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Abstract. We show that the classical Brezis-Nirenberg problem

— Au = ulu| + Au in Q,

u=20 on dQ),
when ) is a bounded domain in IR® has a sign-changing solution which blows-up at a
point in () as A approaches a suitable value Ay > 0.
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1 Introduction
Brezis and Nirenberg in their famous paper [6] introduced the problem

—Au = |u|$u+/\u in O, (1.1a)
u=20 on d(), (1.1b)

where () is a smooth bounded domain in R” and n > 3. A huge number of results con-
cerning (1.1) has been obtained since then. Let us summarize the most relevant results
which are also connected with the topic of the present paper.

First of all, the classical Pohozaev’s identity ensures that (1.1) does not have any so-
lutions if A < 0 and Q) is a star-shaped domain. A simple argument shows that problem
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(1.1) does not have any positive solutions if A > A1(Q)), where A1 (Q) is the first eigen-
value of —A with Dirichlet boundary condition. The existence of a least energy positive
solution u, to (1.1), i.e., a solution which achieves the infimum

Jo, (IVul*> — Au?) dx
my =  inf - -
WO} ([, [ulP+idx) P

has been proved by Brezis and Nirenberg in [6] when A € (0,A1(Q2)) in dimension n > 4
and when A € (A*(Q),A1(Q)) in dimension n = 3, where A*(Q)) > 0 depends on the
domain Q. If Q) is the ball then A*(Q) = 1A;(Q) (see [6]), while the general case has
been treated by Druet in [12]. The existence of a sign-changing solution has been proved
by Cerami, Solimini and Struwe in [9] when A € (0,A;1(Q)) and n > 6 and by Capozzi,
Fortunato and Palmieri in [8] when A > A1 (Q)) and n > 4.

There is a wide literature about the study of the asymptotic profile of the solutions
when the parameter A approaches either zero or some strictly positive values depending
on the dimension n and the domain (). In the following, we will focus on the existence
of solutions which exhibit a positive or negative blow-up phenomenon as A approaches
some particular values.

When the parameter A approaches zero, positive and sign-changing solutions which
blow-up positively or negatively at one or more points in () do exist provided the dimen-
sion n > 4. Rey in [24], Musso and Pistoia in [19] and Esposito, Pistoia and Vétois in [13]
built solutions to (1.1) with simple positive or negative blow-up points, i.e., around each
point the solution looks like a positive or a negative standard bubble. Here the standard
bubbles are the functions

n—2

d 2
(2 +|x—¢P)'T

n—2

ay, = (nn-2))+, (1.2b)

Us e (x) == ay with 6 >0, ¢e€R", (1.2a)

which are the only positive solutions of the equation

—AU = U
in R" (see [4,7,28]) More precisely, if A is small enough problem (1.1) has a positive solu-
tion which blows-up at one point (see [24] if n > 5 and [13] if n = 4) and a sign-changing
solution which blows-up positively and negatively at two different points (see [19] if
n > 5). As far as we know the existence of multiple concentration in the case n = 4 is
still open. If n = 3 positive solutions of (1.1) blowing-up at a single point when the pa-
rameter A approaches a strictly positive number have been found by Del Pino, Dolbeault
and Musso in [11]. Moreover, sign-changing solutions having both positive and nega-
tive blow-up points can be constructed arguing as Musso and Salazar in [20], where they
found solutions which blow-up at more points when A is close to a suitable strictly posi-
tive number. In higher dimension n > 7 Premoselli [22] found an arbitrary large number



A. Pistoia and G. Vaira / Anal. Theory Appl., 38 (2022), pp. 1-25 3

of sign-changing solutions to (1.1) with a towering blow-up point in (), i.e., around the
point the solution likes look like the superposition of bubbles of alternating sign (see
also lacopetti and Vaira [16]). In particular, if () is a ball these solutions are nothing but
the radially symmetric nodal solutions. Conversely, if () is the ball in low dimension
n = 3,4,5,6, Atkinson, Brezis and Peletier in [3] proved that problem (1.1) does not have
any sign-changing radial solutions when A € (0, A,) where A, depends on the dimen-
sion 1 (see also lacopetti and Pacella [15] and Dammak [10]). In particular, we expect that
in low dimension the blowing-up phenomenon takes places when A approaches a posi-
tive value different from zero. In fact lacopetti and Vaira in [17] proved that if n = 4,5
and A approaches the first eigenvalue A1 (Q) the problem (1.1) has a sign-changing solu-
tion which blows-up at the origin and shares the shape of the positive first eigenfunction
associated with A;(Q) far away. So a natural question arises: is it possible to find a sign-
changing blowing-up solution of (1.1) in dimension n = 6 when A approaches some strictly
positive number?

In the present paper, we give a positive answer. In order to state our result, we need
to introduce some notation and the assumptions.

Let ug be a solution to

—Augy = |uglug + Agug in Q,
0 = |uo|uo + Aouo 13)
uy =0 on 0Q).
If o € Q is such that maxq 1y = up(go) > 0, we suppose that
Ao = 2u0(Co)- (1.4)
We assume that 1 is non-degenerate, i.e.,
—Av = 2lug| + Ag)v  in Q)
(2o} +20) v=0. (1.5)
v=0 on d()
If vg solves
—Avg — (2lug| + Ag)vg = ug in Q),
0 — (2Jug| + Ao)vo = uo (L6)
0y = 0 on aQ,
we require that
209(Go) # 1. (1.7)
We will show that the problem
—Au=ulu|+ (Ag+€)u in Q, (1.8)
u=~0 on d(),
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where Q) is a bounded domain in R® has a sign-changing solution which blows-up at ¢,
as |e| approaches zero (note that € is not necessarily positive) and shares the shape of 1
far away from §o. More precisely our existence result reads as follows.

Theorem 1.1. Assume (1.4), (1.5) and (1.7). There exists ey > 0 such that
1. if 1 —2v(Go) > 0and e € (0,¢p),
2. if1 —2v0(8o) < Oand e € (—¢0,0),

then there exists a sign-changing solution u. of the problem (1.8), which blows-up at the point ¢
as € — 0. More precisely

ue(x) = uo(x) + €vo(x) — PUs, ¢, (x) + Pe(x)
withase — 0

Sele| P > d >0, & —& and HcpeHHé(Q):(9<€2]1n|€H%>.

Here PU ¢ denotes the projection onto Hj () of the standard bubble Us ¢ defined in
(1.2),ie., —APUsz = ll(%,é in ) with PU;z = 0 on 0Q).

It is natural to ask for which domains ) the assumptions (1.4), (1.5) and (1.7) hold
true. If Q) is the ball and ug is the positive solution they are all satisfied (see [27] for
(1.5), [1] for (1.4) and (1.7)). More in general, we can only prove that assumptions (1.4)
and (1.5) are satisfied for most domains () (see Theorem 1.2) when uy is the least energy
positive solution to (1.3). It would be interesting to prove that (1.7) also holds for generic
domains.

Let us state our generic result. Let () be a bounded and smooth domain in IR® and let
D be an open neighbourhood of Q. Set Qg := @(Q)y) where ® = [ +6, 0 € C>*(D,R®)
with ||0]|2. < p, with @ € (0,1) and p small enough. Let us consider the problem on the
perturbed domain ()

Au+Au+|uju=0 in Oy, (1.9a)
u=20 on 9Q)y. (1.9b)

Theorem 1.2. The set
E:={0€ C*(D,R®) :if A > 0and u € Hy(Qy) solves (1.9)
then u is non-degenerate }

is a residual subset in C>*(D,R®), i.e., C>*(D,R®) \ & is a countable union of close subsets
without interior points.

Moreover, if A € (0,A1(Qg)) and u, denotes the least energy positive solution of (1.9), for
any 6 € E there exists Ag € (0,A1(Qy)) such that

Ag = 2maxiu,,.
o%)
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The proof of Theorem 1.1 is based upon the well-known Ljapunov-Schmidt reduction.
In Section 2 we describe the main steps of the proof by omitting many details which can
be found up to minor changes in the quoted papers. We only prove what cannot be im-
mediately deduced by known results. In particular, we point out the careful construction
of the ansatz (2.3) which has to be refined up to a second order and the delicate estimate
of the reduced energy (2.7) given in Proposition 2.2 whose leading term (2.8) arises from
the interaction between the bubble and the second order term in the ansatz.

The proof of Theorem 1.2 relies on a classical transversality argument and it is carried
out in Section 3.

2 The existence of a sign-changing solution

2.1 Setting of the problem and the choice of the ansatz

In what follows we denote by

1 . %
(1,0) ::/ VuVodx, |ul := (/ |Vu\2dx>2 and [u], i= (/ \urdx) ,
Q Q (@)

the inner product and its correspond norm in H}(Q)) and the standard norm in L'(Q}),
respectively. When A # () is any Lebesgue measurable set we specify the domain of
integration by using ||u|| 4, |u|s 4.

Let (—A)~1: L3(Q) — H{(Q) be the operator defined as the unique solution of the
equation

—Au=v in ),
u=20 on 0Q).

By the Holder inequality it follows that
I[(=8) @)l < Cloly, Yo € L3(Q),

for some positive constant C, which does not depend on v. Hence we can rewrite problem
(1.8) as
u=(=8)""[f(u) + (Ao+eu], ueHy(Q), (2.1)

with f(u) = |u|u.
Next we remind the expansion of the projection of the bubble. We denote by G(x,y)
the Green’s function of the Laplace operator given by

6lx9) = g (g~ HE) )

" dws \Jx—y[f
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where wg denotes the surface area of the unit sphere in R® and H is the regular part of
the Green's function, namely for all y € Q), H(x, y) satisfies

AH(x,y) =0 in (),
1

H(x,y) = W, x € 9Q).

It is known that the following expansion holds (see [24])
PUs(x) = Uyze(x) — agd?H(x, &) + O(6*) as 6§ —» 0 (2.2)

uniformly with respect to ¢ in compact sets of ().
Moreover we recall (see [5]) that every solution to the linear equation

—Ayp =2Usz¢p in R

is a linear combination of the functions Zi- % j=20,---,6givenby

x — g2 — 62
ZO (x) = 851,[(5, (x) = 21)66(5 | P
b @ (@ + =Py’
Zgg(x) :agju(grg(x) :4066(52 xj_gj 3/ j=1,---,6.
’ (0% + |x = ¢?)
If we denote by PZZ;’g the projection of Zé,é‘ onto H}(Q)), i.e.,
— APZj . = 2U5: 7} s in Q,
PZj. =0 on 90},
elliptic estimates give
PZ3(x) = Z » — 26a6H(x,&) + O(6°) as § — 0,
PZ] (x) = Z} . — agde H(x, &) + O (%), j=1,---,6 as §—0,
uniformly with respect to ¢ in compact sets of ().
We look for a solution of (1.8) of the form
ue(x) = uo(x) + €vg — PUs¢(x) +¢e(x), (2.3)

C:Wo‘,g

where ¢, ¢ are chosen so that

6 =leld withde <a, (17) and ¢ = o+ \f517 with || < %, where ¢ > 0is small, (2.4)
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and ¢ is a remainder term, which is small as € — 0 which belongs to the space K&%g
defined as follows.
Now let us define

Ksz = span{PZf;,ér :j=0,---,6},
Ksz = {¢ € Hy(Q) : (¢, PZ;;) =0,j=0,--- ,6}.

Let us denote by Il - and H(Sl’é the projection of H}(Q2) on Kz and IC&L,& respectively.
Then solving problem (2.1) is equivalent to solve the system

Tz {ue(x) = (=8) 7 [f(ue) + Au } =0, (2.5a)
T,z {ue(x) — (—=A) " [f(ue) + Aue]} = 0. (2.5b)

2.2 The remainder term: solving Eq. (2.5a)

Eq. (2.5a) can be written as
Lz (9e) + Rz + Nog(ge) =0,

where
Lag(9e) = Tz {pe(x) = (=) [F (Wag)ge + Age] |

is the linearized operator at the approximate solution,
Rog = iz { Wog(x) = (=8) 7" [f(Wg) + AWsg] }
is the error term and
Nig(ge) = Tz { =(=2) " [f(Wag + ) = f(Wag) = F (Ws)ge] }

is a quadratic term in ¢e.
First of all, we estimate the size of the error term R .

Lemma 2.1. For any ¢ > 0 there exist ¢ > 0 and ey > 0 such that for any d > 0 and n € R®
satisfying (2.4) and for any € € (—¢&o, o)
IRagll < ce?lInlel|5.
Proof. First we remark that
— AWs g — [Wog[Wsz — (Ao +€)Wsg
= — Aug — eAvg — U§,¢ — |ug + €vg — PUy ¢|(uo + €vg — PUs¢)
— Aoug — Ao€vg + (Ag + €)PUs g — eug — e?vy
= — |uo + €vg — PUy¢| (1o + €vg — PUs ) — ngré + |uo|uo
+ € (—Avg — Ao — Up) +(Ao + €)PUs ¢ — €2vy.

=2 ‘ uop |UO because of (1.6)
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By the continuity of H(SL,C we get that
||R§,§H SC }—AWM — f(ngg) — )\W‘S'C‘%

<c )—|uo + €vg — PUy¢| (1o + €vg — PUs ) — PU(?,@ + |uo|uo + 2€|uo|vo

3
2

(1)
—|-()L() +€) ‘PLL;/dg + €2 "UO‘% .
z

+e|puz; — Uz,
2

N————
(1)

:=0(€?)
First of all, we point out that
|PUs¢|s < c|Usgls < c&?| 1n5\%r
2 2

and by (2.2)

@IN

2
(II)SC /(2|PU5,§—U5,§|%‘Pu(srg—f—u(s,d% SC(SZ (/Q|U5,§3dx)3 :O(J4|ln5|%)
=0(62) <cUsz
First let us estimate (I) in B(&,v/9) and Q \ B(&, V/9):

2

3
I) <c / ug + €vg — PUs | (uo + €vg — PUs ¢)| + (PU, 22)
(1)< (), I evn = PUsgluo + eou = PUisg)| + (P |

. 2 d :
+c / Up|up + 2€|up|vg|2 dx
(‘ B(@,\/E)H oluo |uo|wo| >

~0(@)

2

3
c ug + €vg — PUs #|(ug + €evg — PUs ) — |uglug — 2|ugl(evg — PU 2)
(/Q\B(g,ﬁ)“ 0 0 5,¢l (1o 0 5,2) — |uolug — 2Jug|(evg 5]

2
3 3
c PUj #)% + 2|ug|PUL 2dx)
(/Q\B(g,\/E)K 5E) |ug|PUs ¢
:0(52|1n5|%),

since by mean value Theorem (here 6 € [0,1])

NI

' 1o + €vg — PUs #| (1t + €vp — PUs ) + (PUj #)?
/Bmuo 0 — PUsz| (1o + evy — PUsg) + (PUsz)?|

:2/ O(ug + €vg) — PUs ) (ug + €v %dx
B |(6(1o + €vy) 5,¢) (1o + €vp)|

gc/ |PU(5,§\%dx+c/ lug + evo|® dx,

=0(83|logd]) =0(8)
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and by the inequality
||a+b|(a+b) — |ala—2|alb] <7b* forany a,b € R, (2.6)
and
5
Ug + €0 PU Ug + €0 PU ug|uog — 2|up|(evg — PU,
/Q\Bgf ‘| 0 0 — PU;¢|(uo 0 — PU;¢) — |uolug — 2|uo|(evo 52)
Sc/ evo — PU; #3dx
onaigvs 0 P
< c/ evo|?dx +c/ Uy #|2dx,
onaigvs s E
=0(e3) =0(83)

[SJ[er
[SSIIN]

</Q\B§ “uo—l—e‘vo—PU5§|(MQ+600—PU§§) ‘uoluo—z‘u()’(EUo—Pu(;,g)
= 0(€?),

3
PUs »|(PUs ) + 20| PUL ’2
/Q\B(g,ﬁ) ‘| 5.l (PUsg) + 2|uo| PUs ¢

§c/ Us, Sdx + U; 2dx
e ousievs)
=0(&) =0(¢%[logd|)
which ends the proof. ]

Next we analyze the invertibility of the linear operator L;¢ (see for example [30],
Lemma 2.4 or [25], Lemma 4.2).

Lemma 2.2. For any o > 0 there exist ¢ > 0 and ey > 0 such that for any d > 0 and € R®
satisfying (2.4) and for any € € (—eo, €o)

1Lz (@)l = cligll forany ¢ € Ky
Moreover, L ¢ is invertible and ||£gé|| <i

We are in position now to find a solution of Eq. (2.5a) whose proof relies on a standard

contraction mapping argument (see for example [19, Proposition 1.8] and [18, Proposition
2.1])

Proposition 2.1. For any ¢ > 0 there exist ¢ > 0 and ey > 0 such that for any d > 0 and
17 € R satisfying (2.4) and for any € € (—&o, &), there exists a unique pe = ¢c(d,17) € K&%g
solution to (2.5a) which is continuously differentiable with respect to d and 1 and such that

2
Igell < ce?|In|e]]5.
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2.3 The reduced problem: solving Eq. (2.5b)

To solve Eq. (2.5b), we shall find the parameter ¢ and the point ¢ € (Qasin (2.4),i.e.,d >0
and 77 € RS, so that (2.5b) is satisfied. It is well known that this problem has a variational
structure, in the sense that solutions of (2.5b) reduces to find critical points to some given
explicit finite dimensional functional. Indeed, let . : Hg (Q)) — R defined by

1 2qn — M [ a1 [ g
]e(u).—2/0|Vu| dx 2/Qudx 3/Q|u| dx

and let J. : Ry x R® — IR be the reduced energy which is defined by
Je(d, 1) = Je(Wse + ¢e).
Proposition 2.2. For any o > 0 there exists g > 0 such that for any € € (—¢&g, o)
Je(d, n) = cole) + [el*Y(d, 1) + o (|e]) 2.7)

with
Y(d, 1) = sgn(e) (1 —200(o)) d*a1 + d° (ax(D*uo(Z0)y,17) — 03) , (2.8)

uniformly with respect to (d, n) which satisfies (2.4), where the ¢o(€) depends only on € and the
a;’s are positive constants. Moreover, if (d, 1) is a critical point of Je, then Wy z + e is a solution

of (1.8).

Proof. It is quite standard to prove that if (d,7) satisfies (2.4) and is a critical point of J,
then W = + ¢ is a solution of (1.8) (see for example [18, Proposition 2.2]). Moreover, it is
not difficult to check that

Je(d, i) = JeWsz) +o (lel®)

uniformly with respect to (d,7) which satisfies (2.4) (see for example [18, Proposition

2.2]).
We need only to estimate the main term of the reduced energy ]e(WM), ie.,

]e(uo +€vg — PUg/g)

=5 [ 190+ o0 — PUs)2 ~ 2 [ (g v — PUs)? 5 [ o+ evp — PU

)L0+€/ 2 )\Q"‘G/ 2
— ug + €vg)” — PU;s
Q( 0 +€vp) 5 Q( 58)

- VVPU—A/PU—/VVPU—/\/PU-—/PU)
(/Q U 66— Ao | Ho 15,5) E(‘Q 00 o8 =Ao | 0oPUsz — | uoPUsg

= [, uo|uo PUs ¢ = [ 2|uolvoPUs ¢

1
+€2/QU()PU5,§7g/n‘u()+€vofpll5,§|3

Lr 2 17 2
—= = P
3 [ IV o+ ev0) P+ 5 [ [VPUs|
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_1 2 /\0+€ 2 1/ 3
fi/Q\V(MM-GUo)\ 5 /Q(u0+€vo) §'Q|Mo+€vo\

-1
€
/ |V PU, |2 — /Pu(;é D[ P+ [ wopz, 3 [ PuZ+e [oopul,

=:I3 =:I

1
-3 /Q <|uo + €evy — PLL;/C\ — Jug + evo|3 - pu{?’g +3(up + evO)Puflg + 3Jug + eug|(ug + GUo)Pu(s/C)

:ils

+ /Q [|Ho+€vo|(uo+€vo) - (|Mo|Mo+2€|Mo|vo)]1’u(s,g+€2 /QUOPUJ,¢~

=:I =:I;

=0 <€2/Q i f2€’4dx> = 0 (%6%) = O(€).

To estimate I by (2.6) it follows that
ls=0 <e2 /Q puM) = 0 (2?) = O(eY).
Now, I; does not depend neither on d nor on 7 and it will be included in the constant ¢g
in (2.7). By (2.2)
2 JyUis =3 [, P

% /Q U3 — % /Q (ua,é(X) — 60*H(x,8) + 0(54))3

1 3 2 2 4
_g/]Réu +O<5 /QUM>+O(5)

1

It is clear that

Now, setting
s = PUsg — Uz = O(6%),

by (2.2) and (2.4)
I3 —/ <uo( x) — 2o >(U5§+(Pé§)
_/ uo —uo )) U§,C+O((54)
_/ [ 210 (&) (x — o), (x — &) + O(|x — &®) | & ((52+|54 - )4dx+0(54)
54

R DI

a2 [ L0~ 0, (x— o)
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=a26% [, 5 (DPu0(&0) Gy + V1), 0y + V3m) ey + O

=10 ([ sty ) (o) + 06 na)

2
=y lel (/w <1>4dy> (D2uo(Zo), 1) + O(e*| Ine]]),

and analogously

Iy :e/Q (vo(x) - ;) PU{%,C
i ) - ) o]

ey {,Xg (/R (1+1|y|2)4dy> (vo(go) - ;) +o(1)] .

Finally, we have to estimate Is.
We point out that

’uo + €vg — PU5,§|3 — |Ll() + 600’3 — Pllg’,g
+ 3(up + evo)Pllg/g + 3|uo + euo|(uo + €v9)PUs g =0 if ug+e€vg <0,

and so

1
Is=— =
3 {uo+evy>0}

+3(up + evo)Pllg,g + 3(up + GUO)ZPU§,§> dx

1
-3 —2PU3 . + 6(ug + €v pu2>
3 {”0+evoZPu‘,~/§}( 5 1 6(uo 0)PUj#

1
3 —2(uo + €v9)* + 6(uo + €v9)*PUs ¢ ) -
3 {0<uo+evo<Pu,;,§}( (0 0) (1o 0) 5,6)

<|uo + €vg — PUMP — (ug + €vp)® — Pllg’/g

First of all we claim that for any ¢ > 0 there exists ¢y > 0 such that for any € €
(—eo,€0) and (d, §) satisfying (2.4)

B(gRb@)c{xeﬂ:o<udm+f%u)<Pumunmuxgﬁ)cB(;R%@) (2.9)

where .

i
R}, R3 =Ry +o0(1) mmm:«uéo. (2.10)
0\60

We remind that § = O(e) and also that
(52
(0% +[x = &J?)

PUs¢(x) = g 5 +0(e?)
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uniformly in Q. If |x — &| < R}/J is small enough then by mean value theorem ug(x) +
evo(x) = up(o) + O1(e) and

2
uo(x) +evo(x) < PUsz(x) & uou(fo) +0i(e) < 2+ |i P

o lx—g <o L 5,
(2 + 0u(e)”

1
Rzi

and the first inclusion in (2.9) together with (2.10) follow. On the other hand, again by
mean value theorem we have

ug(x) + evp(x) = ug(&) + O2(V6)

for any x € B(¢, ¢ 411) and arguing as above we get the second inclusion in (2.9) and (2.10).
It is useful to point out that by (2.9) we immediately get

B (g,R,}\/E) S {x€Q: u(x) +evg(x) > PUyz(x)} UB(,64) D B (g, R,%\/?S) . @11

Now by (2.9) and (2.11) we deduce

Is = — % R (—2PU3 + 6(uo + ev0) PUE; )
- % {0<ug+evg<PUs¢} (=2(uo + €vo)” + 6(up + €v9)* PUs )
- % fuo-tevo=PUs JUB (£01) (_2PU§,g +6(uo + evO)Puglg)
1
3 Jpe (g,a%)\{qurevozpuM}ch (Cﬁ) <_2PU§,5 + 6(up + evo)PU§,§>
B % [0<uytevy<PUse}B (2.0} (—2(uo + €v9)* + 619 + €v9)* PUs ¢ )
a % {0<up bevo<PUse B (£6%) (—2(uo + €v9)* + 6(ug + €v9)*PUj )
1

=— = —2PU3. +6(uy+€v PU2>
3 J{up o=y jupe (26%) ( 5 1+ 6(uo +evo) PUs

1
~3 —2(ug + €v9) + 6(ug + €v9)2PUs ) + 0(5°%),
3 {0<M0+600<PU§,§}OB(§,5%) ( (st 0) (1o 0) 5/‘3) (67)
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because
—2PU3 . + 6(ugy + evy) PU?
/Bc(5,51)\{u0+evozpu5,¢}msc(g,(si) ( 5 T 6lHo 0) ‘5'5)
_ 3 2 _ 7
- (/Bc(m) (Uhe + UM‘)) =0,
—2(up + €vg)® + 6(ug + €vy)*PU
/{o<uo+eoo<1>u5,,;}msv(g,zsi) ( (0 0) (0 0) ‘5’5)
= O (6’meas{0 < up(x) < 20}) = 0(5%),
since
PUsz(x) = O(5) if |x—¢|> s,

{0 < up+evg < PUse} N BC(C,é%) C {0 <up(x) <25} if Jissmall enough.
Next we claim that

1

3 {llo+€UoZPu(5,§}UBC (@',5%) (

1

3 1y (=2(uo + €v9)* + 6(ug + €09)*PUy ¢ ) + 0(8°)
3 J{0<uo+ev<PUs}nB(2,67)

1

Y —2PUj ; + 6ugPU3

3 {l‘0+€UOZPu¢5,§}UBC (g,&%) ( o8 0 (5,5)
1

3 —2u3 + 6u3PU; =) + 0(8°).
3 {0<ug+evg<PUsz}NB (g,(s%) ( 0 0 515) (6%)

—~2PU3 -+ 6(utg + €v9) PUZ, )

Indeed using (2.11) and (2.9) we get

PUj; = O / uz. | =08,
/{uo+€Uo>Pu(5/c}UBC(§,5}l) 05 ( C<§,5%> 5/5) ( )

measB <§,5%> = 0(6®) and

PUsz = O / Use | =0 (5.
/{”0+€”°<Pu&¢}”3(€r‘5‘1‘) e (B(cﬁ%) M) @

We estimate the last two terms in the expansion of I5. By (2.11)

B (g, R§\/S) C {x € : up(x) +evg(x) > PUyz} UB(E,6%) C B (g, R};\/:S) :
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Hence

3 2
/|x¢|>Rm <_2Pu‘5'¢ * 6”°PU@C)

<

—2PUR. + 61oPU> )
/{uo+evozpu5,¢}u3(g,(si) ( o4 07+o8

<

3 2
< /|x¢|>RM (—2PU3; + 6uoPU; )

Now if Rs denotes either R} or R3 we get

3 2
/|x_§|>RM (—2pu5,§ n 6u0PUM)

__ us +6/ U2~ + O (6
M acgoreve 0% ()

|x—&|>R;v/8
2 [ i 657 [ uo(oy+2) S L o(s)
=- 6 U TR IRIAY
yi>5s T+ [yP2)8 wiss O T T )
+o0 1,.5 400 7’5
—_9 3/ 52 2 /
Welg % 7<1 T }’2)6 + 6 (U6IX6MO(€0) % (1 +V2)4
+00 1’7
4 4
+0 (5 /5% (1+r2)4> + 054
1
= §w6(x2R5_653 + 36%weagR; 2o (&o) + O <54\ log5|>
=— %w6a2R5653 + 30%weagRy 2uo (o) +0(6%)  because of (2.10)

and by comparison

—2PUj ; + 6uoPU;
[{u0+ev0>pu§,§}ugc(¢,5i)( zs,g"i‘ Uop 5,(;)

1 _ _
= — §w6a2(R0) 653 + 3536066(%(120) 21/!0((;‘0) + 0(53).
In a similar way, by (2.9)
—2ug + 6ugPU
/x—C<R},-\/5 ( 0 0PUse)
<

—2u3 4 6u3PU
/{0<uo+evo<Pu(5,§}mB(§,5}1)( ugy + 6ug 5,6)

</ —2u3 + 6uiPU, ,
= \xfcﬂ<R§\/3( 0 0 5,6)

15

(2.12)
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and if R; denotes either R} or R3 we get

—2u3 + 6uiPU;
/x—C<R5\/3( 0 0 o,é)

:_256/ . u3(5y+§)+654/
‘y‘<% |

+0(8)
ly <\/5

(y C)W

(<2 + O(VE)) s [

kg 5
T
+ 60(6 <1/l%(€0) + O(\/Zs)> 54W6A m
= — 26°u3(Z0)we RS + a6 U3 (Zo) weR3 + O(67)

= — 26%u3 (o) weR§ + 360> uf(Eo)weRG + 0(5°)  because of (2.10),

+0(&)

and by comparison

—2u + 6udPU,
/{Llo+evo<Pu5,§}mB (5/5}1) ( 0 0 5,5)
= — 2075 (o) weR§ + 368 (G0 )ws Rg + 0 (&7). (2.13)

Finally, by (2.13) and (2.12)

1 3
Is = |e*d® (—9w(,1xg(uo(§o))g +o(1)) :
Collecting all the previous estimates we get

Je(d,n) = coe) + le]® {sgn(e) (1 —200(Z0)) d*a1 + d° (az(D*uo(E0)y, 1) — a3) } +o (lef)

=:Y(d1)
with
a —a2</ L > — 9w
P e P T
oc% dy
a = e
2 Jre (T [yP)Y
1 3
a3 = 5 wet (0(&0))2,
and that concludes the proof. O

We are now in position to prove Theorem 1.1.
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Proof of Theorem 1.1. The claim follows by Proposition 2.2 taking into account that if

sgn(€) (1 —20v9(&p)) >0

the function Y has always an isolated maximum point (d, 0), with

2a
do := 3 —sgn(e) (1—200(0)),
az
which is stable under uniform perturbations. O

3 A generic result

Let ()9 be a bounded and smooth domain in R”, we let D be and open neighbourhood
of Qp and a € (0,1). There exists € > 0 such that if 8 € C>*(D,R") with |||z, < €
then ® = I 4 6 maps () in a one-to-one way onto the smooth domain )y := ()
with boundary 00y = ®(d)). If x € Oy we agree that £ = Ox = ([ +0)x € Q. If
i € H}(Qg) N H?(Q) then it is clear that u = 10 © € H}(Qp) N H*(y).

Our result reads as follows.

Theorem 3.1. The set
E:={0€ C*(D,R"): if A > 0and u € Hj(Qy) solve
Au+ Au+ |u!ﬁu =0in O, u=0o0n 00y,

then u is non-degenemte} (3.1)

is a residual subset in C>*(D,R"), i.e., C>*(D,R") \ E is a countable union of close subsets
without interior points.

The proof relies on the following abstract transversality theorem (see [23,26,29]).

Theorem 3.2. Let X,Y,Z be three Banach spaces and U C X, V. C Y open subsets. Let
F:UXxV — ZbeaC*—map with « > 1. Assume that

i) foranyy € V, F(-,y) : U — Z is a Fredholm map of index | with | < ;

ii) 0 is a reqular value of F, i.e., the operator F'(xo,y0) : X X Y — Z is onto at any point
(x0,y0) such that F(xo,y0) = 0;

iii) the map mwoi : F~1(0) — Y is o—proper, ie., F71(0) = U %Cs where Cs is a closed
set and the restriction 7t o i\ is proper for any s; here i : F ~1(0) — Y is the canonical
embedding and 7t : X x Y — Y is the projection.

Then the set V := {y € V : 0is areqular value of F(-,y)} is a residual subset of V, i.e.,
V \ V is a countable union of close subsets without interior points.
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Indeed, in our case we choose
X =R x <Hé(()o) N HZ(QO)> ,
U = (0,00) x ((Hj(0) N H*(0) \ {0}),

Y =C* (D,R"),
V =DBc:={0€CD,R") : ||0]30 <€},

Z =R x L*(Qy).
X and Z are Banach spaces equipped with the norms ||(a,u)||x = |a| + ””HH&mHZ(Qg)r
and |[(a,u)||z := |a| + [[ull;2(qy), respectively. Moreover, the function F : U x V — Z is
defined by
F(Au,0) = (Q(A, 1,0), Agll + 2] 11 + Aﬁ) ,
where

QA ,0) := / (IVeaf? - a1 - 2a?) ds.
Qp
It is clear that
F(Au,8) = (0,0) & At + 2P M+ Al =0 in Qp #=0 on 0.

Theorem 3.1 will follow by Theorem 3.2 as soon as we prove that F satisfies the assump-
tions and this is done below.
First of all, we rewrite F in terms of the x—variable (see [21,26])

Lemma 3.1. We have
QA 0,0) ::/Q {w. [(det@’)(@)')—l(f@')—lw} - (\u\p+1+/\u2) (det@)’)}dx, (3.2a)

Agit+ [P~ 0+ At = div [(det®')(©) 7 (1@)'Vu| + (JulP~Mu+ Au) (det@').  (3.2b)

At this point it is useful to point out the following fact.

Remark 3.1. We can choose € > 0 small enough so that for any 0 € B.

( /Q (\<(det®’)<®’)‘l(*®’)—1w,vu>‘2+ div [(da@’)(@’)-l(f@')—lw]‘2> dx)l/z

defines on H} (Qg) N H?(Q)) a norm which is equivalent to the standard one

1/2
lullgeion =, (VaF+1au?) ax)
0

Next, we check the differentiability of F (see [21,26]).
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Lemma 3.2. The function F is differentiable at any (Ao, ug, 00) € U x V such that F(Ag, ug, 0p) =
(0,0). Moreover if @y = I + 6,

F' (Ao, o, 60)[A, 1] :( /

. {zwo  [(det®)) (@)1 ('@h) V]

_ ((p—|—1)|u0\1’*1u0+2/\0u0)u(det®6)}dx—/\/Q 12(det ®))dx,
0

div | (det®p) (@)~ (‘@p) "' Vu|

+ (pluo|P ™ + Ao)u(det @) + Auo(detG)(’))), (3.3)
and if 6y = 0,
F'(Aq, 1o, 60)[6)]
= </Oo {Vuo - [(dive)Vug — (0 +'0") Vug] — <|uo|p+1 + Aou(z)) (div@)} dx
div [(dive) Vo — (6/ +'0') Vo] + (|uoyP—1u0 + Aou(]) (dive)) . (3.4)

Let us check assumption i) of Theorem 3.2.

Lemma 3.3. Forany 6 € V the function F(-,-,0) is a Fredholm map from U into Z of index 0.

Proof. The partial derivative F )’L,u (Ao, up, 00) : X — Z is the sum of an isomorphism Z and
a compact perturbation K, namely

T(Au) = <—/\ . 13 (det ©))dx, div [(det@g)@g)—l(t@g)—lw}) ,

KA u) = < /Q 0 {2Vuo - [(det@p) (@) ! (@) ' Vu]
— ((p+Dluol”Mutg + 22010 ) u(det®) b dx,
(p|uo|’”_1 + A0> u(det®;)) + Aug(det @6)) :
Thus, we completed the proof.
Let us check assumption iii) of Theorem 3.2.

Lemma 3.4. The map toi: F~1(0) — Y is c—proper.

Proof. Let us write

F71(0,0) = US_1C, Cuw = (Am X By x Ciy) NF71(0,0),
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where
m
1 1
By, = {u € Hj(Qo) NH?(Q) = — < |jul| := (/ (|V”|2+ (A”)z) dx) < m},
m [ON)
Cui={oe @) : olsase(1- 1)},

Let us fix m. We have to prove that if (6¢)>1 C Cp with 6 — 0 and (Ag, ug)r>1 C
Ap X By, is such that F(Ay, ug, 6;) = 0 then, up to a subsequence, (A, ux) — (A, u) €
Ay X By, and F(A,u,0) = 0. First of all, up to a subsequence, we have Ay — A € A,, and
ur — u weakly in H} (Qp) N H?(Q) and strongly in L7(Qp) for any g > 1if n = 3,4 and
1<g< % ifn > 5.If @ = I + 0 we know that @y — @ := [ + 0 in C#(Q, R"). Now,
condition F(Ay, ug, 6x) = 0 reads as

div | (det®))(®)) (‘@) ! Vi +(|uk|p_1uk+)\kuk> (det®,) =0 in Oy,

=A;

=fr
u=20 on 0Q).

In particular, for any ¢ € H} ()
/Q {AVug, V) + feg]dx =0 (3.5)
0

and so passing to the limit

/Q ( (det@)(©) (@) Vi, Vo) — (|ulPlu+Au) (det®)g | dx =0,  (3.6)

=A

=f
namely
div(AVu)+f=0 in Qp, u=0 on 90y,
ie,F(Au,0)=0.
Now, let us prove that uy — u strongly in H}(Qo) N H2(Qp). By (3.5) and (3.6) we
deduce

/Q (AV (ug — u), V(ux — u))

0

:/ (AVug, Vug) + (AVu,Vuy) —2 [ (AVu, Vuy)
Qo Qo Qo

= o <(A—Ak)Vuk,Vuk>+/Qo (_fkuk_fu+2fuk)

=o(1),
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because Ay — A in C°(Q)) and uy; — u strongly in L (Qo). Moreover, we also have

/QO (div (AV (it — u)))?

= [ (div((A = AQ)Vug) — fe + f)?

0o
<2 [ (div((A-A)Vu)+2 [ (fe— 1)
QO QO
=o(1),
because Ay — A in C'(Qy) and u; — u strongly in Lo (). Then the claim follows
directly from Remark 3.1. O

Let us check assumption ii) of Theorem 3.2.
Proposition 3.1. (0,0) is a regular value of F.

Proof. Let (Mg, uo,60) € U x V such that F(Ag, up,6p) = (0,0). We shall prove that if
(A, u) € Xis such that

F'(Ao,u0,60)[A,ul =0
{ (Ao, to, 60) [A, u] = A=0 and u=0. (37

(F'(Ao,uo,00)[0], (A, u))z =0 forany 6 €Y

Without loss of generality we can assume 6y = 0. Then ©y = I and by (3.2a) and (3.2b)
condition F(Ag, 1o, 6y) = (0,0) reads as

v 2 p+1 _ A 2 dx = 0,
/Qo (172l o o) d (38)
Aug + ug|PYug + Moo =0 in Qp, u=0 on Q.

Moreover by (3.3) and (3.4) condition (3.7) can be rephrased as

2VuoVu — 1 p-1 2\ —Audbdx =0,
{/Qo{ uoVu ((p+ Y uolP ™~ uog + ouo)u uo} X (39)

Au+ (pluol/P P +Ao) u+Aug=0 in Qp, u=0 on 90y,
and
A {Vuo - [(div8) Vg — (6/ +10') Vg — (\uowl n A0u3> (divG)} dx
Qo

+/ {div [(dive)Vug — (6" +'6") Vo] + (yu0|f’*1u0 + }\Ouo) (dive)} udx
0

=0, Voev. (3.10)
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We can simplify expression (3.10). Indeed, taking into account that

Aug + |ug|Ptug + Aoug =0 in Qp, u=0 on 9Q), (3.11)
=g(uo)
we have
div [(divO)Vuo — (0 + tQ’)VuO]
IdiV(QAuQ) — A(GVug)
= —div(g(ug)0) — A(6Vug)
= — g(up)(divh) — ¢ (uo) Vugh — A0V uy).
Moreover,
/ AOVug)udx = — OVugd,udx + OVugAudx.
o a0 Qo

Therefore, (3.10) reads as

0 A/ g(uo)uo(dive) + g (uo)uoVued + 6V Auo - (|uo|’ngl +Aou%)(div9) dx
g(”O) =g(ug)ug

~A [ eVuodupdx+ [ 4 (- dive) — g/ (11g)uViigh — OV A

b0, ugdyuodx + o Q(up)u(dive) — g’ (ug)uVug i u

L ==/ (up)u—Aug |
+ (|uo|p71u0+/\0u0)(div9)u dx+/ OV ugo,udx
a0y
=g(uo)
—A / (ug)ug — g(ttg) + ) OV ttgddx + / 0V o (3,1 — Adyitg) dx. (3.12)

=(p—1)|uo|P~ug+ug

Now, we prove that A = 0. Indeed by taking deformations 6 which take fix the boundary
of (g by (3.12) we get

A [(p — 1) |uo|” ug + uo} OVupdx =0 forany 0 €V, 6=0 on 9.
0

0

If A # 0 then we necessarily have
o [(P = 1)uo" " + 1} Vig =0 ae.in Qy,

and so 1o Vuy = 0 a.e. in (). This is not possible because 1 solves (3.11) and by the unique
continuation theorem in [2] we know that meas{x € )y : up(x) = 0} = meas{x € () :
Vuy(x) =0} =0.
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Since A = 0 by (3.12) we deduce that

OVupdyudx =0 forany 0 €Y
90

and arguing exactly as in [26, pp. 313-314], we deduce that u = 0. That concludes the
proof. O

Proposition 3.2. Forany 0 € E as in (3.1) there exists Ag € (0, A1(Qg)) such that

Ag = 2maxiy,. (3.13)
Oy

Proof. Let 8 € E as in (3.1) and let us consider the perturbed domain ()y. For any
A € (0,A1(Qyg)) let u, be the least energy positive solution on the domain )y, which
is non-degenerate because of Theorem 3.1. Therefore, by the Implicit function Theorem
we deduce that the map A — u, is continuous. Let us consider the continuous function

fA) == A =2[[urll 1=y, A € (0,A1(OQy)).

Since

li .o = d i ey =0,
AIE})HMAHL Q) = T an A_)iTQS)H”AHL (Q)

(see [14] and the classical bifurcation theory, respectively), there exists Ay such that

f(Ag) = 0 and the claim (3.13) follows. O
Proof of Theorem 1.2. It follows immediately by Theorem 3.1 and Proposition 3.2. O
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