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Abstract

In the present paper, we study the restricted inexact Newton-type method for solving
the generalized equation 0 € f(z)+ F(z), where X and Y are Banach spaces, f: X — Y is
a Fréchet differentiable function and F': X == Y is a set-valued mapping with closed graph.
We establish the convergence criteria of the restricted inexact Newton-type method, which
guarantees the existence of any sequence generated by this method and show this generated
sequence is convergent linearly and quadratically according to the particular assumptions
on the Fréchet derivative of f. Indeed, we obtain semilocal and local convergence results
of restricted inexact Newton-type method for solving the above generalized equation when
the Fréchet derivative of f is continuous and Lipschitz continuous as well as f + F is
metrically regular. An application of this method to variational inequality is given. In
addition, a numerical experiment is given which illustrates the theoretical result.
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1. Introduction

Let X and Y be Banach spaces, f : X — Y be a Fréchet differentiable function, and
F: X 3 Y be a set-valued mapping with closed graph. In this paper, we are intended to find
a point that satisfies the following generalized equation

0€ f(z) + F(z). (1.1)

The generalized equations of the type (1.1) were introduced by Robinson [48]. This type of
generalized equation problem is an abstract model for a wide variety of variational problems
including linear and nonlinear complementarity problems, systems of nonlinear equations, sys-
tems of inequalities and variational inequalities (see [48,50] for more details). In particular, it
may characterize optimality or equilibrium problems (see [24, 28] for more details).

The classical Newton-type method is one of the most important method for finding an
approximate solution of (1.1), which was introduced by Dontchev [16] and defined as follows:

0€ f(zk) + Df(xx)(@ky1 — zx) + F(zpg1), fork=0,1,..., (1.2)
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where z is a given initial point and Df(z) is the derivative of f at 2. When F = 0, the above
method reduces to the standard Newton method for solving the equation f(z) = 0 of the form:

flzk) + Df(xp)(xg41 —ax) =0, for k=0,1,....

There is a vast biographical research on inexact Newton-type methods for solving equation
f(x) = 0 which employs different representation of inexactness; see for examples [7,8,54].

For solving generalized equation (1.1), Klatte and Kumer [32] generated a Newton sequence
whose Newton steps are defined by approximations f*) of f near the current iterate x; and
the solutions ;41 of

0e f®(z)+ F(z),

and concentrated on local convergence analysis for Newton’s method under certain type of ap-
proximations and different regularity conditions for f + F. Moreover, the authors [32, Propo-
sition 8] have presented a Kantorovich-type statement, which is concerned on semilocal con-
vergence, under pseudo-regularity of f 4 F provided that all constructed Newton sequences
are valid. Moreover, Aragon Artacho et al. [4] introduced Newton’s iteration and presented
its convergence analysis under metrically regular mapping when the single-valued part of the
generalized equation (1.1) is an implicit function with a parameter. For solving generalized
equation (1.1), a survey of local and semilocal convergence results for Newton’s method can be
found in [3,5,9,16,18,19,24,37] and references therein.

In the case when the involved single-valued function f is not necessarily differentiable, we
say that the generalized equation (1.1) is nonsmooth. The authors in [1] introduced a mapping
H: X = L(X,Y) and applied a selection 9 : X — L(X,Y) for H to the following method for
solving nonsmooth generalized equation (1.1) and obtained a superlinear convergent result:

0€ f(zk) + H(zg)(wp+1 — x) + Fxg1) for k=0,1,2,.... (1.3)

For solving nonsmooth generalized equation (1.1), Cibulka et al. [13] studied an inexact Newton
method and obtained local convergence results for the method. Moreover, the semi-smooth
Newton-type iterative procedure, for solving (1.1), was adopted by Cibulka et al. [14] (also
see [24, Section 6F]). An extension of [33, Lemma 10.1] from equation to nonsmooth model
(1.1) is given in [32, Theorem 4] via the concept of Newton maps [33]. Relevant results, for
solving nonsmooth generalized equations (1.1), are given in [2,6,19,27,38,39,49,52].

A large number of new developments on Newton methods with regularity properties of set-
valued mappings for solving nonsmooth generalized equations have been studied in the last
three decades and some of which have been accumulated in the monographs [17,31,33,53].

Dembo et al. [15] introduced the following inexact Newton method for solving (1.1) with
F=0,X =Y =R"” and f continuously differentiable with Jacobian V f in finite dimensional
case:

(f(@r) + Vf(r)(@rs1 — k) OBO,nel| f(ze)]) # 0, (1.4)

where {n,} C (0,00) is a sequence of scalars and B(z, @) denotes the closed ball centered at z
with radius .

Izmailov and Solodov [30] (see also in the monograph [31]) introduced the following inexact
Newton method for solving the generalized equation (1.1) in the case of finite dimension:

0€ flzr) + Vf(zr)(@pt1 — xk) + ex + F(xps1), where e, € R™.
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In order to represent the inexactness for the method (1.2), Dontchev and Rockafellar [25]
associated the following inexact Newton method for solving the generalized equation (1.1) in
the Banach space setting:

(f(xk) + Df(xk)(IkJrl — :Z?k) + F(karl)) n Rk(Ik, :Z?k+1) 75 0, for k=0,1,..., (15)

where Ry : X x X =2 Y is a sequence of set-valued mappings with closed graph which represents
the inexactness for the general model (1.2). When the starting point is sufficiently close to the
solution, under the metric regularity properties of the mapping f + F and Ry(,-), it has been
shown in [25] that every sequence generated by the method (1.5) is convergent either g-linearly,
g-superlinearly or g-quadratically according to the particular assumptions. It has also been
noted in [25] that when F = 0 and Ry (zk, zr+1) = B(0, ni||f(xk)l]), (1.5) coincides with the
iterative method (1.4). An exact and inexact Humel-Seebeck type methods for approximating
the solution of (1.1) were proposed and studied by Burnet, Jean-Alexis and Piétrus [12]. To
solve the nonsmooth generalized equation (1.1), Cibulka et al. [13] associated the following
inexact Newton methods

(f(zx) + Ak (zx) (hg1 — k) + F(xp+1)) N Ri(xg) #0, for k=0,1,...,

where H : X = L(X,Y) is a generalized set-valued derivative of f with A, € H(xy) and
the mapping Ry : X =3 Y represents inexactness which depends on the current iteration
x only. Under the assumptions of metric regularity properties of the mapping f + F, local
convergence results of exact and inexact Newton methods are obtained by many investigators
(see e.g. [24, Section 6 C & E] and [1,4, 26, 32] respectively).

Let x € X. The subset of X, denoted by Aa(x), is defined by

An(z) = {s € X: (f(z) + Df(x)s + F(z +5)) N Ru(z, 2 + 5) # @}. (1.6)

Usually, for a starting point near to the solution, theorems in [13,25, 30, 31] are focused on
the existence of one sequence, which is convergent to the solution of (1.1). In particular,
under certain conditions the convergence result, established in [25, Theorem 4], guarantees the
existence of one sequence {xj}, which is linearly convergent to the solution. Hence, from a
numerical point of view, the iteration scheme (1.5) is not convenient in practical application.
This drawback motivates us to propose the following restricted inexact Newton-type method
(see Algorithm 1.1).

Algorithm 1.1. (The Restricted Inexact Newton-type method(RINM))

Step 1. Let n € [1,00) and given xy € X, and put k := 0.
Step 2. If 0 € Aa(xy) stop; otherwise go to Step 3.
Step 3. If 0 ¢ Aa(zk), choose s such that si € Aa(xy) and

Isell < n (0, An(xx)).

Step 4. Update by zx41 := zf + si.
Step 5. Update by k := k + 1 and go to Step 2.

Note that in comparison to the method (1.5), it sees that when n = 1 and the set Aa (xy) is
singleton for each k = 0,1, 2, ..., the method (1.5) and Algorithm 1.1 are coincident; otherwise
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Algorithm 1.1 is a restricted version of the iteration scheme (1.5) because it involves a restricted
term ||sy|| < n d(0,Ax(zx)) on the length of sj,. Moreover, in contrast with the contribution in
[25] it seems that the local convergence results of the method (1.5) are presented by the authors
in [25] while in our current paper we present the semilocal convergence of the restricted Newton-
type method. For solving (1.1), different version of exact and inexact iterative methods have
been introduced and studied their local and semilocal convergence analysis in [1,4,12,13,41-46]
and the references therein.

In this paper, we analyze semilocal convergence of restricted Newton-type method for solving
(1.1). Metrically regular property of a set-valued mapping is the key tool in our investigation.
This property has been studied by many mathematicians; see, for example, [9,17,21,22,29,44]
and the references therein. Based on the information around the initial point, our main results
are the convergence criteria, presented in Section 3, which provide some sufficient conditions
assuring the convergence to a solution of any sequence generated by Algorithm 1.1. As a result,
local convergence results of the restricted Newton-type method are obtained.

The rest of this paper is organized as follows. In the next section, we give some necessary
notations and recall some preliminary results. The main theorems are presented in Section 3,
where the semilocal and local convergence results of the sequence generated by Algorithm 1.1
for metrically regular mapping are established. In Section 4, we provide an application of RINM
to variational inequality and present a numerical experiment to illustrate the theoretical results.
Summary of the major results, presented in this paper, are mentioned in the last section.

2. Notations and Preliminary Results

In this section we recall some standard notations and notions. Let X, Y and @ be Banach
spaces. Let x € X and o € (0,00). We use B(z, ) to denote the closed ball centered at z with
radius . The set of all natural numbers is denote by N and Ny = NU {0}. When a sequence
of positive scalars {wy} is convergent to zero, we write wy N\, 0. Let A C X and C C X. The
distance from x to A is defined by

d(Ia A) = élelg ||I - a”v
while the excess from the set A to the set C is defined by

e(C, A) :=supd(e, A).
ceC

Let I' : X = Y be a set-valued mapping. The domain domI', the graph gph I'" and the inverse
I'~! of T are respectively defined by

domI := {x € X :T'(z) #0}; gphl' :={(z,y) e X xY :y € I‘(x)}

and T7'(y)={reX:yeT(z)}

Recall the notions of the metric regularities for a set-valued mapping in the following definition
from [44], which have been studied extensively; see for example [23,24, 34, 36,46,51].

Definition 2.1. Let T : X = Y be a set-valued mapping, and let (Z,y) € gphT. Let rz >
0,75 >0 and k > 0. Then T is said to be
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(1) metrically regular at (Z,7) on B(Z,rz) x B(g,r5) with constant k if

d(z, T '(y)) <k d(y,T(z)) forallz € B(z,rz), y € B(y,ry). (2.1)

(ii) metrically regular at (T,y) if there exist constants i >0, r5; >0 and £ >0 such that
T is metrically regular at (%,y) on B(z,r) x B(y,r;;) with constant x’.

The infimum of the set of values k for which (2.1) holds with some rz > 0, r5 > 0 is called the
modulus of metric regularity, denoted by reg (T';(Z,7)); see [23] and the references therein for
more details.

The notions of pseudo-Lipschitz and Lipschitz-like properties for set-valued mapping are ex-
tracted from [47]. These notions have been introduced by Aubin [10,11] and studied extensively.
For their connections between linear rate of openness, coderivatives, metric regularity of set-
valued mappings and applications to variational problems, one can refer to [23,34,36] and the
monographs [35,51].

Definition 2.2. Let T' : X = Y be a set-valued mapping and let (T,y) € gphl'. Let rz >
0,75 >0 and M > 0. Then I' is said to be

(i) Lipchitz-like at (Z,7) on B(Z,rz) x B(g,ry) with constant M if
e(T'(z1) NB(Y,75), ['(22)) < M||z1 — 22| for any z1, 2 € B(Z,7z). (2.2)
(ii) pseudo-Lipchitz around (T, y) if there exist constants v > 0, ry; > 0 and M' > 0 such that
[ is Lipschitz-like at (z,y) on B(z,77) x B(y,r;;) with constant M'.

Remark 2.1. Equivalently, for the property (i) in Definition 2.2, we can say that I is Lipschitz-
like at (Z,7) € gphl’ on B(Z,rz) x B(g, r5) with constant M if for every y1,y2 € B(g,r5) and
for every y1 € I'(z1) NB(y, ry), there exists y2 € I'(x2) such that

lyr — yo|| < M||xy — 2], for every my,z2 € B(Z,7z).

We employ the following definitions of partial Lipschitz-like and partially pseudo-Lipschitz
properties for set-valued mapping of two variables from [25].

Definition 2.3. Let S : Q x X = Y be a set-valued mapping with (((j, :E),gj) € gphS. Let
rg > 0,1z > 0,75 >0 and L > 0. Then S is said to be

(i) partially Lipschitz-like at ((,Z),y) with respect to z on (B(q,r5) X B(Z,rz)) X B(y,ry)
with constant L if, for any z, 2’ € B(Z,rz) and ¢ € B(g,r3), the following condition holds

e(S(q,az) ﬂB(gj,rg),S(q,x’)) < L||z — 2| (2.3)

(ii) partially pseudo-Lipschitz around ((q,T),y) if there ewist constants ry > 0,75 > 0, rj; >
0 and L' > 0 such that S is partially Lipschitz-like at ((q,Z),y) with respect to x on
(B(q, ) x B(z, 7)) x B(y, 7)) with constant L.

The proof of the following lemma is given in [44] or in [24]. This lemma establishes the connec-
tion between the metric regularity and the Lipchitz-like property, which will be useful. After
combining this lemma with [40, Remark 2.1], we state the modified form as follows:
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Lemma 2.1. Let T : X ==Y be a set-valued mapping and let (Z,7) € gphT. Assume that T is
metrically regular at (Z,7) on B(Z, rz) xB(y, ry) with constant k. Then for every y,y’ € B(y,r5)
and for any 1 € T~ (y) NB(Z,7z), there exists xo € T~1(y') such that

[y = @oll < &lly — o/l

Recall the following statement which is a refinement of the Lyusternik-Graves theorem for
metrically regular mapping taken from [21, Theorem 3.3]. Analogue developments on this
result appear in [17, Theorem 1.4] or Section 1 in Toffe [29]. This theorem plays an important
role in the theory of metric regularity. This theorem proves the stability of metric regularity of
a set-valued mapping for generalized equation under perturbations.

Lemma 2.2. Let T : X = Y be a set-valued mapping and let (T,y) € gphT. Let T be a
metrically regular at (Z,7) on B(Z,rz) x B(y, ry) with constant k > 0 and gphT N (B(Z,rz) x
B(y,r5)) be closed. Suppose that g : X — Y is a Lipschitz continuous function with Lipschitz
constant A such that Ak < 1. Then the mappmg g+ T is metrically reqular at (Z,5 + g(T)) o

B(z,7z) x B(y + g(&), ry) with constant

1— kA

We finish this section with the following coincidence theorem, which is taken from [25,
Theorem 1] and it was originally proved in [20].

Lemma 2.3. Let X and Y be two metric spaces. Suppose that ®: X =2Y and 0 :Y = X are
set-valued mappings. Let r € (0,400), Kk > 0, A\ >0 and T € X, § € Y be such that k) < 1.
Assume that one of the sets gph®N(B(z,r)xB(y, %)) and gphdN(B(y, ) xB(Z,r)) is closed while
the other is complete, or both sets gph(®-0)N(B(y, 5)xB(y, %)) and gph(0-@)N(B(z,r)xB(z,r))
are complete. Also, suppose that the following conditions hold:

d(g, ®(2)) < r(1 = KA)/(2));
d(z,0(y)) <r(l - rXN)/2;
e(®(z1) NB(7, )\) D(x9)) < K||x1 — x2||, for all x1,22 € B(Z,7); (2.6)

and

r
e(e(yl) N B(i.u ’f'), 9(3/2)) < )\Hyl - y2H7 fOT all Y1, Y2 € B(g7 X) (27)
Then there exist & € B(Z,r) and § € B(y, 5) such that § € ®(&) and T € 0(j). Additionally, if

(
® and 0 are single-valued, then § = ®(&) and T = 0(y) for & € B(z,r) and § € B(y, ).

3. Convergence Analysis

Throughout this section, we suppose that X and Y are Banach spaces. Let f: X — Y be a
Fréchet differentiable function and its derivative is denoted by Df. Let R, : X x X = Y and
F : X =Y be set-valued mappings with closed graph. Let rz > 0 and r5 > 0. Moreover, in this
section we consider the restricted inexact Newton-type method(RINM) defined by Algorithm
1.1 for solving the generalized equation (1.1). Let € X. For the simplicity, define a set-valued
mapping W, : X =Y by

Wa(:) = f(x) + Df(x)(- —2) + F(-). (3.1)
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Thus, by the definition of Aa(z), we obtain that
AA(x):{SGX:Wm(x—FS)ﬂRI(J:,x—FS)#@}. (3.2)
Moreover, one can easily see that the following equivalence is trivial:
ue W, H(w) e we f(z) +Df(x)(u —z) + F(u) for any u € X and w € Y. (3.3)
In particular, for every (Z, ) € gph (f + F), we have that
T e W2 (). (3.4)

Now, let z,u € X and w € Y. Then, by the formation of W, in (3.1) together with (3.3) we
obtain that

w e Wy (u) = f(z) + Df(x)(u — x) + F(u),

which can be written as
w— f(z) — Df(x)(u —z) € F(u).
This, together with the definition of W,,, implies that
Wu(u) = f(u) + F(u) 3 f(u) + w— f(z) = Df(z)(u— ). (3.5)
Put
Z(x,u) = f(z) + Df(z)(u —z) — f(u). (3.6)
Then, (3.5) implies that
w— Z(x,u) € Wy(u). (3.7)
When the approximation of f can be represented by a classical linearization, we have the

following lemma which is due to [46]:

Lemma 3.1. Let f : X — Y be a Fréchet differentiable function on B(Z,rz) and suppose

that the set-valued mapping F : X = Y is metrically reqular at (Z,5 — f(Z)) on B(Z,rz) X
B(y — f(z),ry) with constant k£ > 0, which have locally closed graph at (Z,g — f(Z)) with
g € f(&) + F(&). Then the following statements are equivalent:

(i) The mapping f + F is metrically regqular at (Z,7) on B(Z,rz) x B(y,ry) with constant k.
(ii) The mapping Wz is metrically regular ot (Z,3) on B(Z,rz) x B(y,ry) with constant k.

Let € > 0 and define

) rz(1 — ke)
b= G — 2ergy, ———2 %, 3.8
mln{ry er ™ } (3.8)
Then
. 'I"»g 1
b>0<=¢ec<ming —, — /. (3.9)
2rz K

Recall the following lemma from [46, Lemma 3.2]. This lemma plays an important role for
convergence analysis of RINM.
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Lemma 3.2. Assume that the mapping Wx is metrically regular at (Z,7) on B(Z,rz) x B(y,r5)
with constant k. Let b be defined in (3.8) so that (3.9) is satisfied. Let x € B(Z, Z2) and assume

2
that Df is continuous on B(Z, ) with constant €. Then W, is metrically regular at (T,y) on
K
B(z, Z2) x B(y, b) with constant ,
(@.%) x B(z.b) -

that is, for any uy € B(z, %), vo € B(y,0),

d(un Wy (v2) < 7=

Ed(vg,Ww(ul)). (3.10)

Before going to present our first main result, for each z € X and y € Y, we define a function
hy: X =Y by

he() := f(2) + Df(@)(- — ) — f(z) = Df(z)(- — z),
set-valued mappings =Z,: X = Y by

=) = Ra(m, 1), (3.11)
and T:Y = X by
To() =W (). (3.12)
Then, for every v/, v’ € X, we have
[ha(u') = he(u”)|| < |Df(2) = Df(@)[[[|u" — u”|. (3.13)

3.1. Linear Convergence

In this subsection, we assume that Wy is metrically regular at (Z,7) on B(Z,rz) x B(7, rg)
with constant £ > 0 and gphW; N (B(Z,rz) x B(y,75)) is closed. Further, assume that R (-, )
is partially Lipschitz-like at ((Z,Z),7) on (B(Z,rz) x B(Z,rz)) x B(jj,75) with constant . We
study here the semi-local and local convergence of the sequence generated by Algorithm 1.1
with initial point xy when W; is metrically regular at (Z, ) on B(Z,rz) x B(g,75)-

Theorem 3.1. Let n > 1 and suppose that Wy is metrically reqular at (Z,3) on B(Z,rz) x
B(y,ry) with constant k > 0 and gphWz N (B(Z,7z) x B(y,7y)) is closed. Let x € B(z, )
and suppose that Df is continuous on B(Z, 73 ) with constant € and let b be defined in (3.8)
so that b > 0. Let u € X and assume that R, (x,u) is partially Lipschitz-like at ((Z,T),q) on
(B(z, ) x B(z, %£)) x B(y,b) with constant > 0 so that e(4n + 1)k < 1 — kpu. Let § > 0 be
such that

rz b bk
< minq —, — —— y . .
5_m1n{ 4’35’1’1—/%} and |7 < ed (3.14)
Suppose that
lim d(j, W (2)) = 0 and d(§, Ra(2,2)) < ||z — Z|. (3.15)

T—T

Then, for every k € Ny and every wy, € B(g,b) with wy, € Ry (x,u) satisfying
We (1) 3 wy, (3.16)

there exists some & > 0 such that for any initial point xy € B(Z, 5), Algorithm 1.1 generates a
sequence, which may not be unique, and any generated sequence {xy} converges linearly to a
solution z* € B(Z,7z) of (1.1).
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Proof. The mapping Wy is metrically regular at (%, §) on B(rz, ) x B(rg, §) with constant .
Then through Lemma 3.2, W, is metrically regular at (Z,7) on B(z, ) x B(y, b) with constant

A= L, that is,
1 €

d(u, Wy (v2)) < A d(va, Wy(u1)) for any uy € B(z, %2)7 ve € B(y,b). (3.17)

K

It is obvious that x(u+¢) < 1, since the condition e(4n+1)k < 1—kp holds. Since A = T
— ke’

it follows that Ay < 1. The continuity property of Df on B(z, %) with constant ¢ yields that

|Df(z) — Df ()| <e, forall 2,2’ € B(z, %) (3.18)
Then, we obtain, for all v’,v" € B(z, %), that
[f(u) = (') = Df () (" =)
1

= H /0 Df(v +t(u — ")) (' —v")dt — Df(")(u' —2")

1
S/ IDf( + (' =) = Df)l[[u" —'||dt

0

1

u = dt = ellu’ — || 3.19

<l =] [t = el =) (319)

Moreover, the partial Lipschitz-like property of Ry (z,u) at ((Z,Z),y) on (B(Z, %) xB(z, ) x
B(y,b) with constant p imply, for all z,2’, 2" € B(z, ), that

e(Ro(z,2") NB(Y,b), Ry (z,2")) < plla’ —2”|. (3.20)

Let 2o € B(5,z) and w, € B(j,b) for n =0,1,.... Since the first condition in (3.15) and (3.16)
are hold, we can infer 0 < § < § for which the following inequality holds:

d(wo, Wy (x0)) < €0,  for each xo € B(Z,d) and wo € B(7, b). (3.21)
Set e
l:=nke = T (3.22)

Moreover, due to e(4n+ 1)k < 1 — ku, we obtain that

dnke < dnke

1.
1—ke = 1—k(e+p) <
It follows, from (3.22), that
1
l<-. 3.23

To complete the proof, it is sufficient to show that the Algorithm 1.1 generates at least one
sequence and any generated sequence {x,} satisfies

llsnll <1716 (3.24)

and
(snsvn) € spbs, 1 (B2 2) x B(3.b)) (3.25)
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for each n = 0,1,2,.... The proof will be proceed by induction on n. For this connection, we
define, for each z € X,

= — . 2
e (3.26)

Moreover, since n > 1, the inequality e(4n + 1)k < 1 — ku gives that

2Xe 2Kke < 2nke <1
1—d 1—k(e+p) ~ 1—r(e+p) 2

It follows from (3.26), for each = € B(z, 2J), that

4Xeb
L < . 2
Bz < T <4 (3.27)
First of all, we will prove that
An(zo) #0, (3.28)

which will ensure the existence of the point ;. To do this, we consider the mappings =, and
T,, defined by (3.11) and (3.12) respectively. Now, we show that assumptions (2.4), (2.5),
(2.6) and (2.7) of Lemma 2.3 are hold with k := A\, A := pu, T :=Z, § := § and ¢ := S,
Granting this, Lemma 2.3 is applicable to conclude that there exist fixed points & € B(Z, 5,,)
and § € B(y, ﬁf\“) such that

§ € Eay (&) and & € Ty (§). (3.29)

The inclusion & € YT, (9) translates to § € Wy, (&), that is, § € f(zo) +Df (x0)(& — x0) + F().
This, together with the inclusion § € g, (%) = Ra, (20, &) by (3.11) and (3.29), implies that

g € (f(xo) + Df(x0)(& — m0) + F(2)) N Ray (w0, &)

and therefore, (3.28) is hold.

Let us check that assumptions (2.4), (2.5), (2.6) and (2.7) of Lemma 2.3 are hold for the
mappings ® := =, and 0 :=Y,, with k := A\, A=, T:=2, § :=

The second condition of (3.15) gives, for z¢ € B(Z, 8,) C B(z,d) C IB( =), that

d(7, Ray (w0, 7)) < ellzo — . (3.30)
It follows from (3.11) that

d(gaawo(‘f)) = d(ngIO(‘TOVf)) < EHwO - ‘f”
< Bro =) el =)

2\ ' 2\

This implies that the assertion (2.4) of Lemma 2.3 is hold.
Moreover, using (3.19) and third inequality from (3.14), we obtain, for any = € B(z, 29),
that

1(F = hao (x)) = 9
=g — f(&) = Df(@)(x — &) + f(z0) + Df(x0)(x — x0) — Y|
< | f(®) = f(x0) = Df(x0)(Z — z0)|| + IDf(z0) — Df(T)||Z — =
< E(llf — ol + ||z — wll) <326 <b. (3.31)
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Letting = Z in (3.31) and this gives that
1 = hao (7)) = 9l| < &|T — ol| <6 <b. (3.32)

The above relations show that §—hg, (z) € B(g, b) for all z € B(z, 25). Hence from the formation
of W, in (3.1), we have
Y- hio(i') € Wﬂﬂo (‘f) n B(gv b)

Thus, by virtue of the metric regularity of W, from (3.17), definition of T in (3.12) and
the construction of hy,, we obtain, for z¢ € B(z, 8,) C B(7,§) C B(z, %), that

A(Z, o (9) = A(@, W1 (7)) <A (7, Wao () < AT = hao () = 7. (3.33)

This together with (3.32) gives that

AF o (3) < AN B (@) = 5 < Xell7 — 0]l = 580 (1= M) 1= 51— M)

Hence, assertion (2.5) of Lemma 2.3 is hold.

To show assumptions (2.6) and (2.7) of Lemma 2.3 are hold, let o/, 2" € B(Z, B,
by the relation 4§ < rz in (3.14) and (3.27), we have 2/, 2" € B(Z, Bs,) C B(Z,6) C
Moreover, by (3.27) and (3.14) we have that

o). Then
B(z, ).

Bu <0< = B—;"gb.

For any z', 2" € B(Z, B4,), we have from (3.20) that

< pllz” = 2"|. (3.34)

This shows that the assertion (2.6) of Lemma 2.3 is hold.
Finally, we show that the assertion (2.7) of Lemma 2.3 is also hold. To show this, let
v,y € B(y, ﬂf\o ). Let uy € W, '(y) N B(Z, Ba,). Since W, is metrically regular at (z,7) on

B(z, %) x B(y,b) with constant A, by (3.17) we have that

d(u, Wi (y) <A Ay, Wae(ur)) < Mly — ¢/l (3.35)
By the definition of excess e, we have that
(Yo (y) VB, Bay ), Tao ()
< (W B D))
= sup{d(ul, W;l(y’)) cug € W;()l(y) NB(z, %)}
This, together with (3.35), gives that

(Yo (y) NB(T, Bay)s Tao () < My —¥/'|l- (3.36)
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It follows that assumption (2.7) of Lemma 2.3 is satisfied. Hence, (3.28) is established, and
consequently, we can choose sy such that sy € Aa(zg) and

[[soll < d(0,Aa(x0))- (3.37)

Therefore, by Algorithm 1.1, 1 := xg + s is defined. By the choice of sy, we have from (3.2)
that

Aa(wo) = {SQ e X: Wmo (,TO + 80) n Rmo(l'o,l'o + SQ) #* @} (338)

Since for every wg € Ry, (2o, To+S0), (3.16) is satisfied, then we have that wy € W, (zo+s0) =
xo + so € W, (wo). Thus, it follows from (3.38) that

AA(:Z?()) = {80 e X :wg € Wzo(xo + So)} = {So e X :xg+sg € W;}(’LU())} (339)
Moreover, taking into account (3.39), we obtain that
d(0,An(20)) = d(zo, Wy, (wo)). (3.40)

Applying the metrically regular property of W,, from (3.17), we get, from (3.37) and (3.40),
that

Isoll < n d(zo, We (wo)) < nA d(wo, Way (0))-
This gives, for (3.21), that
[[soll < 1A d(wo, Wi, (20)) < nAed =1, (3.41)
which shows that (3.24) holds for n = 0. Furthermore, (3.41) gives that
[soll = [lz1 — ol < 16 <6
Consequently, we obtain that
1 = Z|| < [lo1 — 2ol + [lwo — Z|| < 20.

This implies that z; € B(Z,26) C B(z, 5*). Moreover, since x; = o + so is generated by
Algorithm 1.1, (3.39) gives that

An(zo) = {80 e X:xzg+sg € W;Ol(wo)} = {so eX:z € W;[)l(wo)}.

This, together with z; € B(Z, %) and wo € B(y, b), implies that (3.25) holds for n = 0.

We proceed by induction. Indeed, we are going to show that every sequence generated
by Algorithm 1.1 satisfies (3.24) and (3.25) for all n. To do this, we assume that the points
20, &1, ..., Tpt+1 are obtained by Algorithm 1.1 with initial point 2y such that (3.24) and (3.25)
hold for n = 0,1,...,k — 1 and show that assertions (3.24) and (3.25) hold for n = k. Since
(3.24) and (3.25) are true for n =0,1,...,k—1, by Algorithm 1.1, 2, := xx_1 + sx_1 is defined
and thus z, € B(Z,26) C B(z, %). In this stage, if we impose almost same arguments that
used for the case of n = 0, one can apply Lemma 2.3 to the mappings ® :=Z,, and 0§ := T,
with k := A\, A\:i=pu, T:= 7, § := § and ¢ := ;, and show that Aa(zy) # . Then, choose sy
such that sy € Aa(z) and

[sell < n d(0, An(z))- (3.42)
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Applying Algorithm 1.1, we have that x4 := x4 sy is defined. By the choice of s, we obtain
from (3.2) that

AA({Ek) = {Sk cX: Wzk (Ik + Sk) n 'Rmk(xk,xk + Sk) 75 @} (3.43)

For any wy, € Ra, (zk, )k + S), we obtain, through (3.16), that wy, € Wy, (¢ + k) = Tk + Sk €
W;kl(wk). Since Wy, (@ +$k) "R, (Tk, i+ sk) # 0 and wy, € Wy, (k. +5k) Ry, (Tk, T+ 5k),
it follows from (3.43) that

AA(«T]@) =qdsp X :wi € ka(.%'k + Sk)

{ J
{sk € X :xpts,e W;kl(wk)}. (3.44)

From (3.44), we get
d(O, Aa (,Tk)) = d(l‘k, Wm_kl (wk))
Moreover, for xx_1, 2 € B(Z,26) C B(Z, %) and wy, € B(y,b), we have, from (3.6) and (3.7),
that
Wy — Z(:Ekfl, Ik) S Wzk (Ik))

Again, applying the metrically regular property of the mapping W;, , we get from (3.42) that

skl < n d(ze, Wy, (wr)) <0\ d(wg, W, (2x))
< A[Jwg — (W — Z (g1, k)|
<Al f(zk) = f(zk-1) = Df (@h—1) (2K — Tp—1)|
<nhellay — xp_q|| < 1-186 = 1R, (3.45)

Hence, (3.24) holds for each n = k. Using (3.45), we obtain

k k
: i i 16
[EIE ; Isill + llwo — ]| < 5;1 i< +0<2, (3.46)

which shows that x;,1 € B(Z,20) C B(Z, 5 ). On the other hand, Algorithm 1.1 generates the
point 241 such that 241 = x + i is defined. Therefore, (3.44) yields that

An(zr) = {sk €X:xp+ s, € Wz_kl(wk)} = {sk € X :xq1 € Wz_kl(wk)}.

This, together with xx11 € B(Z, %) and wx € B(y,0), reflects that (3.25) holds for n = k.
Therefore, (3.25) and (3.24) hold for every n. This shows that {z;} is a Cauchy sequence and
hence there exists z* € B(Z, B+) such that limy_,o x5 = 2*. Since (Tg41,wr) € gphWy, N
(B(z, %) xB(y, b)) and the fact that gphW,, N(B(Z, %) xB(y, b)) is closed for each k = 0,1,.. .,
taking limit & — oo to (3.25). This gives that 0 € Ry« (2*,2*) and thus 0 € Wy« (z*), that is,
0 € f(z*) 4+ F(z*). This completes the proof. O

The following corollary, which is reduced from Theorem 3.1, provides the local convergence
of the sequence generated by Algorithm 1.1 in the case when Z is a solution of (1.1) (i.e. § =0).

Corollary 3.1. Letn > 1, u € X and T be a solution of (1.1). Let Wi be a metrically reqular
at (z,0) with a positive constant k, which have locally closed graph at (z,0). Let x € B(z, %)
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and R (z,u) be partially pseudo-Lipschitz around ((Z,Z),0) with a constant p > 0. Suppose
that Df is continuous at T with a positive constant € such that e(4n+ 1)k < 1 — ku and that

liﬁmi d(0,W,(z)) =0 and d(0,R.(z,7)) <el|z—z|. (3.47)
Then, for every k € Ny, wy € B(g,b) with wy € R, (x,u) satisfying
Wy (1) 3 wy, (3.48)

there exists 6 > 0 such that for any sequence {xr} generated by Algorithm 1.1 with initial point
xo € B(d,Z) converges linearly to a solution T of (1.1), that is, 0 € f(T)+ F(Z).

Proof. By virtue of the metrically regular property of W; at (z,0), we have that there exists
constants 7z > 0, ro > 0 and x > 0 such that

d(z, W (y) <k d(y, Ws(z)) for all z(z,y) € (B(fc,f“j) X B(O,TQ))
and gphW; N (B(a‘;, 7z) x B(0, TO)) is closed. Then, for each 0 < rz; < 7z, one has that
d(z, Wy ' (y) < k d(y, Ws(2)) for all (z,y) € (B(z,rz) x B(0,79)),

that is, W is metrically regular at (Z,0) on B(Z,rz) x B(0,7) with constant .
Because Df is continuous at Z with constant e, we can choose 1z € (0,7z) such that
ro — 2erz > 0 and
|Df(z) —Df(a')]| <e forall z, z'€ IB%(%C,:E).

Then, define

4K

Moreover, the partial pseudo-Lipschitz property of R, (x,u) at ((Z, Z),0) implies that there exist
constants rz > 0, b > 0 and p > 0 such that R, (x,u) is partially Lipschitz-like at ((Z,Z),0) on
(IB%(:T:, =) x B(z, %’)) x B(0,b) with constant x4 imply, for all z, 2, 2" € B(z, %), that

o1
b:= min{ro — 2ersz, w}

e(Ro(z, ') NB(0,b), Ry(z,2")) < plla’ — 2"
Let € € (0,1) be so chosen that e(4n + 1)k < 1 — kp and

rz b bk
ind 2 21, —— Lsyp
mln{2’3s’ ’1—ns}>

Thus we can choose § € (0,1] such that

s<mind’e b b8
- 273" 1—ke
Let 2o € B(,z) and wy € B(g,b) with wy € R, (z,u) such that (3.48) holds. Since (3.47)
holds, we can choose ¢ € (0, d] for which the following inequalities hold:

d(wo, W (w0)) < €6 and  d(0, Ra, (w0, ) < gllzo — Z|. (3.49)

Now, one can easily check that all the requirements of Theorem 3.1 are satisfied. Therefore,
Theorem 3.1 is applicable to conclude that any sequence {zj} generated by Algorithm 1.1 with
starting point zo € B(0,Z) converges to a solution Z of (1.1). O
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3.2. Quadratic Convergence

In this subsection, we are devoted to present that if the derivative of f is Lipschitz continuous
around Z, then any sequence generated by Algorithm 1.1 converges quadratically.

Theorem 3.2. Suppose that Wz is metrically reqular at (Z,7) on B(rz, T) x B(rg,§) with con-
stant k > 0, gphWz N (B(rz, Z) x B(ry, y)) is closed and Df is Lipschitz continuous on B(%, )
with constant €. Let n > 1 and R > 0 be such that

(1 — klrz)
= mi I, Y/ 7”9”(79” .
R min {Ty rs, 1 }

For every u € X, assume that Ry (z,u) is partially Lipschitz-like at ((z,),7) on (B(z,%) x

B(z,%)) x B(y, R) with constant pn > 0 so that r(u+ lrz) < 1. Let § > 0 be such that

2
Tz R kR
<min{ —, 4/ —, ——— 1 ¢; :
5_m1n{4, 7k 1—/@6%’1}7 (3.50a)
(k + 1)0(9M5 + 2rz) < 2(1 — kp); 2|7 < €62 (3.50b)

Suppose that
lim d(g, Wy (z)) = 0 and d(y, R (2, 7)) < ng — 7|2 (3.51)

T—T

Then, for every k € Ny, t; € B(y, R) with ty, € Ry(x,u) satisfying
W (u) > ti, (3.52)

there exists some & > 0 with an initial point in B(S,{f), Algorithm 1.1 generates a sequence,
which may not be unique, and any generated sequence {xy,} converges quadratically to a solution
x* of (1.1).

Proof. According to our assumption, the mapping W; is metrically regular at (Z,y) on

B(rz,z) x B(ry,y) with constant x and Df is Lipschitz continuous on B(z, %) with constant

¢. The Lipschitz continuity property of Df gives, for all z,z" € B(z, %), that
IDf(x) = Df(a")]| <t — 2| < lra. (3.53)

Thus, Lemma 3.2 is applicable with € := ¢rz. Then, applying Lemma 3.2 we obtain, for
every x € B(z, %) and R defined in the statement, that W, is metrically regular at (Z,y) on

= Tz — . L K .
B(z, %) x B(y, R) with constant y := T rtr that is,
d(uz, W;l(vz)) <7 d(vz, Wm(ug)) for any us € B(z, %j), ve € B(7, R). (3.54)
Now, using (3.53) we obtain, for all uy,v, € B(z, ), that

[ F(un) = £(v1) = DF (1) (ur = )|
- H /0 Df(vi + 7(ur —v1))(ur —v1)dT — D f(v1)(ur — v1)

S/O [Df(v1 +7(ur —v1)) = Df ()|lu — vl[dr

1
‘
< flfus — Ul|\2/ e (3.55)
0
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Furthermore, it is given in the statement of the theorem that R,(x,u) is partial Lipschitz-

like at ((z,Z),7) on (B(Z,%) x B(Z, %)) x B(y, R) with constant . This implies, for all

x, 1,2 € B(Z, %2), that

2
e(RI(Ia Il) N B(ga R)v Rm(.f, :EQ)) < /LHxl - 'rQH (356)
Moreover, the inequality &(p + rz) < 1, together with ~ := %, gives that yu < 1. Set
— RELT%
nlKd
=1 = (= nlyl. 3.57
¢ 1—klrz ¢=nty (3.57)
By (3.50b), one sees that
KO(IMO + 2rz) < (k+ 1)(INd + 2rz) < 2(1 — k) < 2. (3.58)
It follows from (3.57) that
(<2
f— 9'

On the other hand, with the help of (3.58) and 1 > 1 we obtain

o 4] < nKld
T—ypu  1—r(p+brz) = 1—k(p+brz)

2
= 3.59

Let t;, € B(, R) with ¢, € R, (z,u) so that (3.52) holds and #; N\, 0. Select § € (0,6] and let
xo € B(Z,9). Then, for second condition of (3.50b) and first condition of (3.51), we infer that
the following conditions hold:

2 A
d(to, Wae (z0)) < % and (¥, Ray (20,7)) < ngo —Z||* z for each 29 € B(5,7). (3.60)

As in the proof for Theorem 3.1, we use induction to show that Algorithm 1.1 generates at
least one sequence and any sequence {xy} generated by Algorithm 1.1 satisfies the following
assertions:

2k
1
l[sell < C(g) 4 (3.61)
and .
(Tg+1,tk) € gphW,, N (IB%(:E, ?m) x B(g, R)) (3.62)
for each kK = 0,1, .... Define
14
Q= 7 |z —Z||* for each z € X.
L=

For each = € B(z, 20), it follows from (3.59) that

4y05? 4v0s
ap < 2 = 10 5. (3.63)
L=yp  1—1p
Firstly, we want to show that the point z; exists which satisfy (3.61) and (3.62) for k = 0. To
do this, it is enough to show, by applying Lemma 2.3 to the mappings =,, and Y, defined by

(3.11) and (3.12) respectively, with Z := Z and 7 := g, that

An (o) # 0. (3.64)
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Now, we check that all assumptions of (2.4)—(2.7) of Lemma 2.3 are hold for the mappings

(2
®:=5,, and 0:=T,, with k :=7, A:=p, Z:=7, § :=g and ¢ := ag,.
For 29 € B(Z, az,) € B(7,0) C B(Z, %), we have from the second condition of (3.60) that

14

d(g,RwO(:vo,:E)) §||:vo —xH2 (3.65)

This gives, together with (3.11), that

A5, (®)) = (7, Ry (w0, 8)) < gl — 7
< Qad—yp) ol =)
- 2y 2y

This yields that the assumption (2.4) of Lemma 2.3 is hold. Furthermore, for any = € B(z, 20),
we obtain, from (3.50a) and (3.55), that

15 = hao () —
=y - 1) = Df(@)(x — 7) + f(x0) + Df (wo)(x — x0) — ¥l

< If(@) = f(@o) = Df(0)(T — o) + [IDf (x0) — Df (@)[[|7 — =]
5062
< —Hx—xo||2+€||:Co—x||||:v—:1c|\ < — <R. (3.66)
Setting = Z in (3.66), which gives that
_ _ _ l 052
17— heo(®) — 31l < 17— a0l < - < R (3.67)

Therefore, for all x € B(Z,2§), the above inequalities show that § — hy,(z) € B(g, R). By the
construction of W, in (3.1), we get that

Y- hmo (j) € Wzo (1_7) n B(ﬂ, R)

Thus, by the metric regularity property of W,, from (3.17), definition of T, in (3.12) and
the construction of h,, we obtain, for 2o € B(Z, 8,) C B(z,0) C B(z, ), that

d(2, Yoo (7)) = d(Z, W5, @) <7 d(7 Wa,o (7))
<A@ = hao () = 9. (3.68)

It follows from (3.67) that

4(&, Yoo () < G = hoo(@) = 31l < L7 - o)

_Gn(l=n) _ cl—ap)
2 2

Hence, assertion (2.5) of Lemma 2.3 is hold.

To verify assumptions (2.6) and (2.7) of Lemma 2.3 are hold, let 2/, 2" € B(Z, ay,). Then

by the relation 40 < rz in (3.50a) and (3.63), we have 2/, 2" € B(Z, o) € B(Z,0) C B(Z, ).
Moreover, by (3.63) and (3.50a) we have that

kR Oz

W6 —m— =
1 —klrz vy

<R.
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For any ', 2" € B(Z, ay, ), we have from (3.56) that

€(Eao(2") NB(Y, 70)7 o (27))

< e(Bao (@) NB(F, R), Exy (7))
= e(Ray (20, 2") NB(Y, R), Ray (x0,z"))
< pllz" — 2",

which shows that the assertion (2.6) of Lemma 2.3 is satisfied.

Finally, we need to verify that the assertion (2.7) of Lemma 2.3 is also true. To prove this,
let y,y" € B(y, ai“). Let u1 € Wi '(y) N B(Z, agy). As Wy, is metrically regular at (z,7) on
B(z, %) x B(y, R) with constant -y, by (3.54) we have that

d(u, Wi () < v d(y', Wao(u1)) < ylly = o]l

Taking supremum at u; € Wy '(y) N B(Z, %) on both sides, we obtain

sup d(u, Wo,'(v) < lly =/ (3.69)
u1 EWg,! (y)NB(Z, L)

Combining the definition of excess e and (3.69), it follows that

e(Tzo (y) NB(Z, Bay), T (y/))
_ _ Tz _ _
<e(W,'(y) NB(z, <) W) = sup d(ur, W' () <Ally—¥/|I-
u1 EWay (y)NB(Z, 72 )

This shows that assertion (2.7) of Lemma 2.3 is verified. Since all assumptions (2.4)—(2.7)
of Lemma 2.3 are satisfied, Lemma 2.3 is applicable to conclude the existence of fixed points
Z € B(Z, ay,) and § € B(7, aﬂj‘)) such that

§ € Bap (&) and &€ Yoy (d). (3.70)

The second inclusion in (3.70) translates to § € Wy, (&), that is, § € f(zo) + Df (x0)(& — z0) +
F(%). This, together with the inclusion § € Z;,(%) = Ry, (x0,2) by (3.11) and (3.70), implies
that

g€ f(zo) + Df(x0) (2 — xo) + F(2) N Ray (wo, £)

and therefore, (3.64) is hold. Thus, we can choose s¢ such that sg € Aa(zo) and
[soll < d(0, Aa(wo))- (3.71)

Thus, Algorithm 1.1 ensure that 27 := z¢ + so is defined. For such sg, we obtain from (3.2)
that

Aa(wo) = {SQ e X: Wmo (,TO + 80) n Rmo(l'o,l'o + SQ) #+ @} (372)

Since (3.52) holds for every ti € B(g, R) with ¢, € Ry (x,u), we have that tg € Wy, (z0 + s0) =
xo + so € W, ' (o). This gives from (3.72) that

Aa(xo) = {So eX:xg+sg € W;Ol(to)}. (3.73)
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Combining (3.72) and (3.73), we obtain that
d(0,Aa(z0)) = d(zo, Wy, (o). (3.74)

Linking the metrically regular property of W, from (3.54) with constant -y, we get, from (3.71)
and (3.74), that

l[soll < d(zo, Wy, (to)) < ny d(to, Way (w0))-

This gives, for first inequality in (3.60), that

e ¢o
Isoll <y d(to, Wao (20)) < 567 = =, (3.75)
which implies that (3.61) holds for k = 0.
Since ¢ < 2, (3.75) gives that
¢o

lz1 = 2ol = llsoll < 5 <.
Consequently, we obtain, for 2o € B(Z, §), that
||:Z?1 — J_TH < HfEl — ZZTQH + ||1170 — J_TH < 20.

This yields that 2, € B(Z,20) C B(z, ). Because of x; := 20 + s¢ is defined, from (3.73) we
get that

An(zo) = {so eX:m € Wz_ol(to)}.

This shows that (3.62) holds for k = 0 with z; € B(z, %) and to € B(y, R).

We proceed by induction. Actually, we are going to show that Algorithm 1.1 generates at
least one sequence, which satisfies (3.61) and (3.62) for all n. To finish this, we assume that the
points xg, Z1, ..., Tx+1 are constructed by Algorithm 1.1 with initial point 2y such that (3.61)
and (3.62) hold for n =0,1,...,k — 1 and verify that (3.61) and (3.62) are also hold for k = n.
Since (3.61) and (3.62) are true for £k = 0,1,...,n — 1, by Algorithm 1.1, =, := x,—1 + Sp—1
is defined and thus z,, € B(z,20) C B(z, %). Now, if we use almost same arguments that we
did for the case when k = 0, one can easily apply Lemma 2.3 to the mappings ® := E,,, and
6:=7, withk:=v, A:=u, Z:=72,y:=7 and ¢ := o, and show that Aa(x,) # . Then,
choose s,, such that s, € Aa(z,) and

[snll < n d(0,An(zn)). (3.76)
By Algorithm 1.1, 2,41 := @, + s, is defined. By the choice of s,,, we have from (3.2) that
An(zy) = {sn € X Wy, (X + 80) N Ra, (T, Ty + 8) # @}. (3.77)

It is given that, for every ti € B(y, R) with ¢, € Ry (x, u), (3.52) holds. Therefore, we conclude
that ¢, € Wa, (x5 + $n) = n + 8, € W (t,). It follows from (3.77) that

An(zn) = {sn eX :xp+sp€ W;nl(tn)}. (3.78)

Thus, (3.78) gives that
d(0, An (zn)) = d(zn, W, (tn))-
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On the other hand, since x, 1,7, € B(Z,20) C B(Z, %) and t,, € B(y, R), we get, from (3.6)
and (3.7), that
tn — Z(Tn—1,2Tn) € Wy, (Tn)).

Now, we will use the metrically regular property of W, from (3.54) with constant . Thus,
from (3.76) we obtain that

l[snll <0 d(zn, Wy () < 0y d(tn, W, (20))
< 77'Y||tn - (tn - Z(In 1, xn))|
<mllf(@n) = f@n—1) = Df (@n-1)(Tn — 21|

me ()
<7 (<(3)" )
_ %55 <<2(%)2n>5 < <<%>2 3. (3.79)

2
This implies that (3.61) holds for each k& = n. Moreover, since ( < 9’ using (3.79) we obtain
that

IN
B
3

I
3
=
o

2i
n n 1
lensa ol < 3 sl + oo =71 < 63 <5> +6<25,

which shows that z, 1 € B(Z,26) C B(Z, % ). Furthermore, we obtain from (3.77) that

An(zn) = {sn €X:xpi1 € W;nl(tn)}.

This, together with z,11 € B(z, %) and ¢, € B(y, R), gives that (3.62) holds for k& = n.
Therefore, (3.61) and (3.62) hold for every k. Therefore, {2} is a Cauchy sequence and hence
there exists z* € B(Z, o, ) such that limy o0 25 := 2*. Since (zx11,t) € gphWy, N(B(Z, ) x
B(y, R)) and the fact that gphW,, N (B(z, 5) x B(y, R)) is closed for each k = 0,1,..., taking
limit & — oo to (3.62) which gives that 0 € Ry« (z*,2*) and thus 0 € Wy« (z*), that is,
0 € f(z*) 4+ F(z*). This completes the proof. O

If z is a solution of (1.1) (i.e. § = 0), Theorem 3.2 is reduced to the following corollary
which provides the local quadratic convergence of the sequence generated by restricted inexact
Newton-type method. The proof of this corollary is similar to the proof of Corollary 3.1 and so
we omitted its proof here.

Corollary 3.2. Suppose thatn > 1 and T is a solution of (1.1). Assume that Wz is metrically

regular at (z,0) with constant k > 0 and gphW; is locally closed. Let Df be Lipschitz continuous

around T with constant €. Let x € B(z, %) and assume that, for every u € X, Ry(x,u) is

partially Lipschitz-like at ((T,Z),0) with constant pu > 0 so that k(u+ €rz) < 1. Suppose that
14

lim d(0, W,.(z)) = 0 and d(O,Rw(x,f)) < §Hx —z||2

r—x
Then, for every k € Ny, ty € B(g, R) with t € R.(x,u) satisfying
Wz (u) > tk,

there exists some & > 0 such that any sequence {xy,} generated by Algorithm 1.1 with an initial
point in B(0,T) converges quadratically to a solution T of (1.1).
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4. Application and Numerical Experiment

In this section, we will provide an application of restricted inexact Newton-type method to
variational inequality and a numerical example which illustrates the theoretical result.

4.1. Application to Variational Inequality

Let f : R® — R™ be a continuously differentiable function and C' be a nonempty, closed
and convex subset of R™. We consider the following variational inequality problem of finding a
point x € C satisfying

(f(x),u—x) <0 forallueC. (4.1)

Let N¢ : R™ = R"™ be a normal cone mapping to the convex set C' defined by

[ {v:(w,u—2) <0, YueC}forzedl;
No(z) = { 0, otherwise.

We then observe that the classical variational inequality problem (4.1) for f and C' is equivalent
to the generalized equation to having x € X such that

f(z) + Ne(z) 3 0. (4.2)

Let Po : R™ =2 C be a projection mapping which is a continuous function. It is very well known
that the following simple connection between the normal cone mapping N and the projection
mapping Pco:

v € Ne(z) < Po(z+v)==x.

Let M (z) = Po(x— f(x)) —2 = 0. Then the variational inequality (4.2) can actually be written
as an equation of the following form:

f(x) +Nc(z) 50 < M(z)=0. (4.3)

Denote W.(-) = f(z)+Df(z)(-—z)+Nc(-). Let ny be scalars and set R, (z, <) = B(0, ni || M (x)]]),
where 7, N\, 0 and || M (z)|| is the residual d(0, W,(-)). Therefore, we obtain, for u € R", that

d(0, Wy (u)) < el M ()]
= (f(2) + Df(2)(u — z) + Ne(u)) NBO, nil|M (2)[]) # 0.

Assume that
. — 12 _
lim d(g, W, (z)) = 0. (4.4)

Suppose that (3.16) holds with W.(-). By the continuity property of Df with constant €, we
obtain

d(7, B0, nk|| M (2)]))

= min y—yll= min |g—y||=d(yg,W.(z
y€EB(0,nx || M ()] I =l yEWL(Z) ly=yl (y ( ))
<If(®) = f(z) = Df(2)(Z — )| < elle —z]. (4.5)

For variational inequality problem (4.2), we can thus rewrite (1.6) as follows:
S(x) :={d e R": (f(z) + Df(x)d + Ne(x +d)) N B0, 1. (| M (z)]|) # 0}

Then we obtain the following Algorithm 4.1, which is the restricted inexact Newton-type method
for solving (4.2):
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Algorithm 4.1. (RINM for Variational Inequality)

Step 1. Let n € [1,00) and given zp € X, and put k := 0.

Step 2. If 0 € S(w), that is, (f(zx) + Ne(zk)) NB(0, na, | M (1)) # 0, then stop;
otherwise go to Step 3.

Step 3. If 0 ¢ S(xk), choose dj, such that dy € S(zy) and

ldill < n (0, S(z1)-

Step 4. Update by zpy1 := zp + di.
Step 5. Update by k := k + 1 and go to Step 2.

Let f in (4.2) be Lipschitz continuous in B(Z, %) with Lipschitz constant £. Then by the

nonexpensiveness of the projection mapping Pc on C, we have that M is Lipschitz continuous
with Lipschitz constant @ > ¢+2. It is obvious that (4.4) together with (4.5) imply the condition
(3.15). Now, it is our routine to check that all the cases described in Theorem 3.1 are fulfiled
and hence we obtain from Theorem 3.1 that Algorithm 4.1 guarantees to generate at least one
sequence with starting point close to the initial point which is linearly convergent to the the
solution of (4.2).

4.2. Numerical Experiment

In order to illustrate the theoretical result of RINM, we consider the following example.

Example 4.1. Let X =Y =R, g = 1.1, n = 3, kK = 0.318, ¢ = 0.67, w = 0.00001, and A =
0.404. Let f : R — R, F: R = R and a sequence of set-valued mappings R, : R x R = R be
defined, respectively, by, for all z,u € R,

fx)=2*—-x—4; F(z)={-2x,-3} and
Re(r,u) ={2® —x—22+u)+ 2z — D(u—=z), 2> —2 -7+ 22— 1)(u—x)}.

Then Algorithm 1.1 generates a sequence which converges linearly to * = —1 and =* = 3.1926
with initial point at g = 1.1.

Solution: Note that
(f+F)(z)={2* -3z —4,2° —2 -7} forzecR.
Then, it is evident that
(f+F)"'(y) = {8+ /4y +25)/2, (1 + \/4y + 29)/2}.
Taking positive sign and then we obtain that

d(z, (f + F) *y)) = inf{| 2 — (3+ /4y +25)/2 |, | = — (1 + /4y +29)/2 |}

and
d(y, (f + F)(x)) = inf{| 2> =3z —4 -y |, [2* —2 - T—y}.
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Table 4.1: Numerical Results for Example 1.

Iterations (f+F)a)=2">-3z—4 | (f+F)a)=2" -z -7

T (f + F)(zx) Tk (f + F)(zx)
1 1.1000 -6.0900 1.1000 -6.8900
2 -6.5125 57.9504 6.8417 32.9668
3 -2.8963 13.0772 4.2425 6.7560
4 -1.4090 2.2121 3.3398 0.8147
5 -1.0287 0.1446 3.1964 0.0206
6 -1.0002 0.0008 3.1926 0.0000
7 -1.0000 0.0000 - -

Take z = cand y =1+ ¢. Then

d(z, (f + F)"'(y))
d(y, (f + F)(x))

inf{ 2 — (3+ \/4c+29)’
2

< % =0.318, asc—1.

)

2c—(1+\/4c+33)’}
2

inf{| 2 —4c—5|,| 2 —2c—8]}

This implies that f + F is metrically regular around (1,2) with constant x = 0.318. First, we
consider the set-valued mapping (f + F)(x) = {2#? — 32 — 4} and corresponding this, we have
that R, (z,u) = {z? —2 —2(2+u) + (2v — 1)(u — x)}. Observe that f + F has a closed graph
at (z,y) with z = 1 and § = 2. Thus, (1,—6) € gph(f + F). Suppose that Df is continuous
around = 1 with constant € = 0.67. Then, by Lemma 3.2, W, is metrically regular around
(1,2) with constant A = —— = 0.404. Also, suppose that R.(z, -) is partially Lipschitz-like at
((1,2),2) with constant x4 = 0.42 so that x(u +¢) < 1. Therefore, the assumptions of Theorem
3.1 are hold. Since w € R, (x,u) satisfies w € Wy (u), from (3.44) we have that

2
_ o w—mp +3x, +4
Aa(xk)— {SkER.Sk— 925 — 3 }

On the other hand, if Aa(zy) # 0 and sg = 241 — 2, we obtain that

xi—i—w—i—él

Th+1 =
+ 2Ik—3

Moreover, from (3.45), we have that ||sk|| < nAel|sg—1]|.

Hence, for the given values of n,e, A\, w and k, one sees that Algorithm 1.1 generates a linearly
convergent sequence with initial point g = 1.1 in a neighborhood of = 1 which converges
to ¥ = —1. Now if we consider the set-valued mapping (f + F)(z) = {2? — 2 — 7} and its
corresponding inexactness set-valued mapping R, (z,u) = {22 — 2 — 7+ (22 — 1)(u — )} and
apply the same procedure that we did for above, we can show that Algorithm 1.1 generates
a linearly convergent sequence with initial point g = 1.1 in a neighborhood of z = 1 which
converges to z* = 3.1926. The numerical results are shown in Table 4.1 which are obtained by
using Mat lab program and this indicates that the generalized equation f(z) + F(z) > 0 has
two solutions: z* = —1 and z* = 3.1926. The graphs of f + F' are plotted in Fig. 4.1.
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The graph of generalized equation f+F The graph of generalized equation f+F
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Fig. 4.1. Linear rate of convergence of Algorithm 1 at -1 and 3.1926.

5. Concluding Remarks

For solving generalized equation (1.1), semilocal and local convergence results for restricted
inexact Newton-type method are presented when 7 > 1. Under the assumptions that when
Ws is metrically regular and Df is continuous, we have shown that the sequence generated by
Algorithm 1.1 converges linearly. On the other hand, if Df is Lipschitz continuous, we have pre-
sented the quadratic convergence of the sequence generated by restricted inexact Newton-type
method. An application to variational inequality for generalized equation (1.1) is presented.
Finally, we have provided a numerical experiment that illustrates the theoretical results. In
the framework of generalized equation (1.1), it seems that the restricted inexact Newton-type
method and the established convergence results are new contributions and consequently, this
study improves and extends the result corresponding to [25].
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