, wp € Hl(Qi), v, NT = 0. (2.6)
Q

Let {vx(z,y, z)}kNi‘if be a set of basis functions for V}, a finite element approximation to the

anisotropic problem is

Naoy
up = Z o (z,y, 2). (2.7)
k=1
The linear system of equations are
Naog
> alyi,v)a; :/waidxdydz, i=1,2,--, Naoy, (2.8)
j=1

which can be written as a matrix-vector form
K,U =F, U= (a,az, ,an,,)", (2.9)

where the components of stiffness matrix Kj, is
Ky = / (AVY: VY, + otbitsy) dadydz = 3 / AV, Vi, + obiyy) dedydz,  (2.10)
Q e e
and the components of load vector is

F, = /Q fwida:dydz:g: / fidzdydz. (2.11)

The discrete linear system of equations (2.9) can be regarded as a linear system of equations
of a finite difference equations if the usual P, finite element basis functions are used since we
have a,,, = Uy, that is a finite difference approximation to exact solution w(z;, y;, zx) at a grid
point X, = (4,5, zk). If the coefficient matrix A is a constant matrix and o is a constant, we
can get the discrete matrix K, exactly. For a variable coefficient matrix A(x), we use a linear
interpolation from the values at the vertices to approximate A (x),

Ngoy

Ax) & ) Axr)ve(x), (2.12)

with an O(h?) error. We also approximate the entries of the mass matrix at x,, = (2,5, 2x)
by

/ () ()t (X)X 2 S0 (5 ) = Syomcrsiich (2.13)
Q
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with the contribution from a local element e as,

€

Ve & 1%
ot xvix = T Do U ) = T, (210

€

where 051 = o(z;,y;, zx). Similarly, we approximate the load vector at x,, = (i, y;, 2) as

/Qf(x)wm(x)dx s fijkh3, (2.15)

with the contribution from a local element e as
e 6 e e e Ve
f Ui ( Zf(xl)wm(xl) = Tfijka (2.16)
=1

where fijx = f(zi,y;,2k). Note that the error in approximating the weak form ((2.13)-(2.16))
has the same order as that of the classical P; finite element method for second order elliptic
PDES, that is, O(h?) in L? norm globally (O(h*) on each element), see for example, [10,11] for
more details. This is in line with the piecewise linear approximation to the solution. We use
the piecewise linear approximation to approximate f(x), A(x) and o(x).

If the coefficient matrix A(z,y, ) is a constant matrix, by some derivations and calculations,
the resulting linear equation at a node (z;,y;, zx) can be written as

6A11 +6A90 + 6A33 —4A15 —4A13 — 4A3

Usjr + oUijn,

3h2

A+ ;)1}12 + A3 ( Uit jo1h-1 + Ui+1,j+1,k+1)
. 34, + 2,4;2};— 2A13 — Aas ( U1+ Ui+1,j,k)
N —345 + 2A§2h2_ Az + 242 ( Uij—1r + Uz',j+1vk)
e A123222A13 + 243 ( Uijk—1+ Ui,j,k+1)

—2A12 ‘;;:1213 + Aas ( Ui—1j-1k + Ui+1,j+1’k) (2.17)
N Ao — 23/}1;23 + Ao ( Uit k1 + Ui+1,j,k+1)
+ diz f;lhz_ = (Ui,j—l,k—l + Ui j+1,6+1 ) = Jish-

The resulted finite difference discretization has a fifteen-point stencil and the resulting coefficient
matrix is a symmetric positive definite. We have shown that the local truncation errors of the
finite difference discretization (2.17) at a grid point (z;,y;, zx) is bounded by (so it is consistent)

|Tijie| < Cfg‘agiID“uth, (2.18)

where D%u is a multi-index of partial derivatives defined as

olelu(x)

Dulx) = Ox*1 Qy*2 0z

, lal=artastaz, @ >0,i=1,2,3 (2.19)
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From the classical finite element method convergence analysis and Nitch’s trick, see [12-14], we
also know that the finite difference scheme (2.17) (also a finite element method) is second order
accurate in the infinity norm for non-interface problems with the following error estimate,

Hilg‘a/LcX w(wi,yj, 2) — Ugjre| < C|log h|*3h2, (2.20)
where Ui, is the approximate solution to u(x;,y;, zx) obtained by the scheme (2.17) at a grid
point X, = (i, Y;, 2k

The estimate (2.20) was proved in [12] for three-dimensional elliptic problems. Note that
for non-interface anisotropic problems with a constant matrix A, we can apply a scaling and
rotating transformation to transform the original problem to a scalar elliptic PDE. The transfor-
mation matrix is a constant matrix and invertible, thus the estimate is valid for 3D anisotropic
elliptic problems with a different error constant.

3. The Maximum Principle Preserving Discretization
at Irregular Grid Points

In this section, we will develop the maximum principle preserving finite difference discretiza-
tion for 3D anisotropic elliptic interface problems at irregular grid points. Because of the tensor
coefficients matrix and the mixed derivatives, uzy, Uz, and u,., involved in PDE, the interface
relations derived in [15] for 3D isotropic elliptic interface problem are not valid for anisotropic
interface problems. We begin with derivation of new interface relations on the interface.

3.1. Interface relations for 3D anisotropic elliptic interface problems

It is more natural sometimes to use the local coordinates in the normal and tangential
directions. We establish a local coordinate system at a point (X*,Y* Z*) on the interface T’
using the normal direction £ and two orthogonal directions tangential to I',  and 7. The local
coordinate system is defined as follows

§= (v — X")ame + (y = Y )oye + (2 — Z")ovze,
n=(z = X")awy + (y = Y )y, + (2 = Z") oz, (3.1)
T=(x— X"y +y—Y"ay: + (2 — Z") s,

where oy¢ is the directional cosine between z-axis and £, others being defined similarly. The
above local coordinate system can also be written in a matrix-vector form given below

5 rz—X*
n | =D| y-Y* |, (3.2)
T P

where
Qgg  OQyg Qg

D = (dij)axz = | Qan Qyn Oy

Oypr  Oyr Qpr
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At a neighborhood of the point (X*,Y™*, Z*), the interface can be expressed as

£=x(n,7), with x(0,0)=0, x,(0,0)=0, x-(0,0)=0. (3.3)

By some simple calculations, we can easily verify that DTD = DDT

differentiable function p(z,y, z) we have

= [ and for any

]35 Pz
1_97] = pU I (34)
Dr Pz
and
Dee Denp Der Pzz  Pzy Pxz
]3775 Z_?nn 2_?7]7' = D p’lj:ﬂ p’lj’lj pyz DT7 (35)
Pre Dry Drr Pzz  Pzy P2z

where DT is the transpose of D, I is the identity matrix, and p(¢,n,7) = p(x,y,2). For
simplicity of the presentation, we still use p(£,n,7) to represent the p(€,n,7) below. From
(3.5), we have

Ugyx Uzy Uxz Uge Ugn Ugr

_ NnT
Uyg Uyy Uy | =D Upe  Upy Upr | D. (3.6)
Uzy Uzy Uzz Ureg Urny Urr

Let
r1 = (Qag, Qye, 0tz¢),
r2 = (Qan, Oy, Qzn),
r3 = (Qgr, Qyr, Qzr),

and define the following new coefficients
ai; =TiAry,  i,j=1,2,3 (3.7)

If the coefficient matrix A is a piecewise constant matrix, then we can rewrite the PDE (1.1)
using the local coordinates as

— (all’U,gg + a22Uyy + azsurr + 2a12u5n + 2a13u57 + 2a23u777) +ou = f (38)

Under the local coordinate system, we have the following theorem of interface relations for the
anisotropic interface problem.

Theorem 3.1. If u(z,y,2) € C*(QF), flz,y,2) € C(QF), T € C?, w € C?, Q € C, the
coefficients A is a piecewise constant matriz, and o is a piecewise constant, then we have the
following ten interface relations under the local coordinate system:
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v =uT 4w, uZL] = Uy, + Wy, ul =ur + wr,
— + +
a _ a2 _ ais _ a a
u?:%ug—gun—[+]u7—%w —%w7+%7
agy agy agy agy agy agy
+ +
+ lana] - laiz] las] — _ a1y ajs
Upy = Xnn— 5 Ug + Xnn~——3 Uy + Xon =3 Ur + Upy + Xy~ Wy + Xnn 3 Wr — Xan ¢ + Wan,
agy agy agy agy agy a11
+
ail) — aiz) — ais al
UiT:xTT[Jug +XTT[+]u7,+xTT[ ]u +urr + Xt 2wn+x”ﬁwr—wa + Wer,
ary 11 ‘111 ‘111 ‘111 a11
5 +
+ l[a1] - l[a12] — [a13] aj ay Q
Unr = Xnm— ¢ Ue + Xnr T Un + Xnr —ur + un-r + Xnr—— w”? + Xnr— + — Xnr— + Wnr,
ary ary ‘111 a11 ary ‘111
_ _ . ay; — aiz| — ai3
u;] = Smitg + Smaty, + Smsur + %ugn — —[ T ] Uy — [ +] Uy + Sn1We + Sn3wy + SnsQ
ary ary ary
+ +
v 13 n
Tat nn — —F Wy + —,
11 11 11
aiz2| — aisz| —
= Sm2u5 + Sm4un + Sm6u7— + i 5-,- - [ T ] Upr — [ +]u7"r + Sn2w§ + Sn4wn + SnSQ
11 ary ary
+ +
v 13 Qr
_a_+wn7'_ _+w7'7'+ T
11 11 11
- + + + +
+ - - ~ay — , 2af[ai2] —ajian] 2ay3[a1s] — afilass]
uge = Craug + Cr2uy + Crsts + —Fuge + (a},)? nm (a};)? T
a1y G11 @11
+ - -+ + - -+ + + +
_|_2 (‘111‘112 - a11a12) us + 2 (‘111‘113 - a11a13) -4 2 (%2[‘113] + a13[a12] - a11[‘123])
+ &n + 3 + nT
(ai7)? k (ai7)? T (aih)?
+ 32 + + + 32 + + + + + +
+Cy aw, + Cy 5w, + 2(ajy)” —afiag + 2(aj3)” — a11a33w + 2(ajpay3 — aj1as3)
1,4Wn 1,5Wr (a+ )2 nn (a+ )2 TT (a+ )2 nT
11 11 11
2a7; 2a7. ot
$016Q — B2, - 230, 4 Ty y Ly U
(aiy) (a‘ll) 11 a11 agy

where the unspecified coefficients can be found in the Appendix.
Proof. We obtain the first interface relation directly from [u] = w. Differentiating [u] = w
with respect to 1 and 7, respectively, we get

[uﬁ]Xn + [un] = Wy, (3.9)

[ug]xr + [ur] = wr. (3.10)

Using x5,(0,0) = x+(0,0) = 0, we have the second and third relations. Differentiating (3.9)
with respect to 1 and 7, respectively, yields

0
Xna_n[ué] + Xon[ue] + Xn[une] + [wny] = wyy, (3.11)

v ] e ] + X ] + ] = 1 (3.12)

From these two jump conditions, we get the fifth and seventh interface relations. Differentiating
(3.10) with respect to 7, we obtain the sixth identity below

XT% [ue] + Xrr[uel + Xr[ure] + [urr] = wrr. (3.13)
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Let o(x,y,y) = 0 be a level set representation of the interface I', then the normal direction
at a point (X*,Y*,Z*)eTis
Vo

=7 . (3.14)
IVellixe e,z
According to (3.4), we have
T
Ve = (0,09, 0:)" = DT (0,00, 07)
(Vo) 'V = (0e, 07,0 ) DD (0e, 00, 07)" = 0 + 03 + 92, 3.15)
o= Dllee onor) T
\PE o+ o7
Using the equation (3.3) of the interface on the local coordinate system, we have
T _ T T(1 _~ v \T
(905790777907—) _ (1, XmXT) : n— D™ (1, —xy, Xr) ' (3.16)
\/w§+so%+soi \/1+x%+x% VI +x3
Hence, we derive that
1
AVu-n=n"AVu = ———uo—(1,~xy, —X-) DAD" (ug¢,u,,u, )"
VIEXG X3
1
:ﬁ(la —Xn> _XT)(rlv ra, r3)TA(r?Lrv rga rg)(ufv U, UT)T
V3I+xs X7
1 riAr] riAry r;Ary Ug
= (1,—Xy,—X+) | r2ArT r2Arl rpAr?y U
V31I+EXE+ X3 rsAr] r3Arl rzAry Ur (3.17)
1 ailr a2 a3 ug
T (L, =xn:—X7) | @12 az a Uy
VR i aiz azz ass Ur
1
:ﬁ{(au — XnQ12 — XTG13)U5 + (Glz — Xn@22 — Xra23)un
JV3I+ X+ X
+(a13 — xna23 — Xra33)u7}'
From this formula, the flux jump condition [AVu - n] = @ can be written as
[(a11 — xnai2 — xra13)ue| + [(a12 — Xna22 — XrG23)Uy)
(3.18)

+ [(a13 — Xpa23 — Xras3)ur] = /1 4+ X2 + X2 Q,

which leads to the fourth interface relation. Differentiating the flux jump condition (3.18) with
respect to n and 7, respectively leads to

[a11uey] + [a12Uny] + [a13Uyr]

(3.19)
= DXmmarz + xnra1s)ue] — [Xgna22 + Xnra23)uy] — [Xnna2s + Xnrass)ur] = Q,
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and

[a11uer] + [@12Uy] + [a13Urr]

(3.20)
- [Xn‘ra12 + XTTa13)u£] - [Xn‘ra22 + XTTa23)u77] - [Xn‘ra23 + X‘r‘ra33)u7'] = QT'

The eighth and ninth interface relations are results from these two equations. The last interface
relation is derived from the PDE using

—([a11uge] + [azzuny] + [assursr] + 2[a12uey] + 2[arzue,] + 2]agsuy-]) + [ou] = [f],  (3.21)

and using the already derived interface conditions and some tedious manipulations. |

Remark 3.1. If the coefficient matrix A (x) and o(x) are piecewise variable functions, that is,
A*(x) and 0% (x), are function of x but may have finite jumps at the interface, then the last
three identities need to be revised in Theorem 3.1, see Appendix.

3.2. The maximum principle preserving discretization of the PDE at irregular grid
points

For an irregular grid point (x;, y;, 2x), we want to construct a discrete maximum principle
preserving finite difference equation with the following form

N
Z YijksmUitipj+im ktkm T OijkUije = fijk + Cij, (3.22)

m=1

where 4., jm, km take values in the set {—1,0,1}. Ny is the number of grid points involved in
the discretization, and we often choose Ny = 27 in 3D cases; Cj;i, is a correction term depending
on the jump conditions of the solution and the flux. The idea and procedure are similar to the
maximum principle preserving scheme [15,16] for isotropic elliptic interface problems and the
FE-FD method [8] for 2D anisotropic elliptic interface problems while the interface relations
and the implementation are more challenging.

The local truncation error of the scheme at a grid point (z;,y;, 2x) is

N.
Tijke = 3 VighimW(Titin s Uit i 2hthn) + Oignt(@i U5 20) — F(@i,y5,20) — Cige. - (3.23)

m=1
We describe the process to determine the coefficients of the difference equation (3.22) below.
Without of loss of generality, let (z;,y;,2x) € Q7. We first choose a point (X[,Y/, Z}) on
the interface I" near the grid point (x;,y;, 2x), say the orthogonal projection of (x;,y;, 2x) on
the interface. Then we expand each w(Tiyi,,,Yjtjn: Zk+k,) at (X[, Y, Z)) under the local
coordinate system,

u(‘rz"l‘zm ) y]"']nl ) Zk+k7n)

1 1
=U(Em T Tm) = U5+ €t + Tty + Tt + €0 Uz + 5t

1
+ =2 ut + §m77mu§7 + §m7'mu§ + anmu,j]ET + O(hg), (3.24)

27TLTT
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where the ‘+’ or ‘=’ sign depends on which side the grid point (., m, 7 ) lies on the interface T'.
With the expansions of all w(@;yi,, , Yjtjm s Zhthn ), dlong with

T%jk :B1U7 —|— Bgug —|— Bg’u,; —|— B4’U,; —|— B5ugg —|— Bgu;n —|— B7’U,;T —|— Bgugn

Using ten interface relations defined in Theorem 3.1, we eliminate the quantities from the ‘4
side by the quantities from the ‘—’ side, and collect terms to obtain

fij = f~ +0O(h), oi; =0 +O(h), (3.25)
the local truncation error Tj;; can be expressed as a linear combination of the values u®, ugt,
+ + + .
u,jf, uf, Uge u,jfn, uﬂ;, Ug,, Ugrs u,jfT as the following:
Tijr =biu™ + bout + bgug + b4ugL + bsu,, + bgu;;' + bru; + bgul
+ bgu& + blougz + bllu;n + b12’u;7rn + blgu; + b14u;r7.
—|— b15u£—n + blgug;] + b17u5_7 + blguz; + blgu,} + b20u7J7rT
4o u —f — ijk T O(h) (326)
Define two index sets K+ and K~ by
E* = {m: (&msm, Tm) € X},
then b;’s are given by
b1 = Z Yijk,m be = Z Yijk,m, bz = Z EmYijk,m,
meK— meKt meK—
by = Z EmYijk,m, bs = Z NmYijk,m, be = Z NmYijk,m
meKT meK— meKt
1
br = Z TmYijk,m, bs = Z TmYijk,m, by = 5 Z f?n%jk,m7
meK— meKT meK—
1 1 1
bio =5 > Gk, bu= 3 > nmYigkoms bz = B > nmYigkoms (3.27)
meKT meK— meKt
1 1
biz = B Z 7-72n’)’ijk,m7 b1y = B Z Ti%‘jk,m7 bis = Z EmNmYijh,m,
meK— meKT meK—
bie = Z EmNmYijk,m, bir = Z EmTmYijk,m, big = Z EmTmYijk,m,
meK+ meK— meK+t
big = Z NmTmYijk,m, b20 = Z N Tm Yijk,m -
meK— meK+t

)

(3.28)

—+ BQUET + Blo’u;T + o u — f7 =+ B11 — Oijk =+ O(h,),
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where

By = by +b+ 510@,
a1

-
By = b3+ b4% + Smrla11] + b16Sm1 + b1 Sme + 010C1 1,

11
_ [a12]
Bs = bs+bs— by e + Smrlarz] + b16Sm3 + b18Sma + 010C1 2,
11
a
By= br+bs—by [af] + Simrla1s] + b16Sms + b18Sme + 010C1,3,
11

a
11

Bs = by + bio—,
a1

[a12] 4 2ayla1z] — af [ags]
a 10 (a};)? ’
11 11

a 2at,a13] — afifa

[ f»] 1 byo 13[ 13] 11[ 33]

ary (af1)2 7

+ - -+
Be= b b Ay b 2(a11a12_a11a12)
8 = bi5+ b1~ + b1o T3 5
agy (a77)
- + - -+
Bo= b b ayy b 2(%1“13_%1“13)
9= 017 +b18— + 010 2
ag (au)

Bg = bi1+bi2—bis

B7 = biz+bia—bis

as- a a 2 (afy]a13] + afslais] — afy[ass]
BlO = 519 + bzoﬁ - blﬁ[ 13] — blg[ 12] + blO ( 12 13 3 11 )
ot ot ot n
11 11 11 (“11)
+

ot a
B = (bz + bloa—+> w + {bﬁ - b4a—f + Sm7aii_2 + b16Sn1 + b18Sn2 + b1001,4} Wy
11 11

)

+
a
+ {bs — b4a—f + Sm7air3 + b16Sn3 + b18Sna + b1001,5} Wy

11

+ +12 + +

a 2(a —a; a
+ {b12 —big—= + bm%jlﬂ} Wy

agy (afy)

+ + + + +
v 2(2a7yai; — afjag)
S12 Wy

ag agy (a;rl)2
— — Sm7 + b16Sn5 + b185Sne + blOCLG} Q

1 [f]
—— {bisaf; — 2bioas} Qr — bro—1.
(af1)2 { H 13} aii_l

bigai; — 2bioay +
(aﬁ)Q { 16%11 10 12}Qn
The finite difference coefficients should be determined to have O(h) the local truncation error,
and to have an M-matrix structure for the convergence proof. So the coefficients v, m are
chosen such that the coefficients of u—, Ug 5 Uy s U Uggy Uy, Uy Uy U, Uy vanish in the local
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truncation error (3.28) and satisfy the sigh constraints. In other words, the finite difference
coefficients v;jx m should satisfy the following equality constraints

By =0, By=0, B3=0, By=0, Bs=ai,
(3.29)
B¢ = aze, By = a33, Bs = a12, By = a13, Big = ass,

and inequality constraints

. (3.30)
O < 'Yijk.,m < — lf (imvjmv km) = (07 Oa 0)7

where C'is a positive constant, and B;j,j = 1,2,--- , 11 are defined in (3.28). Moreover, to ensure
the local truncation errors in (3.28) are bounded by O(h), we should choose the correction terms
as Cijk = Bll'

This equality and inequality constraints are formulated as a quadratic optimization problem,

(1
mvln{QHv—gHz}’ (3.31)

such that the equality constraints (3.29) and the inequality constraints (3.30) are satisfied,
where g € RY: and v is a vector consisted by finite difference coefficients 7;;x,m. The vector g
in (3.31) is chosen in such a way that if the anisotropic coefficients AT = A~ the coefficients
Vijk,m 'S are the same or close to the regular ones derived in section 2. For example, when A*
are two piecewise constant matrices, the vector g is chosen as

B 6AT 4 6AL + 645, — 4AT, — 443, —4A%

9gm = 312 if (’Lm,]m,km):(o,o,O),
AL + AL 4+ AL

g = SZEEBEEI it (i, o) € {(=1,-1,-1), (11,1},
—3AE +24% +24% — A

g =~ AN EIRG TN (i k) € {(<1,0,0),(1,0,0)),
—3AL +24% — AL +2A%

g = — DA T2 — s ¥ 25 e € (0,-1,0),(0,1,0)),

3AL Ai3h22Ai 2A% (3:32)

g = B I (i, i, ) € 4(0,0,-1), (0,0, 1)},
—2AE + AT, + AL

g =~ BT EE (i o, ) € (—1,-1,0), (1,1,0),
AL —2A% + AL

gm = — 12 3h123 + 23 lf (Zma.]’m;km) € {(_1507_1)7 (1507 1)}5
AL + AL — 24A%

m — — 1 i’m;"m;me y Ly, /1) s Ly )

gm = —SR2EEB 2R (k) € {(0,-1,-1),(0,1,1)}

where the sign ‘4’ depends on which side of the interface the grid point (Ziti,,, Yjtjm > Zh+km )
lied on.

From [15,16], we know that the optimization problem (3.31) has a solution if A is sufficiently
small, which is demonstrated numerically. We use the QL code developed by Schittkowski [17]
to solve the optimization problem. Once the ;s are determined, we get the correction term
Cijk = Bi1. If there is no feasible solution for optimization problem, we can add more grid
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points nearby until we get a feasible solution. Another way is to use a scaling (preconditioning)
strategy which works well, see Example 4.6 as an illustration.

Remark 3.2. If the coefficient matrix A is a piecewise variable matrix and o is a piecewise
variable function, then By, B3, By and By; become,

+ - -+
~ a; ¢y —aj;c
By = By + bjp———LL za_,_ )211 L
11
+ +
5 ci [a12] — afy[cs]
B3 = B3 + b10W7
(3.33)
5 ¢ [a13] — aj;[c3]
By =By + b10T7
11
- + 4+ _ 4+ A+ + 4+ _ o+t +
By, = By, +b10a12c1 . ‘;1102 w, +b10a1301 - ‘;1163 w, — C_: 2Q.
(aiy) (a17) (a1y)

3.3. The convergence analysis

We show that the proposed new method for 3D anisotropic elliptic interface problems is
second order convergent except for a factor of |log h|4/ 3| in the pointwise norm.

Theorem 3.2. Let u(z,y,z) € C3(QF) be the solution of problems (1.1)~(1.4) with o(x) =0, a
Dirichlet boundary condition. Assume that 0) is Lipschitz continuous, the interface is smooth
(o(z,y,2) € C?), A is a symmetric positive definite and piecewise constant matriz, and the
finite difference coefficients {ijx,m} at wrreqular grid points satisfy

C
> Vijkmbm = 727 (3.34)
Em >0

where Cs is a positive constant that corresponds to the source strength of the singular source
term, corresponding to the magnitude of the flux jump condition, that is, ||Q|lco,r- The flux
Jump condition [Au,] = Q corresponds to a source distribution along the interface (single layer
as in Peskin’s Immersed Boundary Method) model. In the discretization, the right hand side
will have O(1/h) terms at nodal points near the interface. Thus, the condition is actually a
consistency requirement, see for example, [15] for more details. Then we have the following
error estimate for the computed solution Usji of the proposed method,

max [u(z;, yj, 2) — Uijk| < C|log h|*2h?, (3.35)
ij

where the constant C' depends on the underlined grid, interface, u, f, and A = {a;;}, and the
space C*(Q0F) are defined as

Ok(Qi) = {’U(X)‘U(XHXGQ* € Ok(QJr)av(X”xEQ* S Ok(Qi)}a k=1,2,3,---.

We remark that the condition (3.34)is a consistency condition for the maximum principle
preserving scheme, which states that finite difference coeflicients should be non-negative and
bounded by C/h?, at least one of them should be O(1/h?).
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Proof. The proof is similar to the process of 2D anisotropic elliptic interface problems in [8].
We divide the error into three parts and analyze them separately. Let the discrete matrix of
the FE-FD scheme be Kj,, and the error vector of the computed solution be Ej, then we have

KyE;, =T}, = T; + Tg + T, (3.36)

where entries of T; are the local truncation errors of the new finite difference scheme at regular
grid points in QF, and are zeros at regular grid points in Q~, and irregular grid points in the
neighborhood of T" and so on.

We define K as the finite difference (from FEM) operator on the entire domain with the
anisotropic coefficient matrix AT defined on Q7, that is extended to the entire domain since
AT is a constant matrix. K, is defined in the same way. K;I|r and K, are symmetric positive
definite matrices. Note also that since A is a piecewise constant matrix, the discrete matrix
K; and K, are exact. The error in approximating the load vector is of O(h?), which has the
same order as that of the local truncation errors. Finally, we define K} as an extension of the
maximum preserving finite difference scheme at irregular grid points to all grid points. Note
that K} is a second order finite difference operator at regular grid points and it is an M-matrix
if it would be applied to a non-interface problem. Note also that the extension is used for the
theoretical purpose but not for the computational practice since it would be computational
expensive.

If we define EZ, E, , and EE in the same way as their counter-parts by replacing T" with FE,
then

E,—E +E, +E, = (K}) 'T} + (K}) ' Th + (K;) 'T}. (3.37)

We show below that each term in the right hand side is bounded by O(h?) or O(|log h|*/3h?).

The first term corresponds to the error estimate of the following problem

N Ti(x) ifxeQf,
-V (AT (x)Vq(x)) = ' ) q| =0,
0 otherwise, o0
where
TH(x)= Y Tmtm(x), andthus, [T}~ < Ch?

Xm €QTF

and T,, is the local truncation error at a regular nodal point x,, in (2.18). Note that this
is an anisotropic elliptic problem with smooth coefficients but a L? source term with a finite
discontinuity.

We show that ¢ € W2°°(Q) below. As a matter of fact, ¢(x) is piecewise smooth, see for
example [18], in particular,

q(x)|qs € C*(QF).
Define p(x) by

p(x)]ge = (Q(x)|ﬂi)zz'
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Then p(x) € L*(Q). It can be shown as following that p(x) is the weak second derivative of
q(x) with respect to z. For any ¢ € C§°(2),

2

2
ppdx = / Quap dX = — (/ QuPr dX — / Qo PNy ds)
/Q ; Q; Z Q 99

=1 k1 k1

2
_Z (_/ qPze dX —|—/ qoznds —/ qz PNy ds)
Py (o8 o9 o9

‘/Qqspzm dx +/ (_[q@wng] + [szng]) ds = /Qqspmm dx,
T

where Q1 = QF, Q2 = O, (ng,ny, n,) is the normal direction of 9Q, (nl, nl‘;, nl) is the normal

direction of I'. We have used the fact that ¢(x) € C*(Q) in deriving the last identity. Therefore,
Qee = p € L°°(Q). Similarly, qyy, @z, Quoys Guz, @y € L°(Q). As a consequence, ¢ € W2>°(Q).
Note also that when o(x) = 0 and A is a constant matrix, we can change the regular anisotropic
PDE to a Poisson equation without alter the regularity. Thus, the finite element discretization
using P; element satisfies the following estimate from [13,14],

1B lloo < Cllog h[*?[lgllw2. (o) < Ch*|1log h[**||ullw2(q).

We can get the same order estimate for |E; ||c.
Finally, we prove the error estimate for El,: The proof is similar to the maximum preserving
IIM [16] for the scaler case. Consider the solution to the following interface problem

- V- (AV§(x)) + od(x) = 1,

[¢] =0, [AV¢-n]=1, doo=1.

(3.38)

From the results in [18], we know that the solution ¢ exists, and it is unique and piecewise
smooth. Therefore the solution is also bounded. Let

P(z,y,2) = ¢(z,y,2) +| min _¢(z,y,2) |. (3.39)
(z,y,2)EQ

Note that the second term in the right hand side is a constant. If (3.34) is true, then we know
that

1+ O(h?), if (z4,yj, 2x) is a regular grid point,

-
g >
B, ¢(wi, 5, 2k) > Z Ymkm > % +O0(1), if (zs,y5,2k) is an irregular grid point.

&m0

Note that the second inequality above is due to the jump in the flux in ¢ at irregular grid
points; and B} ¢(z;,y;, z) can be large but it is nonnegative. At regular grid points we have

_ |Tijk | < Cg h2
BEQS(I’LavaZk) N 1 ,
where T}, is the local truncation error if we would apply B} to the original PDE at a regular
grid point x,, = (z;,y;, zx). At irregular grid points where (3.34) is satisfied, we have

Tl Cah _ Ca,s
B}:(b(xzay]azk) o Cz/h, 02
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since the local truncation errors at irregular grid points are bounded by
T3k < Cah

for some constant Cy. Thus, from Theorem 6.2 in [19], we also have |E}||oc < Ch% This
completes the proof. O

Remark 3.3. We believe that the convergence theorem is also true for variable coefficient
matrix A and non-zero o(x) at least asymptotically. This is because at regular grid points, the
differences of the computed coefficient matrix Ay and the exact one using the P; finite element
method is order of O(h?).

4. Numerical Experiments

In this section, we show several numerical experiments for the 3D anisotropic elliptic inter-
face problems with piecewise constant and variable anisotropic coefficients respectively. The
discrete linear system of equations is solved using SOR. The interface are some closed surface in
the solution domain and are expressed by a level set function. We present errors in the solution
denoted as ||En||co in the infinity norm,

||EN||oo = Hzlﬁéx |U(Ii,yj,2k) - Uijk|-

Table 4.1: A grid refinement analysis for Example 4.1 with two modest jumps in the coefficients.

max{‘Ajj‘}:ZiO max{‘Ajj‘}zl/QO
N ij [A;] i,j [A;]
[ EN |oo | En ||oo

20 2.6821E-01 3.7643E+00

40 5.7005E-02 1.2981E+00

60 2.4670E-02 5.9125E-01

80 1.2182E-02 3.5124E-01

100 7.5081E-03 2.2920E-01

120 5.2703E-03 1.5735E-01

Y2=1.7783 X +5.4934

log(Ey )

Y=

V1:2.2058 X +3.7599

-45 -4 -35 -3 -25 -2
X = log(h)

Fig. 4.1. Linear regression of Table 4.1. The average convergence orders are 2.2058 and 1.7783,
respectively.
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Table 4.2: A grid refinement analysis for Example 4.1 with two large jumps in the coefficients.

ma,x{‘Ait"} — 4000 max{‘%‘} — 30000
N i,J 1A i,j 1A
|1 Enlloo |1 Enlloo

20 2.5033E-01 2.4783E-01

40 4.9835F-02 4.9069F-02

60 2.0528E-02 2.0032E-02

80 9.6391E-03 9.3921E-03

100 5.8327F-03 5.6424E-03

120 4.0188E-03 3.8821F-03

The order of convergence is estimated using the linear regression from the datas log(Ey) and
log(hy) with different N’ s.

To simplify the expression, we rewrite the coefficient matrix A as (A11, A2z, Ass, A2, A13, A23).
For example, A~ : AT = (4,5,7,0.1,0.2,0.3) : (40, 60, 80, 3,6,9) means

4 0.1 0.2 40 3 6
A =] 01 5 03 |, AT = 3 60 9
02 03 7 6 9 80

Example 4.1. In this example, the anisotropic coefficient A of differential equation is a piece-
wise constant matrix. The jumps [u] in the solution, the flux jump condition [Au,], [f] in the
source term, and the Dirichlet boundary are determined according to the exact solution:

10?492+ 227 a4 < (%)2,
u(z,y,z) = ) W , (4.1)
2 2 2 e, 2 2, .2
(:C +y —l—z) if e +y“+ 2 2(@) .
The interface is a sphere 22492+ 22 = (&)2 within the computation domain —1 < z,y,2z < 1.
In Tables 4.1-4.2, we show grid refinement results to get actual errors in the strongest norm
and average convergence order with a modest jump and a large jump in the coefficients A and o
respectively, along with a convergence plot using a line fitting. In Table 4.1, the second column
lists the errors when A~ : AT = (4,5,7,0.1,0.2,0.3) : (40, 60,80,3,6,9), 0 : 0 =1: 10, while
the third column shows the errors when A~ : A* = (60,40, 50,10,15,20) : (3,4,5,1,1.5,2),
0~ : 0T = 10 : 1. In Table 4.2, the second column lists the errors when A~ : AT =
(0.1,0.2,0.3,0.01,0.02,0.03) : (200, 600, 300, 40,60, 90), 0~ : ¢ = 0.1 : 100, while the third col-
umn show the errors when A~ : AT = (0.1,0.2,0.3,0.01,0.02,0.03) : (3000, 4000, 5000, 200, 600, 900),
o~ 0T =0.1:1000. Using the linear regression analysis, we can see a second order convergence
in the solution for all cases.

The linear regression analysis corresponding to Table 4.1 in Fig. 4.1 provided the convergence
order and error constants below:

| U™ — u ||l oo 42.9458 h22958 | UM — u || 0o~ 243.0901 17783,

The linear regression results corresponding to Table 4.2 in Fig. 4.2 provided the convergence
order and error constants below:

| U" — u [| oo 52.7039 h*3222 || U" — u || o 54.0428 h*33%,
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Fig. 4.2. Linear regression of Table 4.2.

respectively.

Y2:2.3366 X +3.9898

-4.5 -4 -3.5

-3 -25

X =log(h)
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The average convergence orders are 2.3222 and 2.3366,

Table 4.3: A grid refinement analysis for Example 4.2 with two modest jumps in the coefficients.

N n}gx{:jg}:90 n}gx{%}:lﬂo
I ENlloo BN [loo
20 1.1902E-02 4.2480E-02
40 2.4935E-03 1.0033E-02
60 1.0046E-03 5.9599E-03
80 8.4603E-04 3.0099E-03
100 2.6913E-04 1.8888E-03
120 2.0980E-04 1.0829E-03

-4

V2=1.9753 X +1.4160,

Y1:2.2281 X +0.7247

-45 -4 -35

-3

X =log(h)

-2

Fig. 4.3. Linear regression of Table 4.3. The average convergence orders are 2.2281 and 1.9753,

respectively.

Example 4.2. In the second example, we also select the anisotropic coefficient A as a piecewise

constant matrix and o is a piecewise constant, while the interface is a ellipsoid 22 +4y2+22% = 1

1
4

within the computation domain —1 < z,y,z < 1. The jumps [u], [Auy,], [f], and the Dirichlet
boundary condition are determined from the exact solution:

u(z,y,z) =

R T

sin(z) cos(y) cos(2)

2

if 22 4+ 4y% + 222 <

if 22 4 4y% + 222 >

N N N

(4.2)
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Table 4.4: A grid refinement analysis for Example 4.2 with two large jumps in the coefficients.
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max { 141 } —9000 | max { 451 } — 100000
N ij | 14! ij | 1451
1 EN o | En]loo

20 9.7614E-03 8.4578E-03
40 3.2877E-03 2.7341E-03
60 1.2099E-03 1.1676E-03
80 7.5818E-04 8.0835E-04
100 2.0047E-04 2.2079E-04
120 1.2624E-04 1.2555E-04

00

V1:2'4136 X +1.2545

V2=2v2891 X +0.7894

Zas 4 35 -3 25 2
X = log(h)

Fig. 4.4. Linear regression of Table 4.4. The average convergence orders are 2.4136 and 2.2891,
respectively.

The grid refinement results presented in Tables 4.3-4.4 with a modest jump and a large jump in
the coefficients A and o show a second order convergence in the solution. In Table 4.3, the sec-
ond column lists the errors when A~ : A* = (4,5,7,0.1,0.2,0.3) : (80,60,70,9,6,5),0~ : 0" =
1 : 10, while the third column shows the errors when A~ : AT = (60, 40,50, —10, -5, —2) :
(3,4,5,—1,—0.5,—0.2), 0~ : ¢ = 10 : 1. In Table 4.4, the second column lists the errors
when A~ : AT = (4,6,5,1,0.5,0.1) : (4000, 6000, 5000, 1000, 500,900), o~ : ot = 1 : 5000,
while the third column shows the errors when A~ : AT = (0.1,0.2,0.3,0.01,0.02,0.03) :
(4000, 6000, 5000, 1000, 500, 900), ¢~ : o = 0.1 : 2000.

The linear regression results corresponding to Table 4.3 in Fig. 4.3 provided the convergence

order and error constants below:
| U™ = u [|oor 2.0640 B*2%8 || U — u ||ooms 4.1205 K752,

The linear regression results corresponding to Table 4.4 in Fig. 4.4 provided the convergence

order and error constants below:
| UM = u ||sore 3.5060 h24136 || U™ — u || 0o 2.2020 h%-2891,

Example 4.3. In this example, we set the domain as a multi-connected domain with two
ellipsoid interfaces. The level set function of the interface is

QD((E, Y, Z) = Sl(xvyu 2)52(1:73/7 Z)u
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Table 4.5: A grid refinement analysis for Example 4.3 with two modest jumps in the coefficients.

max{‘Ajj‘}ZSO max{‘Ajj‘}zl/lo
N ij | 1Al ij | 1451
[ En oo (2

52 4.6789E-02 1.5159E-01

62 3.3652E-02 7.3042E-02

72 2.6281E-02 5.1766E-02

82 1.8408E-02 3.6438E-02

92 1.7532E-02 1.8517E-02

102 1.3532E-02 1.5956E-02

-15

V1:1.8229 X +2.8687

-45
=4 -38 -36 -3.4 -32
X = log(h)

Fig. 4.5. Linear regression of Table 4.5. The average convergence orders are 1.8229 and 3.3565,
respectively.

where

Si(z,y,2) = (x —0.2)? +2(y — 0.2)* + 22 — 0.01,
So(z,y,2) = 2(x +0.2)% + (y + 0.2)* + 2% — 0.01.

The anisotropic coefficient A and o are still piecewise constant. The jumps [u], [Au,], [f] and
the Dirichlet boundary are determined from the following exact solution:

u(z,y,z) = (4.3)

etttz if (z,y,2) € Q7
sin(27rx) + sin(7y) + sin(4nz)  if (2,y,2) € Q.

We show a grid refinement results in Tables 4.5-4.6, and by a linear regression analysis we can
see a clean second order convergence for both a modest jump and a large jump in the coefficients
A and o. In Table 4.5, the second column lists the errors when A~ : AT = (4,5,6,1,0.5,0.3) :
(50,60,70,10,5,9), 0~ : o7 = 1 : 10, while the third column shows the errors when A~ :
At = (6,4,2,-0.1,-0.2,-0.3) : (2,1,0.2,-0.01,-0.02,-0.03), 6~ : 07 =1 : 0.1. In Ta-
ble 4.6, the second column lists the errors when A~ : AT = (0.1,0.2,0.3,0.01,0.02,0.03) :
(400, 600, 700, 60,80,90), 0~ : ¢ = 0.1 : 100, while the third column shows the errors when
A= AT =(0.1,0.2,0.3,0.01,0.02,0.03) : (1000,2000, 3000, 100,200, 300), o~ : ¢ = 0.1 : 1000.

The linear regression results corresponding to Table 4.5 in Fig. 4.5 provided the convergence
order and error constants below:

| U" = ufloom 17.6148 ¥5229 || U" — u || o 8238.5817 B 37%°.

The linear regression results corresponding to Table 4.6 in Fig. 4.6 provided the convergence
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Table 4.6: A grid refinement analysis for Example 4.3 with two large jumps in the coefficients.

max{‘Am} — 6000 max{‘A$‘} — 10000
N ij | 1451 ij | 1Al
|1 Enlloo |1 Enlloo

20 9.7614F-03 8.4578F-03

40 3.2877F-03 2.7341F-03

60 1.2099F-03 1.1676E-03

80 7.5818F-04 8.0835E-04

100 2.0947F-04 2.2079F-04

120 1.2624F-04 1.2555E-04

Fig. 4.6. Linear regression of Table 4.6. The average convergence orders are 2.0099 and 1.9494,

respectively.

-2.6

Y2=1.9494 X +3.6077

o

Y1=2.0099 X +3.6703

order and error constants below:

| UM — u || oo 39.2625 h%0099)

Example 4.4. In this example, we choose the anisotropic coefficient A and o are piecewise

variable. A~ (z,y,z) and AT (z,y, z) are fixed by

-32

| U" — u || oo 36.8811 19191,

,],.2 + 1 7‘2 7,2 + 1
AT = r? r2 42 r2+1—10 , At =pA",
2,1 .2, 1 2
T+ "t T+3
and the piecewise variable functions o (z,y, 2) are
o~ =esinycosz (r2 +4) , ot =0,

Table 4.7: A grid refinement analysis for Example 4.4.

B=1 B=2 B = 1000
N
1 Ex|loo | EnJloo 1 En]lo

20 5.4271E-02 2.7686E-02 2.6046E-03
40 1.3710E-02 7.0787E-03 7.2667E-04
60 5.9850E-03 3.1208E-03 3.3120E-04
80 3.3527E-03 1.7622E-03 1.8191E-04
100 2.1525E-03 1.1427E-03 1.1002E-04
120 1.4781E-03 7.7950E-04 8.3248E-05
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where 3 is a constant and r = /22 + 32 + 22, The interface is a sphere 2% + y? + 22 = (ﬁ)Q
within the computation domain [—1,1] x [—1,1] x [=1,1]. The jump conditions [u] and [Awuy,],
the Dirichlet boundary, and the source term f are derived from the following exact solution

r? if r < rg,

u(x,y,z) =
(@9.2) (%r4+r2>/6—(%r§+r§)/ﬁ+r§ if » > g,

(4.4)

where 79 = g55. We show the grid refinement results in Table 4.7 with three different 3. The
larger 3 corresponds to a larger jump in coefficients. From linear regressions, we obtain second
order convergence for both a modest and a large jump in the coefficient matrix A and o.

The linear regression results corresponding to Table 4.7 in Fig. 4.7 provided the convergence
order and error constants below:

| UM —u |l oom 5.6124 h2ONT || UM — 4 ||oome 2.7234 A19901 || UM — || 0o 0.2394 R1-9482,

Example 4.5. We show an example in which the interface is not an ellipsoid. The interface is
a perturbed sphere whose curvature can change the signs.

2
22 422 = (co + esin(ky z) sin(kay) sin(kgz)) . (4.5)

The jumps in the solution and the flux, [u] and [Au,], [f] in the source term, and the Dirichlet

V1:2.0117 X+ 1.72!

Y,71.9901 X + 1.001

Y3=1.9482 X -1.4296
-9

-10
-45 -4 -35 -3 -25 -2
X = log(h)

Fig. 4.7. Linear regression of Table 4.7. The average convergence orders are 2.0117, 1.9901, and 1.9482,
respectively.

Table 4.8: A grid refinement analysis for Example 4.5 with modest jumps in the coefficients.

max{‘A;‘}zlo max{ﬂ}zl/lo
N ij | 14l ij | 145
I ENlloo BN [loo

20 2.0051E-01 1.5930E-01

40 4.5430E-02 3.1351E-02

60 2.0699E-02 1.4232E-02

80 1.1173E-02 7.5786E-03

100 7.2125E-03 5.1957E-03

120 5.0008E-03 3.4735E-03
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boundary are determined according to the following exact solution:

sin (3:—|—2y—|—3z) if (z,y,2) € Q7
u(z,y,7) = : (16)
(3:2 +y2+ zz) S if (z,y,2) € QT

In Table 4.8-4.9, we show grid refinement results followed with the corresponding linear
regression of convergence order with € = 0.2, k1 = ko = k3 = 5, Cy = 0.5. In Table 4.8, the sec-
ond column shows the errors of the computed solutions when A~ : AT = (4,5,7,0.1,0.2,0.3) :
(40,50,70,1,2,3), 0~ : o7 = 1 : 10, while the third column is the errors when A~ : AT =
(20, 30,20, —3,—1,-2) : (2,3,2,-0.3,-0.1,-0.2), 0~ : ¢ = 10 : 1. In Table 4.9, the sec-
ond column lists the errors of the computed solutions when A~ : At = (4,6,5,1,0.5,0.1) :
(4000, 6000, 5000, 1000, 500, 900), 0~ : ¢ = 1 : 5000, while the third column shows the errors
when A~ : A* = (1,2,3,0.1,0.2,0.3) : (4 x 10%,5 x 10,6 x 10%,1 x 10%,2 x 10°,3 x 10°),
o” ot =1:3x108.

From these two tables and the corresponding linear regression results, we can see a clear
second order convergence for both small jumps and large jumps in the anisotropic coefficients.

The linear regression results corresponding to Table 4.8 in Fig. 4.8 provided the convergence
order and error constants below:

| U™ = u [|oore 22.3186 K*%% || U — u ||ooms 19.4626 h* 196,

The linear regression results corresponding to Table 4.9 in Fig. 4.9 provided the convergence
order and error constants below:

| UM = u || oo 27.7702 K039 || UM — u || sore 21.0770 h2-0366,

Example 4.6. As suggested by one of referees, we consider an example with large jump ra-
tios in which the anisotropic coefficient A = diag (106, 1, 10_6>. As we know that efficient
numerical methods work well for well-conditioned problems, but may not work well for ill-
conditioned problems. When A = diag (1067 1, 10_6), the condition number is 10'2 which is

an ill-conditioned problem. A direct application of our method leads to inaccurate computed

Y, =2.0561 X +3.1054

Y, = 21166 X + 2.9685

-6
42 4 38 36 34 32 3 28 26 24 22
X=log(h)

Fig. 4.8. Linear regression of Table 4.8. The average convergence orders are 2.0561 and 2.1166,
respectively.
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Table 4.9: A grid refinement analysis for Example 4.5 with large jumps in the coefficients.

max{‘Ajj‘} = 9000 max{‘Ajj‘} =10°
N i,J 1A i,j 1A
[E2[ES 1 En]]oo

20 2.5945E-01 1.9877E-01

40 5.9344E-02 4.5099E-02

60 2.7154E-02 2.0940E-02

80 1.4782E-02 1.1342E-02

100 9.5902E-03 7.3745E-03
120 6.6548E-03 5.1060E-03

Y, =2.0396 X +3.3240

Y, =2.0366 X +3.0482

-4.2 -4 -38 -36 -34 -3.2 -3 28 26 -2.4 22
X=log(h)

Fig. 4.9. Linear regression of Table 4.9. The average convergence orders are 2.0396 and 2.0366,
respectively.

solution. We have proposed a preconditioning strategy for such problems. For example, if the
anisotropic coefficient is given as

106 102 1073
A” = 102 1 106 |, AT =pA4",
1073 10~¢ 10

we use a scaling strategy as below

1072 0 0
y = DFX7 DF = 0 1 0 y X = (xayuz)T7 y = (i‘7g,2)T,
0 0 10°

Then we use our new method for the following transformed problem

V- (Ava(y)) = (), (4.7)
when ¢ = 0. The new anisotropic coefficient is

1 10-* 1073
A~ = | 107! 1 1073
1073 1073 1

, At =pA".

The analytic solution and the interface are the same as in Example 4.5.
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Table 4.10: A grid refinement analysis for Example 4.6 with 8 = 10.0 and 8 = 1000.

B =10 B = 1000
N

Il EN |oo [ EN |0
20 2.0061E-01 2.0296E-01
40 4.5340E-02 4.6526E-02
60 2.0675E-02 2.1291E-02
80 1.1196E-02 1.1571E-02
100 7.2277E-03 7.5267E-03
120 5.0289E-03 5.2366E-03

15

Y, =2.0373 X +3.0730

Y, =2.0534 X +3.0975

-4.2 -4 -38 -36 -34 -3.2 -3 28 26 -2.4 22
X=log(h)

Fig. 4.10. Linear regression of Table 4.10. The average convergence orders are 2.0534 and 2.0373,
respectively.

After the preconditioning, our method worked well for the problem. Note that, the domain
will also be changed after the scaling. However, a 3D rectangular domain will still be a 3D
rectangular domain and our method can still apply maybe with different mesh size h;, hy,
and h,. For convenience, we still use the cubic in the scaled system in our numerical test.
In Table 4.10, we show the grid refinement results and linear regression analysis to get the
convergence order when 5 = 10 and 8 = 1000. We can see a second order convergence for both
modest jump and large jump in anisotropic coefficients.

The linear regression results corresponding to Table 4.10 in Fig. 4.10 provided the conver-
gence order and error constants below:

| UM — u || ooz 22.1432 K203 || UM — u || oo 21.6056 A%0373,

Example 4.7. Next, we show a comparison example with the Petrov-Galerkin immersed finite
element method in [3], in which

cos(x +y)? +3 z 0.2sin(z — x)

AT = z 22+5 Y , (4.8)
0.2sin(z — ) Y sin(z)? + 2
472 +6  sin(z +y) xy
At = | sin(z+y) 222+3 0.5 sin(z) , (4.9)

xy 0.5sin(z) cos(zy +2)2 +5
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Table 4.11: A grid refinement analysis of the proposed method and the method developed in [3] for
Example 4.7.

N FE-FD Method Method in [3]
| B oo Order | Eloo Order
6 0.02525 0.01579
12 0.00696 1.86 0.00512 1.62
24 0.00167 2.06 0.00140 1.87
48 0.00048 1.80 0.00035 2.00
Average 1.90 1.83

with ¢ = 0, and the analytic solution

— cos(x) + 3y + 23 if (z,y,2) € Q7,

u(z,y, 2) = (4.10)
5—sin(x®) +3y* + 2 if (z,y,2) € QF.

The interface is a sphere, the zero level set of p(x,y,2) = 0.25 — 2% — y? — 22,

In Table 4.11, we show grid refinement results obtained by our new method and the method
developed in [3]. The grid refinement results indicate that the two methods have comparable
magnitude of errors and order of convergence. But the convergence of the method in [3] has not
been proved theoretically yet except for some simple scalar cases such as for one-dimensional
(1D) problems or two-dimensional (2D) problems with line interfaces that are parallel to coor-
dinate axes.

5. Conclusions

In this paper, we have developed a FE-FD method for solving 3D anisotropic elliptic inter-
face problems. The new FE-FD method is a Cartesian mesh method. For regular grid points,
we apply a fifteen-point stencil scheme, which is derived from the linear finite element method
based on a uniform tetrahedralization, and corresponding discrete matrix of the linear system
of equations is symmetric semi-positive definite. For irregular grid points, we have derived new
interface relations and constructed a maximum principle preserving finite difference scheme
using these new jump relations and a quadratic constraint optimization. The resulting coef-
ficient matrix of linear system of equations is an M-matrix. The mew method is tested with
non-homogeneous/homogeneous jump conditions and singular source terms. Both theoretical
analysis and numerical results show that the computed solution have second order convergence
in the infinity norm.

A. Coefficients Relations Use in Theorem 3.1

We list the definition of the unspecified coefficients in Theorem 3.1 below.

_ + + _ + + _ + +
di = Xnn@ia + Xyr@y3, d2 = Xnnlza + Xnragz, d3 = Xnnlgg + Xnrags,
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+ +
dy = Xnr@io + XrrQ13,

SmO

Cia
Ci2
Ci,3
Cia
Cis

Cie

_ + +
ds = XnrGgg + XrrQo3,

+ + +
_ XunGgg + Xr7033 + 2Xyrag3

B.Y. DONG, X.F. FENG AND Z.L. LI

de

_ + +
= XnrQg3 + Xrr0a33;

_ djlr + XWTG;B + XTTai‘%

a-li_l ,
_ afi[d] — (df + Xy + ana;%) [af}]
(a;rl)2 7
_ afy[ds] — (di + Xnrajy + Xﬂ-a;%) [a])]
(af1)2 7
_ afy[do] — (di‘_ + Xomady + Xmafg) [a7y)]
(afl)Q ,
_ afilds] — (di + xnraly + Xrrafs) [a73)]
(af1)2 7
_ afi[ds] — (df + xynals + xyrafs) [a7s]
(a;rl)2 7
_ afy[dg] — (di + Xyrafy + XTTQB) [af;]
(airl)2 7
o XnanQ + XTTb14 + Xn‘rb20
= — ,
ag
afld; - (df + Xnnafz + anafg) “TQ
(af1)2 7
afld;r - (di + XmaB + XTTQB) afz
(afl)Q 7
afld; - (df + Xfm“fz + Xmaig) afg
(aﬁ)Q ,
ajydg — (di + xyraly + Xrraf3) afy
(a;rl)2 ,
dir + Xnnaﬁ + ana;% S
(af1)2 7 e
1
= _a,_+ (Smo[all] + 20&’_2Sm1 + 2(11"35’,,12) R
11
1
= —a—+ (SmO[CLlQ] + 2CLIFQSm3 + 2af38m4) 5
11
1
= _a,_Jr (Smo[alg] + 2@1’_2Sm5 + 2(11"35’,,16) R
11
1
= —a—+ (Smoaii_z + 2&15;9711 + 2&1%8712) 5
11

1
= —a—ﬂ (Smoa;% + 2@?25713 + 2@;%5714) R

1

= - (SmO - 2041’_2877,5 - 20’1’_35716) .
Gy

(

Jr
ar

)2
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B. Jump Relations for a Variable Coefficients A(z,y, 2)

If the coefficient matrix A(z,y, z) and o(x,y,y) are piecewise variable, the last three iden-
tities in Theorem 3.1 need to be changed. For the eighth and ninth interface relations, we need
to redefine d;,j = 1,2,3,4,5,6 as follows,

+ L Oafy + +_ daf

di = Xnnaiz + Xyrajs — o d2 = Xnnagy + Xnras — o
da da;

_ + + 13 _ + + 7

ds = XnnQas + Xnrl33 — 8—777 dy = XnrQ1o + Xrr@13 — or
da daj.

ds = Xn‘ra«;_g + XTTa“;% - 8—71’27 ds = ana;_3 + X‘r‘rag_g - 871'3

In the local coordinates, the PDE becomes
—(a11u55 + a22Uyy + a33Urr + 2012Ugy + 2013Uer + 2023Uyr + C1UE + CoUy + csur) + ou = f,

where

- 8&11 8&12 + 8&13 cy — 8&12 8&22 + 8&23 n — 8&13 80,23 + 80,33
YT oe T on T or TP ae on | or’ T Tag " om T or

This leads to the last relation followed by some terms about cj-[, 7 =1,2,3 as below

v = 54 Ther —aned el —aifel) | cflon) - ofle,
(a77)? (af7)? (af7)?
af2cf — a;rl C; “BCT — a-li_l C; _ CIF o)
(GE)Z ! (a;rl)2 ’ (a;rl)2 ,

where S is the term of the right hand side defined in the last relation in Theorem 3.1.
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