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Abstract. In this paper, we propose a fast second-order approximation to the vari-
able-order (VO) Caputo fractional derivative, which is developed based on L2-1,
formula and the exponential-sum-approximation technique. The fast evaluation
method can achieve the second-order accuracy and further reduce the computa-
tional cost and the acting memory for the VO Caputo fractional derivative. This fast
algorithm is applied to construct a relevant fast temporal second-order and spatial
fourth-order scheme (F'L2-1, scheme) for the multi-dimensional VO time-fractional
sub-diffusion equations. Theoretically, F'L2-1, scheme is proved to fulfill the similar
properties of the coefficients as those of the well-studied L2-1, scheme. There-
fore, F'L2-1, scheme is strictly proved to be unconditionally stable and convergent.
A sharp decrease in the computational cost and the acting memory is shown in the
numerical examples to demonstrate the efficiency of the proposed method.
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1. Introduction

Over the last few decades, the fractional calculus has gained much attention of both
mathematics and physical science due to the non-locality of fractional operators. In fact
the fractional calculus has been widely applied in various fields including the biology,
the ecology, the diffusion, and the control system [3,15,19,21,27,29-31]. Recently,
more and more researchers revealed that many important dynamical problems exhibit
the fractional order behavior that may vary with time, space, or some other factors,
which leads to the concept of the variable-order (VO) fractional operator, see [13,22,
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38,40]. This fact indicates that the VO fractional calculus is an expected tool to provide
an effective mathematical framework to characterize the complex problems in fields of
science and engineering; for instances, anomalous diffusion [7, 8,39, 45], viscoelastic
mechanics [9, 10,16, 35], and petroleum engineering [28].

The VO fractional derivative can be regarded as an extension of the constant-order
(CO) fractional derivative [41]. An interesting extension of the classical fractional
calculus was proposed by Samko and Ross [33] in which they generalized the Riemann-
Liouville and Marchaud fractional operators in the VO case. Later, Lorenzo and Hartley
[22] first introduced the concept of VO operators. According to the concept, the order
of the operator is allowed to vary as a function of independent variables such as time
and space. Afterwards, various VO differential operators with specific meanings were
defined. Coimbra [9] gave a novel definition for the VO differential operator by taking
the Laplace-transform of the Caputo’s definition of the fractional derivative. Soon,
Coimbra, and Kobayashi [36] showed that Coimbra’s definition was better suited for
modeling physical problems due to its meaningful physical interpretations, see also
[32]. Moreover, the Coimbra’s VO fractional derivative could be considered as the
Caputo-type definition, which is defined as follows [9,38]:

Cmal®) 1 1 bod(n)
DS u(t)_F(l—a(t))/o (t_T)a(t)dT, (1.1)

where I'(-) denotes the Gamma function and «(t) € [a, @] C (0,1) is the VO function.
We remark that, in statistical physics community, the operator (1.1) has clear physical
meaning if « is a function of the space variable x (see [13]), while the physical sig-
nificance for the case of «(t) is still unclear. Nonetheless, the operator (1.1) has been
widely used to model some phenomena in engineering community [9, 38].

Since the problems described by the VO fractional operator are difficult to han-
dle analytically, possible numerical implementations of the VO fractional problems are
given. In [44], Zhao et al. derived two second-order approximations for the VO Ca-
puto fractional derivative and provided the error analysis. For the VO time-fractional
sub-diffusion equations, Du et al. [11] proposed L2-1, scheme, which makes use of the
piecewise high-order polynomial interpolation of the solution. The resulting method
was investigated to be unconditionally stable and second-order convergent via the en-
ergy method.

In consequence of the nonlocal property and historical dependence of the fractional
operators, the aforementioned numerical methods always require all previous function
values, which leads to an average O(n) storage and computational cost O(n?), where
n is the total number of the time levels. To overcome this difficulty, many efforts have
been made to speed up the evaluation of the CO fractional derivative [2,4,14,17, 18,
23-25,42]. Nevertheless, the coefficient matrices of the numerical schemes for the VO
fractional problems lose the Toeplitz-like structure and the VO fractional derivative is
no longer a convolution operator. Therefore, those fast methods for the CO fractional
derivative cannot be directly applied to VO cases. Recently, Fang et al. [12] proposed
a fast algorithm for the VO Caputo fractional derivative based on a shifted binary block
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partition and uniform polynomial approximations of degree r. Compared with the
general direct method, the proposed algorithm reduces the memory requirement from
O(n) to O(rlogn) and the complexity from O(n?) to O(rnlogn). Zhang et al. [43]
developed an exponential-sum-approximation (ESA) technique to speed up L1 formula
for the VO Caputo fractional derivative. The proposed method reduces the storage
requirement to O(log®n) and the computational cost to O(n log? n), respectively. Both
of those fast methods were proved to achieve the convergence order of 2 — @ with
expected parameters.

Motivated by the need of fast high-order approaches for the VO Caputo fractional
derivative (1.1), we combine L2-1, formula [11] with the ESA technique [43] to pro-
duce a fast evaluation formula, which is called F'L2-1, formula later. Compared with
L2-1, formula, the fast algorithm reduces the acting memory from O(n) to O(log®n)
and flops from O(n?) to O(nlog®n). Then FL2-1, formula is applied to construct a fast
temporal second-order and spatial fourth-order difference scheme (F'L2-1, scheme) for
the multi-dimensional VO time-fractional sub-diffusion equations, which significantly
reduces the memory requirement and computational complexity. We present the prop-
erties of the coefficients of F'1.2-1, formula, which ensure the stability and the conver-
gence of the proposed scheme. Numerical experiments are provided to show the sharp
decrease in the CPU time and storage of the fast algorithm with the same accuracy as
the direct method. Moreover, we test the proposed scheme on the graded mesh, and it
performs well while the solution has singularity.

The paper is organized as follows. In Section 2, we present F'L2-1, formula ap-
proaching the VO Caputo fractional derivative utilizing the ESA technique. Then we
construct F'L.2-1, scheme for multi-dimensional VO fractional sub-diffusion problems
in Section 3 and investigate the stability and convergence. In Section 4, reliability and
efficiency are confirmed by some numerical examples. Concluding remarks are given
in Section 5.

2. Approximation for VO fractional derivative

We firstly introduce L2-1, formula [11] for the VO Caputo fractional derivative.
Consider the VO Caputo fractional derivative defined by (1.1) with ¢t € (0,7] (T > 1).
For a positive integer n, let At = T)/n and t;, = kAt for k = 0,1,...,n. We denote
thto, =tk +o(ty)At for k =0,1,...,n — 1. The parameter o(¢;) is determined by the
equation

1
F(o)=0— (1 - §a(tk + JAt)) =0,
which has a unique root o(t;) € (3,1) being conveniently calculated by Newton’s
method [11]. In the following, we denote o), = o (i), My, = (titoy)-

From the definition (1.1), the VO Caputo derivative at the point ¢, is presented

as

tkto /
Cmalt) _ 1 / k u'(T)
D t)]i— = dr. 2.1
0Pl )|t_tk+% F(l - ak-l-tfk) 0 (thtop, — T)FFk ! @D
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To discretize the VO Caputo fractional derivative, we denote the quadric interpolation
on the time interval [t;_1,tx] with 1 < k& < n — 1 and the linear interpolation over the
time interval [ty, tx41] with0 <k <n —1 by

1 1
T—1
Lou(r) = > ultisy) [ — 2%, T € [tee1, ti), (2.2)
— =7 thtp — kg
p= q=
—1 —1
LlU(T) = u(tk)ﬂ =+ U,(tk+1) T k s T E [tk,tk+1]. (23)
b =tk le+1 — tk
2.1. L2-1, formula
Based on the above interpolation polynomials, at time ¢, withk =0,1,...,n—1,
L2-1, approximation formula to (2.1) is obtained as [11]
6D ulth o)
1 t L ! thto L !
= / ( QU(T)O)% dr + / ’ ( W(T)()% dr
I'(l = aptop) \Jo  (thto, — ) FFon tr (thgoy, — T) 4w
k
k
= s Zgl( )(u(tk—l+1) —u(ty—1)), (2.4)
1=0

where g(()()) = aé_a"o, and for k > 1,

(k) _ 1— kg,
gl - At2fak+o-k

( rti T — tk,l thto, At
2 dr + / dr =0,
/tkl (thto, — T) Tk th (thto, — T)FFok

te—1 T — tk—l—l th—141 tk—l 3 —T
x / 2 d7-+/ T2 dr, 1<1<k-1,
le—1-1 ( th—1 (

tk-i-tfk - T)akJrUk tk-l—Uk - T)ak+ok
/tl ts — T
2 dr, 1=k,
to (Lktoy, — ) FFk
(k) _ AT
F(2 - akJrOk)

The following lemma shows the local truncation error of L.2-1, approximation for-
mula for the VO Caputo fractional derivative.

Lemma 2.1 ([11]). Suppose u € C3([0,tx11]). Let

rh = CODta(t)u(t) - %Dtak+aku(tk+ak) .

|t:tk+o'k
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Then, we have

max |u( ‘0 Ytk
k 1 o
|Tk| < 0St<tptr <_ n k )At?)—ak-kok'
T(1 — 0ror) 12 6(1 — aror)

Utilizing L2-1, approximation formula to calculate the value at the current time
level, it needs to compute the summation of a series including the values of all previous
time levels. Therefore, L2-1, approximation formula requires O(n) storage and O(n?)
computational complexity. It inspires us to construct a fast algorithm to approach L2-1,
approximation formula (2.4).

2.2. FL2-1, formula

Now, we develop a fast high-order numerical formula (F'L2-1, formula) for the VO
Caputo fractional derivative. The kernel function in the VO Caputo fractional derivative
is approximated by the ESA technique, which is stated in [5,43].

Lemma 2.2. For any constant a4, € [a, @) C (0,1), 0 < At/T < (tpye, —7)/T <1
for 7 € [0,tk_1], 1 <k<n-1 and the expected accuracy 0 < € < 1/e, there exist a
constant h, integers N and N, which satisfy

27
~ log3 +alog(cos1)~1 +loge 1’
11
N = ha(logeﬂogr(l +a))1, (2.5)
— 1 T
N = {h <log AL +logloget —i—logg—i—Ql)J ,
such that
tk+0'k — T> TQktoy Z k‘) (tk+o <tk+0' — T> T ®ktoy
9 < | R €, (2.6)
‘ < T i=N+1 T

where the quadrature exponents and weights are given by
N\ = et gk — 7}16&“%%.

‘ P(akJrUk)

Now L2-1, formula (2.4) can be approximated by

A to
%Dt Fron u(tk-l—ak)

_ 1 /t/C (LQU(T))/ tk—l—ak — 7\ ko dr + /ther (Llu(T))/ ar
L1 = akro,) \Jo Tk r th (thtop, — ) F TR
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N 1
- F(l - ak-l—ak)
e (Lou(r))’ N “Ailtktop, =T oy, Lyu(r))
X (/ (Takio'i) Z Hl(k;)e%d,r_'_/ (t ( _(T))2Vk+o'k dT
0 i=N+1 tr k+oy
_ N
T~ k+o te Xty o, —T)
T S 0 [ e e
- ak-l—ak) i=N+1 0

w(tpsr) — u(ty) /t’“+"k 1
g

Atf(l — Oék;+o- ) (tk+0'k — T)ak+‘7k

T~ %k+oy, N (k) 77(k) (k) 1—akto
= Y 0 HY 4+ Mo, *(u(tper) —ulty)), 2.7)
- ak-l—ak) i=N+1

where Hi(k) is the history part of the integral,

HZ.(k) = /0 ' (LQU,(T))/G

—2iltkqoy, —T)
T dr.

We point out that HZ-(k) can be calculated by a recursive relation and quadratic interpo-
lation, i.e.,

—Xi(I4op—0op_1)At _ 12 (g, —T)
H® — =gk —i—/ (LQU(T))/G - dr (2.8)

K (3
te—1

H*D 4 AP (uty) — uty-1)) + B® (ultnsr) — ulte)

*)\i(l‘f’f"k*f"k_l)At
= e T

with H” =0 (i=N+1,...,N) and

tr 7)\1'(15]6 )
() _ 1 L A
Ai = E /tkl(tk,_i_% — T)e T dr

k
1 =X\ (ktop—T)At
:/ <k+——7>e+d7
k-1 2
1
3 —Xi(op+1-7)A
= / (— — 7') ekﬁtdﬂ
o \2
1 2 “Ailtgyo, —7)
B-(k):—/ (T—t,_1)e T dr
k
1 =\ (k+op—7)At
:/ (T—k—i-—)edeT
k-1 2
1
1 —X; (o +1—7)At
= / (7’ — —) ekﬁdﬂ
0 2

where we use (2.2) and the transformation of the integration variable.
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Overall, for 0 < k < n — 1, we define F'L2-1, formula for %Df‘(t)u(t)\t:tkﬂk by

[e%
oD M o)

T~ k+oy l1—agio
= S 0PED £ W () — uty)),  (2.9)
F(l — Oék+0-k) =N+

where Hi(k) is calculated by (2.8). In addition, for k£ = 0, we let
FRD0 4 (ty,) = 0D u(ty, ). (2.10)

We give the following lemma to state the local truncated error of F'L2-1, formula

(2.9) for the VO Caputo fractional derivative %Dta(t)u(t)|t:tk oy

Lemma 2.3. Suppose oy, € (0,1) and u(t) € C3([0,T]). Let L2-1, formula be as in
(2.4), FL2-1, formula be defined by (2.9)-(2.10) and ¢ be the expected accuracy. Then,
we have
SO (V) et
= FRD hy(ty ) + O (AP 4ok £¢), 0<k<n—1. (2.11)
Proof. Clearly, (2.10) and Lemma 2.1 imply the lemma is valid for £k = 0. For k > 1,
according to (2.7) and (2.9), D,  u(t) ) and T D u(ty o, ) just differ in the

. . thdo, —T\— .
approximation for (=2%—)"*+ok, 7 € (0,10, ), i-€.,

5D Du(e) — DY ()

|t:tk+o'k

< | SDE Ut — B ultrt,)

|t:tk+o'k

[e% o (6% o
[Pty ) = D (b,

Tfak+o'k
= O (A3 ton) fp ——
( ) IO ak-i—ak)
b b t — T ktoy, N i (bt oy, —7)
[ () T e ey o
1=17t-1 i=N+1
lfakjL(,k /
t)]
= O (AP 4 NE —_041;:7 ) O(e).
k
Since t4,, < T and u(t) € C3([0,T]), the proof is complete. O

From Lemma 2.3, we conclude that the approximation for the VO Caputo fractional
derivative $D "y (t) at the point 4y, by "D " u(t;,, ) is at least second-order
precision with sufficiently small e.
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2.3. Properties of discrete kernels

In order to prepare the subsequent analysis, we firstly show the properties of dis-
crete kernels in F'L2-1, formula. The recursive relation of Hi(k) defined in (2.8) can be
equivalently rewritten as

(k) S g Z2ilktoy =T
H" = Z/ (Lgu(T)) e T dr
1=1 71
t1 Xt —T)
= AtQ{/ (ts —m)e 7 dr(u(t;) — u(to))
to 2
k-1 t “Xi(tppo, —T) ti41 ity —T)
+Z / (T—1t,_1)e T dT+/ (tips —T)e T dr
=1 [Yti-1 2 t 2
23 At pyoy, =)
x (u(tisr) — u(ty)) —i—/ (r— tkfé)e T dr (u(tps) — ulty)) ¢,
te—1

which allows to represent F%D?k+”’“u(tk+ak) (0 <k <n-—1)in the form

D g, )
T A2 L / " it ~7)
= - 0, (tza —71)e T dr(u(ty) — u(to)
I'(1 = apoy) i%l to 2 ( )
k—1 t T p— ti41 “Xi(tpg o, —7)
s / (T—tl_;)e;deJr/ (tys —T)e T dr
=1 [Mt1 ’ f i
tk ilhtop =7
x (ultigr) —u(ty)) + / (r— tkfé)e T dr (u(tpsr) — ulty))
te—1
l—akios
+ 58 o T (u(tya) — ulty)
k
_ S(k) Z pl(k‘) (u(tk—l-i-l) _ u(tk—l))a (2.12)
=0

where
p) = g0 (2.13)

andfor1 <k<n-1,

k) _ _ 1= akig
l T¥k+o), Af2~ %ty
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th N A (thgop —T)
_ k) b
/t]C 1(7’ tkf%)_z 0."e T dr
- i=N+1
tk+0'
Tt / ' Al : =0,
t (tkiﬂk _ 7-) k4o,
te—1 N “Ailtgto, —T)
(k) 5ok 7
X / (r=tyyg) D O e T dr (2.14)
le—1—1 i=N+1
th—i+1 N (gt —T)
+/ (tlcflJr§ - T) Z el(k)e T * dT’ 1<1<k— 1’
bt i i=N+1
t N “Ai(tktop, —7)
/ (ts — 1) Z HZ-(k)e T dr, l=k.
to : i=N-+1

The coefficients {pl(k)lo <1 < k;0 <k <mn-—1} defined in (2.13) and (2.14) have
the following properties, which play the vital roles in studying the stability and conver-
gence of the finite difference schemes. Below we present the relationship between ,ol(k)
and gl(k).

Lemma 2.4. For ajyo, € (0,1), g* (0 <1 < k;0 < k < n —1) defined in (2.4), pi¥
(0<I<k;0<k<n-—1)definedin (2.13) and (2.14) with o}, = 1 — a'“% Then, we

have
(0) (0)

pO = g() 9
andfor1 <k<n-—1,
o 1=0
(k) (k) 1 —akye
‘Pl — 9 ‘ < —Atak+a_kk %7 1<i<k-1, (2.15)
e, [|=

Proof. For k = 0, ,o(()o) = g((]o) is obvious. For k > 1, the ESA approximation (2.6)
with (2.4) and (2.12) gives

2
&) (k)| ATl — g gy)
‘PQ ~ % ‘S T+ -
b Lt — T\~ Xktoy, v (k) 2ilkto, DAL
X / |T—tk7;|' (*) - Z 0:"e T dr
2 T v
tp—1 i:ﬂ-i-l

1
= (1 - akJrUk)E/
0

T = =

2

(o — 7+ 1) %+ordr
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T = —

1
< (1 = Qhgoy, )AL Yotone - /
0

dr = 2(1 — Qg oy, )AL ton,

For1 <[ <k — 1, we obtain

«@ —2
k) (k)| o A1 — gy
‘pl -9 )‘ < T%%+oy, -

bt t — T\« N “Ailtggo, —TIAL
ko, — T\ Yk+ok Z (k) _2illhto, —TAE
th—1—1 ;

th—1+41
o g

te—1

dr

dT}

N —X; -7
<tk+0k — T) — k4o, _ Z a(k)e Az(tk-{»;k )At
T (2

th—i
< At&ktok —2(1 — ak_,_ak)e{ / ‘7’ — tkflfl|(tk+ak _ 7—)—Oék+ok dr
2

te—1—1

te—14+1
* / |tk—l+% — 7| (thyo, — )" Hokdr

te—1

1
T

2
3

- =T

2

+/01

1
< (1 = Oy oy, ) AL YFtone {/
0

(o — 7+ 1+ 1) “tordr

(o — 7 + 1) %+ok dT}

1
dT+/
0

- =T

1 5
T 5‘ dT} B Ze(l - O‘kJrok)AtiakJr%'

Similarly, we have

—2
k) ()| A1 — Qo)
‘pk L ‘S Tk+oy )
t thtg, — T\ k+oy ¥ (k) 2ilktoy —T)A
X / ‘t;—ﬂ (#) — Z 6, e T dr
to i=N+1

t1
< Atak+ok_2(1 - ak-l—ak)e/ |t§ - T‘(tk—l—ak — 1) “Ftordr
¢ 2

0
1
3
= (1 — ak+0k)€/
0

5T (k+ o — 1) “tordr

3

- =T

1
<(1- ak+0k)At°‘k+0ke/ dr
0

= 6(1 — Oék+0-k)Atiak+ak.

The proof is complete. O
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Lemma 2.5. For a1, € (0,1), pgk) (0 <1< k;0<k<n-—1)are defined in (2.13)
and (2.14) with o, = 1 — ak% and a sufficiently small € satisfying
2(1 —@)(2 — t@) oAt
(Rt i
(6 —3a)(1 - 3q)

Then, we have

1—€e)(1 —apis i k .
<! Q(kl(gk)akikk) <p <pd << (2.16)
(204 — )pl) — owpl” > 0. (2.17)

Proof. For k = 0, p(()O) = g(()o) > 0 is obvious. For k > 1, from (2.14), the coefficients
can be rewritten as
(k) _ Atak-h;rk (1 _ ak+0k)
[ TY%+oy,

N thto 1
S W B® 4 Ao, / ’“ dr, 1=0,

7 Qg
i=N+1 ty (thto, — T) Tk

43T (AW L P ), 1<i<k-1,

S o AR, =k,
i=N—+1

where Agk) and Bi(k) are defined by (2.8). Thanks to 61@) > 0, \; > 0 and the mono-
tonicity of ™47 with respect to 7, A" > 0, B® > 0 hold and then

k k k k
0<p,(€)<p,(€_)1<,0,(§_)2<---<,0§).

According to g,(f) > % [11], (2.4),(2.6), and (2.14), we have
Ok

(1 =) — anay)
2(k + o) ok

P> (1-e) gl >

So condition (2.16) will hold if pék) > pgk) holds, an inequality which obviously follows
from the condition (2.17). Thus it is enough to prove the latter one. By (2.15), the
left-hand side of the condition (2.17) satisfies

(1 - ak-l—ak)e
VAN Aalaxd™

k=1, (2.18)

(201 — 1)P(()k) — o > (204 — 1) g(()k) — o g = (201, — 1)

(1 - akJrOk)e
— Ok o
Atak‘“’k
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k k k k (1 — gy )e
20k — 1)pf” — orpl™ > (201 1) g — o g1 — (200 - UW

(1 = Ghpor)e sy (2.19)

_Uk 4Atak+ok 7

From (2.4), the corresponding property about gl(k) is

(20 — 1) g(()k) — o), ggk)

(20 — 1)(1 — ak)(
207,

- _ 1_ak+o
(1_|_0_k)1—ak+ak <40’k 1 _ <2+0’k> k) , k> 5

1+ o) 74w k=1,

20 14 ok
(20, — 1)(1 — o%)
201 (1 + o) k+er L

20 — 1)(1 —
(205 — 1)( aUk)7 ko,
QUk(1+Uk) ktoy

k=1,

v

> 0.

Thus in order to make the condition (2.17) hold, for & = 1, we just need

20, — 1)(1 — 1-—- 1-—
o0 o (ke (= arin)e
205 (1 + o) **+k 4AL ok At*+ok
and for k > 2,

(201, = 1)(1 — oy)

(1- ak‘JrUk)e 5(1 — akJrUk)e
_ — — >
20%(1 + og) **tok (201 = 1) ZVAN A VYN 0
that is
_ 2205 = DAEr 1 1
n .
T oop(1+ Jk)ak+0k_1 6o, — 1 7o, — 1
In FL2-1, formula, o), = 1 — ak% Thus we have
¢ < 2(1 — ak+0—k)Atak+‘7k ‘
B (6 - %O‘k-l—ak)(l - %ak+0k)(2 - %ak+0k)ak+ok_1
So we get (2.17) if this ¢ satisfies
i 2(1 —a)(2 — ta)l- oA _ 2(1 — Qo ) At o .
T (6-30)(1-30) T (6= F0kie) (I = 30k )(2 — Fhig, )R]

The proof is complete. O
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3. Difference schemes for the sub-diffusion problem

In this section, based on F'L2-1, formula in Section 2, we construct a fast temporal
second-order and spatial fourth-order finite difference method (F'L2-1, scheme) for
the VO time-fractional sub-diffusion equations. The unconditional stability and conver-
gence of the difference method are investigated.

We consider the following multi-dimensional VO time-fractional sub-diffusion equa-
tions [11,39], which is a promising approach to characterize time-dependent anoma-
lous diffusion, or diffusion process in inhomogeneous porous media,

Cpry(x,t) = Au(x, t) + f(x,1), x€Q, te(0,T], (3.1)
u(x,0) = p(x), x € Q, (3.2)
u(x,t) =0, x €09, tel0,T], (3.3)

where ) = H;l:l(al(p),a,(np)) C R4, 99 is the boundary of Q, Q@ = QU IN, x =
(@W,2?, . 2@D) € Q, Au(x,t) = 30, 8%, u(x,1), f(x,t) and ¢(x) represent the
given sufficiently smooth functions.

Denote L®) = @ — agp ). p = 1,...,d. Let m® be positive integers. Define
a uniform partition of Q by :c%) = al(p) + i@ Az®) () =0,1,... . mP;p=1,...,d)

for Az(P) = L) /m(P) and denote Az = max;<,<4 Az®). Let

_ 1 @ (d) (p) o
Qp = {($j(1)7$j(2),...,$j(d)) ‘](p) — ,...,m(l’) —1:p= 1,...,d}7
O d .
Qp = {(Jﬂgg),wﬁg),...,x;&)) ‘j(l’) = 0,1,...,m(1)); p= 1,...,d} ’
Let 7 = (j(l),j(2),...,j(d)) and x; = (xé,g),x;?g),...,x%)), respectively denote the

index vector and the spatial point. We define the index space J by
T={ilxj €W}, T={ilx; e}, 0T =/{jlx; €0}
Thus the grid function spaces are defined by
U = {u|u being a grid function on O, } ,
U = {ulu € U;u; = 0when j € 3T }.

We introduce the following discrete operators in the grid space U/:

1
Optijts, = m(“ﬁép — u5),
1
2
5puj = (Ax(p))Q (uj+5p — 2u]‘ + uj,(;p),
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where §, = (0,...,1,...,0) is an index with 1 at the p-th position and O at other po-
sitions. In order to construct the spatial fourth-order difference scheme, we introduce
the average operator

1 .
(u]5+10uj+uj+5) JeJ,

Apuj = 12
Uyj, jeog.
For any u € U, denote
d d d
.Ahuj = H.Apuj, Ahuj = Z H Aléguj. (34)
p=1 p=11=1,l#p

In the grid function space ¢/, define the discrete inner products and norms

d
wﬁ«H&W>wa lull = v/ (u, ),
r=1

JjET
(u, w).a,, = (Apu, w), HUHAh =V (u, Apu),
m®) —1 m® 1
(Opu, Spw) = (HAZ’ ) Z H Z (5uj+5)(5w]+ 5,);
jm=0 \I=Ll#p jH=1

Z|u|1r’
st = (T2 3 60 )

jeT

|u|1,p = (5pu’6pu)’ |u|1 =

fuboy =/ (53, 53u), oo = mnx u).

3.1. FL2-1, scheme

Before deriving the finite difference schemes for the problem (3.1)-(3.3), we denote
the numerical solution at time ¢;, with spatial point x; by u;?, and f(x;,t5+s,) DY ff*"’“
for x; € Qj, and 0 < k < n. We assume that the solution u € C63)(Q x [0, T).

Next we recall L2-1, scheme for the problem (3.1)-(3.3). Considering Eq. (3.1) at
(X5, tk+0, ), We have

DI u(xy, )ty = Aulxj tiso,) + F17, jET, 0<k<n—1 (3.5
By Lemma 2.3, the term on the left-hand side of (3.5) satisfies
t
%D?( )U(Xj7 t)’t:tk-l»ok

= FHDI k(X by o) + O(AE™ 4ok £6) jeJ, 0<k<n—1.  (3.6)
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On the other hand, using [11, Lemmas 3.4 and 3.5], the first term on the right-hand
side of (3.5) satisfies
Au(xj, thrgk) = O'kAu(Xj, tk+1) + (1 — O’k)A’u,(Xj, tk) + O(AtQ), ] S j (37)

Then substituting (3.6) and (3.7) into (3.5) gives
FRD " u(x, oy )
= opAu(Xj, tey1) + (1 — o) Au(xy, ty)
+ L OAP +6), jeT, 0<k<n-—1
Applying the averaging operator Ay, in (3.4) to the above equation, we obtain
A D (%, o,
= akAhAu(xj, tk+1) + (1 — ak).AhAu(xj, tk)
+ AT L O(A +e), jeJ, 0<k<n-1,

where
(63 o
FI_(I]Dt " ku(X]’, tk-i—ak)
- N
T~ %oy, & " oy
Ak+oy, i=N+1
with

=X (4o —0op_1)At

P = e Y 1 A (g 1) — g 1)
+ B (u(x), tryr) — ulx, t)).
From [11], we obtain
ApAu(xj, ty) = Apu(x;, ty) + O(Aw4), jed, 0<k<n,

thus

Ap FADY (X, bt

= Ap(ohu(xj, tesr) + (1 — op)u(x;, )

+ AR SE jed, 0<k<n-—1, (3.8)

where there exists a constant ¢y such that
1S <o (A + Azt +€), jeT, 0<k<n-—1 (3.9)

From the initial and boundary value conditions (3.2)-(3.3), we have

u(x;,0) = ¢(x;), j€JT, (3.10)
u(xj,t;) =0, jedg, 0<k<n. (3.11)
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Omitting the small term S;“ in (3.8), we construct F'L2-1, scheme for the problem
(3.1)-(3.3) as follows:

FH %+ k
Ay, ODt %ujJrUk

= Ay <aku§+1 +(1— ak)uf) + Ahff“k, jed, 0<k<n-1, (3.12)
ug =p(xj5), jeJ, (3.13)
uf =0, jedT, 0<k<n, (3.14)
where
T_ak+ok N . 1—
Ak +o k+o k k Akto k
F%Dt K+ kuj+ ko S 9@( )Hi(] )+S(k)o_k ket k(uj+1 —uf)
( akJrOk) i=N+1
with
(o) _ ORI Oha B k1) (k) (ke k=1 (k) (k1 _ K
H7Y =e T HY + A, (uj—uj )+ B; (uj+ —uj).

Recall L2-1, scheme for the problem (3.1)-(3.3) as follows [11]:

H\%+oy,  k+oy
Ah ODt 'LLJ

— A, (akufﬂ r (- ak)u;?) A jed, 0<k<n-—1, (3.15)
u) =o(x;), jEJT, (3.16)
uf =0, jE€8T, 0<k<n, (3.17)
where
Dk = 93 g (11— b ),
=0

3.2. Stability and convergence of F'[.2-1, scheme

As described in Lemma 2.5, the coefficients ,ol(k) hold the vital properties for the

stability and convergence analysis. Thus, similar to the proof given in [11], we present
the following lemmas which will be used in the analysis of F'1L.2-1, scheme (3.12)-
(3.14).

Lemma 3.1 ([1]). Let U be an inner product space and (-, -) is the inner product with the
induced norm || -||«. Suppose {cl(k)|0 <1<k, k> 1} satisfies 0 < c,(gk) < c,(i)l < < c(()k).

For v, v!, ... v**1 € U, we have the following inequality:

*

k
Z cl(k) <vk_l+1 — vk_l, akka +(1—- ak)vk>
l_

>

DN | —

0
k "

k—1 k—1
Sl (o2 - o1 2).
=0
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Lemma 3.2 ([11]). For any u,w € LQ{, define
(u, w) 4, (.Ahu _Ahw)

Then (u,w) 4, is an inner product on U. We denote

’u‘lv-Ah - <u7u>-Ah'

Lemma 3.3 ([11]). For any u € LQI, we have

2 a 2 2 2
(3) 1ol < lu .y, < fu?

Lemma 3.4 ([11]). For any u € Z/O{, we have

9\ d-1
<§> HAhuH2 (Ahu Ahu) < HAhuuz
Now we obtain the following theorem to state the unconditional stability of the

proposed scheme.

Theorem 3.1. Let {uﬂj € J,0 < k < n} be the solution of the difference scheme (3.12)-
(3.14). Then, we have

d—1
3 1 .
[, < 1Ol + <5) e max AR 0<k <, (3.18)

where
! ’ I+o)?
AR fHoH? = <1_Il ACU(T)> ;7 (Ahfj+al> » 0= max {ta(t)I’(l — a(t))} :
r= j

Proof Denote vt = guf*! + (1 — o)u¥. Making an inner product with
—ApuFtor on both hand sides of (3.12), we obtain

Ak +o
(A FEDI 0 Ao (AR, Ao

= —(Apfrroe ApuFtor), o<k <n-—1. (3.19)

Noticing (3.14), (2.12) and Lemmas 2.5-3.2, we get

k
Zpl(k) <uk—l+1 B (1- Uk)uk>

k
Z < k—I+1 2,Ah _ ’ukfl‘iAh).

=0

Ap,

l\?l»—\
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By Lemma 3.4, the second term on the left-hand side of (3.19) follows that
2\ 41
(Ahuk+ak,Ahuk+ak) > <§> HAhuk—I—akHQ.

Substituting the two inequalities into (3.19) and using the Cauchy-Schwarz inequality

with the basic inequality
2\ 41 ) 3\ 411 )
< | Z -z Z
ab_<3> a +<2> 4b,

we have
d—1
N 2 A, ofor |2
Z Foan =1 )+ (5] NAwutr
=0
< —(Ahf’“*”'a AuFHTR) < [ A O || Aufon |
d—1 d—1
2 3 1
<(3) navtrrEe (3) JurR 0sksn-t

which follows that

kllZ k—12
QZ S (Tl PRl Y

0

< ) —HAhf’”“kH?, 0<k<n-—lL.

Further we get

k—1

k: k—1
1R 4, <3 (o = )1 B, + 0
=0

+ §d1 HAf’“J”’kH2 0<k<n-—1
2 95(k) - = ’

According to Lemma 2.5, it follows that

1 1 (k+op)tor L)
< = t*UT(1 — alt)) 4= < ,
28(k)p,(€k) 1—esk)(1— Ohto,) 1—c¢ ( o ))|t thtop = 7 _ 601
which leads to
k = k
AR, <D0 (o = o) R (3.20)

l

I
=)

w a\d-1 g
o (' i <§> 1—601||Ahf’“+"’“\|2>, 0<k<n-—1.
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Next the mathematical induction will be used to prove the inequality (3.18). It is valid
for k = 0. Assume (3.18) is true for 0 < k& < ¢, now we prove that (3.18) is valid for
k = g+ 1. From (3.20), we obtain

pblut™T 4,
q—1 @ 3 d—1 1
l g,
< <qu Pl+1)’“q 1 A +p (‘ 0’1 + (5) 1— leAhqur qH2>
=0
S0 @ 3\ 1
< q ) 0 _ SJrO'S 2
S 2 <P1 Pl+1 (\u ’1 A, T <2> 1 — 601 0<S<q X AR f I

(q) 0 3 - q+oq (12
o0 (1R 4+ ( e | An S|

1-
q—1 @ -1 4
< (Z(p o) + o )( '} 4, + ) 0 max !!Ahf”‘“\\z)

() 02 3 +0512
< py <|u 1.4, <§> T 601 nax [ A5 )

From the above inequality, we obtain

a+1)2 0 3\ 1 stos)|2
T 4, < 0 4, + 5 T 1O<a§qH«4hf .

€

Therefore, inequality (3.18) is valid for £ = ¢ + 1. This completes the proof. O

Theorem 3.1 reveals the stability of the difference scheme (3.12)-(3.14) with re-
spect to the initial value and the source term. The next theorem is about the conver-
gence of F'L2-1, scheme.

Theorem 3.2. Let u(x,t) € C(©3)(Q x [0,T]) be the exact solution of the problem (3.1)-
(3.3), and {uf\j € J,0 < k < n} be the solution of the difference scheme (3.12)-(3.14).

Denote ¥ = u(x;, ty) — ub. Then, we have

d—1 d

3 1

|€k|1,Ah < <§> 1_601 HL(T)CO(At2+Ax4+e), 0<k<n.
r=1

Furthermore, we obtain

3\ 241 4 d
|ek|1 < <§> N 01HL(T)CO(At2+Ax4+e), 0<k<n.
—€
r=1
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Proof. Subtracting (3.12)-(3.14) from (3.8), (3.10)-(3.11), respectively, we obtain
the error equations as follows:

Ap F%D?HU'“G? = Ay <Uk€?+1 +(1- ak)e§> +8), jeT, 0<k<n-1,

?:Oa jej’
ef =0, jedT, 0<k<n.

Applying (3.9) and the priori estimation (3.18), it leads to

d—1
512 4 <P 4 + 3 . c1_max [|§')
Ap = A 2 1—€ o<i<k-1

3\ 1 SO 2 4 2
<(2) e [0 (w(ar v ast v ), osksn

Consequently, we have

d—1 d

3 1

e |1,.4, < <§> . [IL0c (A + Az* +€), 0<k<n.
r=1

Furthermore, from Lemma 3.3, we obtain

3 d 3 2d—1 1 d
Py (5) b =4 (3) T Il raetvq, oksn
r=1

The proof is complete. O

4. Numerical results

In this section, some numerical examples are presented to verify the effectiveness
of F'L2-1, scheme (3.12)-(3.14) compared with .2-1, scheme (3.15)-(3.17). Besides,
FL2-1, scheme is extended to the graded mesh to test the problem with a non-smooth
solution. All experiments are performed based on Matlab 2016b on a laptop with the
configuration: Intel(R) Core(TM) i7-7500U CPU 2.70GHz and 8.00 GB RAM.

Example 4.1. We show the efficiency of F'L2-1, scheme (3.12)-(3.14) in 2D case com-
paring with the corresponding L2-1, scheme (3.15)-(3.17). Take Q = (0,7) x (0,7),
T = 1, and the exact solution is given as [11]

u(x,t) = (* +3t* + 1) sin M sin 2.

Based on the exact solution, we calculate the initial value and the source term

o(x) = sinz sinz?,
6t3—o¢(t) 6t2_a(t)

i t) = (r(4 o) T TB o)

+2 (t3 + 32 + 1)) sin 2 sin 22,
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We take Az = Az® = Az, m(Y) = m®@ = m, denote

E(m,n) = ||u" — u(x, tn)HOO,
E(m,2n
Order; = log, <W) ,
E(2m,2n
Order, ; = log, (727(771 n))>

In the calculations, we set the expected accuracy ¢ = At? and different spatial and
temporal step sizes. Note that the linear systems arising from the two-dimensional
problems provide coefficient matrices possessing block-tridiagonal-Toeplitz with tridia-
gonal-Toeplitz-blocks, which can be diagonalized by the discrete sine transforms [6,
34]. Therefore, as a global after-processing optimization, a fast implementation of the
inversion, in our numerical experiments, is carried out by the fast sine transforms to
reduce the computational cost.

Tables 1 and 2 list the results of Example 4.1. Fine spatial size is fixed at Az =
7/320 in Table 1. Both L2-1, scheme and F'L2-1, scheme can achieve the second-order
temporal accuracy. Table 1 also shows the developments of the CPU time and memory
of the two schemes with respect to n. The CPU time of F'.2-1, scheme is increasing half
as fast as that of L2-1, scheme, which reveals the O(nlog?n) and O(n?) computational
complexity of the two schemes, respectively. We note that as n goes up, the memory of
FL2-1, scheme grows slowly, while the storage requirement of L2-1, scheme increases
linearly with n. Especially, when n = 16000, F'L2-1, scheme is finished in 40 min,

Table 1: Convergence rates and the CPU time, memory of L2-1, scheme and F'L2-1, scheme for Exam-
ple 4.1 with a(t) = (2 +sint)/4, m = 320, e = At%.

L2-1, scheme FL2-1, scheme
n
E(m,n) | Order; | CPU(s) | Memory | E(m,n) | Order; | CPU(s) | Memory
2000 | 2.3592e-7 - 152.77 | 1.64e+9 | 2.3497e-7 - 194.70 | 1.01e+8

4000 | 5.8588e-8 | 2.01 | 642.33 |3.27e+9|5.8411e-8| 2.01 | 470.72 | 1.17e+8
8000 | 1.4339e-8| 2.03 |2510.36|6.52e+9 |1.4319e-8| 2.03 |1021.68 | 1.34e+8
16000 - - - - 3.3034e-9 | 2.12 |2311.46|1.53e+8

Table 2: Convergence rates and the CPU time, memory of L2-1, scheme and F'L2-1, scheme for Exam-
ple 4.1 with a(t) = (2 +sint)/4, n = m?, e = At>.

m L2-1, scheme FL2-1, scheme
E(m,n) |Ordery,| CPU(s) | Memory | E(m,n) |Ordery,| CPU(s) | Memory
20 | 1.1392e-6 - 0.15 1.20e+6| 1.1971e-6 - 0.14 2.56e+5

40 | 7.2797e-8 3.97 3.23 |1.96e+7| 7.4374e-8 4.01 2.05 |[1.48e+6
80 | 4.6192e-9 3.98 185.32 | 3.20e+8 | 4.6405e-9 4.00 52.46 |7.95e+6
160 | 2.4931e-10| 4.21 |7158.69 |5.18e+9 |2.4589%-10| 4.24 |1073.38|4.15e+7
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while L2-1, scheme is failed due to excessive storage requirements. Table 2 gives
the numerical results with m varying from 20 to 160 and n = m?. The convergence
rates satisfy the theoretical result in Section 3. Nevertheless, a significant reduction is
reflected in computational cost and storage memory of F'L.2-1, scheme on the refined
mesh, compared with L2-1, scheme.

Example 4.2. We also show the efficiency of F'L2-1, scheme (3.12)-(3.14) in 3D case.
Take @ = (0,7) x (0,7) x (0,7), T = 1, and the exact solution is given as

u(x,t) = (t3 +3t2 + 1) sin 2 sin 2® sin 23,
Based on the exact solution, we calculate the initial value and the source term

o(x) = sin 2D sin 2 sin 2®,
G3—a(t) Gr2—a(t)
) =

+3 (t3 + 32 + 1)) sin W sin 2® sin ®.

We take Az(M) = Az®? = AzB®) = Az, m) = m® = mB) = m, and set the
expected accuracy ¢ = At2. The errors and convergence orders, CPU time and storage
of L2-1, scheme and F'L.2-1, scheme are shown in Table 3 with m = 100 and temporal
step sizes refined from At = 5k to At = -, while in Table 4 m varies from 10 to 80
and n = (2m)?. The fast sine transforms is used to reduce the computational cost.

Tables 3 and 4 show that both FL2-1, scheme and L2-1, scheme can achieve

the optimal convergence for three-dimensional problems. Nevertheless, complexity

Table 3: Convergence rates and the CPU time, memory of L2-1, scheme and FL2-1, scheme for Exam-
ple 4.2 with a(t) = (2 +sint)/4, m = 100, e = At>.

" L2-1, scheme FL2-1, scheme
E(m,n) | Order; | CPU(s) | Memory | E(m,n) | Order; | CPU(s) | Memory
200 | 2.6755e-5 - 41.64 | 1.64e+9 | 2.6587e-5 - 99.77 | 5.59e+8

400 | 6.6637e-6 | 2.01 |156.85|3.19e+9 |6.6318e-6| 2.00 | 233.83 | 6.6.e+8
800 |1.6528e-6| 2.01 |680.60 | 6.30e+9 | 1.6475e-6 | 2.01 | 564.19 |7.84e+8
1600 - - - - 4.0177e-7 | 2.04 |1358.80|9.24e+8

Table 4: Convergence rates and the CPU time, memory of L2-1, scheme and F'L2-1, scheme for Exam-
ple 4.2 with a(t) = (2 +sint)/4, n = (2m)?, € = At>.

m L2-1, scheme FL2-1, scheme
E(m,n) |Ordery, | CPU(s) | Memory | E(m,n) |Ordery,| CPU(s) | Memory
10 | 1.2679e-4 - 0.32 2.41e+6 | 1.2682¢e-4 - 0.52 5.06e+5

20 | 7.9012e-6 | 4.00 13.54 |8.84e+7|7.9021e-6 | 4.00 12.61 | 6.56e+6
40 | 4.9351e-7 | 4.00 1047.68 | 3.04e+9 | 4.9351e-7 | 4.00 508.26 |7.46e+7
80 - - - - 3.0832e-8 | 4.00 |20550.89|8.0le+8
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of F'L2-1, scheme is much cheaper than that of 1.2-1, scheme on the refined mesh. For
the fine mesh, however, L.2-1, scheme has very low efficiency or even cannot proceed
because of the limit of memory, while F'L.2-1, scheme solves the relevant problem very
well.

Example 4.3. An essential feature of the problem (3.1)-(3.3) is the weak singularity
at the initial time. In order to capture the dramatic solution, we apply the fast scheme
on the graded mesh [20,26,37]. Set t, = T(k/n)" for k = 0,1,...,n, where the
constant mesh grading » > 1 is chosen according to the singularity of the solution.
Especially, the mesh is uniform if r = 1. Set Aty = t;41 —t; and t 5, = tr + oAty for
k=0,1,...,n— 1. Similarly to (2.9), we have F'.2-1, formula on the graded mesh as

Tfakﬁ»o'k

Dak+0k ktor _
0
J P(l - ak+0k) i

o) FR)
=N+1

+ =0 —u

k+o
Atk tog 1-agto, (uI?Jrl k)
F(2 - ak-l—ak) F J !

with

“Ai(Atg 1m0 1At topAty)
T

H(Jk 1)+A(k)(u _u )—i—B(k)(u’?“ _u?)7

FUk) _
Hi - J J

where ﬁli(j’o) =0 and

~ 2 127 —2itgtoy, =)
AR — / t,, 1 —T)e T dr,
S Bt A B Sy T
2 bk “Xilthto, —7)
B(k) / T—t,_1)e” T dr.
(Atk + Aty 1)Atk o1 ( kfﬁ)

Remark 4.1. The quadrature exponents )\; and weights 62(]“) in the ESA technique are
chosen by Lemma 2.2. All the other parameters remain the same as the uniform mesh,
the only difference is that on the graded mesh we take

— 1 T
N = {h <log AL + logloge™? —Hogg—i-Q_l)J .

Now we have F'.2-1, scheme on the graded mesh as follows

SNXk+o k—i—a
-Ah OD k w k
= A (o 4 (L= o) + A ff T, 0<k<n-1, “4.1)

u? = o(x5), jed, (4.2)
uf =0, jedJ, 0<k<n. (4.3)
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We show the efficiency of the fast algorithm on the graded mesh comparing with
the corresponding direct scheme. Take 2 = (0,7) x (0,7), T' = 1, the initial value
©(x) = 1 and the source term f(x,¢) = 1. In the calculations, we use the numerical
solutions U to the corresponding problem discretized with m(!) = m® = m = 160,
n = 51200 as the reference solutions. Define the error and the convergence rate in time

> E(m, 2n)>

E(m,n) = |u" — U"||s, Order; =log, <W

respectively.

To test the convergence rate in time, we take different n and set the expected ac-
curacy e = (1/n)?, while the spatial size is fixed at m(!) = m® = m = 160. Table 5
shows the errors and orders in the computed solutions for Example 4.3 with different
values of the mesh grading exponent r. In the case of a uniform mesh (r = 1) we ob-
serve a first-order accuracy, while for a grading of » = 2/a, the optimal rate is obtained.
FL2-1, scheme saves much memory and computational complexity than L2-1, scheme
on the graded mesh. It certifies that the fast algorithm is valid on the graded mesh and
can efficiently solve the problem even the solution has singularity at the initial time.

Table 5: Convergence rates and the CPU time, memory of L2-1, scheme and F'L2-1, scheme on the graded
mesh for Example 4.3 with a(t) = (2 +sint)/4, m = 160, ¢ = (1/n)?.

" L2-1, scheme FL2-1, scheme
E(m,n) |Order;| CPU(s) |Memory| E(m,n) |Order;|CPU(s) |Memory
2000 | 9.1313e-6 - 61.98 |4.08e+8| 1.4450e-5 - 99.22 |4.84e+7

4000 | 4.5713e-6 | 1.00 | 256.86 |8.12e+8| 7.2617e-6 | 0.99 | 235.02 [5.65e+7
8000 | 2.2877e-6 | 1.00 |1011.09|1.62e+9| 3.6445e-6 | 0.99 | 534.67 (6.51e+7
16000( 1.1440e-6 | 1.00 |4099.87(3.24e+9| 1.8273e-6 | 1.00 [1235.64|7.42e+7
2000 | 3.7084e-8 - 63.37 |4.08e+8| 3.7725e-8 - 149.07 |7.31e+7
4000 | 9.2642e-9 | 2.00 | 242.00 [8.12e+8| 9.5153e-9 | 1.99 |356.87 [8.57e+7
8000 | 2.2777e-9 | 2.02 |1018.81|1.62e+9| 2.3866e-9 | 2.00 | 814.74 (9.87e+7
16000(5.4073e-10| 2.07 |4122.61|3.24e+9|5.8921e-10| 2.02 (1886.16(1.13e+8

5. Concluding remarks

In this paper, we consider the fast high-order evaluation for the VO Caputo frac-
tional derivative. F'L2-1, formula can efficiently reduce the computational storage and
cost for the VO fractional derivative. The fast formula is applied to construct F'L2-1,
scheme for the multi-dimensional VO fractional sub-diffusion equations. We show the
properties of F'.2-1, scheme to study the stability and convergence. Numerical exam-
ples are given to verify the theoretical results. The fast algorithm is also tested on the
graded mesh, which is efficient to solve the problem possessing weak singularity at the
start of the solution.
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