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Abstract. In this paper, we consider the numerical solutions of the semilinear Riesz
space-fractional diffusion equations (RSFDEs) with time delay, which constitute an im-
portant class of differential equations of practical significance. We develop a novel im-
plicit alternating direction method that can effectively and efficiently tackle the RSFDEs
in both two and three dimensions. The numerical method is proved to be uniquely
solvable, stable and convergent with second order accuracy in both space and time.
Numerical results are presented to verify the accuracy and efficiency of the proposed
numerical scheme.
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1 Introduction

It is widely known that mathematical models with time delay are of fundamental impor-
tance in many scientific and engineering applications, including economics, physics, pop-
ulation ecology and medicine. As a result, the theoretical analysis and numerical com-
putation of many differential equations with time delay have been studied by numerous
researchers [1,16,23,24]. Fractional differential equations with delay have received a lot
of attentions [2,3,8,40,43,52,63,64] as a result of the development of fractional calculus in
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science and engineering [5, 6,26,27,39,47-49]. As a typical example, the fractional Bloch
equation with delay was proposed to depict the nuclear magnetic resonance [2]. Most
of the problems for fractional differential equations and fractional differential equations
with delay can not be solved analytically. Thereby, numerical treatment for such type
of equations becomes a hot topic in the communities of numerical mathematics. In re-
cent years, the attention on the numerical computations of fractional differential equa-
tions has been discussed by many researchers [7,10-14,19,20,22,42,51,54,55,57,60-62].
For example, in [59] the authors considered a class of variable order fractional advec-
tion diffusion equation with a nonlinear reaction term. The two-dimensional RSFDEs
with nonlinear reaction term was studied in [21]. Recently, the alternating direction im-
plicit Galerkin-Legendre spectral method was proposed to solve the two-dimensional
nonlinear reaction-diffusion equations with the Riesz space-fractional derivatives in [53].
In [58], the authors developed the finite element method to solve the two-dimensional
nonlinear Riesz space fractional derivatives Fisher” s equation. In [56], a finite difference
scheme was proposed for the two-dimensional diffusion equation with the Riesz space-
fractional derivatives.

Very recently, some researchers developed methods on numerical solutions of frac-
tional PDEs with time delay. The finite difference method was developed for solving
the semi-linear space-fractional diffusion equations with time delay in [15]. In [45], the
authors studied a linearized Crank-Nicolson method for solving the nonlinear fractional
diffusing equation with multi-delay. In [41], the authors proposed the invariant subspace
approach to solve a class of time-fractional partial differential equations with time delay.
However, all of the works mentioned above focus on the one dimensional fractional PDEs
with delay. In this paper, we shall develop high order schemes for the semilinear Riesz
space-fractional diffusion equations with time delay in both two and three dimensions.

The rest of the paper is organized as follows. In Section 2, we present the numerical
methods for the two-dimensional and three-dimensional semilinear RSFDEs with time
delay. The stability and convergence of the method are proved in Section 3. Finally, we
carry out some numerical experiments to confirm the theoretical results of the proposed
method in Section 4.

2 Numerical methods for semilinear RSFDEs with time delay

In this paper, we consider the following two-dimensional and three-dimensional semi-
linear RSFDEs with time delay:

o B
a“(g;yrt) :Kxa Lgﬁz"i{’t) +Kya L;(’;g’t) +f(xy,tuu(x,y,t—s)),
1<a,p<2, (xy,t)eQx][0,T], (2.1)
u(x,y,t)=0, (x,y)€0Q), t€]0,T],
u(x,y,t)=¢(x,y,t), (x,y,t) €Qx[—s,0],
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and

ou(x,y,z,t) _K o*u(x,y,z,t) aﬁu(x,y,z,t) LK dTu(x,y,z,t)
ot ' Qx| oly|P =9z
+g(x,y,z,t,u,u(x,y,z,t—s)),

+K,

u(0,y,z,t)=u(Ly,y,z,t) =0, u(x,0,z,t)=u(x,Ly,zt)=0,
u(x’ylolt): ( /y/LZ/ ) O/
| u(xyzt)=@(xyzt), (xyz1t)€(0,Ly)Xx(0,Ly)x(0,L;) %[~

1<w,pB, 'y<2 (x,y,2,t) € (0,Lx) x (0,Ly) x (0,L;) x

where )= (0,Ly) x (0,Ly), and K,,K,,K, > 0 signify the dispersion coefficients, s >0 is a

time delay.
Throughout the paper, we assume that

(A1) the solutions of the problem (2.1) and (2.2) have piecewise smooth derivatives with

respect to f in the subintervals (ns,(n+1)s), n=0,1,2,---,

(A2) the RHS function f in Eq. (2.1) has the first-order continuous partial derivatives

with respect to its fourth and fifth arguments. Moreover, the following Lipschitz
condition

|f(x,]//t/u1,u2) _f(x/y/t/a1/a2) | S Ll ’ul _1’_{1 | +L2 |u2 _l’_l2| (2'3)

holds for all uq, uy, 1y, #iz over [0,Ly] x [0,L,] x [0, T] with the Lipschitz constants f,
B2. Similarly, the RHS function g in Eq. (2.2) has the first-order continuous partial
derivatives with respect to its fifth and sixth arguments, and the following Lipschitz
condition

\g(x,y,2,t,u1,u2) — g(x,y,2,t,i11,12) | < Lq|uy — i1y |+ La|up — iy (2.4)

holds for all uy, uy, iy, fi; over [0,Ly] % [0,L,] x [0,L;] x [0,T], where Ly, Ly, L1, L, are
Lipschitz constants.

The Riesz space fractional operators Ou  u M are Jefined as (see [20])

a[x[*” 3ly|P’ A[z[Y

where

o*u
afe = CeloDri DLl
oPu B B
W = —Cﬁ [ODyu+yDLyu],
Tu
W = —Cf)/ [ODZM—i—ZDZZu],
1 1 1

:71 C T N C 7’
2cos(7}) g 2COS(%ﬁ) " 2c0s(5)
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and

o 1 82 X —
ODXM(X,y,t)ZF(z-tX)WA (t_T)l M(T/y/t)dT/ (253)

. 1 9 L L
DL"u(x'y’t):F(Z—zx)aﬂ/x (t—7) " %u(T,y,t)dr. (2.5b)

In a similar manner, we can define the other space Riesz fractional derivatives with re-
spect to y and z, respectively.

Next, we define T=T/N, t,=nt,n=0,1,---,N, s=mt. Let h, = Z\L/I—i, x; = ih, for

i=0,1,--- Mx,andhy:%,yj—jh forj=0,1,--- My,hzzﬁ,zk:kh for k=0,1,---,M, be

the space step-sizes. Defme ul'; as the numerical approximation to u(x;,y;,t,) and u! i) as

i,j
the numerical approximation to 1 (x;,y;,z, ). Denote Q0 ={ (x;,y;)|0<i<M,, O§]§My},

QO =0NQ, 00, =0, N0,

={v[v={v;;}, 0<i< My, 0<j< My},

={v[v={v;;}, 0<i< My, 0<j< My, v;; =0, if (x;,y;) €9y }.
In addition, we define the following operators

5 o2 1 (vn—i-l _ot ) o2 —
1,] 4

n+1 n
ij ij vl o).

=)
In the following, we review some useful lemmas.

Lemma 2.1 ([20]). Suppose that 1<y <2, v(x) € C>[0,L]. Ifv(x) =0, Vx € (—00,0]U[L,+00),
then

i+1
oDYv(x;) ZwA, o(Xi_g1) +O(H?), (2.6a)
. 1 M= l+1 ) )
xDLU(xi):m Z Wy U(xi+k71>+0(h )/ (2.6b)
k=0
where
©_ 7 _ (1

Wy —Ego ’

K_Y 2—7
o) =35+ 58

+1
&' =18 =0-" gl k=12

Lemma 2.2 ([20]). Suppose that 1 <y <2, then { g,(f)} satisfy

g(()’Y) — 1’ g

,M
|
N
&

N
Vv
e

m (2.7)
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Lemma 2.3 ([20]). Suppose that 1 <y <2, then {wgk)} satisfy

2—y—n2 244
WO TG _2TEY o ety
2 4 2.8)
12w§2)_w§3)2 >0, ngk):o, ngk)<0, m>?2
k=0 k=0
2.1 The two-dimensional case
Now, in order to approximate (2.1), we use
y gy
au(x,y,t) _ i l’]—|—(’)(12):(5tu?*1/2—|-(’)(T2). (2‘9)
at (x,',y]‘,tn+%) T Z
According to the method of [20], we have
o*u(x,y,t)
a|x|* (Xiryjzf,,+% )
i+1 My —i+1
[(Zwa u(xi_ 1+1,Yj» tne1)+ Wy u(xi+l—1/yjztn+1))
1=0
1+1 Mx*l+1 (l)
+(Zwa xzfl+1/y]'/tn)+ Z Wy ”(%Hlﬂjz%))}*‘o(ki)/ (2.10a)
1=0
9bu(x,,0)
oylf Ty, )
j+1 My—j+1 0
[(Zw u(xi Y-t ten)+ ), wp (xiryj+l—1/tn+l)>
2 v) 1=0
j+1 My—j+1 ()
(Zw xl/y] l+1/tn + Z (U xl/y]-i-l l/ti’l)):|+0(h§) (Zlob)

For the nonlinear reaction term, by using the Taylor expansion, we can obtain the follow-
ing approximation:
fiyjty (XYt 1) u(xi,yjt, .1 —5))

3 1
:f(xi/yj;tn+%/§“(xi/]/jrtn) — Eu(xi,yj,tn,1),u(xi,yj,thr% —S))+O(~(2>

3 1 n+l_
~f (Yt il = Sl Lup ) +0(7). (2.11)
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Therefore, the numerical method for (2.1) is determined by the following finite difference
equation

u;fl]_u;’l] 1 K C“ i+1 My—i+1 o)
- — = (Zwa u(Xi—141,Yjstnr1) + Z Wy ”(xi+lfllyj/tn+1))
T 2(hy)" i
(Zwtx xl—l+1lyjltﬂ>+ Z Wy “(xi+l—1/yj,fn))]
1=0
K.c j+1 | My—j+1 n
—yﬁﬁ{(zwé) (XiYj—141,tn1) + Z w (xiz]/j+l—1rtn+1)>
2(hy)" LN i=0
j+1 My—j+1
(Zw xzry] l+1/tn + Z (,U) xzzy]+l 1rtn)):|
=0
3 1 —1 n+f—m
‘*‘f(xi/yj'tn%i“z]‘_ﬁuzj‘ My ) (2.12)

Clearly, the numerical method (2.12) is consistent with order O (2 +h2 +h§).
Define the following fractional partial difference operators:

Oy ?]_ [szx xl—l+1/]/j/tn>+ Wy u(xi+l—1/]/j/tn>:|/ (2.13a)
I=0
K c j+1 My—j+1 n
Sult=——1F [Zw (bt L o 8 (Y11t )]. (2:13b)

By means of these operator definitions, the numerical method (2.12) can be written as

3 1 1_
5t”:1]+1/2 O ”+1/2+55 ”+1/2+f(xi,yj,tn+%,§u?,j—Euzj’l,uz;” m) (2.14)

or

(1_7504_755) n+1

2 2
_ T 5B 3 L op1 ntj—m
1<i<M,—1, 1<j<M,—1. (2.15)

The boundary and initial conditions are discretized as

Mg,j:M(O/yj/tn) 0, ”nMx,j:u(Lx/yj,tn): ,
M?O: (xilo tn) 0/ MZMyZM(xi,Ly,tn):

= @(ihy,jhy,kt), k<O0.

0
0

7
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The operator form (2.15) can be written in the following directional separation product
form named as alternating direction implicit methods (ADIM)

_I o _I B n+1
1 25") 1 2@)”14
T T 3 1,1 n+l-m
= <1+§5f§> <1~|—§55>u?,j—|—'tf (xi,y]-,tn+%,§uﬁj— Equ 1/”1',]' : >,
1<i<M,—1, 1<j<M,—1, (2.16)
which introduces an additional perturbation term C [5;‘(‘(55 ] (uZ”]Jrl ‘H‘Zj)- Clearly, this method

is consistent with order O(t2+h2+ h;)
The method (2.16) can now be solved by the following iterative scheme:

e First, for each fixed y;, solve the problem in the x-direction to obtain an intermediate

solution L‘tl" j in the form

(1-38)m;"
T T 3 1 n+lo
— <1+ 55;‘) (1 + 555) uffj+Tf (xi,yj,tﬁ%,iuﬁj — *”Zj 1,qu 2 m) . (2.17)
e Second, for each fixed x;, solve the problem in the y-direction,

(1— %55) Wit =aitt, (2.18)

The boundary and initial conditions are discretized as

uO] M(O/yj/tn)zol unMx,]':u(LX/yj/tl’l):O/

uzO_u(xiioltn):O, uzMy:M<xl',Ly,tn):0,

L_IQ]: , L_IMX,]—O,
and

ul]—cp(zhx,jhy,kr), k<0
Let
Kycy Ky05
T ) T 2y P
Y
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where
( rxw,gffjﬂ) for j<i—1,
rx(w,go)+w,§2)) for j=i—1,
dii]: 2rxw’§(1) for ]:1/ (219&)
rx(w,go)+w,§2)) for j=i+1,
\ rxwlgj_iﬂ) for j>i+1,
rng*jﬂ) for j<i—1,
ry(wlgo)+wl(32)) for j=i—1,
d =3 2r,w) for j=i, (2.19b)
ry(wl(zo)—i—wéz)) for j=i+1,
rng_iﬂ) for j>i+1.
Let
(I-Dy)ul =i, 1<0<M,—1, (2.20)

where ull = (“Z,l/”g,zf' . ,uZ,M}/fl)T, Ty = (ﬁZ,yﬁZ,zr' - ,ﬁgerl)T. Then (2.17) can be rewrit-
ten in the matrix form
(I4+Dy)iiy, = (I—Dy)iiz,+Tf, 1<w<M,—1, (2.21)

* _ (-~ ~ ~ T n _ (71 =1 =1 T
where w3, = (1,0, 82,0, M, —~1,0)" 5 oy = (] 4, 05 4 pg 1)

3 1 1_ 3 1 1_
_ n n—1 ntz—m n n—1 ntz—m
f_(f(xlfyw'thr%’EuLw_Eul,w ’ul,w )'f(xZIyw'tn+%’§u2,w_§u2,w ’u2,w ’

3 1 1 T
n n—1 nt+g—m
e /f (xfollyw’tn-i-%’Equ—l,w - Equfl,w’qu—l,w>) .

Similarly, (2.18) can be written in the matrix form

(I+Dy)art =n3,1<v<M,—1, (2.22)
an+l _ (n+1 n+l  on+l T n%x_ (70 a0 ... 7" T
where 77} —(uvl1 JUys ,uU,My_l) iy = (i) |11} 5, ,Mv/My,l) )

2.2 The three-dimensional case

Next, we discuss the numerical method for three-dimensional case. We can construct the
numerical method for (2.2) as follows:

n+1/2

_ s, n+1/2 | Bon+1/2 | v, n+1/2
ik =d6yu +dyu +o;u

oru ijk ijk Uik

3 1, +1
+g (Xi/yj,zk/tn+%, E”gj,k - Eu?,j,kl'u?,j,kz m) , (2.23)
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or
T Tp T "
(150 00— 5o Ju
T T T 3 1 .1 n+l-m
— (1+§5f§—|— 555+§5Z) uﬁj,k#—’rg<xi,y]-,zk,tn+%,§u§f].’k_ E”Zj,klf”i,j,kz ),
1<i<M,—1, 1<j<M,—1, 1<k<M.-1, (2.24)
where
Kooy L Miitl
ﬁuﬁj,k:_ﬁ Yolul o+ Y w;)u;@l_l/}.’k}, (2.25a)
x) t1=0 1=0
K.c j+1 My—j+1
yp ! !
‘55”Zj,k:_ B Zwé)”Zj—l+l,k+ Y w,(;)uﬁj+z_1,k]f (2.25b)
(hy)" LS =0
K.c k41 ] M, —k+1 i
5;/‘”2]',1(2 - (hz )'{YY Zw'()‘)ug]’,k—l—i-l_'_ Z w'()‘)ug]',k+l—1:| . (225C)
z) =0 1=0

Moreover, the operator form (2.24) can be written in the following directional separation
product form

(56) (1-30) (134
=(1+ %&'é) (1+ %55 )(1+ %53 Jutiptg (xi/yjfzk/thr%’%qu/k_ %“Zﬁkl""z;k%_m)’ (2:26)

which introduces an additional perturbation error equal to O(7?). The additional pet-
turbational error is not large compared to the approximation errors for the other terms
in (2.24), and this method is consistent with order O(72+h2 +h§+h§). The method (2.26)
can now be solved by the following iterative scheme:

e First, for each fixed Yir Zk,s solve the problem in the x-direction to obtain an interme-

diate solution #} ik in the form

(-5 () (1 58) (150
+1g <xi,yj,zk,tn+%, %“?,J‘,k — %“ﬁﬁkl,“zjf _m) , (2.27)
e Second, for each fixed x;, zx, solve the problem in the y-direction,
(1—To) )l =l (2.28)
e Finally, for each fixed x;, y;, solve the problem in the z-direction,

(1—76)uj il =07 (2.29)
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The boundary and initial conditions are discretized as

”g,],k— (O y]rzkrtn) 0 UM ]k—M(Lx,y],Zk,tn) ,
M?/O/k = M(X ’O’Zk’t”> =0, i,My,k - (any/Zk, ) 0,
uijo=u(xi,Yj,0,tn) =0, uiir, =u(xiyj Lz, ta) =0,
I
ui,],k - (P( X/]hy/khZ/lT) l S 0/
and
I . B
g,k =0, i,k =0
AN _ AT o
Uipx =0, Ui m, k= 0-

3 Theoretical analysis

Without loss of generality, we present the proofs of stability and convergence of the pro-
posed method for solving the two dimensional semilinear Riesz space fractional diffusion
equations with time delay in this paper. The three dimensional case can be proved by fol-
lowing similar arguments. For any grid functions u,v € f/h, we define the inner product

and norm as
M,—1My—1

U):hxhy Z Z Ui i, [ul| = \/ (u,u).
i1 =1

In addition, we introduce the following useful lemmas which play important roles in the
subsequent analysis.

Lemma 3.1. Suppose that 1 <«,B <2, Dy, D, are defined as (2.19a) and (2.19b) respectively.
Then Dy, Dy are strictly diagonally dominant.

Proof. Firstly, we prove that Dy is strictly diagonally dominant. Since 1<a <2 and K, >0,

s0 ¢y <0 and r, <0. Then dx >0, df‘] <0, (i#]). From Lemma 2.3, we have

My—1 i o Me—i ) )
) || :—rx( ) w4 ) w,@) < —rx(—cu,gé ) _wl )) 27wl )—d" (3.1)
=Tt R Ry )

Then, Dy is strictly diagonally dominant. Similarly, we can prove that D, is strictly diag-
onally dominant. O

Lemma 3.2. Suppose that 1 <w,B <2, Dy, D, are defined as (2.19a) and (2.19b), respectively.
Then Dy, Dy are symmetric positive definite.
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Proof. In view of (2.19a) and (2.19b), the symmetry of Dy, D, is evident. Let A, be one
eigenvalue of D,. According to the Gerschgorin’s circle theorem [46], we have

M,—1
Av—df| < Y ldfl.
j=1j#i
Then
M,—1 M;—1
dii— ) |dfI<Ac<di+ ) |dfl.
J=Lj# j=Lj#
By using Lemma 3.1, we have A, >0, thus D, is positive definite. Similarly, we can prove
that D, is positive definite. O

Lemma 3.3 ([50,56]). Forany ue V,,, there hold (6%u,u) <0, and ((Syﬁu,u) <0.

Lemma 3.4 (Gronwall’s inequality [44]). Suppose that {k,} and {p,} are nonnegative se-
quences, and the sequence {¢, } satisfies

n

n—1 -1
P0<q0, Pn<qo+Y_p+Y.p, n>1,
1=0 =0

where qo > 0. Then it holds that

{pn} < (qo+jipz)e><p (jsz), n>1. (3.2)
=0 =0

Theorem 3.1. The difference scheme (2.15) is uniquely solvable.

n+1

Proof. Consider the homogeneous form of (2.15) and taking the inner product with u} i

we have

(1) S () = Z () =0, ©3)

It follows from Lemma 3.3 that
(uk+1,uk+1) — Huk-H ||2 < 0.

Thus, ||u**1|| =0 and ui.‘l;rl can be solved uniquely. The proof is completed. O
Theorem 3.2. The difference scheme (2.17)-(2.18) is uniquely solvable.

Proof. According to Lemma 3.2, we know that [+ D,, [+ D, are strictly diagonally dom-
inant. Then I+D,, I+D, are invertible respectively, which means that the difference
scheme (2.17)-(2.18) is uniquely solvable. O
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Theorem 3.3. If the solution of the problem (2.1) satisfy the conditions (A1) and (A2), the method
(2.15) is convergent. Moreover,

le" | <C(hi+hy+7%), 1<n<N,

where e?,]. =u(x;yjtn) —u i 0<i< My, 0<j<M, denotes the corresponding error, u ,(0<

i<My, 0<j<M,) be the numerical solution of the corresponding difference scheme (2 15),
C=c1T\/LyLyexp(8T(L1+Lz2)), c1 is a positive constant.

Proof. Obviously, we have

sl =g e qal el el (st ol )
_f(xiryjrtn+%r§”(xiryjrtﬂ) - %u(xiryj/tnfl)r%“(xi/yj/tnﬂfm)
+u(xi,yj,tn_m)) +RIF2, (3.4)
According to (2.12)-(2.15), there exists a positive constant c; such that
R <er(B+hg+7%), 1<i<My—1, 1<j<My—1, 0<i<N-1. (3.5)
As a result, we can show that
5ent1/2 — %52‘ (e +e")+ %(55(€n+1 +e") L /2 grtl/2) (3.6)

where

n+1/2 _ [ pn+1/2 pn+1/2 _ o 3 4 1 g ntlom
i _{FW IEy =1 (x“yf’tw%'z”ilf Sij Mij

3 1 1
—f(Xi,yj,fn+%,§u(xi,yj,fn)—Eu(xi,]/j,tn—l)IEM(Xi,yj,th—m)+M(xi,]/j,tn—m)),
1<i<Me—1,1<j<M,~1}, 0<n<N-1.

Furthermore, according to the Lipschitz condition (2.3), we can obtain

3 0 1 uq n+i-m
. . _ _ - 2
‘f(xlly]’tn—&-%’zui,j SHij i )

3 1 1
_f(xi/yj/tn+lr§”(xi/yj/tn) - Eu(xi/yjrtn—l)/i(u(xiryjrtn—i—l—m)+”(xi/yj/tn7m))
1
1— _
‘26 _76 ‘+L ‘2 e " zeyfm‘

ety [) a3+ ) ®7)

<L1<‘ 2
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Making the inner products of (3.6) with €"1/2, then we have

(5t€n+1/2,€n+1/2):(%§§(€n+l+€n)/€n+l/2)+<%(55(€n+1+€n)/€n+1/2)

+(Fn+1/2/€n+1/2)+(Rn+1/2 €n+1/2). (3.8)
Noting that
(1 o/ n+1 n n+1/2 1 o/ n+1 n n+1 n
§5x(€ +€"),e >:1(5x(€ +e"),e" T +€"),
1 af n+l ny n+1/2\ _ 1 B/ n+1 ny n+1 n
(Z,By(e +e€"),e >—4(5y(e +e"), e +€"),

it follows from Lemma 3.3 that
1 1
(Fo5(em 1 +em), e 12) <0, (FBy(e 4em),em 12 <0, (39)

Moreover, we know that

1 1
((5t€n+1/2,€n+1/2) _ E(erﬁl _€n,€n+1 +€n) _ E(Henﬂ HZ_ HEHHZ)' (3.10)

By means of (3.7) and the Cauchy-Schwarz inequality, we have

(Fn+1/2,€n+1/2) < Hpn+1/2H . Hen+1/2H

1 3 3 1
<= Yon > n%lfm‘ ‘7 nfm‘ H n+1 n
—2HL1(‘2€W )J“Lz(}zew 126, ) €™+

<(Ly+La)([le" I+ €D -(le™ [+ le" I+ le" [+ [le" =™ [1)- (3.11)

1 n—1
+3e

For the third term on the right side of (3.8), we can obtain
1
(RT2,em71/2) < || RT2 e V2 < SRV (fle |+ le"]). (3.12)

Substituting (3.9)-(3.12) into (3.8), we obtain that

n+1||2_
2T

le le™]|?

<(Lat L) (e + e )- 1€+ "2+ e )
1
+§HR"“/2H'(H€"“H+H€”H)/ (3.13)
namely,

e < le” I 4+22(La+ La) (e |4+ €+ e [+ e )+ T|R™2). - (3.14)



S. Yang, Y. Liu, H. Liu and C. Wang / Adv. Appl. Math. Mech., 14 (2022), pp. 56-78 69

Replacing 7 by k and summing over k from 1 to 7, and noticing €¥=0 for —m <k <0, we
have

n n
le I <[l +87(Li+L2) Y [l ll+7 ) IR*/2]
k=1 k=1

n n
=87(L1+L>) Y_ ||| +7 Y IRF/2. (3.15)
k=1 k=1

In view of (3.5), we obtain
n n
le™ | SST(LH—Lz)kz1 HekH+TkZ;c1, /LxLy(h§+h§+TZ)

n
<[|€°]|+87(L1+La) Y ll€"|[+-c1T/LaLy (Wa+hy+12). (3.16)
k=1

Using the Gronwall Lemma 3.4, we have

le" || <c1Ty/LyLyexp(8nt(Ly+Ly)) (h3+H2+1%)
<c1T/LyLyexp(8T(L1+Ly)) (W5 +hy+7%), 0<n<N-1. (3.17)
Consequently,
le"| <C(B3+hy+7%), 1<n<N, (3.18)

where C=¢1 T, /LxLyexp(ST(L1 +Ly)), c1 is a positive constant satisfies (3.5). The proof
is completed. O

Next, we will analyze the stability of the scheme (2.15). Let U}; be the solution of
T T 1
(1308 p0)u
:(1+ 5a_|_ (5[3) un +Tf(xz,]/], +1’ un _7un 1 un-‘rz_m),
1<i<M,—-1, 1<j<M,—1 (3.19)

3

The boundary and initial conditions are discretized as
Ug;=u(0,yj,tn) =0, Uy, j=u(Ly,yj,tn) =0,
Ufy=u(x;,0,t,) =0, Uiy, =u(xi, Ly tn) =0,
Uffj (zhx,]hy,kr)a+1pi’fj, k<0.

Then, we can obtain the following stability result.

Theorem 3.4. The difference scheme (2.15) is unconditionally stable.
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Proof. Let ulffj, (0<i<M,, 0<j<M,) be the numerical solution of (2.15). And st:U{fj—qu,
0<i<M, 0<j<M, denotes the corresponding error. Then, we have

sl 2= Qe el g ) (i U U )
—f (xi,yj,tn+%,guﬁj — %ug;lluz;_%_m>’ (3.20a)
g i=vij, 0<i<My, 0<j<M,, -m<n<0, (3.20b)
el;=0, (xyy;)€dQ, 1<n<N. (3.20c)
Similar to the proof of Theorem 3.3, we have
n 0
Jer < e 8L L) L e +4tLa 32 (321)

It follows from Lemma 3.4 that

0
le < (el +4La 3 [1€4]l) exp(8nT(Li+L2)

k=—m

0
< ([l +47Ls 3 (1€ ) exp(8T(Li+L2))
k=—m

<(1+4sLy), /LxLyexp(ST(LlJrLz))KKM max 9fl. (3.22)
T miko
The proof is completed. O

Remark 3.1. Similar to the proofs of Theorem 3.3 and Theorem 3.4, it can be proved that
the following results hold

o If the solution of the problem (2.2) satisfy the conditions (A1) and (A2), the method
(2.24) is convergent. And the convergence order is O (h2 —l—hi +h2+12).

e The difference scheme (2.24) is unconditionally stable.

4 Numerical examples

In order to verify and demonstrate our theoretical results, we present some numerical
examples in this section. Define the error and convergence orders as

Bz hy T) = 1Si£}\ﬁ?égw,Iu?,]-—u(xi,y]-,tn) -
1<n<N
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E(hX/hy/hZ/T) :1<i<A1/‘Irl?§j<M |u2j/k_u(xi/yjlzk/tn)‘/
SIS My, 155 My,

1<k<M,1<n<N
E(2hy,2h,,27)

E(2hy,2hy,2h,27) )

OT’d@?’:logZ ( E(hx/hy/hZ/T)

) or Order=log, (

Example 4.1. Consider the following two-dimensional Riesz space fractional diffusion
equations with delay

ou(x,y,t) _x o*u(x,y,t) oPu(x,y,t)
at " 9xe Yyl
+f(x,y,tu(x,y,t),u(x,yt—s)), t€l0,T], 4.1)
u(x,y,t) =x2(x—1)2y2(y—1)%e", tel—s,0, 0<x<1, 0<y<l,
u(0,y,t)=u(1,y,t)=0, u(x,0,6)=u(x,1,)=0, 0<t<T,

where T=2,5=0.5, Ky,=K,=1,1<¢a,<2,

Flxytu(xyt)u(xyt—s))
=(u(x,y,t)u(x,y,t—s))> —u(x,y,t)— (xy)8(1 —x)B(1—y)e 4+

Kxeityz (y_ 1)2 24 —u —a
2cos(*t) {F(S—a)[X4 (1=

12 4. - . B
_F(4—0<)[x3 +(1-2p Hr(:s—oc)[x2 +(1-x)? ]}

i e
Ky€2css((;})l) {r(52i5) P+ -yt - r(ﬁﬁ) [P P4 (1—y)> P
+r(32_ B) v P19 P

and the exact solution is
u(x,y,t)= x2 (1— x)2y2 (1 —y)ze’t.

One can directly verify that the RHS term satisfies the Lipschitz condition (2.3). When
x=16, =16 and a =15, f=1.8, the errors and the computing orders of (2.17)-(2.18)
are shown in Table 1. The numerical results show that the error is very small, and the
convergence order is close to 2. Fig. 1 shows that numerical solutions and absolute errors
of (4.1) att=1 for a = =1.6 with h, =h,=7=1/80. The corresponding results of (4.1) at
t=1 with « =1.6, $=1.8 are shown in Fig. 2. From the above tables and figures, we can
see that these numerical results are consistent with the our theoretical results in Section
3.

Example 4.2. Consider the following Riesz space fractional diffusion equations with de-
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Table 1: The errors and convergence orders of the method (2.17)-(2.18).

x=16,p=16

x=15Bp=18

T=hy=hy E(hyhy,t) Order | T=hy=h, E(hyhy,7) Order
25 3.4911E-05 25 3.5631E-05
1 8.5541E-06  2.0290 1 8.7483E-06  2.0261
& 2.0944E-06  2.0321 & 2.1493E-06  2.0251
I 5.1331E-07  2.0286 oo 5.2789E-07  2.0256
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Figure 1: Numerical solutions and absolute errors of (4.1) by using the method (2.17)-(2.18) at t=1 with
x=1.6, =1.6, hy=hy=1=1/80, (a) numerical solutions, (b) absolute errors.
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Figure 2: Numerical solutions and absolute errors of (4.1) by using the method (2.17)-(2.18) at t=1 with
a=15,p=1.8, hy=hy=71=1/80, (a) numerical solutions, (b) absolute errors.

lay

*u(x,y,z,t) Pu(x,y,z,t)
9 x| T olylf K

+f(x,y,z,t,u(xy,zt)u(xyzt—s)), tc[0,T],

u(x,y,z,t) =x2(x—1)2y?(y—1)%z2(z—1)%et, te[-s,0],
0<x<1, 0<y<1, 0<z<I,

u(0,y,z,t)=u(l,y,z,t)=0, u(x,0,zt)=u(x1,zt)=0,

u(x,y,0,t)=u(x,y,1,t)=0, 0<t<T,

ou(x,y,zt) aTu(x,y,z,t)

=K
ot x

(4.2)
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Table 2: The errors and convergence orders of the method (2.27)-(2.29).

a=12,p=12,7=12
T=hy=hy=h; E(hyhy,h;,T) Order
6.3469E-06
1.5913E-06 1.9958
3.9605E-07 2.0065
9.8278E-07 2.0107
x=17,p=18,7=19
T=hy=hy=h; E(hy,hy,h;,7) Order
3.4262E-06
1.1281E-06 1.6027
3.0127E-07 1.9048
7.4678E-08 2.0123

eSS

SESESESTE

where T=2,5=0.5, K,=K,=K,;=1,1<ua,8,7<2,

f(x,y,z,tu(x,y,zt),u(xyzt—s))

=u(x,y,z,t)u(x,y,z,t—s)—u(x,y,zt)— (xyz)4(1 — x)4(1 —y)4(1 —2)4(2’%+S

+ K"etyzézo‘s}g (=17 {F(Sﬁ) 0 (1= )4

g I e b (1))

- r(ﬁﬁ) > P+ (1-y)> P+ r(32—/3) P+ (1-y) Pl
e U (e -
e U= s T -2,

and the exact solution is
u(x,y,z,t) =x*(1—x)%y*(1—y)*2*(1—z)% .

Similarly, one can verify that the RHS term satisfies the Lipschitz condition (2.4). We
list the errors and convergence orders of (2.27)-(2.29) in Table 2 with respect to hy =h, =
h,=7. The presented results clearly indicate that the method (2.27)-(2.29) is almost second
order accuracy. Fig. 3 shows that the numerical solutions and absolute errors of (4.2) at
t=1,z=0.5 for a = =7 =1.2. The corresponding numerical results for (2.27)-(2.29)
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Figure 3: Numerical solutions and absolute errors of (4.2) by using the method (2.27)-(2.29) at t=1, z=0.5
with a=B=v=1.2, hy=hy=h, =71=1/40, (a) numerical solutions, (b) absolute errors.

x10°

/ ‘0‘0 \\ \
l;'l' ‘ ‘\\\\
"/’/II %, “ S
7 I/'I 0‘:““\‘ \\\“\‘ N
““‘ o ‘\ ‘“ \\\‘

(a)

Error

"':

i
‘\\\\\\,,fz:e;"f"

"‘/‘/5'0“\\\\\ \\\\\

i

!"\41

(b)

Figure 4: Numerical solutions and absolute errors of (4.2) by using the method (2.27)-(2.29) at t=1, z=0.5
with x=1.7, =18, y=1.9, hy =h,=h, =1=1/40, (a) numerical solutions, (b) absolute errors.

with « =1.7, B =18, v =1.9 are shown in Fig. 4. As we all known, it is very difficult
to solve the three-dimensional fractional differential equations. From the above tables
and figures, we can see that the proposed methods is efficient and accurate to solve the
three-dimensional semilinear Riesz space fractional diffusion equations with time delay.

5 Conclusions

In this paper, second order implicit alternating direction methods have been constructed
for solving a class of two/three-dimensional semilinear Riesz space fractional diffusion
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equations with time delay subject to homogeneous Dirichlet boundary conditions. We
established the sharp stability and convergence estimates for the proposed numerical
methods. The benchmarking numerical examples verify the effectiveness and efficiency
of our numerical scheme. For the future study, we plan to apply the newly derived
numerical methods to some inverse problems in the fractional setting, say in particu-
lar the Schiffer problem, which is a longstanding problem in the inverse scattering the-
ory [4,9,17,18,25,28-38], but was recently solved in the fractional setting associated with
the fractional Helmholtz equation [5].
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