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Abstract. In this paper, the transient Navier-Stokes equations with damping are con-
sidered. Firstly, the semi-discrete scheme is discussed and optimal error estimates are
derived. Secondly, a linearized backward Euler scheme is proposed. By the error split
technique, the Stokes operator and the H~!-norm estimate, unconditional optimal er-
ror estimates for the velocity in the norms L®(L?) and L*(H!), and the pressure in the
norm L*(L?) are deduced. Finally, two numerical examples are provided to confirm
the theoretical analysis.
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1 Introduction

We consider the following transient Navier-Stokes equations with damping:

u;—vAu+ (u-V)utalu/ u+Vp=£f in (0,T]xQ,
divu=0 in (0,T]xQ),
u=0 on 0Q),
u(0,-)=uy in Q,

(1.1)

where () C R? is a convex polygon domain with the boundary 9Q), u= (uy,u3) and p are
the fluid velocity and pressure, respectively, f is a given external force, v is the viscos-
ity coefficient, 2 <r < oo and & are two damping parameters, respectively, and |-| is the
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Euclidean norm. The damping comes from the resistance to the motion of the flow. It de-
scribes various physical phenomena such as porous media flow, drag or friction effects,
and some dissipative mechanisms [1,2].

The existence and uniqueness of global weak and strong solutions for the problem
(1.1) were analyzed in [3,4]. At the same time, some studies have been devoted to the nu-
merical analysis of the stationary incompressible Stokes or Navier-Stokes equations with
damping. In [5], the MAC finite difference scheme was presented for the Stokes equa-
tions with damping on non-uniform grids. In [6], the conforming mixed finite element
method (MFEM) was developed, and the existence and uniqueness of the weak solu-
tions were proved. In [7], the superclose and superconvergence phenomenon of some
stable MFEs were studied. In [8-10], the local projection stabilized MFEMs with the P;-
P; element pair were proposed for the Stokes or Navier-Stokes equations with damping.
In [11,12], the two-level and multi-level MFEMs were applied to the problem to save
computation cost. In addition, the Navier-Stokes type variational inequality with nonlin-
ear damping was also considered in [13]. However, there were few numerical methods
reported for the transient Stokes or Navier-Stokes equations with damping.

On the other hand, in the finite element methods of the nonlinear problems, some
time-step restrictions are usually required in the error estimates. In order to overcome
this disadvantage, the error splitting technique was first presented in [14] for the non-
linear Joule heating equations and [15] for the incompressible miscible flow in porous
media, respectively. Recently, this technique was applied to various nonlinear problems,
such as the parabolic equation [16-18], the hyperbolic equation [19], the Schrodinger
equation [20-24], the Landau-Lifshitz equation [25], the Ginzburg-Landau equations [26,
27], the Klein-Gordon-Schrodinger equations [28], the thermistor equations [29-31], the
Navier-Stokes equations [32], the viscoelastic fluid flow equations [33], the MHD equa-
tions [34] and so on.

In this paper, we will research the transient Navier-Stokes equations with damping.
We present the semi-discrete scheme for this problem, and derive optimal error estimates.
Then we propose a linearized backward Euler scheme. Although unconditional optimal
error estimates were obtained for the transient Navier-Stokes equations in [35, 36], the
methods cannot be applied to the problem (1.1) for the nonlinear damping term may
result in more complicated analysis, so we employ the error splitting technique in [32],
which was used in the modified characteristics finite element methods of the Navier-
Stokes equations. A time-discrete system is introduced, and the error is split into a tem-
poral error and a spatial error. Then the temporal error and the regularity of the time-
discrete system are presented. Subsequently, the space error and the boundedness of the
velocity are derived. Finally, unconditional optimal error estimates are obtained. Espe-
cially, the analysis method of the pressure is different to that in [32]. The Stokes operator
and the H~!-norm estimate are employed, and consequently we obtained optimal error
estimates for the pressure in the norm L*(L*), while in [32], it is optimal in the norm
L*=(L?).

Throughout this paper, we use the classical Sobolev spaces W""(Q)), L(Q)), H™(Q)
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and HJ'(Q2), where 1 <I<co and m>0. Let |-||,; and ||-||,, be the norms on L'(€}) and
H™(Q)), respectively, and (-,-) be the natural inner product in L?(Q)). We use H1(Q) to
denote the dual space of H}(Q}), and (-,-) the duality product. In addition, we define the

space L!(Y) with the norm
fullon = ( [ Tuc. W)

and if [ = oo, the integral is replaced by the essential supremum. Finally, we denote by C
a generic positive constant, which may be different in different places, but independent
of the mesh size , the time step T and the parameters v, r, a.

2 Mixed variational formulation

Let
V=), Q=13@)={sel2@) [ g=o}, @
and define the skew-symmetric tri-linear form b(-;-,-) on VXV xV as
b(w;v,w) =((u-V)v,w) +%((divu)v,w)
:%((u-V)v,w)—%((u-V)w,v). 22)

Then the variational formulation of the problem (1.1) reads: for all t € (0,T], find (u,p) €
V x Q such that

(u,v)+v(Vu,Vv) — (divy,p) +b(w;u,v)+a(|u| " ?u,v)=(£v), VueV, 2.3)
(divu,q) =0, VgeQ. ’
Some estimates of the tri-linear form b are given in the following lemma.
Lemma 2.1. The tri-linear form b satisfies
b(w;v,w)| <C||Vully | Vvl VW, Yuv,we(H}(Q))? (2.4a)
1b(wv,w)| <Cllul[o([VV]lgz+ V) VW,
Yu,w e (H} (Q))%ve (W (Q)NLY(Q))?, (2.4b)
[b(w;v,w)| < C([[ullg, 0+ Vulloz) [V Vllolwllo,
vv,we (H(Q))%,uc (WA (Q)NL®(O))?, (2.4¢)

|b(w;v,w)[ <C[[Vullo([[Vvlloz+[v]lo,0) [[Wllor
Yu,we (H}(Q))%ve (W2 (Q)NL®(Q))% (2.4d)
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Proof. Using (2.2) and Holder inequality, it is easy to check that

btae ) =5 (9w w) = ((w Ty

1
<5 (I1allo 179l wllos+ 1wl 7wl vl )

<Cllullg (I9Vllgs+1Vllo ) VW, (2.50)
1
|b(w;v,w)|= ’((u.V)v,w) +§((divu)v,w) ’

1, ..
< H“Ho,ooHVVHOHWHO‘|’EHle“HosHVHO,GHWHO
<C(IVulloa+lullgw ) 19l 1o (2.5b)

which implies (2.4b) and (2.4c). The proof of (2.4d) is similar to that of (2.4c), and (2.4a)
can be found in [35]. The proof is completed. O

The following inequalities will be frequently used in the estimates of the nonlinear
damping terms, which can be found in [37].

Lemma 2.2. For any u,v,w € (L*(Q))?, we have

(Ju]?u—|w| ?w,u—w) >0, (2.6a)
[l u—[w|"*w| < M(Ju] +|w])* [u—w], (2.6b)
(P u—wlw,v) | < M(Jullo o+ [Wlon) 2IVliglu=wlo  260)
where M is dependent on r.
In addition, the steady Stokes equations
—VvAv+Vg=g in (),
divv=0 in Q, (2.7)
v=0 on dQ),
has a unique solution for the prescribed g < (L?(Q)))?, and satisfies [38]
Ivll2+llgll, < Cligllo- (2.8)

Finally, for the sake of simplicity, we assume that the problem (1.1) has a unique solution
(u,p) with following regularity similar to that in [32]

||u0Hk+ ||u||L°°(Hk+1)+ HPHLOO(H’() + ||utHLoo(Hk+1)
+prHL°°(Hk)+||uttHLoo(L2)SK. (2‘9)
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3 The semi-discrete scheme

Let 7}, be a uniformly regular partition of (). The conforming finite element space pairs
Vi, CV and Q) C Q are composed of piecewise polynomials of degrees at most k and k—1
(k> 1), respectively, which satisfy the inf-sup condition

(diVVh,qh)
sup —— > , 3.1
p vahHO —IBthHO ( )

vieVy

where B >0 is independent of .
Given (u,p) € VxQ, the Stokes projection (Iu,J,p) € Vj, x Q) is defined to be the
solution of

V(Vlhu,Vvh) + (diVVh,]hp) :V(VU,VVh) -+ (diVVh,p), Vv, eV, (3.2)
(dithu,qh):O, V&]hEQh. ‘
Then we have the following classic estimates [39,40].
Lemma 3.1. Assume that ue VN (H! (Q))z, p € QNHK(Q), then there hold
V[Inallgeo <C(vllull+lplly), (3.3a)
V[V hally, <C [ Vullg,+Iplo) =23, (3.3b)
v([lu—Tyullo+1 ]V (a=Lu) o) +hlp=Jipllo < CH (vl +plle) . (3.3¢)
vlue— e flg <CH (vl uell g + el - (3.3d)
The discrete Stokes operator Aj,: Vfi" — Vfi" is defined by [41,42]
1 1 .
(Ahvh,wh) = <Aﬁvh,A,§wh> = (VVh,VWh), VVh,Wh S Vﬁhv, (3.4)
where Vflﬁv = {Vh eV, (diVVh,C]h) =0, th S Qh}
Then we have the following properties of Ay,.
Lemma 3.2. For any v, € VAV, there hold
_1
HVAhlvhHO:HAhZVh K (3.5a)
_1
[vall 4 SCHAh vy, (3.5b)
0

Proof. From the definition of Ay, it is easy to obtain (3.5a), and (3.5b) can be found in [41,
42]. O
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The semi-discrete scheme of the problem (1.1) reads: for all € (0,7}, find (uy,py) €
Vi, X Qy, such that

(wps,vi) +v(Vuy, V) +a (]uh\rduh,vh) — (divvy, pp)

—|—b(uh;uh,vh):(f,vh), Vv, eV, (3.6)
(divuh,qh) =0, V% € Qh/
uh(O) :Ihuo.

Let e, = uj, — Iu, and subtract (3.6) from (2.3), then we obtain the following error equa-
tions

(ug—Iyug,vy,) — (e, viy) —v(Ven, Vvy) = (Jup — pr.divvy)
+b(u—Luwu,vy)+b(Iwu—Iu,vy) —b(ey; Iu,vy) —b(uy;ep,vy)
+a (|u|r_2u— |Ihu|r_21hu,vh) +a (]Ihu|r_21hu— |uh|r_2uh,vh) =0,

(diveh,qh) =0.

(3.7)

Now we turn to optimal error estimates for the velocity u.

Theorem 3.1. Let (u,p) and (wy, py,) be the solutions of (1.1) and (3.6). Assume that the solution
(u,p) satisfies the regqularity condition (2.9). Then it holds for all t € (0,T| that

lenllg+hlVenllo < CLiH Y, (3.8)

where
2

K2 K2 KZr—=2 k4 K4
L%::e V3 <V3+DCZM2 +1/73+$ .

v2r71

Moreover, assume that h is small enough, we have
K
Hv“h”oﬁc<1+v>, (3.9a)

K
||uh||0,oo§C<1+V>- (3.9b)
Proof. Take v, =e; € VIV in (3.7), and note that
(’uh’rizuh_’Ihu‘rizlhu/eh> >0, (3.10)

then it gives

1d

5 7 lenlla+v I Venls < (ue— e, en) +a(ful™2u—|lu| " lu,e;)

A

ngfe

+b(u—Iu;u,ey)+b(lu;u—Iu,e,)—b(ey; Iu,ep): E;. (3.11)

i=1
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Next we estimate all terms on the right hand-side of (3.11). It is easy to check that

K? v
[E1| < Cllur— Ty Jol| Venlly < C 1)+ ¥ Ve . (312
By Lemma 2.2 and Lemma 3.1, the nonlinear damping term can be estimated as
|Ea| <aM|Ju—Tyullg([[allo, e+ [ Trullo.o) ™ Ilenllo

KZr—Z

SCaZMZWhZ("“H%||Veh||§. (3.13)

According to Lemma 2.1 and Lemma 3.1, we obtain
K* 2k+2 , V 2
[Es| < Cllu=Liull (11 Vullos + lully ) [ Venlly SCTo 242 Verllf,  (314a)

Bl = b(Twe,u— ) | <C (||l + [ VTl ) [V enlyfu—Tyull

K opsa , V 2
<CS 242 | Veulls, (3.14b)
K2 2,V 2
[Es| <Cllesllo (IVhalloa+ bl ) [ Venllo <C 5 lenlls+ 2 [ Venls.  (3.140)

Inserting (3.12)-(3.14c¢) into (3.11) yields

1d 2V 2
EaHehHo"'guvehHo
K2 5 oK¥2 K OKE\ o, K? 2
<C <V3+lx M V21 +1/3+1/5>h +Cﬁ”eh”0‘ (3.15)

By Gronwall lemma, and note that ej,(-,0) =0, we deduce
T
I\eh\!3+/0 v||Vey||odt < CLZH*+2, (3.16)

which together with the inverse inequality implies
I Venllo < Ch Y| epl, < CL1HE. (3.17)

In addition, assume that & is small enough, which ensures L; hk <1, then we have
K
IVulo< [Velo+ [Vulo<c (147, .150)
. K
eilloco < llenllo,eot 1Tt < CC lenllo+ [ Trulloe) <C (14— ). (3.18b)

This completed the proof. O
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Next we derive the error estimate of the pressure. To arrive at this, we first bound the
term ||ej;||_1, where the H~!-norm || -|| _; is defined by

= 29) - ypen(a 3.19
||¢||71 qoeS}}]l(l)l(DQ)HV(PHOI 4)6 ( ) ( )

Lemma 3.3. Under the conditions of Theorem 3.1, for all t € (0,T], we have
lentl| _y <CL2HF, (3.20)

where

K K* K? K K1 K\
L2:=++2+<1+>L1+aM< rl+(1+) Li].
1% v 1% 1% 1% 14

Proof. Setting v,=A, ley € VhdiV in (3.7) leads to

_1
1A, 2enll5= (en, A} enr)
=(uy —Ihut,Ah_leht) —V(Veh,VAgleht)
+a (|u|r72u— \Ihu]rlehu,Agleht)
+uo <|Ihu|r721hu— ]uh\rfzuh,Agleht)

+b(u— Ihu;u,A,jleht) +b(luu— Ihu,Ah_leht)

8
_ _ A
—b(ep; I, A ep) —b(uysep, A teyy) =) H. (3.21)
i=1
Since A; ey € (H} (Q))?, by Poincaré inequality and (3.5a), we have

el <clvaal - ], o2

0

Then we estimate the above eight terms. In fact, from (3.3¢c), (3.5a), (3.8) and (3.22), it is
easy to see that

_ K _1
|Hy| < ||ut—Ihut||0HAh 1ehtHO§C;hk“ Ay e (3.23a)

0

_1
| Hy | SVHVehIIoHVA,;lemHO <CL1H|| A, Zepy (3.23b)

0

In view of (2.6¢c), (3.18b), (3.22) and Lemma 3.1, it follows for the nonlinear damping
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terms that
[Hs| <t [ Lyl (fallg ot 1 Trtllg ) 2| A7 e |,

) (3.24a)
0

(el <ot enlo (Il o+ i llo)%]| A7 e

Kr—l 1
SCDCMflhkle Ah Zeht

v

K r—2 1
<CaM <1+V> LY A 2 ey (3.24b)

0
Using (2.4a), (3.5a), (3.18a) and Lemma 3.1, the tri-linear terms can be bounded as

. Kl -
[Hs| < CIIV (a=y) o[ Vo | VA7 e | <ChE|| 4, 2en] (3.252)
0
1 K il 43
|Ho| < CIIV (a1 o[V Iyully| VA7 e | <Cohb| A, e (3.25b)
0
. K !
|H7|SCHvehHOHVIhuHOHVAh1ehtHO§CVLlthAhzeht , (3.25¢)
0
. K -1
sl <CITunlol Teulo [ V.45 e, <€ (145 ) L 4, e (3254)
0

Inserting the estimates (3.23a), (3.23b), (3.24a)-(3.25d) into (3.21) yields

HAh 2o, || <CLH-. (3.26)
0
In addition, from (3.5b), we have
||eht|ylchAh‘§eht . (3.27)
which together with (3.26) yields the estimate (3.20). O

Then based on Lemma 3.3, we have the error estimate for the pressure.

Theorem 3.2. Under the conditions of Theorem 3.1, the following error estimate holds for all
te(0,T]
lpn—=Tupllo < CLah". (3.28)

Proof. Rearrange the error equation (3.7), it gives
(Jnp—pn,divvy)
=(ur—Iyuy,vip) — (en, vi) —v(Vey, Vvy)
+a(|u) " Pu— a2 vy) +a (Ll 2 hu—w ", v)
+b(u—Iwu,vy)+b(Luu—Iu,vy) —b(ey; Iu,vy,) —b(uy ey, vy). (3.29)
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The above terms can be estimated similarly as that in Lemma 3.3, and then using the
inf-sup condition, we obtain (3.28). O

Finally, by Theorem 3.1, Theorem 3.2 and the triangle inequality, we derive the fol-
lowing optimal error estimates for the problem (3.6).

Theorem 3.3. Under the conditions of Theorem 3.1, for all t € (0,T|, we have

Ju—wplly-+ ]|V (w =) o < CLiHH, (3:302)
lp—pallg < CLaH". (3.30b)

4 A linearized backward Euler scheme

In this section, we consider the time discretization of the mixed finite element scheme
(3.6). Let 0=1t9<t; <--- <ty =T be a uniform partition of the time interval [0,T] with
t,=nt, and N being a positive integer. Set " =¢(-,,), and for the sequence of functions
{g"N_, we define the discrete time derivative

D.g"=(8"—g" ")/t (4.1)

With above notations, a linearized backward Euler scheme of (3.6) reads: for n=1,2,---,N,
given f'€ V' and U} ' €V, find (U}, PI') € V, x Qy, satisfying

(DU, vy,)+v (VUL Vvy,) — (divvy, PN +b(UL UL, vy,)

1 r—2 _ _
+a <‘UZ ’ UZ ,Vh) = (fn,Vh), Vv, €V, (4.2)
(divU7,g,) =0, Van € Qn,
Ug = Ihuo.
4.1 The time discrete system
To obtain the bounds of U}, we introduce the following time discrete system
D, U"—vAU" + (Unfl . V)Un +DC‘U"71 ‘r—ZUnfl +VP'=f" in Q,
N .
divU"=0 in O, (4.3)
U'=0 on dQ),
U0 =Uup in Q.

For each given time level 7, (4.3) is the Oseen equations, and if U"~! € (L*(Q))?, it has a
unique solution [40].
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Let e” =u" —U", and subtract (4.3) from (1.1) with ¢ =1, then we have the following
error equations

Dee" —vAe"+Ay" + Al +V (p"—P") =R/ +R}+R? in Q,

dive” =0 in Q, (4.4)
e"=0 on 0Q), '
e?=0 in Q,
where
A=t V)u"'— (U L. v)Uu”, (4.5a)
-2 -2
Al =ualu"! ' u”’l—zx‘U”’1 ' U, (4.5b)
!=D:u"—u}, R)=(u"1.V)u"—(u"-V)u", (4.5¢)
-2
R =a|u"? ' u' ! —afu”| " (4.5d)

Now we derive the temporal error estimate and the regularity of the time discrete system
(4.3).

Lemma 4.1. Let (u,p) and (U",P") be the solutions of the problems (1.1) and (4.3), respectively.
Assume that (u,p) satisfies the reqularity condition (2.9), and the time step T is small enough.
Then we have

n
< .
Orgr}%xNHe I, <1, (4.6a)
C
n MY < LT, 4.6b
s (el + Vel < LT (4:b)
" P*'|;)<1+K 4.
max (U, + [Pl S1+K (460
> 2 2
) <|\DTU”H2+HDTP”||1) <CK?, (4.6d)
n=1
where
L%::e%(l+K2+u¢2M2(K+1)2r—4) <K2+K4+zx2M2K2r72), (4.72)
L
KQ::K+K2+D¢MKr_1+(1+K+0cM(1+K)7_2)73. (4.7b)
v
Proof. We prove the following inequality
le™[l; <1 (4.8)

by mathematical induction for all m=0,1,---,N.
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Since e =0, (4.8) holds for m =0.
We assume that (4.8) holds for m <n—1, then it follows that

U™ g0 = 10" [lg,00 11 €™ 0,00 < [1tl| Lo 112 + [ € [l <K 1. (4.9)

When m=n, multiply the first formula of (4.4) both side by D.e" and integrate it over
0, we get

n2, v ny2 n__ n—1 Z_H nlez
|D-e Ho—i—zT <||Ve Ho—i—HV<e e )Ho Ve .

=—(A]+A3,Dce")+ (RY+R5+R3,Dre"). (4.10)
By Taylor formula, we can easily get
[uf = D[y SCTllug | o 2), (4.11a)
’ un—un_luoSCTHufHL‘X’(LZ)' (4.11b)
which together with (2.6b) yields
IRY g+ 1RSI+ R3[|y < € (K+K2+aMK™™ ) 7. (4.12)
Again using (2.6b) and (4.9), we find that
P S (O A OV Y A 2
<C(K+1) (Hve”—1HO+y|Ve"|\0), (4.13a)
r—2
n < n—1 H n—1 ’ n—lH
||A2HO_(XM<‘u HO,oo+ U HO,oo € 0
§szM(K+1)r’2HVe”’1HO. (4.13b)
With (4.12)-(4.13b) and Young inequality, (4.10) reduces to
1 2,V 2
¢ ID=e" o+ 5= 1IVe™[lg
2
gi HVe”_l H +C (K2+K4+0¢2M2K2r_2> 2
2T 0
2
+C (14K +a®MA(K+1)74) (HVe“lHOHNe"Hé) . (4.14)

Summing (4.14) from 1 to n and multiplying by 7, we get

n
v[|Ve"[[5+7 Y I Dee™ I3
m=1
n
<C <K2+K4+a2M2K2”2) TZ+% (1 +K2+a2M2(K+1)Z“4) Y v|Ve"|2  (4.15)

m=1
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By Gronwall lemma, there exists a positive constant 7, such that for T < 7y, it holds

n
v||Ve'|[g+7 ) IDce”|g < CL3T?,

m=1
which also implies

C
le"llg <C Ve < —Lsr.

NG

Next, we consider the following equations

—VA"+V (p"—P") = —Dre" — AT — A +RI'+RI4+R? in O,

dive” =0 in Q,
e"=0 on 0Q),
e?=0 in Q.

From (2.8), we can show that

le® [+ " =PIy
<C([|Dze"||o+[A7llo+ [ A2 [lo + [IRF[lo + IRz [lo+ [R5 lo)

which together with (4.12)-(4.13b) yields
e[+ [Ip" = P"|l; <C([[D<e"[[g+KoT).
Summing (4.20) up from 1 to n and using (4.16) result in
. 2 - 2
T) lle"l+T ) " P <CK3T?,
m=1 m=1
which also leads to )
le"ll,+lp" —P"||; <CKot2.
On one hand, from (4.21), we find that
- m |2 < m |2 m||2 2
t Y IDUr <2t Y (IIDee”|3+ Do) <CKG,
m=1 m=1

n n
2 2 2
Y IDeP" (<27 Y (11D (P = p™) 1} + |1 Dep™|1}) < CKG.
m=1

m=1

On the other hand, by (4.22) and assume that T < 7o, which ensures
CKor2<1,

then we have
le™[l,+[[p"—P"||l; <1,

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

4.21)

(4.22)

(4.23a)

(4.23b)

(4.24)

(4.25)
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which also implies

U2 <[[e"[l2+[[u"]2<1+K, (4.26a)
[P [y < 1P =p"[l; +[p"]l; <1+K. (4.26b)

The mathematic induction is closed. Therefore, when 7 < 7" =min{1, 2}, (4.6a)-(4.6d)
hold. O

4.2 The boundedness of UZ

In this section, we are devoted to derive the bounds of Uj. First of all, the weak formula-
tion of the problem (4.3) reads as

(DU",v)+v(VU",Vv)—(divv,P")+b(U"1,U",v)

n—1]"2yn—1 __(fn
o (U ULy ) = (£1,9), Vvev, w2)
(divU™,q) =0, VgeQ,
UO =up.

Let e) =U; —I;,U", and subtract (4.2) from (4.27), then we obtain the error equations

(D (U"=1,U"),vy,) — (Dzej},vi,) —v(Ve},Vvy) — (divvy, [, P" — P}')
o (Ut PUn - LU U )

12 -1 Y L
+«x<\1hU" AV V¥ ,vh> 428)

+b(Un_1 — IhUn_l,'Un,Vh) +b([hun—l;Un — IhUn,Vh)
—b(eZﬁl;IhU”,vh)—b(UZfl;eZ,vh):0, Vv, €V,
(divez,qh):O, Vaqn € Qp.

Next we give the space error estimate and the bounds of Uj.

Lemma 4.2. Let (U",P") and (U}, P}!) be the solutions of the problems (4.27) and (4.2), respec-
tively. Then under the conditions of Lemma 4.1 and assume that h is small enough, we have

m < CLgh?, 4.29
@aSXNHehHo_ 4 (4.29)
and
max |07, . <c(1+X), (4.30a)
1<n<N 0,00 = v

K
max [|[VUl[,;<C (1 + 1/> , (4.30b)

1<n<N



262 M. Li, Z. Li and D. Shi / Adv. Appl. Math. Mech., 14 (2022), pp. 248-274

where

(1+K)>—* (1+K)2> }

L3:=exp {C (062M2 V213 V3

K3 5, S(1+K)>2 (1+K)* (1+K)*
' <V3+“ M—at— t 5 |
Proof. Now, we prove the following inequality
lef [l < CLgh?, (4.31)

by mathematical induction for all m=0,1,---,N.
Since e% =0, (4.31) holds for m=0.
Assume that (4.31) holds for m <n—1, and h is small enough to ensure that

Lih<1, (4.32)

then by (3.3a), (4.6c) and the inverse inequality, we deduce
1 _
U lo,00 < 111 U™ [[g,00 + ll€R [0 < C (HU’” L+ 1Pl 41 e ||0>
K
<C <1+V>. (4.33)
For m=n, taking v, =e!! € V&V in (4.28) yields

1 2
2T<H€ZH0+’

_ n__ n n n—1 r=2 n—1__ n—1
—(DT(U I,U ),eh)—l—zx U U I,U

2 2
i—e 1o~ e[} +viven?

‘r_

2 n—1 _,n
IhU ,eh

r—2
— ()U,’;_l‘ Ul (IhU"—l

‘ri

2[ Un—l n>
h /eh
+b(U" -, U LU, el) +b(1,U" LU 1, U" el

6
—b(e} LT, U"el) =Y G (4.34)
i=1
Next we estimate all terms on the right hand-side of (4.34). From (3.3c), we find

1
61l <G (ID0" 5 1D:P"1, ) el

C

< —
_1/3

v
i (DU 3+ D=P"13) + 2 [ VeI (435)
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Owing to Lemma 2.2, Lemma 3.1, and Lemma 4.1, the nonlinear damping terms can be
bounded as

r—2
o (T N T

1+1<)

<Ca ZMZ( o h4 f||v el'||2, (4.36a)
), <uvz1Ham+uw1Ham>”nem
<Ca 2M2(1J;If)3‘ *1Hz+;||Ve;;\|§. (4.36b)

By virtual of Lemma 2.1, Lemma 3.1, and Lemma 4.1, we can verify that
Gal<c| U= =num Y| (IVU" o3+ 10" o, ) Vel

1+K)

<c( ht+ va ellle, (4.37a)

Gl <C (>|1hU“—1Ho,m+HVIhU"—1](03) e llU7 =107

1+K)

<C( —||V h||0, (4.37b)

eh* HO(Ilvrhu”||o,3+||1hU”|yO,m) Ivell,

SC(1+3K)2‘

12 v
! 1H0+§HVe,’jHé. (4.37¢)

Inserting (4.35)-(4.37c) into (4.34), we arrive at

1 2 _1]|? AN 2
e (leg+ ei—e [0~ i [} + 5 Vet

2, o (I+K)¥ ™  (14K)?
<C <“M 273 + 3 ‘

)12, C 2 2
e 1 + 5 (IDU" 3+ 1D-P"})

(1+K)>—2 N (1+K)* N (1 +K)4> 4

212
+c<a M= = - (4.38)

Then summing (4.38) up from 1 to 7, using (4.6d) and remembering e)) =0, it follows that

n
2 2
leillo+vT 3 IVerl

m=1
2 0 (1K) (14K)* & —1|?
SCT(&CM T + 3 1ehm Ho
m=

(4.39)

K} 1+K)%2  (1+K)* | (14+K)*
+C<§+a2M2( iﬁl 4 +3> 4 - ) )h4.
v 1% v 1%
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By Gronwall lemma, we obtain

n
lefllo+vT Y || Vep|ls < CL3K*, (4.40)
m=1

which implies (4.31) holds for m =n. The mathematic induction is closed, and we get
(4.29) immediately.
Finally, assume that & is small enough to ensure that

Lahd <1, (4.41)

then using (3.3a), (3.3b), (4.6¢), (4.29) and the inverse inequality yields

max Ul < max (150" oot el

1<n<N
K
<C1r<nax (HU"H2 fHP”HlJrh 1HehHO)<C<1+ > (4.42a)
max VU3 < max (| VU los+ Ve o)
K
<cmax (104 127y ) <c (14 ). azn)
The proof is completed. O

4.3 The error estimates

Let &) = Uj —I,u", and subtract (4.2) from (2.3) with t =t;, then we have the following
error equations

( (uf —D.u",vy)+ (D (0" —Iu"),vy) — (D&}, vy) —v(VeE],Vvy)
—(divvy, Jyp" —P')+a (\u”|r_2u” —|u! |r72u”_1,vh)
+ua (‘u”” ‘r—Zun,1 — ‘Ihunfl ‘r—ZIhun,1’Vh)
_ r—2
+a <]Ihu”1|r - |up | UZl,vh>

+b(u" —u""Lu",vy,) +b(u" " = Lutut,vy,)
+b(Lu"Lu" — Iu",v,) —b(e) ' Lu",vy,) —b(U) el vy,) =0,

(diVéZ,qh) =0

(4.43)

Next based on the Lemma 4.2, we derive unconditional optimal error estimates of the
fully discrete scheme (4.2).
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Theorem 4.1. Let (u,p) and (U}, P}}) be the solutions of the problems (2.3) and (4.2), respec-
tively. Under the conditions of Lemma 4.1, we have

CL k+1
1r<na<x1\l||eh||0<Ce 5<L6T—|—L7h ) (4.44)

where

~
Q1IN

B M. (1+K)2r—4 KZ

== <DC M 41/2"73 +1/73 7

12:=1 (K2+a2 MR 24K,
1%

KZ KZr -2 K4 K4 )

5
I
N

w
_l’_
=
N
%
r;)
_|_
_|_

Proof. Choosing v, =@} € VhCliv in the first formula of (4.43) yields

1 2
- (1et

=(u! —Dyu",&")+ (D¢ (u" — L,u"),e") +a ( [u"] " ?u"—|u
t h h

—I—tx< u”

-7,

1) +vives

n—1

r—2 1
u"" ey

1 r—2

r—2
u”’l—)lhu”’l) Lu"~ 1,éZ>

0é< n—1 erIh ‘Un 1‘ Un 1 —n
+b(u"—u""Lu", &) +b(u ! = [u" Lu", el
h h
9
—|—b(1hu"*1;u”—Ihu”,éﬁ)—b(éZ*l;Ihu",éZ):é ZSZ-. (4.45)

Then we estimate the nine terms on the right hand-side of (4.45). By (4.11a) and (4.11b),
we can easily derive the temporal error estimates

K2

|51|§IIH?—Dru”HoHéZHOSC T +*HV &, (4.46)
r—2
EE uﬂ—un—luo(\u"—luowﬂ\unuom) e,
K27—2
< Co?MP =74 o 2 |var?, (4.46b)

|S6|§CHV(u”—u H IVu, ||Veh|\0<C—T +7||v &2, (4.460)
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Using the same argument as that in Lemma 4.2, it gives the space error estimates
|S2|+[S4|+|S5|+|S7|+[Ss| +|So|

2
gCL%‘ e ! HO+CL%h2k+2+% INGAHRS (4.47)

Substituting the above estimates into (4.45), it follows that

1 (2
(I

<C <L§’

~n_ =n—1 2
e,

2 v
_n—1 —n(2
1)+ g5 Vel

2
&l HO+Lgr2+L%h2k+2> . (4.48)

Summing (4.48) up from 1 to n and observing that &) =0, we get

n n 2
lerlo+vr Y [IVep|ls<C (Lé Y HéZZ_l H +LgTZ+L§h2k+z> ’ (4.49)
m=1 m=1 0
which together with Gronwall lemma yields (4.44) immediately. O

Then we are in a position to derive the error estimate for || Ve|| o

Theorem 4.2. Under the conditions of Theorem 4.1, we have

C
max || V]|, < —e" 5 (L9T+L10hk>, (4.50)

1<n<N v

where
K
L8121+;, (4.51a)
1+K 2r—4
L3:=K*+a*M2K¥ 2 4 K +a2M2(—£2r)4€CL§L%, (4.51b)
KZ KerZ K4 K4 1—|—K 2r—4 )

Ligi=—7 +a* M~ +V2+V4+oc2M2( VQrL 513, (4.51c)

Proof. First, taking v, =D&} € Vfi" in (4.43) results in
a2,V ~n 2
1D [lo+5 D[ Velo
S(u? - Drun,DTéZ) + (DT (lln - Ihun),DTéZ)

nir—2..n n—1""%. 11 ~n
+af [0 u"—|u u" ", De;

o

r—2
un—l

~1 _1|7 2 -1
u” —‘Ihu” ‘ Lu" ", D.g)
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o

+b(u"— u”_l;u”,DTéZ) —kb(u”‘1 — Ihu”_l;u”,DréZ)

+b(Lu" hu" —Lu",Deel) —b(e) ' Lu", D&}t

|2
Ihu”

r—2
1 o UZ‘l,DTéZ>
A10
—b(U} Y}, Drel): =Y T (4.52)
i=1

Based on Lemmas 2.1, 2.2, 3.1, 4.2, and Theorem 4.1, it is not difficult to check that

Iveil-[ver

ID-&; 5+ - .
<ci3(Ive; I3+ Ve 3) +CL3r>+CLih™. (4.53)
Summing (4.53) up from 1 to n gives
n 5 5 2 n 5 ¢
7Y ||D-e) |5 +vIVer]p<C 78TZ1/]|VEZ1HO+L312+L%OP12 . (4.54)
m=1 m=1

Consequently, by Gronwall lemma, there exists 73 >0 such that when 7 <13, it gives

n
Y IDce 5 +vIVep]§ < Cett (L3 + i), (4.55)
m=1
which implies the desired result. O

Now it remains to derive the error estimate of the pressure. Similar to that of the
semi-discrete case, we first estimate H D.ej H T

Lemma 4.3. Under the conditions of Theorem 4.1, we have

C cr2
ah < VL k . .
1rgr)\anxZ\IHDTeh | 1< ¥ (1+K)ev™s (Lg’f-l— Lyoh ) (4.56)

Proof. Choosing v;, = Ah_lDTéZ € VhCliV in the first formula of (4.43) yields

_1
|A, 2 D<&}||5= (D<&};, A, ' D-#j)
=(u ~Dru", A ' Dref)) + (De ("~ Iyu"), A, ' Dref)

n—1

r—2
"]

—v(Ve), VA, 'De}l)+a <|u”|r_2u”—

o

u”l,AthTéZ>

r—2
un—l

r—2
u”_l—’Ihu”_1’ Ihu"—l,A,;lDTé;;)
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r—2 r—2
+a (‘Ihu”_l‘ B U Ug—l,A,;lDTéz>
+b(u" —u”_l;u”,A}leTéZ) —H)(u”_1 — Ihu”_l;u”,AngTéZ)
+b(Lu" hu'—Lu", A, 'Deel) —b(e) ' Lu", A, ' Deelt)
—b(Uy &), A Deell). (4.57)

Based on Theorems 4.1 and 4.2, and using the similar argument as that in Lemma 3.3
yield the desired result. ]

With the aid of Lemma 4.3 and the inf-sup condition, it is easy to derive the error
estimate for the pressure.

Theorem 4.3. Under the conditions of Theorem 4.1, we have

C L
max [[Jup" il < (1+K)ev8<LgT+L1oh) (4.58)

Finally, from Theorems 4.1-4.3, and the triangle inequality, we deduce the following
error estimates.

Theorem 4.4. Under the conditions of Theorem 4.1, we have

CL k
max [[u" U}, < Ce 5(L6T+L7h) (4.59)
n__yn -~ 1/L k
lrgr}le;xN(HV(u Upll,) < e 8<L97+L10h) (4.59b)
max (|[p"—P!'[l,) < E(1+I<) cig <L9T+L10hk) (4.59¢)
1<n<N h v2

5 Numerical implementation

In this section, we present two numerical examples to illustrate the theoretical analysis.
We take (1=0,1] x [0,1], r=3, a =1 for the two examples.

Example 5.1. Consider the example with the following exact solutions

w=x*(x=1)’y(y—1)(2y—2)e ", (5.1a)
up=—x(x—1)y*(y—1)*(2x—2)e*, (5.1b)
p=(x*—y*e . (5.1¢)

Then the source term f is determined by Egs. (1.1) with the above prescribed velocity and
pressure.

The lowest-order Hood-Taylor element pairs, the triangular P»-P; element pair and
rectangular Q>-Q1 element pair [43], are used. The triangle meshes are obtained from



M. Li, Z. Li and D. Shi / Adv. Appl. Math. Mech., 14 (2022), pp. 248-274 269

Table 1: The numerical results for the P>-P; pair at t=0.5 with T=8h3.

[u"—Ujflo Order [[V(u"-Uj)llo Order |p"—P}llo Order

4x4 6.01239E-5 3.73547E-3 4.94167E-3
8x8 7.12100E-6  3.07779 1.00856E-3 1.88899 1.22546E-3 2.01168
16 x16 8.28573E-7 3.10338 2.57977E-4 1.96698 3.05930E-4 2.00205
32x32 1.00939E-7 3.03715 6.49078E-5 1.99078 7.64692E-5 2.00025

Table 2: The numerical results for the P>-P; pair at =1 with T=8h>.

[u"—Ujflo Order  [[V(u"-Uj)llo Order |p"—P}llo Order
4x4 3.61934E-5 2.26596E-3 2.99743E-3
8x8 4.31891E-6  3.06699 6.11723E-4 1.88917 7.43277E-4 2.01175
16x16 5.02544E-7 3.10334 1.56471E-4 1.96698 1.85556E-4 2.00205
32x32 6.12222E-8 3.03712 3.93686E-5 1.99078 4.63809E-5 2.00025

Table 3: The numerical results for the Qy-Q; pair at t=0.5 with 7=_8h5.

[u"—Ujflo Order [[V(u"-Uj)llo Order |p"—P}llo Order

4x4 5.11023E-5 1.35802E-3 3.99666E-3
8x8  6.49058E-6 2.97697 3.38218E-4 2.00548 9.98989E-4 2.00026
16x16 8.14136E-7 2.99500 8.44598E-5 2.00162 2.49742E-4 2.00003
32x32 1.01867E-7 2.99858 2.11090E-5 2.00041 6.24355E-5 2.00000

Table 4: The numerical results for the Q>-Qy pair at t=1 with T=845.

[u"—Ujflo Order [[V(u"-Uj)llo Order |p"—P}llo Order
4x4 3.09883E-5 8.23743E-4 2.42412E-3
8x8  3.93676E-6 2.97664 2.05140E-4 2.00559 6.05917E-4 2.00027
16x16 4.93804E-7 2.99500 5.12275E-5 2.00162 1.51476E-4 2.00003
32x32 6.17863E-8 2.99858 1.28033E-5 2.00041 3.78690E-5 2.00000

the uniform rectangular meshes by inserting diagonal edges. To confirm our theoretical
analysis, we take T=_8/>, then

max ([[u" = U o +h1|V (" = U+l P ) < CI. 52)
The errors and convergence orders of the two element pairs with v =1 are showed in
Tables 1-4. The errors Hu” =Uhlly [|V(u"=U}) Ho and H p" =Py Ho are convergent at rates
of O(h3), O(h?) and O(h?), respectively. It is clear that all the error estimates are optimal,
which accord with our theoretical analysis completely.
To show the unconditional convergence of the scheme (4.2), we use several different
time steps with a fixed h = 1% at t =1.0. The errors are given in Tables 5-7. It can be seen
that for the fixed h, when the time step increases gradually, the three errors |[u" —U}

OI
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Table 5: The errors of [[u” —Ujl[|g at t=1 with h:ll—6 and T=kh3.

k=2 k=4 k=8 k=16
P,-P; pair  5.04653E-7 5.03862E-7 5.02544E-7  5.00982E-7
(02-Qq pair  4.93417E-7 4.93455E-7 4.93804E-7 4.95599E-7

Table 6: The errors of ||V (u"—U%)||g at t=1 with h={ and T=Kkh3.

k=2 k=4 k=8 k=16
P,-P, pair  1.56471E-04 156471E-04 156471E-04 1.56472E-04
Q-Q; pair  5.12271E-05 5.12272E-05 5.12275E-05 5.12286E-05

Table 7: The errors of |[p" —P}'[|g at t=1 with h:ll6 and T=kh5.

k=2 k=4 k=8 k=16
P,-P pair  1.85555E-04 1.85555E-04 1.85556E-04 1.85556E-04
Qy-Q; pair  1.51476E-04 151476E-04 1.51476E-04 1.51477E-04

[V (u"—U}) Ho and ||p" — P! Ho of the two pairs tend to be a constant, which implies that
the time-restriction is not necessary.

Example 5.2. Consider the lid-driven cavity flow problem. We impose the normal com-
ponent of the velocity to be zero on d() and the tangential component to be zero except
along the top boundary where it is set to one.

In the computation, we use the Q> —Q; element and take v=1,0.1,0.01. Three different
time steps T=0.1,0.01 and 0.001 with a fixed h = % at t =1.0 are tested. The numerical
results along the horizontal and vertical centerline of the cavity are shown in Figs. 1-3.
From these Figures, we can see that almost the same numerical results can be obtained
for the three time steps, which also implies that our scheme (4.2) has excellent stability
with the large time step.
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