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Abstract

This paper considers adaptive point-wise estimations of density functions in GARCH-
type model under the local Holder condition by wavelet methods. A point-wise lower bound
estimation of that model is first investigated; then we provide a linear wavelet estimate to
obtain the optimal convergence rate, which means that the convergence rate coincides with
the lower bound. The non-linear wavelet estimator is introduced for adaptivity, although it
is nearly-optimal. However, the non-linear wavelet one depends on an upper bound of the
smoothness index of unknown functions, we finally discuss a data driven version without
any assumptions on the estimated functions.
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1. Introduction

The density estimation for the GARCH-type (Generalized Autoregressive Conditionally
Heteroskedastic) model plays an important role in both statistics and econometrics [5]. In
this current paper, we consider that density estimation model which can be described by the
following mathematical model:

Y =X2Z, (1.1)

where X and Z are independent random variables. More precisely, the unknown density func-
tion f of X is to be estimated and supp f C [0, 1], while the density of Z is known. In general,

we suppose that
v
Z = []u.
i=1

where v is a positive integer and Uy, - - - , U, are independent and identically distributed (i.i.d.)
random variables with uniform distribution Ug,;). When v = 1, model (1.1) reduces to the
standard multiplicative concerning model, for which is sometimes called generalized multiplica-
tive censoring model [1-3,18,19]. The purpose is to find an estimator fn based on the i.i.d.
observed data Y7,---,Y, of Y approximating the unknown density f in some sense.

For the GARCH-type model, lots of literatures have been done the density estimations over
LP-risk by wavelet methods [4,6-9, 16]. Asymptotic properties of the kernel estimators for a
density derivative have been considered earlier in [15], while the performance of wavelet estima-
tor was discussed in [16]. In 2012, Chesneau & Doosti [9] investigated the wavelet estimation of
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a density in GARCH model under various dependence structures. One year later, Chesneau [8]
provided the upper bounds over L?-risk of wavelet density estimation for GARCH-type model.
Rao [16] considered L?-risk estimation for the derivative of a density in GARCH-type model
over Besov balls by wavelets in 2017. After two years, Cao & Wei [4] extended Rao’s result to
LP-risk (1 <p < o0).

In contrast to the above LP-risk estimation, we consider point-wise risk estimations for
model (1.1) in this paper, because it is more concerned in some applications. For a density
function set ¥, the maximal point-wise risk at x € R over ¥ means that

1
Pi|;

with 1 < p < oo and EX being the expectation of X. An estimator ﬁ*{ is said to be the optimal
over %, if

Ryn(fos B.) o= sup | B| ful) = f(2)

fex

Rp,n(ﬁtv %, .’L‘) 5 ir}f Rp,n(]/[;za X, :E)u

In

where the infimum runs over all possible estimator of f € ¥. Here and throughout, A < B
denotes A < ¢B for some independent constant ¢ > 0; A 2 B means B < A; A ~ B stands for
both A < B and A 2 B. Clearly,

R:Dm(ﬁ';v X, ‘T) > iflf Rp,n(ﬁu X, ,T)

n

holds automatically.

It is more reasonable to estimate f(xg) (for fixed xy € R) under some smoothness of f in a
neighborhood 2, of z( instead of R. For a function f on R¢ and zy € R?, we introduce the
local Hélder condition of order s (0 < s < 1) at o in the sense that with C' > 0 and €,

1f(y) = f(@)] < Cly — 2 (1.2)

holds for each z,y € Qy,. We use H*(§2y,) to denote all those functions satisfying (1.2) with a
fixed constant C' > 0.
For s = N + § with 6 € (0,1] and N € N, define

H (o) 1= {£, fN) € H'(Q,) .

More properties and advantages of the local Holder space H*({2,,) can be found in Ref. [14,20].
Moreover, H®(£),,, M) stands for

H?(Qyy, M) :={f € H*(Qy,), fis a density and ||f|lcc < M}.

Obviously, H*(Q,, M) C L?(R), because

/R|f<x>|2da: < llellflls < MIfll < oo.

This paper is organized as follows. In Section 2, we shall give a lower bound estimation of
a density in GARCH-type model. Let f,, be an estimator of a function in H*(Qy,, M). Then
with 1 <p < o0,

1
~

Fal@) = f@)|]" 2 0w

sup inf sup {E
2€Qay fn fEH (Qay, M)
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Section 3 shows firstly the linear wavelet estimator Jﬂnm attaining the optimal convergence
rate n~ %21 on H 5(Qye, M). Due to the non-adaptivity of ]ﬂnm’ the non-linear wavelet
estimation is then provided, which turns out to be adaptive and nearly-optimal (optimal up
to a Inn factor). Because the non-linear wavelet estimator depends on an upper bound of
the unknown parameter s, we finally consider a data driven version in the last section, which
is motivated by the work of Rebelles [17] and Goldonshluger & Lepski [11], and has a better

convergence rate than that of the non-linear wavelet one.

2. Lower Bound

We shall provide a point-wise lower bound estimation for densities in model (1.1) in this
section. Firstly, the relationship between the densities of X and Y should be clarified. By the
assumptions on Z, the density function of Z is

fz(z) = © _1 1)!(—1112)”_1, z € (0,1). (2.1)

In fact, (2.1) can be proved by induction. Clearly, fz(z) = 1 with z € (0,1) for v = 1
(Z = Uy ~ Ugg1y). Moreover, when v > 2, Z = [[_, U; = [['=] Uy - U,. Let

= (U_2)!(—1nx)”72 0<z<1).

Then for z € (0,1),

v—1

1 z 1 z
P{Z <z} = P{H U -U, < z} = /0 /0 furv,_, (z)dxdy +/ /0 fuiv,_, (x)dydz

=1
z 1 Py
_A fUl"'Uv—l('r)d'r+/ EfUl"'Uv—l(I)dI'

Hence,

1
fz(Z)Z/ éfUl"'Uv—l(x)dx

1

1
= —/Z m(—lnx)vfzd(— Inz) =

with z € (0,1).
As in [4,8,16], we assume that there exists a positive constant C, such that

sup fy(z) < C.. (2.2)
z€[0,1]

For any z € [0,1], h € C*(]0,1]), define

T(h)(z) := (xh(z))" = h(x) + zh'(z),  Ti(h)(x) := T(Tp-1(h))(x),
G(h)(x) == —al'(x),  Gi(h)(z) = G(Gr-1(h))(x),

where k is a positive integer. Then the following lemma holds, which can be found in Ref. [4,8].
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Lemma 2.1 ([4,8]). Let G and T be defined as above. Then

(). fx(@)=Gu(fy)(@), z€[0,1];

(ii). For any h € C*([0,1]), /01 fx(@)h(z)de = /01 fy ()T, (h)(x)dz

To show a lower bound estimation of density functions, we introduce and prove the following
proposition.

Proposition 2.1. Let ¥ be a density set and d be a distance function on W x . If there exist
fo, fn € ¥ (n is sample size in estimator f) and foy, fny are the corresponding densities of
Y in GARCH-type model such that

(1). foy(x)>0 for ze(0,1);
(11) fnvf()) > Ay > O

(iii) / fox (@ (z)dx < VX with A € (1,5),

then with each estimator fn(x;Yl, oY) of feP and 1 < p < oo,

inf sup Efydp(fm f)Z ap.
fn FEY

Proof. Tt follows from Jensen’s inequality and 1 < p < oo that

Efo,ydp(]/[;lv fO) + Efn,de(ﬁw fn) > [Efo,yd(]/[;lu fO)]p + [Efn,yd(]/[;la fn)]p
Moreover, by fo, fr € ¥,

2 ?ug Edep(];lv f) > [Efo,yd(ﬁu fO)]p + [Efn,yd(ﬁlu fn)]p (23)
€
Since (|a| + [b])P? < 2P~ 1(|a|? + |b[P) for p > 1, the right-hand side of (2.3) has a lower bound
217;0[Ef0 Yy (ﬁlv fO) + Efn,yd(ﬁla fn)]p
-~ P
2 [ Epas d(Fas fu) = dUfus Jo)] + Ep, v d(Fas 1)
According to Condition (

sup EfY dp(ﬁla f)
fev

20 (o 10) [Bgoor l (s fo)d(Fas f) = 11+ B [d7 (s So)d( P £)]]
208 [Ejoy 147 (s Jo)d(Fas f) = 1 Epyy [d7 (s So)d(Fa )]
Therefore, it suffices for the desired conclusion to show

L = Efo,Y |d_1(fm fO)d(ﬁu fn) - 1| + Efn,Y [d_l(fnu fO)d(ﬁlu fn)] 2 L. (2'4)

n

For y = (y1,--+ ,yn) € (0,1)":=(0,1) x --- x (0,1), denote

ii), (2.3) reduces to

(fo.r) " (i) fry (m1)-

=

)= for W), Fuw) =] fay @) and Hu(y) =
=1

=1

~

1
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It follows from Condition (i) that H,, is well-defined. Then
Byl oSG o) = [ 7 G B £
= [ G e SR 9

On the other hand,

By 47 o o £) =1 = [ 7 o o o)~ UEs . 2
Combining (2.5) and (2.6), one obtains that

oz [ [ G o)) = U s ) o] i1, B ) o)y

> /( (0, 0} Fo(y)y
0,1)n

thanks to |a — 1| + |a| > 1. According to the fact min{z, y} = 1 [(z +y) — |z — y[],

I > 1/ [1+ Ho(y) — |1 — Ha(y)[] Foly)dy.
(0,1)m

[\)

By [y fox(w)dy = [} fay (y)dy = 1, Jooaye FoW)dy = [g 1yn Hn(y)Fo(y)dy = 1 and
1
fnzl——/ 11— Ho(y)|Fo(y)dy = 1 — 2. (2.7)
2 (071)n

It follows from Jensen’s inequality that

by < / [1— H,(y))*Fo(y)dy = / [1—2H,(y) + H.(y)] Fo(y)dy
0,1 0,1

— 1y / H2 (y) Fo(y)dy.
(O)l)n

Furthermore, by the definitions of Fjy and H,,

n

1
2 < | [ o) 0P| - 121,
0
where Condition (iii) is used in the last inequality. This with (2.7) and A € (1,5) shows
IHZI—%\/)\—1>O,

which reaches (2.4). The proof is complete. O

Next, we use Proposition 2.1 to give a point-wise lower bound estimation for densities in
GARCH-type model on H*(Q,,, M).

Theorem 2.1. Let f, be an estimator of f € H?(Qyy, M) and 1 <p < co. Then

1
;D;> — TToeFI
> TR

~

fo() = f(z)

inf sup sup [E
Fn 2€Qq, fEH (g, M)
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Proof. Clearly, it is sufficient to prove that for some x € Qy,,

~ P s
sup B |fu(2) = f(x)] 20T
FEH®(Quy, M)

Without loss of generality, one takes xg = 1/2; Otherwise, one could replace the variable
with x — z¢ in all of the following functions fy, f, and g.

S T
Define fo(x) := ce 7/4=G=1/27 [ o 1)(2) with the constant “c” being a normalized factor such
that Hf0||1 =1 and

g(x) =ale 1/167(;—3/4)2 ](1/211)(;5) —e 1/167(;—1/4)2 I(0,1/2) (x) ,

“ ”

where the constan will be determined later on and g(1/2) := 0

Obviously, fo € H*(Quy, M), supp fo C [0,1] and fo(x) > M7 > 0 for « € [1/2,3/4]. Let
Cg° be the set of all infinitely many times differentiable and compactly supported functions.
Then [, g(x)dz =0 and g € C§° with supp g S c[0,1].

Take a; = 2~ i(s+v+3) with 29 ~ n& 27T and
fa(@) := fo(x) + a;Gu(g))(2),
where g;(z) = 2%9(2j:17 — 2171,

Note that supp g; C [1/2,3/4] with large j because of supp g C [0,1]. Then f,(x) > 0 for
x ¢ [1/2,3/4]. Tt is easy to calculate that

Gu(95)(z ZO?IZ 9;) u) (2),

where C,, > 0 (u=1,2,---,v) are some constants. Then for z € [1/2,3/4] and large j,
Ful) 2 My~ 0y 30 Cur (6l )| 2 My — 0,22 30 029227
u=1 u=1
> My — 2775 Cullg™los >0 (2.8)
u=1

thanks to fo(z)|(1/2,3/4) > M and a; = 279(+1/2+v) - On the other hand, fo x)dr = 0 and
supp g; C [1/2,1/2 4 277] by supp g C [0,1]. These with integration by parts shows that

1
u [ g D s
0
u'

1
: U™ N (u—m) 2)dx
s [ ) @

1/24277

1
| a(a)®@e = (6 w)

1/2

I (_1)uu!/0 g;(@)dz =0

for any v € {1,--- ,v}. Therefore,

/fn diC—/ fo(z)dz + (— aJZC/ ) (z)da = 1.
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Combining this with (2.8), one concludes that f, is a density function.
To prove f, € H*(,), one needs to check a;Gy(g;) € H*(Qz,). Denote s = N + § with
§ € (0,1]. Then for z, y € Qy,,
}w&@wm@—m&@mmw}

ZC(E g_]l Jf Zcu quN)( )

<a, Z 29/293wHN) ¢ 124 gt NI[27 (12 — 1) — y gt 27 (yy — 1]
u=0

Sa; 22900 NN P g (N 97 (3 — 1)) — g N [27(y — D).
u=0

Then with a; = 9-i(stv+3) and xkg(k/) € H(R) holds for all positive integers k, k', the above
inequality reduces to

[10,Go ()™ (@) = [0;Go(9)] )] S Iz = oI,

which shows a;G,(g;) € H*(2g,). Then f, € H?(Qg,).
Obviously, fo(z) > 0 for z € (0,1) and

zv:cu {23‘(1: - % + %)} ug(“) (2]‘(35 - %)) | .

u=1

|ful@) = folx)| = a;27/?

Note that [2/(z — 3 + 3)]* = > /Lo (1)[27(z — 3)]*74(5)'2". Then with |a + b > |a| — |b], we
have

|fn(z) = fol(x)]

Zanj/Q{Cv<%>v2”j|g(v)(2’( )‘ o(v— 1)JZC ( ) g™ (y(x_%))‘_
2(v= 1>Juzlc Z ( ) (w—%)ulg(“)(?(x—%))‘}. (2.9)

Choosing z = 3+ 2+ Wlth] large enough, which implies © € Qq, (zo = %) and ¢ (27 (z—3)) #
0. Combining these with (2.9), one obtains that for large j,

(@) = fo(@)] 2 ;277727 2 277° (2.10)
because of a; = 273(Tv+3) Then with 2/ ~ 77271, (2.10) reduces to

|fa (@) = folx)| 2 n~ =7,

which concludes Condition (ii) of Proposition 2.1.
Finally, according to the formula (46) in Cao & Wei’s work ([4]), we have

M N
fay = foy = a;9;@) and  foy = =(m3/4—n(1/2+27)) = My >0,
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where M; and My are two positive constants. Thus,

[ @i = [ ey @ +aeld
_1—|—/ foy JaZgi(x)dr < 1+ My 'a?|g; 13-

It follows from the definition of a; and 27 ~ n7 T that a <n~!and

{ / fa,%(x)fﬁ,y(x)dx] < [14+35 lgl3n ] < exo {35 )}

thanks to (1 + )™ < ™ for x > 0. By choosing the constant “a” in the definition of g such

that ||g||2 is sufficient small,
1 n
([ far@)szvaas) <

with A € (1,5), which reaches Condition (iii) of Proposition 2.1. This completes the proof. [

3. Wavelet Estimations

This section is devoted to show the upper bounds of linear and non-linear wavelet estimators
over point-wise risk respectively.
Let ¢ and ¢ be orthonormal scaling and wavelet function of L?(R). Then for f € L*(R),

f Z a]()k(b]()k + Z Zﬁjkwﬂc

Jj=jo k

holds in L?-sense, where ajor = (f,djox) and Bjr := (f, k). As in wavelet analysis, P;
stands for the orthogonal projection operator from L?*(R) onto the scaling space V. Then
Pif =3, ajrojr. All of these claims can be found in Ref. [12].

The following proposition is important for wavelet estimations over point-wise risk.

Proposition 3.1 ([21]). Let ¢ be a compactly supported and continuous scaling function
of L2(R) and v be the corresponding wavelets with vanishing moments of order N. If f €
H*(Qypy, M) with s =N +6 (0 <8 <1) and Bjr. = [, f()¥;r(y)dy, then for sufficiently large
j and j07

(i).  sup sup Z Bk in(@)] S 279°

2€Qe fEHS (R, M)

Zam%k + Z D Birthik(@), T € Dy

Jj=jo k

(iii).  sup sup | f(@) = Py f(x)] S 277
2€Qey FEH (Quy, M)

Before giving main results of this section, we recall the definitions of linear and non-linear
(hard thresholding) wavelet estimators firstly, which can be found in Ref. [4,16]. Define

)=y pordior(@),  From(@) = FimM@) + D0 Biktbe(a), (3.1)
k

Jj=jo k
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where
R 1 — - 1 & ~ ~
Qe = Y Tuldin)(Ya), B = - Y O To(Wh)(Va), Bk = Bikd (18,1575} (3.2)
=1 =1

with 7;,, := 72%\/j/n and v being a positive constant. By the work of [8], Ea;; = aj and
EBjk = fjr. To use Proposition 3.1, we choose ¢ and 1 satisfying all conditions, such as
Daubechies’ functions Doy and oy with large N.

The next lemma is useful in later proofs.

Lemma 3.1. Let @, and B\jk be defined in (3.2). Then for 27 <n and 1 < p < oo,
Elaje — ajnlP S n 827 and E|Bj — BixlP S nmE2vP,
where the constants in “<” only depend on ¢, ¥, Cy and p.

Proof. Clearly, one only needs to prove the first inequality and the second one is similar.
According to (3.2) and Eaj; = o, one obtains that

n

_ I 1 I
Qjk — Qjk = n ZTv(éf’jk)(Yi) n ZE[Tv(éf’jk)(Y;)] o Z& (3.3)
i=1 i=1 i=1
with & = Ty(¢j) (Vi) —E[Ty(¢x)(Y:)]. Then E¢; = 0and &, - - , &, areii.d. samples, because
Y1, -+, Y, have the same property. These with (3.3) shows

E|@jk — ajil? =n"PE ifi ’ (3.4)
i=1
By the definition of the operator T,
T,(60(@) = 3 Cus (650 @), 5)
u=0
where Cy, (u =0,1,---,v) are positive constants. Then with My = max{C,, u=0,1,--- v},

v

sup [Ty (dse)(2)] < Mo Y sup [(¢5x)™ ().
z€[0,1] w—0 €[0,1]

Hence, it follows from the smoothness and compact support of ¢ that

sup [T, (¢n) ()| < 201/
z€[0,1]

Moreover, combining it with [§| < |13 (¢;x)(Y3)| + [E[To(9k) (Ya)]| < 2supgejoq [To(djr)(@)],
one concludes that

6] S 2012, (3.6)

By E|&|? < E[T,(¢;1)(Y:)]?, (3.5) tells that
v 2
BlGP <E Y CuY (g)™ (Vi) (3.7)

u=0
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On the other hand, due to (2.2),

1
E [(Qﬁjk)(u) (Yz)r < 2(2u+1)j/0 [(b(“)(?jaj _ k)]2d33 < 92uj

This with (3.7) and Y; € [0, 1] implies that
El&? <227 (3.8)

According to Rosenthal’s inequality [12],
E

Z&‘ S ZE|§i|pI{p>2} + (Z E|§i|2> :
i=1 i=1 i=1

Then with (3.6) and (3.8), the above inequality reduces to

P
< nQ(v+1/2)j(p—2)22vjj{p>2} + nBovir — piouir [nl—%y(%—1>[{p>2} +1].

n

i=1
Combining this with 29 < n and (3.4), one knows that
E|aj, — ajil? S n"PpZoviP = p 5P,
which completes the proof. g
Now, we are in a position to prove the linear wavelet estimation on H*({,,, M).

Theorem 3.1. Let 270 ~ n2s+;v+1 and 1 < p < oco. Then

=

) p p s
sup sup [E Flin(z) — f(gc)‘ } < p”EeEReRT,

2E€Qy FEH® (Qayy, M)

Proof. Clearly, it follows from Jensen’s inequality that

n

E|fin@) - f)| S E

. p
Fir(@) = P @)+ 1Piof (@) = fl@)P (3.9)
By Proposition 3.1 (iii) and 270 ~ 72,
Py f(z) — f(2)|P S 2790 <~ zevaors, (3.10)

On the other hand,

Fin(@) = P ()]

1
7

~ 1
< Z |04j0k - ajok”(bjok(x)' v |¢j0k(‘r)|p
k

Z(ajok - O‘jok)¢j0k($)

k

with % + % = 1. Then due to the Holder inequality,

E

i () - Pjof(I)’p <D El@ok — ajorl” |60 (@)] (Z |¢J’0’“(I)|> '
k

k
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Combining this with Lemma 3.1 and ), |¢(z — k)| < 1, one obtains that
, P
B|fi(@) = P (@)

p

2(2v+1)jo

p 2
PR— (ka(m) S(B) et (3.11)
k

thanks to 1+ £ = p and 990 ~ 772571 . This with (3.9)—(3.10) leads to the desired conclusion
and the proof is done. 0

Remark 3.1. Compared with Theorem 2.1, the linear wavelet estimator ﬁf” attains the opti-
mal convergence rate n~ eI |

The linear wavelet estimator is not adaptive, because Jﬂnm depends on the unknown param-
eter s. The non-linear wavelet estimator avoids this disadvantage, although it is nearly-optimal
(optimal up to a Inn factor).

Before giving the proof of non-linear one, we introduce a classical inequality.

Lemma 3.2 (Bernstein inequality, [12]). Let Xi,---,X, be iid. with EX; = 0 and
|Xi| < || X|loo (i=1,---,n). Then for each ¢ >0,

P > el <2exp - ne?
= =P\ T 2BXT 4 [ X we/3) )

. . 1
Theorem 3.2. Let 290 ~ n7nvooiT (s <m) and 27* ~ ({2)2F1. Then with 1 < p < oo,

nn

n

1
w2

i=1

Inn ) 23+;v+1

sup sup [E
n

2€Quy fEH (g, M)

Proof. Denote J,, := [E

fron(z) — f(:v)m . Then

+ BN Bie = Bin)in(@)| |+ Pigaf(@) — f(2)]

Jj=jo k

=

Jn < [E

fin(@) - P f(@)|']

thanks to the definition of ﬁ’;‘m and Proposition 3.1 (ii). By (3.11) and 2/ ~ n# eI with
s <m,

9(2v+1)jo

wp (o] - o] s

2
—__m s
) S n~ Zmt2uil 5 n~ Zst2o41
TE€EQe, fFEHS (Qug,M)

n

1

On the other hand, Proposition 3.1 (iii) with the choice 271 ~ () #*T tells that

In

o 3

< 1 v 1 PEES TR
Sup Sup 1P, 1f(z) — f(z)] S 2791 < (M) ZoF1 < ( nn) ZFEFT

T€Qaq FEHS (R, M) n n

Hence, it suffices to show

p

sup sup )E Z Z(Ejk = Bip)Yie(z)| S (hl")pfl(

2€Qeq fEH® (U, M j=jo k

(3.12)

sp
lnn)m

n
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in order to conclude Theorem 3.2. Similar to [10,13], define

—~ Tin
Aj =1k, 1Bjk| > Tjn}, Bj:= {k% 1Bjk| > JT} and Cj:= {k, |Bjr| > 27jn}.

Then
J1 P
E Z Z(ﬂjk = Bie)¥jn(z)| S Ele1’ + Elea|’ + Eles|” + Eles|”,
Jj=jo k
where

J1
eri= > Y (B — Bip)Usn(®) ke a,npey,

Jj=jo k
J1 N
2= > (Bir = Bir)Vik(@) {rea,np,}

Jj=jo k

J1 J1
esi= Y > But(@)ireasnc,y,  eai= Y > Birti(@)reasnce)

i=jo k i=jo k

In order to estimate F|e;|P, one observes that
1 n
Bik — Bik = ﬁz;m
1=

with n; := T, (Y1) (Vi) — ET,(¢5)(Y;). Obviously, En; = 0 and n1,- -+, 71, are i.i.d. samples.
Similar to (3.6) and (3.8), one knows
[illoe € Moo2®F/27 En? < M2

Here, Mo, and M> are two positive constants. Combining these with Lemma 3.2 and 75, =

~2vI \/% , one obtains that

P{’B B ’>Tj’"}<2 nt?,
ik — Pjk| > = < 2exp | —
J J 2 8[E7712 + ”"71”007-]77;/6]
2,92vj
= 2o <_ j L : 1 1 >
8[M,22v5 + M 2(v+1/2)i~2vi 30~ 3 /6]
< 2exp(—cvyj)

with 7 > 0 large enough and some ¢ > 0, where one uses 2/ < 271 ~ (ﬁ)ﬁ in last inequality.
Furthermore,

~ Tin ey
Elfrea;npey < B } = P{|ﬁjk — Bjk| > J—} <279, (3.13)

{\Ejk—ﬁjk|>% 2

Since |Bj] = |2 S0, To () (V)| S 20123, |B51.| < E|Bjx| < 204127 and

J1 p
BleyP S 577 E Y otalir [Z |wjk<w>|l{keAij;}] .
k

Jj=Jo



120 C. WU, J.R. WANG AND X.C. ZENG

By the Holder inequality with % + % =1, the above inequality reduces to

. 2
J1 ry
EleP Sj17EY 20wy k(@) I{kea;nBey <Z|¢jk($)|> -

Jj=Jo k k

This with (3.13) and >, [¢(x — k)| < 1 leads to

J1 _ J1
Elei[P < 5771 Z 2(vt3)irga(I+3r)g-cri < jp=1 Z o(vptp—cy)j

Jj=Jjo J=jo

Similarly, Eles|? < 527! ;1:]‘0 2(2v+1)jp=cvi Then for sufficiently large y > “2HEEmE

Eles]P + Elesf? < gy~ 2lortp=enio,

. . 1 . I
Moreover, it follows from 270 ~ n2m+2oF1 | 271 ~ (ﬁ) v+ and s < m that

(3.14)

m 1 EEESTEoy
Ele1|” + Eles|? < (Inn)P~'n~ zmvzet < (lnn)pfl(ﬁ> e
n

Next, Eleq|P is investigated as follows. Put

1

. n 2sF2v+1

2J*N(1 )Hw'
nn

Then jo < j* < j; holds because of 2m+12U+1 < 2S+%U+1 < 2'ul+l and 0 < s < m. Furthermore,

J” Ji
eq = Z + Z Zﬂjk%k(xﬂ{keA;m(J;} = €41 + eq2.

Jj=jo Jj=j*+1 k

According to Proposition 3.1 (i), 29" ~ (ﬁ)?”évﬂ and 271 ~ (ﬁ)ﬁ,

J1 p J1
Blew? S50 [Z wjkwjk(xn] STy e
Jj=3* L k Jj=j*

< jPl9T" < (Inp)-! (1“_”) T (3.15)

n

On the other hand, |8;x| < 27, S 2”\/% for k € C¢,. This with ), [¢(z — k)| < 1 shows

5" P
p—1
Elen? SEF YD Bitbin(@) ke asnos)
j=jo | k
P e () F 1B (eo(urD)iT) b
< 5P~ olvt+3 jp(_) < Pl =5 (ix9(2u+1)j7) 2
St JZ; =)< )
=jo

By the choices 27" and 271, the above inequality reduces to

Inn ) 23+32pv+1

Bleal’ S (nn)*~(
n
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Combining this with ey = e4; + e42 and (3.15), one concludes that

(3.16)

sp
Inn ) 2sF2v+1

Eleal” S (mn)”~ (
n

Finally, it remains to estimate E|ez|P, in which one writes down

J* Ji
Z + Z Z(Bjk - Bjk)wjk(x)f{keij nB;} ‘= €21 + e22.
Jj=jo j=i*+1) 'k

It follows from the Hoélder inequality with % + % =1 and Lemma 3.1 that

P
I

Eleai|? < 31 'E Z Z |ng - Bjk|p|¢ﬂ€ (Z W’Jk )

Jj=jo k

p
n*§] -1 221;31? (Z th ) )

Jj=Jjo

Then with 3, [¢(z — k)| <1, 71 SInnand 277 ~ (lfn)%éwl that

9(20+1); oy (220Dt B 1 (lnny mFe
Rlent 5073 (2o2) < gt (22220 g ()

J=Jo

For Eleaz|?, one observes that |3;,| > &= for k € B; and

P
I’

Ji
Elegs|P < 417 Z ZE|ﬂjk—ﬂjk|p|%k ||ﬂ;k71|<2|¢gk ) Bk, ) ;

j=i"+1 k

where the Holder inequality with % + 1% = 1 is used in last step. According to Lemma 3.1,
Proposition 3.1 (i) and 7, ~ 2%7\/j/n,

J1

p
Blewl? </ 3 n-Havivy (mwm )

=541

J1
p—1 P p—Te—j*
<jt Z jTEoTIR < g lgmi e,
j=3m+1

Moreover, E|egs|P < (Inn)P~!(122)77577 thanks to the choices 271 and 27 . Therefore,

n

(3.17)

sp
lnn)m

Bleal” S (nn)*~!
e2l” < ()t (2

Furthermore, Yy_; Ele,[? < (Inn)P~'(12) 2551 holds due to (3.14), (3.16) and (3.17).
Since all constants in “<” of above arguments do not depend on = € Q,, and f € H*(Qy,, M),
the desired conclusion (3.12) is concluded. This finishes the proof of Theorem 3.2. O
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Remark 3.2. In contract to the LP-risk estimation [4,6-9,16], we do not use the wavelet
characterization theorem in the proofs of Theorem 3.1 and Theorem 3.2, because the local
Holder condition is only assumed in this paper. In fact, we do not know whether that theorem
holds on H*(,,) or not. Instead, Proposition 3.1 helps and the Hoélder inequality is frequently
used.

On the other hand, the convergence rates of Theorem 3.1 and Theorem 3.2 are exact the
same up to a Inn factor. Compared with Theorem 2.1, the non-linear wavelet estimator not
only attains a nearly-optimal convergence rate but also gets the adaptivity.

We need know an upper bound m of the unknown parameter s for the non-linear wavelet
estimation. The next section considers a data driven version for densities in GARCH-type
model, which dose not need any information on s.

4. Data-driven Estimation

Motivated by the work of Rebelles [17] and Goldonshluger & Lepski [11], we first introduce
selection rules, then provide a totally adaptive point-wise estimation on H*({,,, M) in this
section.

Let fjo be the linear wavelet estimator ]ani" given in (3.1). Define

Fige (@) =" @jnge kbing (@)
k

with j A j* = min{j, j*} and

A.:U¢u+§p@%mnmﬂL(mm@v+nﬁ m

n

where the constant v will be specified later on.

Let H := {0,1,2,---, LT{H logy (%))} with [2] denoting the largest integer smaller or
equal to x. Then define the integer jo € N by the following selection rules. For x € Q,, and
x4 := max{xz,0},

(). &(@) = max [Ty (@) = F- @) =0 =]
(i) &, () + 205, = min [&(x) +255]
JEH
We need a classical lemma in real analysis, in order to show the data driven estimation.

Lemma 4.1. Let (X, F,u) be a measurable space and f € LP(X, F,u) with 0 < p < oo. Then
with A(t) .= p{zx € X, |f(x)| > t},

+oo
/ FPdu=p / I8t
X 0

Theorem 4.1. Let jo be given by the above selection rules. Then the linear wavelet estimator
fjo satisfies that for 1 < p < oo,

P}% < (1nn)m'

sup sup {E ’f;o (x) — f(x) -

TE€Qwy FEH (R, M)
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Proof. With the choice j; := Lm logy(72)], 27t ~ (ﬁ)?sévﬂ and j; € ‘H thanks to
s > 0. According to the proof of Theorem 3.1,

p}% < (ln—n)iszrSqul. (4.2)

sup sup [E ’fjl (z) — f(2) -

2E€Qa FEH? (g, M)

By selection rules (i) and (ii),
\fivdo = Fiol + 1 fivgo = Finl < (&x + Vo +V5) + (&G0 + Vjo + V1)
= (§o +20jo) + (&0 + 205,) < 2(&5, + 205)-
Furthermore, the above inequality leads to
| fio () = f(2)[?
~ ~ ~ ~ p ~
S| a0 (@) = Fivgo (@) + [f5150 (2) = Fin (@] + [f5 (@) = f(2)]”
S @I + 75, + i (@) - f@)]P

Clearly, 7} < () 2552557 due to (4.1) and 271 ~ (ﬁ)?séwl. These with (4.2) show that
sip s |B|fiy (@) - f(@)

n
p] H
€€y FEH (U, M)

1 s
~ ) lnn 2s+2v+1
S s s (B @F)+ (20)T
TE€Qwy fEHS (g, M) n

where (|al+[b|+[c|)? < lal®+[b|°+]c|” for 6 > 0 and sup(|z|+ |y|+|2|) < sup ]+sup |y|+sup|z|
are used. Hence, it suffices for concluding the desired conclusion to show

~ : 1 Pres sy
sup swp[BE, (@) ]" S (20) T (43)
2€Qqy fEH® (Quy, M) n

It follows from fAjl,j* = J/“;-* for 7% < j; that

§in + = max [|fj1,j* = [l =V — %L = max {|fj1 = [l =V — ﬁjIL
< max {|fj1 —Efj | +|Efj, = I+ 1f = Efj| +|Efje = fix| = Ujx — ﬁjl] N (4.4)

Combining Eﬁ (x) = P; f(z) with Proposition 3.1 (iii) and j* > ji, one obtains
|Bfju (@) = f@)| +[f(2) = Bfj (@) S 2770 + 2777 g 279,

This with (4.4) leads to
‘. P —j1sp . N 5 17 . . 517
€ @) 277 + ||y (@) = BFu @) =3, | + max ||B; () = fi- (@) =5
+  J>n +

Moreover, by j* € H and j* < | 515 logy(52) ],

Inn

Laorr log2 (i)
B @P 527+ Y E[f@-BR@|-5] . (4.5)

J=in
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For each ¢ > 0,
P50 - EF@I-5)], >t} = P{IFi0) - Bf) - 7 > ¢}
This with Lemma 4.1 implies that
B(1h) - Ef@) -5)" =p [ 0P {If@) - B @] > 5+ t}at
_ paf/o P {|Fi@) —~ BR (@) > A+ 09 }dt. (46)
According to the definition of fj, f;(x) — Efj(z) = £ " | W; with
Wi = Zk:(bjk(iﬂ)[Tv(sbjk)(m — ETy(ji)(Yi)).

Clearly, Wy, Wa,--- ,W,, are i.i.d. and EW; = 0. Similar to the proofs of (3.6) and (3.8),
[Willoo € Loo2*17 and EW? < L2317 due to 3, |¢p(x — k)| S 1, where Lo, and Lo are
two positive constants.

Using Lemma 3.2, one knows that

P{Ifi@) = Efi (@) > (1 +1)7; |

n(l+t)%0?
<2exp<s — - L = .
- 2[Lo2Cv+1)i 4+ Lo 2015 - (1 4 ¢)7; /3]

(2v+1)j < p and D; < 1 thanks to (4.1). Furthermore,

~

For 5 < Lﬁ logy (7)1, 72

. Ly ) R )
2 {L22(2”+1)J + 72@*1” (1 + t)yj} < Lo2® Vi1 41) (Lo > 0).

This with (4.1) shows that the right hand side of (4.7) is bounded by

2 exp {—1L—t)t1/2 (1 + g) max{1, (In2)(2v + 1)j}} :

With the choice v > /Ly, (4.7) reduces to
P{If(@) - Bf@) > 1 +1)7;

<2exp {_(1 + t)(l + g) max{1, (In2)(2v + 1)j}}

<2exp {—(1 + g)t} exp {—(1112)(1 + g)j(% + 1)}

<e~t. 2~ (HH)RuvHD)] (4.8)
Substituting (4.8) into (4.6), one obtains that

E(If@ - Ef@)| -] < ( / tp-le‘fdt) ZEA
0

P

p
< 9—(2v+1)j (%) < 9—(2v+1)j (%) (4.9)
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thanks to (4.1) and j < Lﬁ log, (2 )]. Finally, it follows from (4.5) and (4.9) that

n
Inn

E[ggl (z)]P < 9—disp 4 9—(2v+1)j <1n_") ’ < 27hsp 4 (ln_n> ’ < (ln_n> B
n n n

due to the choice of ji and 557 < %
Because all constants in “<” of the above agruments are independent of z € Q,, and

f € H*(Qy,, M), the desired (4.3) is concluded. The proof is done. O

Remark 4.1. For p > 1, the upper bound (122)%+%+T in Theorem 4.1 is little better than

n

()5 () T
n

in Theorem 3.2. In addition, we do not have to know an upper bound m of s in this case. On
the other hand, we need to pay more computational prices for finding jo in selection rules (i)
and (ii) than the traditional non-linear wavelet method.
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