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Abstract. For the nonlinear degenerate parabolic equations, how to find an appropri-
ate boundary value condition to ensure the well-posedness of weak solution has been
an interesting and challenging problem. In this paper, we develop the general char-
acteristic function method to study the stability of weak solutions based on a partial
boundary value condition.
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1 Introduction

Consider the evolutionary p(x)—Laplacian equation [20]
N
(u,x,t)
Uy = Zaxl ( ’Mx,|p’ )—1-2 bi

—b(x, ) |u)"™2u,  (x,t) € Q x (0, T), (1.1)

where a;(x), pi(x) and o(x) are nonnegative continuous functions with p;(x) > 1 and
o(x) > 1, b(x,t) and b;(s, x, t) are Lipschitz functions, and Q) is a smooth bounded do-
main in R"” with Qr = Q x (0,T), T € (0,00). A simpler version of Eq. (1.1) is of the
form

N9
ue =Y 5 (00 [0 P, ), (12)
=1 0%
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which is the so-called anisotropic electrorheological fluid equation [1,17]. When a;(x) =
1, the Cauchy-Dirichlet problem and the Cauchy problem for the degenerate and singular
quasilinear anisotropic parabolic equations were studied in [13,18,19]. If a;(x) € C}(Q)
satisfies

ai(x) >0, x€Q and a;(x) =0, xe€0Q, (1.3)

the well-posedness of Eq. (1.2) was established in [21]. The degenerate parabolic p-

Laplace equation with measurable coefficients was investigated in [6] and the improved

integrability of the gradient was naturally formulated in terms of Marcinkiewicz spaces.
Antontsev-Shmarev [3] considered the existence of weak solution of the equation

i = div (a(x,t) |V ()2 w) —b(x, )|u|® 2, (x,t) € QA x(0,T),

and investigated the vanishing property of solutions under the suitable assumptions on
b(x, t) and the variable exponent ¢ (x) [4]. Chen-Perthame [8] studied the well-posedness
and stability of a class of nonlinear hyperbolic-parabolic equations by developing an ana-
lytical and effective approach. Recently, we studied the well-posedness of an anisotropic
parabolic equation [22]

N
d ~
up = 21 = (ui(x) i, Zuxi) +f(x, tu, Vu), (x,t) €Qx(0,T).
i= !

When some diffusion coefficients are degenerate on the boundary 0() and the others are
positive on (), a new concept-the general characteristic function of the domain (), was
introduced and applied, and a novel partial boundary value condition was presented to
study the stability of weak solutions for anisotropic parabolic equations.

Distinguished from those [21,22] in which a;(x) is requested to satisfy condition (1.3),
in this paper we consider the well-posedness of weak solutions to Eq. (1.1) by only re-
quiring 4;(x) > 0,i=1,2,--- ,N and

u(x,0) = up(x), xeQ, (1.4a)
u(x,t) =0, (x,t) € X, x (0,T), (1.4b)
where X, C d() is a relatively open subset.

For the associated linear case of Eq. (1.1), i.e., the degenerate linear heat conduction
equation of the form

N 9 N
U = E T (ai(x)uy,) + Zbl(x)ux,. +b(x, Hu+g(x,t), (xt)eQx(0,T), (1.5)
i=1 9% i=1
where a;(x) = 0 on the boundary 0(), to ensure the well-posedness and stability of weak
solution, according to the Fichera-Oleinik theory [10, 16], we need to include a partial
boundary condition as (1.4b), in which

N
T, = {x €9 : Zbi(x)ni(x) < 0}, (1.6)

i=1
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where 7 = {n;} is the inner normal vector of Q).

In order to find the proper partial boundary X, in (1.4b) for the stability of Eq. (1.1),
we consider the convection function b; dependent on the spatial variable x. While the
convection term YN % (a';x ) in Eq. (1.1) is replaced by a simpler form YN, a%x ), the
problem that how to f1gure out the partial boundary X, in condition (1.4b) becomes more
difficult and challenging. We will continue to work on this problem in a subsequent
paper.

One of the main features of the present paper is to find the expression of ¥, explicitly
in the boundary value condition (1.4b) and prove the stability of solutions based on the
partial boundary value condition (1.4b). The other is that, only under the condition

N N
[Jai(x) >0, x€Q and JJai(x) =0 xe€adQ, (1.7)
i=1 i=1

we prove the stability of weak solutions without the boundary value condition (1.4b).
In addition, under the condition a(x) + b(x) > 0 for x € (), the parabolic equation
arising in the double phase problem

= div (a(x)|VulP2Vu + b(x)|Vu|72Vu), (1.8)

has been widely studied [7,15,20]. It is worth mentioning that, instead of a(x) + b(x) >
0 for x € Q, the methods developed in this paper can be applied to study the well-
posedness problem of Eq. (1.8) under the condition a(x) + b(x) > 0 only for x € Q). In
other words, we can consider the case a(x) + b(x) = 0 for x € 9Q or a(x)b(x) = 0 for
x € 0Q) by means of the general characteristic method.

The rest of the paper is organized as follows. In Section 2, we present the related
preliminary results on weak solutions and some technical lemmas, and summarize our
main results. In Section 3, we apply the general characteristic function method to explore
the stability of weak solutions under the condition

1
/ [ai(x)] "™ Tdx < oo, i=1,2,--,N. (1.9)
@)

In Section 4, the stability of weak solutions is proved without condition (1.9). In Section
5, the local stability of weak solutions is established if 4;(x) satisfies (1.7).

For convenience of our statement, throughout the whole paper, we use c to represent
a constant that may change from line to line.

2 Preliminaries and main results

Let us briefly recall some preliminary results on properties of the variable exponent
Lebesgue spaces LP(*)(Q)) and variable exponent Sobolev spaces W) (Q) [9,12,24].
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Set
Ci (Q) = {h € C(Q) : minh(x) > 1}.

xeQ)

Forany I € C4 (Q), we define
ht =suph(x) and h = in(f)h(x).
xe

xeQ)

For any p € C.(Q), let LP™)(Q) consist of all measurable real-valued functions u(x)
which satisfy

P(X)d <
/Q|u(x)\ X < oo

endowed with the Luxemburg norm

[/l o () = mf{ d §1}.

W) () = {u e LPO(Q) : |Vu| e L”(")(Q)}

Define

endowed with the norm
H””WW(A‘)(Q) = ||uHLP(x)(Q) + ||quLP(X>(Q)

Let Wg’p(x) (Q) be the closure space of CJ(Q) in WP(*)(Q).
From [9,24], we have

Lemma 2.1. The following three statements are true

() The space (L") (), |y ) (WP (Q), - g ) and Wo* (2 are refex-
ive Banach spaces.

(ii) (p(x)-Holder’s inequality) Let p(x) and q(x) = pfx()x)l be real functions. Then, the conju-
gate space of LP™) (Q) is L1 (Q)). For any u € LP™)(Q) and v € L1%)(Q), we have

‘ / uvdx
Q

< 2ull e ey 12l oo ()

(iii) There holds that
if Nullppeo ) =1, then /QHuHP(x)
. - +
i oy > 1, then 1l ) < [ @ < Jullf

. + -
i el oy < L then ful ) < [l @dx <l
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Let #(x) = {pi(x)}. We define P, P_ € RN by
Po=(p{, - .pk) Bo=(p1, o p%)
and denote
PE = max{pt, L pii)
For each fixed t € [0, T), we define the Banach space V;(Q)) by
Vi(Q) = {u(x,t) (x,t) € LA(Q)WI(Q), [Vu(x, )| € Ll(Q)},
[ullvi ) = lullz+ I Vullpr o
and denote by V/(Q) its dual space. In addition, we denote the Banach space W(Qr) b
W(Qr) = {u £ 0, T] = Vi(Q)|u € L2(Qr), |Vul* € LY(Qr), u = 0on aa},

lullwigr) = IVullpt o, + lull20r
and denote by W/ (Qr) its dual space. According to [5], we know that

N !/
w=1wo+ Y Dw;, wyel}Qr), w;eL™ (Qr),
weW(Qr) — =1

W@, (w.g) = [[ (wop+ L)t

e
i1

where Qr = Q x (0,T), T € (0,00), and P}’ =
The norm in W/(Qr) is defined by

lollwior) = sup { ({0, ¢} g € W(Qr), lIgllwian <1} @1)

Definition 2.1. A function u(x,t) is said to be a weak solution of Eq. (1.1) with the initial value
(1.4a), provided that

wel®(Qr), u €W(Qr), ai(x)uy, € L% (o, T L”f(x)(ﬂ)> ) (2.2)

and for any function ¢ € C} (QT) there holds

Ik

go—i— a; () |1, |7 72 1 g, + b (1, x,t) @y, | dxdt
ot 5

- // b(x,t)\u|‘7 )20 (x, t)dxdt. (2.3)
Qr
The initial condition (1.4a) is satisfied in the sense of
}gr& A u(x, t)p(x)dx = /Q up(x)¢p(x)dx (24)

forany ¢(x) € CF(Q).
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Similar to the characteristic function x of () defined by
x(x)=1, x€Q and x(x)=0, xcRV\Q,
we give the following definition.

Definition 2.2. We say that a nonnegative function ¢(x) € CY(Q) is a general characteristic
function of ), provided that

p(x) =0, x€9Q and ¢(x)>0, xe€Q. (2.5)

This paper is a continuum of our previous work [22], where we proposed a method,
currently called the general characteristic function method, to study the stability of weak
solutions of the anisotropic parabolic equations. It is notable that the existence of local
solutions can be established in an analogous manner as [3, Theorem 4.3], so we will not
discuss the existence of weak solutions in this study. In addition, according to [21, Lemma
3.2], if (1.9) is true, then

/ |Vu|dx < oo,
0

and the trace of u can be defined on the boundary 0().
Let us summarize our main results on the stability of weak solutions of Eq. (1.1).

Theorem 2.1. Let u(x,t) and v(x,t) be two weak solutions of Eq. (1.1) with the initial values
up(x) and vy (x) respectively, and with

u(x, t) =o(x,t) =0, (xt)€X, x(0,T), (2.6)
where
N
Zp:{xeaﬂzz H uk(x)ajxl.;éo,i:1,2,---,N}. (2.7)
j=1k=1k#j

Ifo(x) >0~ >2,bi(s,x,t) (i=1,2,---,N) is a Lipschitz function, a;(x) € C}(Q) satisfies
(1.9) and

N
[Tax(x) =0, xea0, (259
Pl
1
nr / a;(x)|Y. T] map| dx| <c¢ i=12,---,N, (2.8b)
O\Dy j=1k=1, k#j

where D, = {x € QO : ¢(x) > L1 for the sufficiently large n, then we have

/Q|u(x,t) —o(x, )]dx < C/Q|u0(x) ~ vo(x)|dx. 2.9)
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On the other hand, if a;(x) € C'(Q) does not satisfy (1.9), we can apply the general
characteristic function method to obtain the stability result without any boundary value
condition.

Theorem 2.2. Let u(x,t) and v(x,t) be two solutions of Eq. (1.1) with the initial values uo(x)
and vo(x) respectively. Suppose that o(x) > ¢~ > 2 and a;(x) € C'(Q) is a nonnegative
function satisfying (2.8a) such that

x)

N 1N P
Ty i ai () gy,
/a,-(x)‘z"‘lnf‘;']#k )k dx < oo, i=1,2,---,N. (2.10)
0 ITi2 a;(x)
If there is a positive constant c such that
|bi(u,x,t) — bi(v, x,t)| < ca;j(x)|u—n0v|, (2.11)

then the stability (2.9) is true without any boundary value condition.

Condition (2.11) implies that Eq. (1.1) can not be of the hyperbolic characteristic. One
of our motivations on condition (2.11) initially comes from the study of a model of strong
degenerate parabolic equation arising in mathematical finance, which indicates that con-
dition (2.11) is important and indispensable in the decision theory under the risk. For
more details on the model of strong degenerate parabolic equation, one can refer to [2].
Note that the condition o(x) > o~ > 2 ensures that f(u) = |u|”®)~2y is a Lipschitz
function.

Theorem 2.3. Suppose that p;(x) > p; > land o(x) > ¢~ > 1. Let u(x,t) and v(x,t) be
two weak solutions of Eq. (1.1) with the different initial values uo(x) and vy(x), respectively. If
a;(x) and b;(-, x, t) satisfy (2.11), then there is a constant aq > 1 such that

N o

N a 1
/Q[Hak(x)] yu<x,t)—v(x,t)\2dxgc/ﬂ[Hak@c)} lu(x,0) — o(x,0)2dx.  (2.12)

k=1 k=1

From this theorem, we can see that the uniqueness of weak solution of Eq. (1.1) with
the initial condition (1.4a) is true, when

holds on the boundary 0Q).
As we know, for solving a given differential equation, it is important to find a suitable
definite condition. For example, consider the well-known heat equation

ur=Au, (x,t)eQx(0,T),
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in addition to the initial condition
u(x,0) =up(x), x€Q,

where 1y (x) denotes the initial temperature. One of the following boundary value con-
ditions should be imposed

(i) the Dirichlet condition

u(x,t) =0, (x,t)€0Qx(0,T).
(ii) the Neumann condition

0
5%:0,(LOEHQX(QU,
where n is the outer normal vector of Q).

(iii) the Robin condition

a—u +ku=0, (xt)€dQx(0,T),
on
where k is a positive constant.
Theoretically, all these conditions are the so-called definite conditions. But, for a de-
generate parabolic equation, the definite conditions generally become more complicated.
For example, for the degenerate heat conduction equation

uy = div(a(x, t)Vu),
where a(x,t) > 0, or for the nonlinear heat conduction equation
uy = div(k(x, t,u)Vu), (2.13)

where k(x,t,u) > 0, the above three boundary value conditions (i)-(iii) may be overde-
termined. While, for a hyperbolic-parabolic mixed type equation

up = div(k(x, t,u)Vu) + div(b(u)),

in order to obtain the uniqueness of weak solution, apart from one of the above three
boundary value conditions, the entropy condition should be imposed accordingly [11,
14]. From the above example, we can see that the boundary value condition (1.4b) plays
a crucial role to ensure the well-posedness of weak solution for parabolic equations.

In our previous work [23], we showed that the condition

ai(x) =0, x€dQ and 4;(x) >0, x€Q, i=12,---,N, (2.14)
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can take the place of the boundary value condition (1.4b) for the stability of weak solu-
tions of the evolutionary p(x)—Laplacian equations. Such a fact is quite easy to under-
stand for the equation

N
Zy( x) |1y, |1 ux), (x,t) € Q x (0,T). (2.15)
i=1

If uy, up € LY(0, T; WLP (x) (Q))) are two weak solutions of Eq. (2.15) with the initial values
u19(x) and ugo(x) respectively, since a;(x) satisfies (2.14), we can deduce that

/Q |uqg(x,t) — uZ(x,t)Ide < /Q |u10(x) — uzo(x)\zdx. (2.16)

In this study, we will extend main results in [23] to Eq. (1.1) under the weaker condition

N N

[Jai(x)=0, x€0Q and [Jai(x)>0, xeQ. (2.17)
j= i=1

As we can see, even for the simple case like Eq. (2.15), condition (2.17) is not a sufficient

condition for (2.16), if no other appreciate condition is imposed.

Roughly speaking, the Laplacian operator A represents the difference between the
average value of a function in the neighborhood of a point, and its value at that point.
Thus, if u stands for the temperature, A means whether (and by how much) the material
surrounding each point is hotter or colder, on the average, than the material at that point.
According to the second law of thermodynamics, heat will flow from hotter bodies to
adjacent colder bodies, in proportion to the difference of temperature and of the thermal
conductivity of the material between them. When heat flows into (respectively, out of) a
material, its temperature increases (respectively, decreases), in proportion to the amount
of heat divided by the amount (mass) of material, with a proportionality factor called the
specific heat capacity of the material. For (2.13), if k(x, t,-)|xcan = 0, we conjecture that
the free boundary {(x,t) C Q x [0,T) : u(x,t) = 0} is in the interior of Q. If this is
the real case, then the boundary value condition becomes unnecessary and so X, = @
sounds reasonable.

3 Stability under partial boundary value condition

Lemma 3.1. Suppose that u € W(Qr) and u; € W'(Qr). For any continuous function h(s),
let

Fora.e. ty,t, € (0,T), there holds

/t1 / u)updxdt = [/Q(H(u)(x,tz) — H(u)(x,t))dx| .
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This is the generalized version of [5, Corollary 2.1].
For a given general characteristic function ¢(x), we set

where 7 is a large positive integer.

Lemma 3.2. Let u(x,t) and v(x,t) be two weak solutions of Eq. (1.1) with the initial values
up(x) and vy (x) respectively, under the partial boundary value condition

u(x,t) =ov(x,t) =0, (xt)eXx,x(0,T). (3.1)

Suppose that b;(s, x, t) is a Lipschitz function, a;(x) satisfies (1.9) and there are a general charac-
teristic function ¢(x) and a constant ¢ such that

1

pi(x) p;
dx <¢ i=1,2,---,N. (3.2)

78

nti (/Q\Dﬂ a;(x)

Ifo(x) > 0~ > 2, then we have

99
axi

[ e t) = ox ldx < c [ fuolx) — vo(x)ldx, ae. teo,T),
0 0
where D, = {x € QO : ¢(x) > 11 for the sufficiently large n and
N
Ty =J{xre€a: ¢ #0}. (3.3)
i=1

Proof. For any given positive integer 1, we let

Clearly, h,(s) € C(R) and

hu(s) >0, |shy(s)|<1, |gn(s)|<1, limg,(s) =sgns, lijnsg;(s) =0.

n—oo

By the limit process, we can choose the test function as xs:¢ngn(# — v), where [s,t] C
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(0,T), and xs, is its characteristic function on [T, s]. Then, we get

/t/ On(x)gn(u — U)B(ua; 0) dxdt

P2 [ a7~ o P00 (1 o)1~ 0) (el
i=1

+ E/ / ‘uxz ’pl Xip ‘Uxi|pi(X)72 vxi)gn(u - U)qonxidth

+ Z/ /Q(bi(u,x, t) —bi(v,x,)) - (U —0)y,g, (1 — V)@ (x)dxdt
=18
N ot

+) / /Q(bi(u, x,t) = bi(v,x,t)) - gu(U — V) Ppy, (x)dxdt
i=1"%
t

—/ / b(x,t) (\u|‘7(")’2u - \v\”(x)’zv) Pngn (1 — v)dxdt. (34)
s JQO

As n — oo, it follows from Lemma 3.1 that

lim /st /Q Pn(x)gn(u — v>8(ua; Z))dxdt

:T}g{}o/t/ a(q)l”l(x)ca;?;(u _v>)dxdt
:nlgr(}o/ on(x)[Gn(u —v)(x,t) — Gy (u — v)(x,s)]dx
:/ |u—v|(x,t)dx—/ |u —v|(x,s)dx. (3.5)
Q 0
Let
D, = {x €Q:g(x) > 31} and g;(x) = pf)lc()le
In view of

|Qnx,| = n|@y,| for x € Q\ Dy,

without loss the generality, we assume that

1
||Tl[ai(x)] pi(x)gn( )(szHLPz Q\Dn) > 1

It follows from condition (3.2) that

||n[az-<x>1m 180(1 = 0)9 | o (2,0,
<I1n1a: ()15 s, | o o
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1

pi(x) :
S (/ ai<x)npi(x) aj dx) !
0\D, ox;
o P\ e
<nbi </ a;(x a(P dx) <ec.
Q\D, ox;

By letting p(x) = g;(x) in (iii) of Lemma 2.1, we further have

/Q a; (x) ([ ux, ’pi(x)_z Uy, — |vx,'|lgi(x)_2 Ux;) Prx,&n (U — v)dx

— /Q\D ai(x)(]ux’_|Pi(x)*2 lhy, — ’Ux’_’r’i(x)*Z 00 ) Pras (1t — 0)dx

i(x)-1
< [ai(x)]ipmm (Juty, [PO71 4 |0, [Pi(¥)7T)
LI (O\Dy)
- las (017 g — )
L) (0\D,)
1
<c (/ a; () |z, [P dx) - (/ ai(x)|Uxi’pi(x)dx> E ] —0 as n— 0. (3.6)
O\Dy JO\D,

Considering the convection term, from condition (1.9) we obtain

li / wbi(u, x,t) — bi(v,x, 1)), (u —v)(u —v). dx
0L oy #0000~ (0 D] () (1 o),
<c lim/ ' u,x,1) = bifv,x,t) (U —0)y|dx
n—o0 {er |u— v\<1} u—ov
<c lim [ﬂi(X)]iPi(x) bl(u; X, t) bz(v, X, t) [al(x)] pi%x) (1/[ _ U)x,
n—00 u—o Lqi(x)(on) Lri( )(Q )

bi(u,x,t) — bi(v,x,t) | P
u—v

1
<c lim / a:(x)]1-ri®
- n%w{ {er:\u—v|<%}[ 3 )]
1

: ; — i(x) " —
{/{XGQ:Iu—v<}1} al(x)’@t U)Xi’p dx} =0, (3.7)

in which p;; is taken to be p;” (or p;) if

>1 (or <1),

1
a: ()] 70 14z, — | <
LP;‘(X)(QH)
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respectively, where
1
O, = {x € Q:ju(x,t) —o(x,t)] < n}'

Simultaneously g;; is taken to be ;" (or g;) if

[ai(x)] oy bi(w, X, 1) — bi(0, %, )

>1 (or <1),
L ()

u—o

respectively.
Why is the limit of (3.7) equal to zero? Here we give a brief explanation for clarity.
Denote by

lim O, = Qo ={x € Q:u(x,t)=0v(x,t)}.

n—00

If O has a positive measure, then

{/{XEQ:MU<,11 [ai(x)] 70

i1 -
lim {/{xm:kai}ai(xﬂ(u —v)x,-|”"(")dx} — {/QO a;(x)| (u —v)x,-l”f(x)dx}pl1 — 0.

If O)g is with a zero measure, then

bi(u,x,t) —b;j(v,x,t) |
u—10v

1

Pi1
i {/{ o [) bl )
n—oo xeQ:|lu—v|<

u—7v
L\
< c{/ [ai(x)]lpi“)dx} T =0.
O

For either case, we can see that the limit of (3.7) is zero.
Meanwhile, since on the part of the boundary there have

N
U {x €0Q): @y, # 0},

u(x, t) = =0, xeX,
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we find

lim /Q|bi(u,x,t)—bi(v,x,t)||gn(u—v)(pnxi|dx

n—soo |
=c li / bi Xt _bi X, ¢ X'd

climn [ b t) = b0, ) lggds
- / b1, %, £) — bi(0, %, 1) | px,dE = 0, (3.8)

200

If o(x) > 2, then
t
‘—/ / b(x,t) (|u|‘7(")_2u - |v|‘7(x)_zv) PnSn(u — v)dxdt
s JO

<c /:/O lu(x, 7) —ov(x, T)| dxdr. (3.9)

Asn — oo in (3.4), we arrive at
/ |u(x,t) —ov(x,t)]dx
0

§/0|u(x,s) —v(x,s)|dx+c/st/0|u(x,1')—U(x,r)|dxdT ae tel0,T).

Letting s — 0, we obtain

/ lu(x,t) —o(x,t)]dx < c/ lug(x) —vo(x)|dx ae. te][0,T).

Q Q

Thus, we complete the proof. O
We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. From the above analyses, we can see that the proof of Theorem 2.1
can be processed in a straightforward way by choosing the test function

N
p(x) = f{aj(x), (3.10)
i

as we discussed in the proof of Lemma 3.2. Since a;(x) satisfies (2.8a), by (3.10) and (2.8b),
it is easy to verify that condition (3.2) holds. By using (3.10), condition (2.7) described
in Theorem 2.1 becomes the same as the partial boundary value condition (3.3). Thus,
Theorem 2.1 follows from Lemma 3.2 immediately. O

Theorem 3.1. Let u(x,t) and v(x,t) be two weak solutions of Eq. (1.1) with the initial values
uo(x) and vo(x) respectively, under the partial boundary value condition (3.1). If o(x) > ¢~ >
2,ai(x) =a(x) (i=1,2,---,N),a(x) € CL{Q) satisfies (1.9) and

a(x) =0, x€09Q, (3.11)
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and b;(s, x, t) is a Lipschitz function, then we have

/ |u(x,t)—v(x,t)|dx§c/ luo(x) — vo(x)|dx, ae. t€[0,T),
Q O
where

N
%y = [ J{x € 0Q : ay, #0}. (3.12)
i=1

Proof. We now choose the test function ¢(x) = a(x)? with B > P{ — 1 in Lemma 3.2.
Then the partial boundary value condition (3.12) is the same as (3.3). Meanwhile, in the
proof of Lemma 3.2, we notice that condition (3.2) plays a pivotal role to ensure inequality
(3.6). When ¢(x) = a(x)P with B > P — 1, we can deduce
1
Hn[ai(x)] p,-(X)gn(u - v)q)xi HLPi(")(Q\Dn)

1
<|nfa(x)]"® @x, ||Lpi(x)(Q\Dn)
a1

L(14p;(x)(B—1 .
aﬁ‘ﬁ,( pi(x)(B Ddx)’gz

So, inequality (3.6) holds too. The rest of the proof is closely similar to that of Lemma 3.2.
To avoid needless repetition, we omit it. O

4 Stability without partial boundary value condition

Lemma 4.1. Let u(x,t) and v(x,t) be two solutions of Eq. (1.1) with the initial values uo(x),
vo(x) respectively. If o(x) > o~ > 2and ¢(x) € C1(Q) is a general characteristic function of

Q) such that
/Q a;(x)

and there are nonnegative functions g;(x),i =1,2,--- , N, such that

pi(x)
dx <o, i=1,2,---,N, 4.1)

Pxi
¢

|bi(u, x,t) —bi(v,x,t)| < cgi(x)|u—1v, (4.2a)

/ 8i(%) x,
@)

then we have

¢
/ |u(x,t) —ov(x, t)|dx < c/ lu(x,0) —v(x,0)|dx, ae te€][0,T). (4.3)
0 0

dx < oo, / ()" a(x)] A Tdx < 0o, i=1,2,-,N, (42b)
QO
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Proof. By a process of limit, the test function ¢ can be chosen as ¢ = xs:gn(@(u —v)),

where [s,t] C (0,T), and ys is its characteristic function on [7,s]. Then we have

/t/ n(o(u— v))a(ua; Z))dxdt

+Z 0 2, o PP ) 0 o) g 0 ()

P10 [ a0, o o) (1 o) (gl — o))
i=1

+ ;/E /Q(bi(M,X,t) —bi(v,x,1)) - (4 —0)x,gn' (@(u — 0)) @(x)dxdt
N ot

+§/s /Q(bi(u, x,t) —bi(v,x,t)) - (u—0)gn (@(u — v)) @y, (x)dxdt

_ /St/ﬂb(x,t) (Iu\a(x)—zu - yv|a(x>—zv) gu((u —v))dxdt.

As n — o0, it follows from Lemma 3.1 that

. t B(u—v)
gg{)\o//gn u—v) o dxdt

:nh—r&/ / 9Gu( )d dt
= lim [ gu(x u—v>><x,s)—Gn<<p<u—v>><x,r>1dx

:/ lu —o|(x, t dx—/ |u —v|(x,s)dx
0 0

We further have

i) (P2 g = o PO 04 ) g (9l = 0)) (1 — o)

= | [ i) s )2 0, = oy [ 2 0,) g5 (9 = 0)) (1 — )ik

pi(x)-1
<[l BT (g 1291 4o )
L7 (Q)
. n[ai(x)]ﬁ’i%")gn’(qo(u—v))(u—v)(p% — 0 as n — oco.
@ LPi) ()

(4.6)
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Specifically, if {x € Q) : u — v = 0} has zero measure, then

lim () (1t [P + [0 )
n=0 J{:glu—v|<}}

— . 1P g, [P dx = 0.
o s P9 o 0

In view of (4.1) and the fact |p(u — v)g), (p(u —v))| < ¢, we get

/{Q:<p|uv|<}l}

lim

n—0

[ ) = )ghplu =) (Jus 2wy~ for P 0x,) g
Q

pi(x)
dx <.,

2:(x)] 70 (1 — )¢ (@(u — v)) P
[ai(x)]7 @ (u — 0) g, (@ (u — v)) p

=0.

313

(4.7a)

(4.7b)

If {x € Q: u—ov = 0} has a positive measure, it follows from (4.1) and the Lebesgue
dominated convergence theorem that

Since

/{Q:q)|uv|<}17}

1
pi(x)

a;" p(u—v)g(p(u —0))=+

lim
n—=0 J{Q:plu—ov|<1}

we see that (4.7b) is also true. We further derive

lim
n—oo

/ ai(x)<’uxi|pi(x)_2 Uy, — |vxi‘pi(X)_2 vxi)(Pxi(u - v)g;((p(u - v))dx
Q

Considering the convection term, from (4.2b) we have

/St /Q @(x)[bi(x, t,u) — bi(x,t,0)]|g,(@(u —0v))(u — v)x,.dxdt‘

Sc/st/ﬂ|8i(x)(p(x)(u—v)g;(qg(u_vm (1 — v)y,| dxdt

1

< () (1 [P xmm>d>m
<c [ (/Q\mux)(\u,r + o [P dx

pi(x) ql+
' (/Q\Q gi(2)a:(x) W g (x) (1 — 0)gl (@ (1 — ) e dx) gt

—0 as n — oo,

=0.

1) (J P90+ o, PO < [ 3(6) i [P0+ o [P0 <
0O

(4.8)

(4.9)



314 H. Zhan and Z. Feng / Anal. Theory Appl., 38 (2022), pp. 297-321

where 1
Q, = {x € Q:u(x,t) —o(x,t)] < n}'

and p;; is taken to be p; (or p;") if

a3 ()] 00 >1 (or <1,

Lri(Q,)
respectively. Using
T .
0o Jo ¢
we get
t
ILm / / [bi(x, t,u) — bi(x,t,0)]2 (@(u —0)) s, (u — v)dxdt’
n—o0 | s O

dxdt = 0. (4.10)

n—oo

—time [ [ lotu—o)gipu o)) [£E

Since o(x) > 2, it gives

: ! o(x)=2 o(x)=2
nlgr.}o —./s /Qb(x,t) (|u| u—|o| v) gn(go(u—v))dxdt‘
t
§c/ / |u(x,t) — ov(x, t)|dxdt. (4.11)
s JQO

Let n — o0 in (4.4). Combining (4.5)-(4.6) and (4.8)-(4.11), we have
u(x,t) —o(x, t) dx
[ It t) =o(x, 1)
t
g/ |to(x) — vo(x)| dx+c/ / b(x,t)|u(x,t) —ov(x,t)|dxdt.
Q s JO
By virtue of Gronwall’s inequality, we arrive at the desired result. O
Proof of Theorem 2.2. The proof of Theorem 2.2 can be processed by choosing the test func-

tion

j=1

as we did in the proof of Lemma 4.1. Since a;(x) satisfies (2.10), we can see that condition
(4.1) is true. By virtue of (2.10) and (2.11), we can verify that conditions (4.2a)-(4.2b) are
also true. Consequently, Theorem 2.2 follows from Lemma 4.1 immediately. ]

From Theorem 2.2, we can derive the following corollary.
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Corollary 4.1. Let u(x,t) and v(x,t) be two weak solutions of Eq. (1.1) with the initial values
up(x) and vy(x) respectively. If o(x) > 0~ > 2, a;(x) = a(x),i = 1,---, N, a(x) satisfies
(3.11) and

/ a(x)_(pi(x)_l)dx < 0, l = 1, . ’N,
Q

and b;(s, x, t) is a Lipschitz function and satisfies (2.11), then there holds

/Q lu(x, t) —o(x,t)|dx < C/Q lup(x) —vo(x)|dx ae t€[0,T).

5 Local stability

Lemma 5.1. Suppose that p;(x) > p; > 1, 0(x) > ¢~ > 1, and u(x,t) and v(x,t) be two
weak solutions of Eq. (1.1) with the different initial values ug(x) and vy(x), respectively. If a;(x)
and b; (-, x, t) satisfy

bi(u, x,t) — bi(v,x,t)| < cgi(x)|u—0v|, i=1,---,N, (5.1a)
a;(x) 'gi(x)| <, i=1,---,N, (5.1b)
and there is a general characteristic function ¢(x) such that

a;(x)pPi@=1) < cp(x)®, i=1,---,N, (5.2)
then we have
/Q ()% [u(x, ) — v(x, 1) Pdx < ¢ /Q ()% [u(x,0) — v(x,0)|?dx, (5.3)
where x1 > 1 is a constant.

Proof. Let ¢(x) be a general characteristic function of (3, and denote D, = {x € Q :
@(x) > A} as before. Set

Ea = [o(x) = AJL.

For any fixed 7,s € [0, T], we may choose x|, (# — v){) as a test function, where x| is
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the characteristic function on [, s]. Then we have

// u—10)&(x ( )d dt

+ 2 / [ i 72 1, = o [ 0, ) (1 — 0),, 6 ()l

Uy pilx u Uy pilx vx U —0)¢ . dxd

+;// )l — [ox] ) )Cax dxdt

+ 1—21/3 /Q(bi(u,x,t) —bi(v,x,1)) - (4 — 0)y,&r(x)dxdt

- i /st /()(bi(u, X, t) = bi(v,x, 1)) - (u — v)ay (x)dxdt

_ /f/ b(x,t) (|u|a(x)—2u _ |v|a(x)—2v) (1t — 0)&x (x)dxdt. 54)
s JO

Estimating the first term on the left of (5.4) yields

t _ )2
%IE%/ / u=o) a(Ma i - 2/5 /K)GO(x)“lexdt
1
=5 [/qu(x)“lw(x’t)_U(x’t)|2dx_/Q(P(X)MW(X,S)—U(X,S)]zdx . (5.5)
Estimating the second term on the left of (5.4) forany i € {1,2,--- ,N}, we get

/ / ) (Juy, [P 2 11, — [0y [P 20, ) (1 — 0) 4, & (x)dxdt > 0 (5.6)

and

[ ) 92 = o 1702 ) 1 — ) v

1

(//az |Vu|Pilx +|Vv|”f(x))dxdt)qi1
1
<// %) [VEr P [ — o|pils dxdt>

1
<// \w!’”' +\Vv|”f<")dxdt>“

L‘

(/ ) [l |9 g5 o dxdt) B

1

</ / |q)| (a1 —1)p;(x) | U|P1 dxdt> it , (57)
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where g;; is taken to be g (or ;") if

pl() 1
i) 7 (Jag P09 o 1)1

L (Q)

respectively, and simultaneously p;; is taken to be p;” (or p;") if

|

respectively. Using |¢x,| < |V¢| < c leads to

/ / ) (Jx, |75 2 10— o [P 720, ) (1 — U)Q'Axidxdt‘

1

<1 ’ , ) Pi®@=1) pilx Pit
_mcu /QAal(x)(q) AP I — o]Vt
1
</ / ‘l/lxl ’P, ‘Ux,-|pi( )dth> "

1

<c (/ / x) P @ =1) |y _ g |pilx dxdt> "

1

<c (// x) P @ =1) |y _ p|pilx dxdt> . (5.8)

Denote O = {x € Q: pi(x) > 2} and Qpp = {x € O : 1 < p;(x) < 2}. Since u,v € L=,
it follows from (5.2) that

[ﬂi(X)]ﬁ\Vé >1 (or <1),

lu— | <
Li)(Dy)

lim
A—0

a;(x) P @M=D) < cp(x)m

S
/ / ai(x)q)pi(x)(‘xl_l)| ‘P: dxdt
<c/ / x)@Pi @@=y _ |2 dxdt

gc/ / " |u — v|*dxdt. (5.9)
T JO

Using Holder’s inequality, we have

/ / x) P @=1) |y _ 4| Pil®) gt
12 i L
S/ (/ ( )qvpz( )(“1_1)|u — v|2dx> hiz (/ ai(x)(sz( )(‘Xl 1)dx> iz dt
T QiZ Q,‘z
: A
<c (/ / ¢ |u — | dxdt> , (5.10)
T JO

and
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respectively, and simultaneously g;, is taken be (5- ;(x) )For ((—2—)7) if

_ P
2

[ai(x)q,pxx)(al—l)]

2
L27Pi) ()

respectively. From (5.7)-(5.10), we get

lim

t
‘ pi(x)—2 _ pi(x)—2 _
tim | [ a6 72, o 20— )6 |

s I
<c (/ / P u — v[zdxdt>
T JQ

for I < 1. To estimate the third term on the left of (5.4), we use

bi(u, x,t) — bi(v,x,t)| <cgi(x)|u—v| and ‘ai(x)*lgi(x)‘ <c
to derive that
lim

lm /st /Q(bi(u, x,t) —bi(v,x,t))(u — v)xic;‘;\(x)dxdt‘
[ 0t = i 0,000 )]

t -1 q:(x) n
S/s /Q‘(P(x)“lai(x) (bi(”rx/t)—bi(v,x,t))’ dx
1
QO
t -1 7i(x) i
<c [ (] otrato it x,0 - o, )" ax)
1

=c </st /Q ‘GD(X)“lai(x)_lgi(x)(u - v)IIEIi(x) dxdt) "

1
t i1
<c (/ / e(x)" u —v|2dxdt> "
s JQO

(5.11)

(5.12)
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Meanwhile, it follows from Lebesgue’s dominated convergence theorem that
t
lim / / (bi(u, x,t) — bi(v, x, 1)) (u — v)éAxi(x)dxdt‘
A—0 s O
t
< [ ] 1w, = (o, 5,0l [ = olarg (x|
s JO

<c [ [ 1u = olgix)p()" g laxa
< (/ / X)) |u — v|2dxdt>; (/:/0 gi(x)q)(x)?—l‘zdxdt);
<c (/S /Q o(x)" |u — v|2dxdt> : . (5.13)

To estimate the last term on the left of (5.4), in view of o(x) > ¢~ > 1, we have

i Qb(x,t) (]u|‘7(")’2u - \v[”(")’zv) (u— v)(p(x)"‘ldxdt’
<c (/ [ ot e — o, t)|2dxdt>l . (5.14)
By (5.5)-(5.14), letting A — 0 in (5.2) leads to
[ oG t) = o, 1) P
§/Qg0(x)”‘1\u(x,s) o(x,s)|dx +c </ / x)* u(x, t) (x,t)]zdxdt>l, (5.15)

where [ < 1. Using the generalized Gronwall’s inequality, we obtain
/ @(x)* u(x,t) — v(x, t)Pdx < c/ @(x)*|u(x,s) —o(x,s)|*dx.
Q Q

Hence, we arrive at (5.3) immediately by letting s — 0. O

Proof of Theorem 2.3. We choose the characteristic function

9= [[Ta0)],

according to condition (2.11), Theorem 2.3 follows from Lemma 5.1 immediately. O
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