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Abstract. We prove some boundedness results for a large class of sublinear operators
with rough kernel on the homogeneous Herz spaces where the three main indices are
variable exponents. Some known results are extended.
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1 Introduction

Suppose that 5”1 is the unit sphere of R" (n > 2) equipped with normalized Lebesgue
measure do(x'). Let Q € L'(S"~!) be homogeneous of degree zero and satisfy

/S O@)do(x') =0,

where ¥’ = x/|x| for any x # 0. In this paper, we will consider sublinear operators which
satisfy that for any f € L!(R") with compact support and x ¢ suppf,

[ (x —y)|
Taf(x)] <C —_— dy, 1.1
Taf(R) < C Jo =g FWldy (1.1)
and their corresponding fractional versions
Qx —y)|
T, < C/ — dy, 12
TopfOl <€ [ e—yms FW)ldy (1.2)
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where 0 < B < nand C > 0is an absolute constant.

Soria and Weiss [20] first introduced the condition (1.1), which is satisfied by many
classical operators in harmonic analysis, such as the Calder6n-Zygmund operators, Car-
leson’s maximal operators, Hardy-Littlewood maximal operators, etc. In the case () €
L*(S"1) for some s € [1, 0], Lu etal. [15] proved the boundedness of sublinear operators
T and Tq g on generalized Morrey spaces. Hu et al. [10] established the boundedness of
sublinear operators with rough kernel on the classical Herz spaces. We refer to [13] for
further results on these operators.

In recent years, function spaces with variable exponents have attracted more and
more attention. The growing interest in such spaces is strongly stimulated by the treat-
ment of recent problems in fluid dynamics [19], image restoration [3] and PDE with
non-standard growth conditions [7]. The generalized Lebesgue spaces L’”(')(]R”) (also
known as Lebesgue spaces with variable exponent) and the corresponding generalized
Sobolev spaces Wr?(")(R") have been systematically studied by Kové¢ik and Rékosnik
n [12]. Since then various other function spaces such as Herz spaces [11], Morrey type
spaces [8,16] and so on have been investigated in the variable exponent setting.

As shown in [14, 18], Herz spaces play a crucial role in harmonic analysis and PDE.
For instance, they appear in the characterization of multiplier on Hardy spaces and in
the regularity theory for elliptic and parabolic equations in divergence form. Herz spaces

Kzgg q(lR”) and Kgg; q(lR”) with variable exponent «, p but fixed g € R were first studied

by Almeida and Drihem [1], and they also studied the boundedness of a wide class of
sublinear operators on these spaces. Recently, Drihem and Seghiri in [6] generalized

) (R") and Kz(:) (R"), where

(40) ()

the exponent g is variable as well. The main purpose of this paper is to further extend
these results to the rough kernel case.

In general, by B we denote the ball with center x € R and radius » > 0. If E is a subset
of R", |E| denotes its Lebesgue measure and x its characteristic function. p’ denotes the
conjugate exponent defined by % + % = 1. We use x =~ y if there exist constants ¢y, c»
such that cix < y < cox. The symbol C stands for a positive constant, which may vary
from line to line.

some of the main results in [1] to the Herz spaces KZ

2 Preliminaries and lemmas

We begin with a brief and necessarily incomplete review of the variable exponent Lebesgue
spaces L? ) (IR"), see [4,5] for more information.

Let P(R") denote the set of all measurable functions p(-) : R" — [1,00). For p(-) €
P(R™), we use the notation

p— :=ess inf p(x), p4 :=esssup p(x).

xeR” x€R"
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The Lebesgue space with variable exponent LP(*)(IR") is the class of all measurable func-
tions f on R” such that

Lo = [ G0/ @dx < oo,

This is a Banach space with respect to the Luxemburg norm
£ 1l ey = INF{A > 02 Loy (F/A) < 1}

It is obvious that the variable exponent Lebesgue norm has the following property
|| |f|g||LF’(')(IR” ||f”L‘7p ) o Z 1/]97 (21)

Given an open set Q) C R", the space L/ Pl )(Q) is defined by

loc

LP

loc

(Q) = {f : f € LPV)(F) for all compact subsets F C Q}.
For p(-) € P(R"), Holder’s inequality (see [12, Theorem 2.1]) holds in the form

1 1
Jo 1780 < (14 2 = ) Ul ey )

where and in the sequel p’(x) = % is the conjugate function of p(x).

For our main results we need to impose some regularities on the exponent function
p(+). The most important condition, one widely used in the study of variable Lebesgue
spaces, is so-called log-Holder continuity. Given a function ¢(-) : R” — R, we say ¢(-) is
locally log-Hélder continuous if there exists a constant Cjg > 0 such that

C'log
- , Vx,y € R". 2.3
90) ~ 00| < i pm T 3
If, for some ¢ € R and Clog > 0, there holds
\w—(ﬂ<——%i—f Vx € R" (2.4a)
¢ ¢ ~ log(e+1/|x])’ ! :
Clog "
‘4)(x)_4)°°| — log(6+|x‘)' vaIR 7 (24:b)

then we say ¢(-) is log-Holder continuous at the origin (or has a log decay at the origin)
and at infinity (or has a log decay at infinity), respectively.

By P8(IR") and Pe8(IR") we denote the class of exponents p(-) € P(R"), which
satisfy conditions (2.4a) and (2.4b), respectively. P1°8(IR") is the set of functions p(-) €
P(R") satisfying conditions (2.3) and (2.4b), with pe := lim |, p(x). It is easy to see
that PIo8(R") C PL8(R") NPRB(IR™) and p(-) € PO8(R") if and only if p/(-) € P5(R™).
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In particular, we note that if p(-) € P°8(R") with 1 < p_ < p, < oo, then the Hardy-
Littlewood maximal operator M defined by

Mf(x) = / )|dy,
f(> xe]R” r>O‘er‘ (x,7) ‘y

is bounded on LP(") (R"), see [5, Theorem 4.3.8].

By p*(-) we denote the Sobolev exponent defined by 1/p*(x) := 1/p(x) —B/n, 0 <
B < n. We note thatif p(-) is locally log-Holder continuous and has a log decay at infinity,
1<p_-<py <oand0 < B < n/py, then p*(-) is locally log-Holder continuous and
has a log decay at infinity, and

np— * * np+
< = < = —— < 0.
g - P)-s )=

Moreover, we can show that the assumption p(:) € P°8(R") implies p*(-) € P8(R"),
see [1,9] for further details.

Next, let us introduce some lemmas. We remark that Lemma 2.1 is due to Nakai and
Sawano [17, p. 3681]. Lemmas 2.2-2.4 were shown in Almeida and Drihem [1].

Lemma 2.1. Let p(-) € P(R"). Ifq > p and ﬁ = 57(17) + %, then we have

1781l rr wry < CllA N Lae) oy 8 Nl 2o rr)
for all measurable functions f and g.

Lemma 2.2. Let r; > 0. Suppose a(-) € L®(R") is log-Holder continuous both at the origin
and at infinity, then we have

ri‘(x) < Cr;(y) x < 1, r1/2 < ry < 2rq,

2 ®_
(*1> , T2 >2r,
2

K
) , 0<rn<r/2

Pl P

forany x € B(0,71)\B(0,71/2) andy € B(0,r2)\B(0,72/2).
Lemma 2.3. Let p(-) € ?ﬁg(]R”) and R = B(0,r)\B(0,7/2). If |[R| > 27", then

Il [RIFT 2[RI
The left-hand side equivalence remains true for every |R| > 0 if we assume, additionally, p(-) €
Pp5(R) N PE(R").
By ¢1, we denote the discrete Lebesgue space equipped with the usual quasinorm.

As a consequence of Young's inequality in the sequence Lebesgue space /7, we have the
following statement.



Y. Shu, L. W. Wang and D. Xiao / Anal. Theory Appl., 38 (2022), pp. 79-91 83

Lemma24. Let 0 < a < 1and 0 < q < oo. Let {¢& }xez be a sequence of positive real numbers,
such that

Hextkezllo = 1 < 0.
Then the sequences

{Q’k (G = Zakjsj} and {ﬂk Sk = Zajksj}
i<k kez >k kez

belong to ¢1, and
{8ktkezller + i tkezllen < CI,
with the implicit constant only depending on a and q.

3 Main results and their proofs

In what follows, by Po(IR") we denote the set of measurable functions on R” with range in
[c, +00) for some ¢ > 0. By P4 (R") we denote the set of variable exponents p(-) € P(R")
withl <p_ < p, <oco.

Let p(-),q(-) € Po(R"). Define the mixed Lebesgue sequence space £10)(LF(")) to be
the set of all sequences { fi} >, of measurable functions on R" such that

ol = int] > 05 oy ({ £} ) <1} <o
k=0

Ot <{fk}k 0> = Einf{/\k : / <|fk(;;)|>f7(x)dx . 1}.

k>0 Al

where

Since g4 < oo, then we have

Pat)( <{fk}k 0> - Z

k>0

AN

()

Furthermore, if p and g are constants, then ¢70)(LP()) = ¢9(LP). It is known that || -

[ ¢a) (1p0) is @ quasi-norm for all p(-),q(-) € Po(R") and that || - [|g¢) (1)) is a norm when
ﬁ + ﬁ < 1, see [2] for further details.
Here and below, we set

By:={x€R":|x| <2F}, Ry:=Bi\By.1 and xi=xr, k€Z.

Definition 3.1. Let p(-),q(-) € Po(R") and a(-) : R" — R with a(-) € L®°(R"). The

homogeneous Herz space K“E ; o )(]R”) is defined as the set of all f € Llo(C (R"™\{0}) such that

Il ey = | (2 ka)kez

< 00,
£90)(Lp0))
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Obviously, Herz spaces Kgg; a() (R") can be regarded as a generalization of Kg(q) (R™)

and Kzg; q(]R”) defined in [11] and [1], respectively. If both a(-), p(-) and g(-) are con-

stants, then Kzgg 00) (R™) coincides with the classical Herz spaces.
Let us denote

1/q 1/q
1 Hl g ) = ( T ||hk||zp<.>(w)) and {0y = ( ) ||hkuz,,<,>w))
>0 <0

for sequences {/ }rcz of measurable functions (with the usual modification when g =
00).
Drihem and Seghiri in [6] obtained the following result.

Proposition 3.1. Let p(-),q(-) € Po(R") and a(-) € L®°(R"). If both a(-), q(-) are log-Holder
continuous at the origin and at infinity, then

) gy 206 g g 1246
2(-)(- <
The main results obtained in this paper are as follows.
Theorem 3.1. Suppose q(-) € Po(R"), p(-) € P+(R") N TIOOg(]R”) NPRB(R") and Q) €

LS(S" 1Y) with (p')4 < s < 0. Let a(+) € L®(IR") be log-Holder continuous both at the origin
and at infinity, such that

—n<uc§zx+<n<1—1)—n_1.
P+ s

Then every sublinear operator Tq, satisfying condition (1.1) which is bounded on LP") (R") is also

() n
bounded on Ko)at) (R™).
Remark 3.1. In the case () is constant, the corresponding statement to Theorem 3.1 was
proved by Almeida and Drihem [1], with variable exponents &, p but fixed g € (0, ].
Theorem 3.1 is also a generalization of Drihem and Seghiri’s result in [6, Theorem 2].

Theorem 3.2. Suppose 0 < B < n, q(-) € Po(R"), p(-) € fPéOg(IR”) NPER") with 1 <
p— < py < n/Band Q € L5(S" 1), (p')+ < s < oo. Let a(-) € L®(R") be log-Holder
continuous both at the origin and at infinity, such that

n 1 n—1
ﬁ—m<(x§(x+<n(l—p>— Pt

Then every sublinear operator Tqy g satisfying condition (1.2) which is bounded from LPO)(R™)

; () ; () a1
into LV (IR™) is also bounded from Kp('),q(.) (R") into Kp*(')’q(_) (R™).
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Obviously, if () is constant, then the Riesz potential operator

Igf(x) := /}Rn ’xi(yy‘)nﬁdy

and the fractional maximal function

Mpf()i= sup ———— [ If(y)ldy

xeRr>0 |B(x, 1) ]1*5

both satisfy the size condition (1.2). In view of the well-known pointwise estimate
Mpgf(x) < Clg(|f])(x) and the (LP0), LP"())-boundedness of Ig for p(-) € Pl°8(R") with
1 <p_- <ps <n/B(see[5 Theorem 6.1.9]), from Theorem 3.2, we get the following.

Corollary 3.1. Suppose 0 < B < n, q(-) € Po(R") and p(-) € PPO5(R") with 1 < p_ <
p+ < n/P. Let a(-) € L®(R") be log-Holder continuous both at the origin and at infinity, such
that

[3—pn<oc <zx+<n<1—1).
+

Then Ig and Mg are bounded from Kp(:;,q(,) (R") into K;*('().),q(.)

In fact, without essential difficulties, one can prove Theorem 3.1 by using the similar
arguments as in the proof of Theorem 3.2. Thus we need only to prove Theorem 3.2.

(R").

Proof of Theorem 3.2. In view of Proposition 3.1, we split the operator into

Tapf ()] < [Tap(fxs ) ()] + [Tas(fxg) (O] + | Tos(fxrnp,,,) (X)),

where Ry := {x € R" : 2k=2 < |x| < 2K2} withk € Z and x € R;.
To estimate T g(fxB, ,), we write

zk“(o)’Tﬂ,ﬁ(fXBk 2)( )|
Sczkzx(o)/ ‘Q( )"f )‘dy

Bk 2 |x y|n

—cz0 p [ Iy 61
j=—c0

Note that if x € Ry, k < 0, then

k
Ix—ylzwx|—|y|>2Z and oK) & k()

Hence by Lemma 2.2, we arrive at the inequality

20T p(fx, ,)(x)] < C Z p(k=j)as—k(n ﬁ)/R WO (x — y)|If (v)|dy.

j=—o00 j
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This together with Holder’s inequality (2.2) gives

sza(o) To,p(fXB o) Xkl L) (re)

<C T A IO s 100~ g Ik

]_700

Since s > (p’)+, we can define a variable exponent p(-) by

then by Lemma 2.1 and Lemma 2.3, we have

1920 = )il o ey
<ClIO0x = )xll sy 171 Lo (g

—1/s A+ n—1 g
<Clilo B ([ [ 100 Paete )

<C2k=(n= 1/S||XjHLP’(‘>(]R”)'

Observe that

IRj| 77 Ry < ¥

(3.2)

for x; € Rj, xy € Ryand j < k—2 (see [1, p. 790]). Since p(-) € CPBOg(]R”) O(P},?,g(]R”)
implies that p/(+), p*(-) € ﬂ’%fg (R")N PioE (R"), from (3.2), (3.3) and Lemma 2.3, it follows

that

sza(O)TQ /S(fXBk ) Xk”LP*(‘)(]Rn)

<C E 2 e —k(n ﬁ)z(k_j)(n_l)/s||2ja(.)f7(j||m(-)(11{n)HX]'HLP’(»)(]RH)||Xk||LP*(-)(1Rn)

j=—00
<C Z 2k 7) (g — n)z(k 7)(n— l/sHZ]a fX]HLP (RY) ’R’ ’Rk| xk
]——OO

]_700
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28O0 T 5 (X, )Xk

(¥

k=—c0

Noting that ay —n + = + 1-1 < 0, we apply Lemma 2.4 and obtain
1

7(0) } 17(170)
LP* () (IR7)

—1 k=2 7(0)
k—j)(ay —n+t 411 in(- q(0)
SC{ y ( Y gl o ”fx]-Hm»(w)) }

k=—00 \j=—00
1
q(0) }q(O)
LPO) (R™)

To estimate 2k Tap(fXxB,,) in /% -norm, we have the same estimate (3.4), with 2k~

2k04(0)ka

o 1

k=—oc0

SCHfHKsz:;,qm (R")’

in place of 2k¢(0) We write
1125 Ty g (X8 )Xk L0

=2 (k=) (o —nt+Lo 4 222)
<C Z 2T e ||2]a(‘)fXj||Lp(-)(]Rn)

]‘:700

0 H n n— .
—C Z 2(k—])(a+—n+pT+Tl)Hz]ﬂc(-)fXjHLM(Rn)

j=—eo

=2 (k=) (e —n+- 14 221)
+C22 PR s ||2]a(.)fX]'HLP(‘)(]Rn)/
j=1

for any k > 0 (we put Z;:lz ---=0if k =0,1,2). Once again by Lemma 2.4, we get

oo qoo q%w
P .
LP* () (R)

25 Toy g (FXB, )Xk

k=0

o 0 . w L on ) oo %.O
<o{ L (L 2 2O ) )

k=0 j:—oo

S - (k—j)(ag —n+ -4+ 151) ja(-) oo q%.o
e Z 22 2 fXjHLn(')(]Rn)
=1
> k n n—1 0 . n n_1 ) 1700 q%.o
SC{ Z (2 (ap—nt5=+757) Z 2_](M—n+”+s)SUPZM(O)HfXjHLn(l)(]Rn)> }
jm=eo j<0
1

o0 k—2 (k—])(a_'_—n—‘—i—‘—L_l) D(() qOO Joo
+C 2(22 -2 fXjHLp(-)(]Rn)) }
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< Cllfllgae)

p(ya0) R

For To p(f Xz, ), using the (LP), LP"())-boundedness of T, g, we have

I Top(fxg) 0w

~|{Tap(2C fXRk)}ng oy T IH{Ta @ fxg ) Hlas o)
§C<||{2k“ © fXRVk}Hgi(O)(LP(-)) + ||{2ka°°f7(1’zvk}||e‘7>°°(m<-)))

<CIfllatr o
= HfHK()()(]R)

p()al:

We proceed now to estimate T s(fXrn\5,,)- Given x € Ry, k < 0, we write

2kx(0)| Ta(fXRM\B,.,) (%)]
gczk“(o)/ M\f( )|dy

IR”\BHZ x — ]/’n

ey [ 1O gy (35)

j=k+37R |x y|n

Noting that ‘ _
lx —y| > 271 -2k > 273

for x € Ry and y € R, by Lemma 2.2, we have
240 T p(fxion ) (9] < C Y 260408 [ 200 (x )|yl ay.
j=k+3 R;

An application of Holder’s inequality (2.2) gives
HZM(O) Ta /3(f)(1R"\Bk+2 XkHLn*(» (IR™)

<C Z ket HZJ“ fX]HLP ) (R") HQ< ')XjHLn’(-)(]Rn)H?CkHLp*(-)(]RH)- (3.6)
j=k+3

Similarly to (3.3), we have the estimate

100 = 1l o w
1

oj+1 1
<Cl o e 1B |1/S</o /s,H |Q(y/)|sd0(y’)p“dp>
SCHX]'HLPI(‘)(}RW)- 3.7)
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Noting that

R 77 Ry < ok
for x; € Rj, xx € Ry and j > k + 3 (see [16, Lemma 3.2]), from (3.6), (3.7) and Lemma 2.3,
we get

szlx(o) T ﬁ(fX]R"\BkH)XkHLP*U (R")

k e
<C Z 2UEDR=IBN 22O £ s g 1671 v oy 1 00 e
j=k+3

1
<C E 20k~ sza fX]HLn )(R") ’R’ ‘Rk|”(x")
j=k+3

=k 13

Observing that

~+ ; —B>0 and 240 x 2t

forany y € R;, j > 0. Then Lemma 2.4 implies that

o q(0) o]
2kl )To,ﬁ(fX]R"\BM)Xk }
Lr* () (Rn)

(¥

k=—c0

vy D)) 10 it
§C{ Y. ( Yy 2 o ||2][x(')fX]'HLP(‘)(]Rn)> }
k=—o0o \ j=k+3
o0 L ) 7(0) q(lfo)
{ Z (22 (@ +3 ﬁ|,21a(.)ij||L,,<A>(Rn)> }
k=—o00 \j
-1 9(0) 0]
SC{ Yo (2 fe }
k=—o0 LPO) (IR™)
—1 ORF
+C{ ) < 22 jlotyr— sup2]"‘°°||f)(]]|u, ]Rn) }
k=—0o0 j=0
<Clf oty .
N ||f||KnE-;lq<~)(R)

To estimate 2k To,s(fXRMB,.,) IN /% -norm, we have the same estimate (3.4), with 2%~

in place of 2F*(0). We write

k—j) (@—+—PB) || mjic(-
124 T (£t By )k oy < € 32 267027 12800) ) .
j 3
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This together with Lemma 2.4 yields the desired inequality

b .
LP*()(R")
1

k=0
(o] (o] . " n '“' qog q?
gc{z( § ot B “f?cjllma(m) }

k=0 \ j=k13
<CI|fll get
p()

PGS Tap(fXR\By,, ) Xk

() (R

The proof of Theorem 3.2 is completed. O
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