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Abstract. A family of conforming mixed finite elements with mass lumping on tri-
angular grids are presented for linear elasticity. The stress field is approximated
by symmetric H(div) — P, (k > 3) polynomial tensors enriched with higher order
bubbles so as to allow mass lumping, and the displacement field is approximated by
C~! — P_, polynomial vectors enriched with higher order terms. For both the pro-
posed mixed elements and their mass lumping schemes, optimal error estimates are
derived for the stress and displacement in H(div) norm and L? norm, respectively.
Numerical results confirm the theoretical analysis.
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1. Introduction

Let Q C R? be a polygonal region with boundary 9f2. We consider the following
mixed variational system of linear elasticity based on the Helligner-Reissner principle:
Find (o,u) € ¥ x V := H(div,Q;S) x L?(2;R?), such that

(1.1)

(Ao, 7) + (divr,u) =0, V7ex,
—(divo,v) = (f,v), YveV.

Here o : Q — S := RY;? denotes the symmetric 2 x 2 stress tensor field, u : 2 — R? the
displacement field, and Ao € S the compliance tensor with

1 A
./40' = E (O’ - mtf(d)[) s (12)

where A > 0, > 0 are the Lamé coefficients, tr(c) the trace of o, I the 2 x 2 iden-
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tity matrix, and f the body force. H(div,(;S) denotes the space of square-integrable
symmetric matrix fields with square-integrable divergence, and L?(£2; R?) the space of
square-integrable vector fields. The L? inner products on vector and matrix fields are
given by

2
(v,w) = / v-wdr = / Zviwidaz, v=(v1,v2), w=(wi,wz) €V,
@ @ i=1

(o,7) = / o:7dr = / Z oijTijdr, o= (04j), T = (T35) € %,
Q Q

1<i,j<2

respectively.

According to the standard theory of mixed methods [11], a mixed finite element
discretization of the weak problem (1.1) requires the pair of stress and displacement
approximations to satisfy two stability conditions, i.e. a coercivity condition and an
inf-sup condition. These stability constraints make it challengeable to construct stable
finite element pairs with symmetric stresses. In this field, we refer to [1-7,12,20-26,31,
32] for some conforming or nonconforming mixed methods for elasticity. In particular,
Hu and Zhang [25, 26] designed a family of conforming symmetric mixed finite ele-
ments with optimal convergence orders for linear elasticity on triangular and tetrahe-
dral grids. Later Hu [21] extended the elements to simplicial grids in R"™ for any positive
integer n. In these elements, the stress is approximated by symmetric H (div, 2;S) — P,
polynomial tensors and the displacement is approximated by L?(Q; R") — P;_; polyno-
mial vectors for k > n + 1.

However, for a mixed finite element discretization based on (1.1), a computational
drawback is the need to solve an algebraic system of saddle point type like

A BT X O

(5 %)(%)-(%) &
where A is a symmetric and positive definite (SPD) matrix corresponding to the term
(Ao, 7) in (1.1), and X; and X, are the vectors of unknowns for the discrete stress
and displacement approximations, respectively. One possible approach to resolve this
difficulty is to apply “mass lumping” on (Ao, 7) so as to get a diagonal or block-diagonal
matrix approximation, A, of the ‘mass matrix’ A. Replacing A with A in the discrete
system (1.3), we obtain

X, = -A"BTX,

and then )
BA-'BTX, = F. (1.4)

Notice that A is diagonal or block-diagonal, so is A~!. This means that the Schur
complement BA~'B” is SPD. As a result, by mass lumping the saddle point system
(1.3) is reduced to the SPD system (1.4), which can be solved efficiently by many fast
algorithms.
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The key to achieve mass lumping is to select appropriate numerical quadrature
rule, in which the quadrature nodes are required to match the finite element basis
functions as well as maintain sufficient numerical integration accuracy. It has been
shown that mass lumping schemes can be constructed for some finite elements [8,9,
13-19,27-29,33]. In [8, 14, 18] the standard linear triangular/tetrahedral elements
with mass lumping were analyzed, where the quadrature nodes are the vertices of the
elements. Traditional higher order elements are not suitable for mass lumping due to
the requirements of numerical accuracy and stability, and one has to use finite element
spaces enriched with some bubble functions to adapt mass lumping [13, 16, 19, 27—
29]. We note that a family of mixed rectangular and cubic finite elements with mass
lumping were constructed in [9] for linear elastodynamic problems, where the stress
and displacement are approximated by symmetric H(div) — @ polynomial tensors
and L? — Qj_; polynomial vectors, respectively, and the locations of the degrees of
freedom for the finite element spaces correspond to tensor products of one-dimensional
quadrature nodes associated with Gauss-Lobatto (for stress) or Gauss-Legendre (for
velocity) quadrature formulas.

In this paper, we first modify Hu-Zhang’s mixed conforming finite elements [25]
to obtain a family of new elements which allow mass lumping. The stress field is
approximated by symmetric H(div) — P (k > 3) polynomial tensors enriched with
higher order bubbles, and the displacement field by C~! — P,_; polynomial vectors
enriched with higher order terms. Error analysis is carried out for the new elements as
well as their mass lumping schemes.

The remainder of this paper is organized as follows. Section 2 introduces some pre-
liminary results of mixed finite elements, including Hu-Zhang’s elements. Sections 3
and 4 are devoted to the construction and analysis of the new mixed elements and
their mass lumping schemes, respectively. Finally, Section 5 gives some numerical ex-
periments to verify the theoretical results.

2. Preliminaries

2.1. Notations

For integer m > 0, let H™(2; X) be the Sobolev spaces consisting of functions with
domain (, taking values in X = S or R?, and with all derivatives of order at most m
square-integrable. The norm and semi-norm on H™(Q); X) are denoted, respectively,
by || - ||m and | - |,,,. In particular, H°(Q; X) = L?(Q; X).

Suppose 7, = U{K} to be a conforming and shape-regular triangulation of the
domain (2 consisting of triangles. For any K € Ty, let h denote its diameter, and set
h := maxge7, hix. We use P, (K; X) to denote the set of all polynomials on K with
degree at most m and taking values in X. Throughout the paper, we use a < b (a 2 b)
to denote a < Cb (a > Cb), where C' is a generic positive constant independent of
mesh parameters h.
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2.2. Mixed finite element discretization

Let ¥, C %,V C V be two finite-dimensional spaces for the stress and displace-
ment approximations, respectively. Then the mixed finite element discretization of
(1.1) reads: Find (op, up) € Xp, x V4, such that

i = pM
{(.AO’h,Th)—l-(dIVTh,uh) 0, VThG hs (2.1)

—(div oy, vn) = (f,vn), Yoy, € Vi

According to the standard theory of mixed finite element methods [10,11], the pair of
finite element spaces ¥, and V}, needs to satisfy the following stability conditions:

* K-ellipticity condition
(.ATh,Th) 2 HThH%I(divﬁ VTh c Zh = {Th c Eh ‘ (diVTh,?}) = 0, Vv € Vh}, (2.2)
where [ - || g(giv) is the norm on the space ¥ defined by

1711} @iy = 1711 + | div 7§, ¥r € 2.

e Discrete BB ( inf-sup ) condition

divry, v
sup M 2 llvnllo,  Yup € Vi (2.3)
mexn 1Tnll #(div)

2.3. Hu-Zhang’s mixed conforming elements

For each K € 7}, define an H(div) bubble function space, B}, i, of polynomials of
degree k by
By i = {T € PL(K;S) vy = O},

where v is the normal vector along 0K . Introduce the local rigid motion space

R(K) :={v e H'(K;R?) : Vv + (Vo) =0}

(D) e

and its orthogonal complement space with respect to P,_1(K;R?) (k > 2),

Rif(K) = {v € P_1(K;R?) : (v,w) =0, Vw € R(K)}. (2.5)
The following result holds.
Lemma 2.1 ([21]). For any K € T, and k > 2, it holds that

R (K) = div By k- (2.6)
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For k > 3, introduce the following global finite element spaces [25]:

DIRES ik,h + B, 2.7)
Vien = {1) € L*(;R?) V| € P._1(K;R?), VK € 77L}, (2.8)
where
By = {T € H(div,$;S) : 7| € Brg, VK € 77L}, 2.9
Sppo={r € H(Q;S) : 7|, € Pu(K;S), VK € Tp,}. (2.10)

It is easy to see that S has a canonical basis

10 0 1 0 0
(g o) == (1 o) m=(g )

For any edge F of 7, let ty and vg be its unit tangent and norm vectors, respectively.
Define

Tg :=tptL. (2.11)
Let TE{ ; €S (j =1,2) be two orthogonal complement matrices of T with
Tg;:Te =0, Ty, Tg;=1, Tg,:Tgs=0. (2.12)

Here A: B =371 | > " a;;b;; for A = (a;;);_; and B = (b;;)7;_;. It has been shown
in [25] that
S = span{Ty, Ty, T3} = span {TE, Tﬁ,l, Tﬁg} .

Let {xi}!_, be the set of nodes for the Lagrange element of order k and {(;}!_, be
their associated Lagrange node basis functions such that

Then the basis functions of 3, ;, on K fall into the following four classes [25]:

(1) Vertex-based basis functions. If y; is a vertex, the three associated basis functions
of Ek,h are Ci’IFj, ] = 1, 2,3.

(2) Volumed-based functions. If y; is a node inside K, the three associated basis func-
tions of 3, are (;T;, j = 1,2,3.

(3) Edge-based basis functions with nonzero fluxes. If x; is a node on edge E (not the
vertex), the two associated basis functions of ¥, ;, are QTﬁ, =12

(4) Edge-based bubble functions. If y; € K is a node on edge E (not the vertex)
shared by elements K; and K, then (;Trvp|p = 0 due to (2.11), and then the
H (div) bubble functions in Xy, j, are »;(; T, j = 1,2, where s; is the characteristic
function of K.
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Theorem 2.1 ([21,25]). Let (o,u) € ¥ x V and (op,up) € Xp, X Vy, with

Xh=%kn Vi=Vin
solve (1.1) and (2.1), respectively. If o € H*1(Q;S) and v € H*(Q; R?), then

o — UhHH(div) + [lu —unlly S h* (HUHkJrl + Hqu) ) (2.14)
lo = onlly £ Aol (2.15)

2.4. Mass lumping for Hu-Zhang elements?

To solve the discrete system (2.1), we need to compute the inverse of the mass
matrix corresponding to the term (Ao, 7). Let us first consider the local mass matrix
on element K € 7. Recall that y; (i = 1,...,1) are the nodes of the Lagrange element
of order k and (; (¢ = 1,...,1) are the associated Lagrange node basis functions. Thus,
the basis functions of 3, ;, on K can be denoted by

P3(m—1)+s ‘= GnTs, m=1,...,1, s=1,2,3,

where T € {T;, Ty, T3} if ., is a vertex or a node inside K, and T € {Tg, Tb%l, Tﬁg}
if x;n is @ node on edge E (not the vertex). Then the local mass matrix Ay on K is
given by

(AK)U = (A@iy%pj)‘fﬂ ,7=1,...,3l

During the finite element method, we commonly evaluate the integrals approximately
by using a numerical integration formula in each element K. To achieve mass lumping,
the usual way is to choose the quadrature points to be the nodes {x;}!_, on K, and the
quadrature rule is of the form

l
/K fdw ~ Ik (f) =Y wif (), (2.16)
=1

where {w;}._, are the weights. Then we have
It k(G GG) = widij, 4,5 =1,...,1L (2.17)
Form,n=1,...,land s,q = 1,2, 3, set
i=3(m—1)+s, j=3n-1)+gq,
then from (2.17) it follows:
(AK)ij = (Ak )ij = Inx (Apir 05) = T i (AGnTs, GaTy)

- ™, (2.18)
W (AT : Ty), m =n.
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This means that the approximate local mass matrix A;, is block-diagonal and of the
form

/IK = diag(wlBl,wng,--- 7wlBl)7 (219)
where B,,, (m = 1,...,1) are 3 x 3 SPD matrices. For example, if x,, is a vertex or
a node inside K, then

1 2p 4+ A 0 —-A
Bp=—"— 0 4u+r) 0
A\ 0 2u+A

However, the accuracy of numerical integration has to be taken into account. From
the standard theory [8, 14, 30], the following condition is required to satisfy so as to
maintain the accuracy of the scheme (2.1):

(A1) The quadrature rule (2.16) must be exact for Py _.

Unfortunately, the standard P, Lagrange elements fail to satisfy this condition for
k > 3 (cf. [16]). In other words, Hu-Zhang’s elements do not allow mass lumping
without loss of numerical accuracy.

3. Modified mixed conforming finite elements for elasticity

3.1. P, -Lagrange finite elements for mass lumping

As mentioned before, the standard P Lagrange elements with k& > 3 fail to satisfy
the accuracy condition, (A1), of the quadrature rule (2.16) for mass lumping. For wave
problems, as shown in [13,16,19,27-29], an efficient way to address this difficulty is
to construct a slightly larger finite element space

k'3
Py (KGR) := Py(KGR) + bPy_3(K;R) = Po(K;R) @b Y PR™(K;R).  (3.1)
i=k—2

Here k' > k, and b = A1 \2)\3 is the bubble function on the element K with \; (i =
1,2, 3) being the barycentric coordinates. P/ (K ;R) denotes the set of homogeneous
polynomials on K of degree i. The symbol “@©” means that Py (K;R) N bP™(K;R) =
{0} fori=Fk—2,k—1,...,k' = 3.

Let {x;};_, be the set of nodes for the P ;-Lagrange element. Then the corre-
sponding quadrature rule is of the form

/K fdw ~ Ty (F) =D wif (xi), (3.2)
i=1

where {w;}!_, are the weights, and ! , w; = meas(K). To maintain the accuracy
and stability of finite element scheme, the following two conditions are required (cf.
[13,16]):
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(B1) The weights w; (i = 1,...,r) in (3.2) should be strictly positive.

(B2) The quadrature rule (3.2) must be exact for Py s _o.

Table 1 lists several P, ;-finite elements which satisfy (B1) and (B2) with 3 < k < 5.
In the table, a given node (a1, ag, a3) represents an equivalence class which includes
all the nodes obtained by taking all the permutations of the barycentric coordinates «;.
For instance, the class (0,0, 1) includes three points, (0,0, 1), (0,1,0), and (1,0,0); the
class (o, 0,1 — «) includes

(,0,1 — ), (0,,1 —0), (a,1—c,0),

(3.3)

(1-a,a,0),

(1-a,0,a0), (0,1

—a,q).

Fig. 1 shows the distributions of nodes for the elements of Ps 4, P35 and Py 5.

Table 1: Py i-Lagrange triangular elements.

space kK class weight position parameters
P34 [13,16](3 4 (0,0,1) (8 —V7)/720
(,0,1 — @) (7 +4v/7)/720 1/2 —4/1/(3V7) — 1/12
(o, 0,1 — 2a) 7(14 —\/7)/720 (7-V7)/21
P35 [13] [3 5 (0,0,1) 0.00356517965360224101681201
(@,0,1—a) | 0.0147847080884026469663777 | 0.307745941625991646104616
(o, 0,1 — 200) | 0.0509423265134759070757019 | 0.118613686396592868190663
(a,a,1 —2a) | 0.0825897443227832246413973 | 0.425340125989747152025431
Py 5 [13,291]4 5 (0,0,1) 1/315
(1/2,0,1/2) 4/315
(,0,1 — @) 3/280 1/2(1 — 1/4/3)
(o, o, 1 — 2a) 163/2520 — 47+/7/8820 (5—+7)/18
(, 0,1 — 20) 163/2520 + 47+/7/8820 (54 V7)/18
P16 [29] |4 6 (0,0,1) 0.00150915593385883937469324
(1/2,0,1/2) | 0.0101871481261788846308014
(@,0,1—a) |0.00699540146387514358396201 | 0.199632107119457219140683
(1/3,1/3,1/3) | 0.0660095591593093891810431
(a,a,1 —2a) | 0.0234436060814549086935898 |0.0804959191700374444460458
(a, 8,1 —a—B)| 0.0477663836054936418696553 | 0.107591821784867520262175,
0.302912783038363411733216
Ps,7 [13,291(5 7 (0,0,1) 0.000709423970679245979296007
(@,0,1 —a) |0.00348057864048921065844268 | 0.132264581632713985353888
(,0,1 — ) | 0.00619056500367662911411813 | 0.363298074153686045705506
(a,,1 —2a) | 0.0116261354596175711394984 |0.0575276844114101056608175
(a,a,1—2a) | 0.0459012376307628573770191 | 0.256859107261959076063891
(a,,1 —2a) | 0.0345304303772827935283885 | 0.457836838079161101938503
(a,B8,1 —a—B)| 0.0272785759699962595486715 [0.0781925836255170219988860,
0.221001218759890007978128

3.2. Modified mixed element spaces for elasticity

Inspired by the P ;-Lagrange elements which allow mass lumping, in this subsec-
tion we shall construct a family of new mixed conforming element spaces based on the
modification of Hu-Zhang’s elements.
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Figure 1: Nodes for the elements, mapped to the equilateral triangle.
For k' > k > 3, set

k'—3
Apgr = {T € H(div,%S) : 7|x = Z bP™(K:S), VK € n} . (3.4)
i=k—2

Then the modified global finite element spaces for the stress and displacement are given
by
Yk h = Zph D Mg (3.5)
Vi h = Vin + div Ang/. (3.6)
Obviously we have div ¥y, i/, C Vi i/ -
Remark 3.1. If we define
Bk,k/,h = {T c Pk,k/(K; S) : TV’aK = O, VK € ﬂl} = Bk,h + Ak,kH (37)
Skaon =17 € HY(Q;S) : 7|k € Pow(K;S), VK € Th} = Spn + Ay, (3.8)

then we can also write
Ykk!h = 2k k' h T Bk b (3.9

Let {x;} be the set of the nodes for the P} ;/-Lagrange element, and {(;} be the
corresponding nodal basis functions satisfying

Gi(xj) = 0ij- (3.10)

Similarly to Hu-Zhang’s elements described in Section 2.3, for each node y; the associ-
ated basis functions of X ;. , on K are given as follows:

(1) Ty (j =1,2,3), if x; is a vertex or a node inside K;

@)) CZ-TELJ (j =1,2) and »;(;TE (j = 1,2), if x; is a node on edge E (not the vertex)
shared by elements K and K». Here we recall that s; is the characteristic function
Of Kj.

In Table 2, we give the numbers of degrees of freedom on each element K and on
T, for several choices of finite element spaces, where N, E and K denote respectively
the numbers of nodes, edges and elements of 7.
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Table 2: Numbers of degrees of freedom on element K and on 7},.

K Th
Oh | Unp Oh Up
Y3n—Van 30 | 12 | ON+4E+9K | 12K
Y3g.an— Vaan | 36 | 18 | 9N+ 4E 4 15K | 18K
Mssn— Vasn | 45 | 27 | 9N+ 4E 4 24K | 27K
Yan — Van 45 | 20 | 9N 4+ 6E + 18K | 20K
Yush—Vasn | 54| 29 | 9N+ 6E 4 27K | 29K

3.3. Stability results

This subsection is devoted to the stability analysis and error estimation of the mixed
finite element scheme (2.1) with

Y=Yk n Vo= Vi h

Let K be the reference element with vertexes (0,0), (0,1), (1,0). For each K € Ty, let

A

Fi denote the affine map from A onto K so that Fr(K) = K. Let xo, x1, x2 be the
vertices of triangle K € 7},. The referencing mapping is then of the form

r=Fr(@) =xo+( x1—Xo X2—Xo )&:=xo+Bx# Viek.
By the shape regularity of 7}, it holds that

IBkllg S h, ||Bgllp Sk (3.11)

~

We need to introduce the Piola transform as follows. Given 7 : K — S, 7 : K +— S is
defined by

7(x) := Br7(&)BE. (3.12)
Clearly this sets up a one-to-one correspondence between L2(K’;S) and L?(K;S) with
div 7(z) = Brdiv(2). (3.13)

Standard scaling arguments yield the following lemma.

Lemma 3.1. For any K € T, and 7 € kak/(f(; S), let T be given by (3.12). Then for
1<g¢<k
L
7|,k S P det Br|? [7], 4 (3.14)
171, & S h2|det By |72 |7, - (3.15)

Define the piecewise m-order semi-norm | - |,,, 5, (0 <m < k) on Xy, p, as follows:

1
2
A= ( > |Th|$;%K> . Th € gk he (3.16)
KET,
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Lemma 3.2. For 7 € X, /), satisfying
divr|g =0, VK eT,=71=0, (3.17)

it holds
I7llo + Rl s < Alldivr . (3.18)

Proof For any K € T, let K be the reference element. Then for r € Ykl h
satisfying (3.17), ||div7||, z, |7], z and 7]/, z are norms on K, which means

’%‘17[% S H%Hoj( S HdiV%Hoj(-

On the other hand, by (3.12) and (3.13) we easily have

ITloxe ShIFlo & I S Phgs 18204 S Idivallo -
As a result,
HTHO,K + h|7—|1,K Sh HdiVTHO,K-
This leads to the inequality (3.18). O

In view of the definitions in (3.7) and (2.4), integration by part yields
/ divry, - wpdxr =0, V7 € Bk,k/,lw wp, € R(K), KeTy,. (3.19)
K

Analogous to (2.5), we define
R (K) = {v € Vi : (v,w) ¢ = 0, Yw € R(K)}. (3.20)

By following the same routines as in [21], we can easily derive the following two
lemmas.

Lemma 3.3. For any K € T, and k > 2, it holds that
Ry (K) = div B pl k- (3.21)
Lemma 3.4. For any vy, € Vj, v 5, there exists 7, € Xy, 5, such that
/K(diVTh —vp)-wdr =0, YweR(K), KeT,
and

I7nll £ aivy < llvnllo-

By using Lemmas 3.2-3.4 and following a similar way in [21], we can get the fol-
lowing existence and uniqueness result.

Theorem 3.1. The mixed finite element scheme (2.1) with ¥j, = X, jr.p, and Vi, = Vi i 1,
admits a unique solution (op,up) € X X Vp.
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Remark 3.2. From Lemmas 3.3 and 3.4, we can derive that there exists an interpolation
I, : HY(Q;S) = Sk g, such that for any 7 € H(;S),

(div(r —T0u7),vn) =0, VK € Tp,  You € Vi,
Furthermore, if 7 € H*+1(Q2;S), then
|7 — 7]y < CRE 7] g (3.22)

This shows that the operator II, : H'(€;S) — Y i n, has the following commutative

property:
P, divt = divIl,r, Yre HY(Q;S). (3.23)

Here Py, : L*(€;R?) > Vj, 1, is the L? projection operator.

By the stability conditions (2.2)-(2.3) and Remark 3.2, we can easily obtain the
following error estimates.

Theorem 3.2. Let (o,u) € (SNHM1(Q;S)) x (VNHF(Q;R?)) and (o4, up) € S x Vi, =
Ykt h X Vi n solve (1.1) and (2.1), respectively. Then

o = onlaey + 1 = wnly S B (ol + lely) (3.24)
o —onlly < hk+1HUHk+1' (3.25)

~

4. Mass lumping mixed finite element method

4.1. Mass lumping scheme

As mentioned before, the mixed scheme (2.1) leads to an algebraic system of saddle
point type. One approach to address this issue is applying mass lumping.

The mass lumping scheme for (2.1) is described as follows: Find (o, up) € X i 5 ¥
Vk,k’,h: such that

{(Aah,Th)h + (divT,up) =0, V73, € g i h,s @)

—(diV O'h,?}h) = (f, Uh), Vvh € Vk,k’,h-
Here (.AO'h, Th)h = ZKGTh (.AO’h, Th)h,K with
(Aon, Th)nx = Ik x (Aon = Th),

and I}, ;v i is the quadrature operator in (3.2) satisfying the conditions (B1) and (B2).
The following lemma shows that the quadrature rule (3.2) produces a coercive bilinear
form (-, )p.

Lemma 4.1. It holds that

(AT, T 2 |I7ll5 . Y7 € Sipne (4.2)
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Proof. Recall that {;};_, are the nodes for the P}, ;,-Lagrange element, and {¢;};_,
are the corresponding nodal basis functions satisfying (3.10). Then, for any 7 € X, 5,

we can denote
r 3
Tk = E § cij Gy,

i=1 j=1

where T;; € {Ty, Ty, T3} if x; is a vertex or a node inside K, and T3; € {Tg, Ty, T o}
if x; is a node on edge E (not the vertex). Thus,

r 3 r 3
(“47—’ T)h,K Z ( Z Cij-AT’ij> Gis Z (Z Cstht> Cs

i=1 \ j=1 s=1 \t=1

h,K

T

r 3
Z Z I K (Cz’ Z Cz‘j«“ﬂ'j) : <(s Z Cstht>

i=1 s=1 j=1 t=1

r 3 3
=) wi Cij ATy =Y Ty
=1 \j=1

t=1

3

r
2> wiy 2 2Tl
=1 7

1

where w; are the weights in (3.2). As a result,

(A, 2 Y RlITIEx 2 7l
KeTy

which completes the proof. O

This coercivity lemma, together with the discrete BB condition (2.3), yields the
following conclusion.

Lemma 4.2. The mass lumping scheme (4.1) admits a unique solution.

4.2. Error estimation

In light of the stability conditions (4.2) and (2.3) and standard techniques, we easily
derive the following result.

Lemma 4.3. Let (0,u) € ¥ x V and (op,up) € Xk g1 X Vi i, be the solutions of (1.1)
and (4.1), respectively. Then

lo = onll (i) + 1w —unlly

B Ey(Th, T
OU—%MmmrF sup —ﬂi—ﬁ>, (4.3)

<l Prl+_inf
TThED ThED 1/ h HThHH(diV)

k,k',h
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where Py, : L*>(€;R?) +— Vj g, is the L? projection operator, and

En(Thy ) = (ATh, Th) — (ATh, Th)n

— Z (/K 'A7~'h . Thdm' - Ik,k/,K(-A%h . Th)> . (44)

KeTy,
Let W}, be a finite element space satisfying
Yin © Wh C X n,

and consisting of piecewise polynomial tensors of degree k, k¥ < k < k. Then we
have the following estimate for Ej (7, 7,), which can be viewed as an extended version
of [16, Lemma 5.2].

Lemma 4.4. If integers p, q satisfy
1<p<k—-14+k —k), 0<q¢<1, (4.5)
then for any (7h,1n) € X kr.n X Wh, it holds
| En (s )l S PP |70l - Tl g - (4.6)
Proof For any K = Fy(K) € Tj, with z = Fg (&), we set
(&) = (@)K, (@) = @)k

By scaling arguments we have

o 1 ~ _1
’Th‘p,f( S hP ‘detBK‘ 2 ’Th’p,K7 ‘Th‘p,f( S hP ]detBK] 2 ’Th’pJ(- 4.7
Then
\EnGa i)l = D | Bng(Fro i)l = Y |det B | By g (7, 7). (4.8)
KeTy KeTy,

From (4.5) it follows

0<p—1+k<k+k -2,
0<q—-1+kK <k+k -2,
0<p—-1+¢g—-1<k+Fk -2

Let ﬁj denote the L? projection from L?(K;S) onto Pj(f( ;S). By (B2), the quadrature
rule (3.2) is exact for P, _». In particular, we set II_; to be the zero operator. Thus,

1By i (T )| = | By e (T = Tpr T, Ty — g 73)|
S N7 = Tpeafullg g - 17— g7l &
S IRl i |7l & S hPldet By 727, g - hldet By “2|mil, by (4.7)
< WP det B | [Fulp ik |Thlg, i

which,together with (4.8), yields the desired result. O
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Remark 4.1. If taking W), = ¥, and p = k — 1, ¢ = 0 in Lemma 4.4, then we obtain
~ k—1 |~ ~
| En (o o)l S 07 [Tnlp—yn  IThlon s Y7o Th € Sk ns

which yields
B (7
sup En{Fns ) Sl (4.9)
€ n 1Tl Er(aivy 7

This inequality, together with Lemma 4.3, leads to an error estimate like
|o— Uh||H(div) +llu—wunlly < et (||J||k + Hqufl) ) (4.10)

provided that 0 € H*(Q,S) and v € H*~1(,R?). Note that such an estimate is not
optimal.

In what follows we will apply a more elaborate analysis to get a better estimate
than (4.9) for the consistency error. To this end, we set, for any K € Ty,

== U (bPJhom(K; S)) . k—2<j<K -3
h

Here we recall that wam(K ;S) denotes the set of homogeneous polynomial tensors of

degree j. On the reference element K with vertexes (0,0), (1,0) and (0,1), the bubble
function reads b = & 22(1 — &1 —#5). Let {1[1@-}2:0 be the basis of the space Bpjhom(ﬁ'; R),
then

i = &2 b= 2T 1 =2 — &), i=0,1,...,5j (4.11)

and

Lemma 4.5. It holds
7lp S ldivrly, VreE;, j>1.

Proof. By Lemma 3.2, it suffices to show that for V7 = ZLO Z‘:’:l cisﬁi'ﬂ‘s S éj,

j . .
9 9y
> <Ci1 a}pl + i3 322)

dive|g = | =59 ) ) —0 =>7=0, (4.12)
> (e +ein i)
i=0
where ¢;5(i = 0,1,...,7; s = 1,2,3) are constants. To obtain (4.12) we only need to

show that {ggi, g;/; 5:0 are linearly independent. In fact, we have
Db
01
;i

0%y

= (i+ D@ty = e = G Daag

= (G —i+ 1) — (i 4+ 0)E T — (G — i+ 2)a e
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Suppose that there are constants {ci}{zo and {di}{zo such that

J
Z 3¢z+z a"/}z :O’

=0

then for 0 <i < j + 1, it holds

(i+1)ci+(j—i+2)di1 =0,
(i+1ei+(i+ 1)1+ (—i+3)dio+(j—i+3)di1 =0,

where c_1 = d_1 = d_3 = ¢j41 = 0. Some simple calculations yield that

CZ'ZdZ‘ZO, iZO,l,...,j,

ie. {gfﬁ, gfg _, are linearly independent. This completes the proof. O

Thanks to Lemma 4.5, we can obtain the following estimate for the consistency
error.

Lemma 4.6. For any 7, € Xy, i/ p, it holds

B (2
sup | En(Th, Th)|

S Tl - (4.13)
Thezk’k/’h ||Th||H(d1V)

Proof. In view of the definition, (3.5), of ¥, s/ 5, for any 73, € ¥ s, we have

By (T By (T By (T
sup w(Th, Th) < sup W (Ths Th) L+ sup W (Th, Th)

=: My + M,>.
€8 1Tl @)~ mesyw e s 1Tl @) ez 1Tl agaiv)

Since the degree of polynomials contained in Xy 5 \=k/—3 is at most k' — 1, we can
take k = k' —1,p = k,q = 0 in Lemma 4.4 to get

(7
M, = sup 7]1(77”771) < hk|7~'h|k7h- (4.14)

ThES 1 1 \E/ _3 ||Th||H(div)

To estimate M, we take k = &/, p = k—1,¢ = 1 in Lemma 4.4, then by Lemma 4.5 we
obtain

En(Ths7h) ~ ¥l 7l <

M = sup S

.
THhEE/ _3 HThHH(div) ThE€ER _3 HleThHO foLh

which, together with (4.14), yields the desired conclusion. O
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Finally, combining Lemmas 4.6 and 4.3 immediately yields the following optimal
error estimate for the mass lumping mixed finite element scheme.

Theorem 4.1. Let (o,u) € (XN H*L(S)) x (VN HF(Q;R?)) and (o, up) € Sk g p ¥
Vikr n solve (1.1) and (4.1), respectively. Then
o = onll iy + 1 = wnlly S B (lollsr + lully) - 4.15)

In what follows, we shall show that the use of finite element spaces ¥, 1/, — Vi 1/ 0
with £’ — k > 2 in the scheme (4.1) leads to an optimal order accuracy for ||o — op||o-

Lemma 4.7. Forany 1 € Z; ® E;11(j = 1,2), if divT =0, then 7 = 0.
Proof. The proof is similar to that of (4.12). Let {¢; g’zo, {qﬁZ }fi& be the basis of the
space Elﬁjhom(K :R) and bP!" (K R), respectively, where {1 }_, are defined in (4.11)

Jj+1
and
il il aiieo X R . '
i =BT T =TT (1 -8 — %9), i=0,1,...,5+ 1.

Then it suffices to show that for

3 J j+1
T = Z (Z Cz'ST/)sz + Z dzsgszs) [ E] &) Ej+1’ J — 1’ 2,
=0

s=1 \:=0 =

j i AN AR 3 3
> (e +cadl) + 3 (dunde +dis3)
1=0

dive|g = | =50 O = DI R (4.16)
Z;) (Cz’2 55y T Ci3 356;) + Z;) <di2 5as T di3 (%I)
implies 7 = 0, where {c¢;1, ¢;2, i3 j: , {dit, dio, dis jil are constants. In fact, by com-
p =0 =0 y
paring the coefficients of the term :E’ii;_”g(i =0,1,...,7+3) in (4.16), we can get
(t+1)dn+ G+ Ddicig+ (G —i+4)di23+ (j—i+d)di—13=0, (4.17)
(’L' + 1)d13 + (Z + 1)di,1,3 + (] — 7+ 4)di,2,2 + (] — 7+ 4)di,1,2 = 0, (418)

whered_o =d_1 5 =djio, =djy3, =0for s =1,2,3. Denote

1 0o 0 - 0 0 0 0 0
2 2 0 - 0 j+3 0 0 0
o 3 3 .- 0 j+2 j+2 0 0
B1:: 0 0 .. , BQZZ 0 ]+1 ]+1 0 ,
0 0 j+2 j+2 0 0 : PR
e e j+3 2 92
0 0 0 - 0 | |0 0 0 - 1]

then the coefficient matrix of the linear system (4.17)-(4.18) can be denoted by

_[B O B
B'_[O By Bl]’
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and it is easy to derive that the rank of B satisfies

R(B) = {9’ 7=1

12, j=2.

Thus, B is of column full rank. This means that d;s =0 (: =0,1,...,j+1;s =1,2,3).
Notice that {27?’;', 27?’;' g’zo are linearly independent, which means that ¢;; = 0 (i =
0,1,...,7;s =1,2,3). As a result, we obtain 7 = 0. O

Remark 4.2. For the case j > 2, it is not easy to prove the conclusion of Lemma 4.7
in a unified way. However, one can check that case by case. For example, we have
checked by using MATLAB that the conclusion also holds for j < 40.

Theorem 4.2. Under the conditions of Theorem 4.1 with k¥’ > k + 2 and k = 3,4, it holds
lo = onllo S Bl (4.19)
Proof. Let I1;, be the same operator as in (3.23), then it suffices to show
[Tho —onllg S thrl||U||k+1-

In fact, we can write
0 — oy, =01 + 09

with o1 € X 1 \ (E—3 ® Epr—4) and o9 € Zjy_3 ® Ejy_4. By the community property
(3.23), we get
div(oy + 02) = div(Ilpo — op) = 0.

Since the degrees of the polynomial tensors o1 and o5 are at most ¥’ — 2 and £/, re-
spectively, the relation above means that the degree of div o9 is at most &’ — 3. Thus by
Lemma 4.7, the degree of the polynomial tensor o5 is at most k£’ — 2. Thus the degree
of that in IT;,0c — oy, is at most k' — 2.

Nowwesetk =k —2,p =k + 1,q = 0 in Lemma 4.4, then

Ey, (o, o — o)

S hk+1|HhU|k+1,hHHhU —onlly £ hk+1|0|k+1||HhU —anlly-
From (1.1), (4.1) and Lemma 4.1, it follows:

|0 — Uh”% < (A(Myo — op), 1Mo — o4),
= —(.A(O' - HhO'),HhO' - O’h) — Eh(HhO', HhO' — O'h).

Combining the two estimates above indicates

[TTho = onlly S llo — Hpolly +

This finishes the proof. O
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5. Numerical results

In this section, we shall give two numerical examples to verify our theoretical anal-
ysis for the scheme (2.1), of the modified mixed element Xy, ;s , — V1, and the mass
lumping scheme (4.1) in three cases: k = 3,k = 4; k =4,k = 5; k = 3,k' = 5. In both
examples, we take Q2 = [0, 1] x [0,1] and use N x N uniform triangular meshes for the
computation (cf. Fig. 2).

2 X2 4 x4

Figure 2: The domain with uniform triangular meshes.

Example 5.1. Take Lamé constants p = %, A = 1,10000 in the model problem (1.1).
I'p =0 and I'y = @. Let the exact solution (o, u) be of the following form:

up = —x329(229 — 1) (21 — 1)% (22 — 1),
uy = x125(221 — 1) (29 — 1)% (27 — 1),

011 = —099 = —2X1X9 (2.%'% —3x1 + 1) (2.%'% — 3x9 + 1) ,

3 3
012 = 091 = 1‘1.%'%(1‘2 — 1)2 <21‘1 — 5) — 1‘%.%'2(1‘1 — 1)2 <21‘2 — 5)

- %%(2;52 —1)(z1 —1)% (22— 1) + %3(2901 — (@1 = (2 = 1)

We list the error results of stress and displacement approximations in Tables 3-6. Ta-
ble 3 shows the results of Hu-Zhang’s element ¥ , — V;,, [25], the modified element
Yk’ h — Vi n and the mass lumping scheme for k£ = 3,k" = 4. Table 4 demonstrates
the results of the three methods for k¥ = 4,k’ = 5. Table 5 gives the results of the
modified element Xy, 4, — Vi &, and the mass lumping scheme for £ = 3,k" = 5. We
note that Tables 3-5 are all for A = 1. Table 6 lists the results with A\ = 10000 for the
mass lumping scheme in three cases: k = 3,k' =4; k =4,k' =5; k =3,k =5.

Example 5.2. We consider a case with mixed boundary conditions. Let I'p = {(z,y) €
[0,1] x [0,1],x =0orxz=1ory =0}, 'y ={(z,y) : = 0,0 <y < 1}. The boundary
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Table 3: History of convergence for Example 5.1: A = 1,k = 3,k' = 4.

To—onlly Tdiv(e—om)l, Tu—unlly
N lolly [ divoll, [Tulle
Error Order Error Order Error Order
2 9.361e-2 - 9.256e-2 - 1.409e-1 -
Hu-Zhang’s element | 4 | 9.035e-3 3.37 | 1.480e-2 | 2.64 | 1.948e-2 | 2.85
Y3.n— Vap 8 6.498e-4 3.79 | 1.953e-3 | 2.92 | 2.590e-3 | 2.91
16 | 4.289e-5 3.92 | 2.473e-4 | 2.98 | 3.296e-4 | 2.97
32| 2.742e-6 3.96 | 3.102e-5 | 2.99 | 4.139e-5 | 2.99
2 1.065e-1 - 5.414e-2 - 7.038e-2 -
Modified element 4 1.120e-2 3.25 | 7.438e-3 | 2.86 | 9.685e-3 | 2.86
Y3an—Vaan 8 8.296e-4 3.75 | 9.496e-4 | 2.96 | 1.240e-3 | 2.96
16 | 5.551e-5 3.90 | 1.193e-4 | 2.99 | 1.565e-4 | 2.98
32 | 3.573e-6 3.95 | 1.493e-5 | 3.00 | 1.962e-5 | 2.99
2 1.219e-1 - 6.417e-2 - 8.983e-2 -
Mass lumping 4 1.731e-2 2.81 | 7.880e-3 | 3.02 | 1.327e-2 | 2.75
Y3an— Vaan 8 | 2.0759e-3 | 3.06 | 9.741e-4 | 3.01 | 1.758e-3 | 2.91
16 | 2.466e-4 3.07 | 1.213e-4 | 3.00 | 2.232e-4 | 2.97
32| 2.981e-5 3.04 | 1.515e-5 | 3.00 | 2.801e-5 | 2.99
Table 4: History of convergence for Example 5.1: A =1,k =4,k' = 5.
To—onTly Tdivie—on)ll, Tu—unlly
N loll, [[divoll, [l
Error Order Error Order Error Order
2 | 1.919e-2 - 2.505e-2 - 2.583e-2 -
Hu-Zhang’s element | 4 | 7.329e-4 | 4.71 | 1.724e-3 | 3.86 | 2.655e-3 | 3.28
Yan— Van 8 | 2.481e-5 | 4.88 | 1.101le-4 | 3.96 | 1.860e-4 | 3.83
16 | 8.043e-7 | 4.94 | 6.919e-6 | 3.99 | 1.194e-5 | 3.96
32 | 2.557e-8 | 4.97 | 4.330e-7 | 4.00 | 7.519e-7 | 3.99
2 | 2.602e-2 - 4.862e-3 - 1.403e-2 -
Modified element 4 | 9.792e-4 | 4.73 | 2.239e-4 | 4.44 | 6.087e-4 | 4.52
Yas5n—Vash 8 | 3.302e-5 | 4.88 | 1.243e-5 | 4.17 | 3.298e-5 | 4.20
16 | 1.069e-6 | 4.94 | 7.508e-7 | 4.04 | 1.980e-6 | 4.05
32 | 3.401e-8 | 4.97 | 4.650e-8 | 4.01 | 1.225e-7 | 4.01
2 | 3.679e-2 - 6.097e-3 - 1.751e-2 -
Mass lumping 4 | 2.377e-3 | 3.95 | 2.532e-4 | 4.58 | 1.753e-3 | 3.32
Yasn—Vash 8 | 1.499e-4 | 3.98 | 1.308e-5 | 4.27 | 1.223e-4 | 3.84
16 | 9.369e-6 | 4.00 | 7.690e-7 | 4.08 | 7.853e-6 | 3.96
32 | 5.843e-7 | 4.00 | 4.727e-8 | 4.02 | 4.942e-7 | 3.99
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Table 5: History of convergence for Example 5.1: A\ = 1,k = 3,k’ = 5.

To—onlly [div(e—an)lg Tu—unlly
N lloll [ divally [l
Error Order Error Order Error Order
2 | 1.140e-1 3.226e-2 5.201e-2

Modified element | 4 | 1.185e-2 | 3.26 | 4.176e-3 | 2.95 | 5.757e-3 | 3.17
Y35 — Vash 8 | 8.745e-4 | 3.76 | 5.248e-4 | 2.99 | 6.694e-4 | 3.10
16 | 5.841e-5 | 3.90 | 6.567e-5 | 3.00 | 8.354e-5 | 3.00
32 | 3.757e-6 | 3.95 | 8.211e-6 | 3.00 | 1.045e-5 | 3.00
2 | 1.131e-1 - 3.575e-2 - 6.825e-2 -
Mass lumping 4 | 1.184e-2 | 3.25 | 4.621e-3 | 2.95 | 6.751e-3 | 3.33
Y35 — Vash 8 | 8.751e-4 | 3.75 | 5.809e-4 | 2.99 | 7.929e-4 | 3.08
16 | 5.850e-5 | 3.90 | 7.271e-5 | 3.00 | 9.862e-5 | 3.00
32 | 3.764e-6 | 3.95 | 9.091e-6 | 3.00 | 1.233e-5 | 3.00

Table 6: History of convergence for Example 5.1: A = 10000.

To=onlly Tdivie—an)l, Tu—unlly
N llolly [ divoll, Mully
Error Order Error Order Error Order
2 1.286e-1 - 6.418e-2 - 9.141e-2 -

Mass lumping | 4 | 1.974e-2 | 2.70 | 7.881e-3 | 3.03 | 1.338e-2 | 2.77
Saan—Vaan | 8 | 2.516e-3 | 2.79 | 9.741e-4 | 3.02 | 1.764e3 | 2.92
16 | 3.082e-4 | 3.03 | 1.214e-4 | 3.00 | 2.235e-4 | 2.98
32 | 3.7824e-5 | 3.03 | 1.516e-5 | 3.00 | 2.803e-5 | 3.00
2 | 4186e2 | - |[6.098e3| - | 1.787e2 | -
Mass lumping | 4 | 2.910e-3 | 3.85 | 2.532e-4 | 4.59 | 1.753e-3 | 3.35
Sasn—Visn | 8 | 1.880e-4 | 3.95 | 1.309e-5 | 4.27 | 1.223e-4 | 3.84
16 | 1.182e-5 | 3.99 | 7.691e-7 | 4.09 | 7.853e-6 | 3.96
32 | 7.375e-7 | 4.00 | 4.727e-8 | 4.02 | 4.942¢-7 | 3.99
2 | 1.37e-1 — |3575e2| - | 5737¢2 | -
Mass lumping | 4 | 1.194e-2 | 3.25 | 4.622¢-3 | 2.95 | 6.489¢-3 | 3.14
S5 —Vasn | 8 | 8.809%-4 | 3.76 | 5.810e-4 | 2.99 | 7.906e-4 | 3.04
16 | 5.874e-5 | 3.91 | 7.271e-5 | 3.00 | 9.865e-5 | 3.00
32 | 3.773e-6 | 3.96 | 9.092e-6 | 3.00 | 1.2335e-5 | 3.00

conditions are u = gon I'p and on = Kk on I'y. We take A = 1, = % Let the exact
solution (o, u) be of the following form:

up = (1 — p?) sin(rzy) sin(mas),

ug = psin(mzy) sin(mwxs),

011 = mApcos(mxy) sin(wzy) — w(p? — 1) (X + 2p) cos(mzy ) sin(was),

099 = (X + 2p) cos(may) sin(rxy) — wA(u? — 1) cos(mzy) sin(was),
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012 = 091 = —pm(p? — 1) cos(mxs) sin(mxy ) + mp? cos(mxy) sin(mry).

Table 7 shows the results for the mass lumping for Example 5.2 in three cases: k =
3K =4k =4k =5 k=3,k =5.
From the numerical results in Tables 3-7, we have the following observations:

As same as Hu-Zhang’s element, the modified element X, ;. j, — Vj, 17 5, for k = 3,4
yields the k-th order of convergence for || div(c—op,)||o and ||u—upljo, and k+1-th
order of convergence for |[c — o},|p. This is conformable to the theoretical results
in Theorem 3.2.

The mass lumping scheme of the modified element ¥, ; ;, — V}, v 1, yields the k-th
order of convergence for || div(c — 0})||o and ||u — uy||o, as is conformable to the
theoretical result in Theorem 4.1.

The mass lumping scheme of Xy, i/, — Vi p p, With k = 3, K’ =4and k = 4, k' = 5,
yields the k-th order of convergence for ||c — o}|lp, one order lower than the
original scheme, while the mass lumping scheme with k¥ = 3,k = 5 yields the
k + 1-th order of convergence, which is consistent with Theorem 4.2.

Though the proposed modified element Xy, 4 5, — Vi, 1 , is of more degrees of free-
dom than the original Hu-Zhang’s element X, ;, — V}, 5, its mass lumping scheme
leads to a SPD system that is much easier to solve.

The mass lumping schemes are robust with respect to the Lamé constant .

Table 7: History of convergence for Example 5.2.

To—onlly Tdiv(e—an)ll, Tu—unlly
N ol [ divoll, [lull,
Error Order Error Order Error Order
2 | 2.13%9e-2 - 2.600e-2 - 3.129e-2 -

Mass lumping | 4 | 1.982e-3 | 3.43 | 3.184e-3 | 3.02 | 4.239e-3 | 2.88
Y3a4n—Vaan | 8 | 1.879e-4 | 3.39 | 3.94%9e-4 | 3.01 | 5.547e-4 | 2.93
16 | 2.098e-5 | 3.16 | 4.926e-5 | 3.00 | 7.034e-5 | 2.97
32 | 2.699e-6 | 2.95 | 6.154e-6 | 3.00 | 8.826e-6 | 2.99

2 | 3.624e-3 - 3.331e-3 - 4.372e-3 -
Mass lumping | 4 | 1.607e-4 | 4.49 | 1.985e-4 | 4.06 | 2.878e-4 | 3.92
Yasn—Vasn | 8 | 7.763e-6 | 4.37 | 1.221e-5 | 4.02 | 1.880e-5 | 3.93
16 | 4.319e-7 | 4.16 | 7.601e-7 | 4.00 | 1.192e-6 | 3.97
32 | 2.605e-8 | 4.05 | 4.745e-8 | 4.00 | 7.480e-8 | 3.99

2 | 1.921e-2 - 1.064e-2 - 3.262e-2 -

Mass lumping | 4 | 1.601e-3 | 3.58 | 1.389e-3 | 2.93 | 1.985e-3 | 4.03
Y35n—Vasn | 8 | 1.075e-4 | 3.89 | 1.761le-4 | 2.98 | 1.793e-4 | 3.46
16 | 6.858e-6 | 3.97 | 2.209e-5 | 2.99 | 2.111le-5 | 3.08
32 | 4.318e-7 | 3.98 | 2.765e-6 | 2.99 | 2.610e-6 | 3.01
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