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1 Introduction

The C1# regularity of the p-Laplacian has been established earlier in, for instance [6,15,19]
in the Euclidean setting. Its sub-elliptic analogue for homgeneous sub-elliptic equations
of p-Laplacian type on the Heisenberg group, was unavailable until [17,21], in the last
years. It is therefore natural to consider the case of regularity for the corresponding in-
homogeneous equation and this is the purpose of the present contribution.

In this paper, we consider the equation

—div,a(x,Xu) =p in Q CH", (1.1)

where Q) is a domain and y is a Radon measure with |¢|(Q)) < oo and u(H" \ Q) =
0; hence Eq. (1.1) can be considered as defined in all of H". Here we denote Xu =
(Xqu, - - -, Xp,u) as the horizontal gradient of u : O — R, see Section 2.

We shall take up the following structural assumptions throughout the paper: the con-
tinuous function a : Q) x R¥" — R?" is assumed to be C! in the gradient variable and
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satisfies the following structure condition for every x,y € QQand z,{ € R2",

(12 +5%) 7 |2 < (Da(x,2)3,8) < L(2l? +57) 7 g2, (1.2a)
la(x,2) — a(y,2)| < L'|z] (122 +7) "= [x - y|%, (1.2b)

where L,L’ > 1,5 > 0, « € (0,1] and D,a(x,z) is a symmetric matrix for every x € Q).
The sub-elliptic p-Laplacian equation with measure data, given by

— div,, (|Xu|P7?Xu) = u, (1.3)

is a prototype of Eq. (1.1) with the condition (1.2) for the case s = 0. The weak solutions
of (1.1) are defined in horizontal Sobolev space HW'*(Q); the Lipschitz and Holder
classes, denoted by same classical notations, are defined with respect to the CC-metric
(x,y) — d(x,y), see Section 2 for details. We shall denote Q = 2n + 2 as the homoge-
neous dimension. Now we state our main result.

Theorem 1.1. Let u € HWY?(Q) be a weak solution of Eq. (1.1) with p > 2 and a C! function
a: QxR — R satisfying the structure condition (1.2). If we have ;4 =f e LIOC(Q)
for some q > Q, then Xu is locally Holder continuous and there exists ¢ = c¢(n,p,L) > 0
and R = R(n,p,L,L',a,q,dist(xp,0Q)) > 0 such that for any xo € Q, 0 < R < R and
X,y € Br(xo) C Q, the estimate

/(
1Xu(x) — Xu(y)| < cd(x,y)v<]i . )(|aeu| +s)dx + | f] 1! e 13(0 )>, (1.4)
R\A0

holds for some v = y(n,p,L,a,q) € (0,1). In particular, if a(x,z) is independent of x, then
(1.4) holds for R = R(n, p, L, dist(x,0Q))) > 0and y(n,p,L,q) € (0,1).

The proof of Theorem 1.1 in this paper, relies on novel techniques introduced by
Duzaar-Mingione [7] based on sharp comparison estimates of homogeneous equations
with frozen coefficients, in other words, harmonic replacements. However, in the present
sub-elliptic setting, one encounters extra terms coming from commutators of the hori-
zontal vector fields which lead to estimates that are not always as strong as those in the
Euclidean setting. An instance appears in Proposition 3.1 for the integral decay estimate,
where the extra term in (3.1) appears unavoidably and can not be removed unlike simi-
lar integral estimates obtained previously in the Euclidean setting in [7, 16], see Remark
3.1. Hence, one gets a weaker integral decay estimate of the oscillation of the gradient of
solutions of the in-homogeneous solution. Nevertheless, a perturbation lemma (Lemma
4.2), similar to the standard lemma of Campanato [3,9], leads to the Cl""—regularity of
weak solutions of Eq. (1.1) by exploiting the high integrability of the data.

We develop necessary notations, definitions and provide previous results on sub-
elliptic equations in Section 2. Then we prove the intermediate estimates in Section 3
and finally, we prove Theorem 1.1 in Section 4.
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2 Preliminaries and previous results

21 The Heisenberg group

Here we provide the definition and properties of Heisenberg group that would be useful
in this paper. For more details, we refer to [2,5], etc. The Heisenberg Group, denoted by
H" for n > 1, is identified to the Euclidean space R***! with the group operation

1 n
xoy = (x1 FYu e Xon Yo, EE S+ 5 Y (XiYnti — xn+iyi)) (2.1)
i=1

forevery x = (x1, -+, Xou,t), y = (Y1, - - , Y2n,s) € H". Thus, H" with o of (2.1) forms a
non-Abelian Lie group, whose left invariant vector fields corresponding to the canonical
basis of the Lie algebra, are

x .
X; =0y — 29, Xupi=0

Xi
2oy,
2 o

Xnti
for every 1 <i < n and the only non zero commutator T = d;. We have
[Xi/XrH—i] =T and [Xl',X]'] =0, Vj #Fn+i, (2.2)

and we call Xj, - -+, X5, as horizontal vector fields and T as the vertical vector field.
Given any scalar function f : H” — R, we denote Xf = (X;f,- -, Xonf) the horizon-

tal gradient and XXf = (X;(X;f));; as the horizontal Hessian. Also, the sub-Laplacian

operator is denoted by A, f = 2]221 XjX;f. For avector valued function F = (f1,- -+, fan) :

H" — R?", the horizontal divergence is defined as
2n
diVH (F) = Z Xzfz
i=1

The Euclidean gradient of a scalar function ¢ : R¥ — R, shall be denoted by Vg =
(D1g,- - - , Drg) and the Hessian matrix by D?g.

The Carnot-Caratheodory metric (CC-metric) is defined as the length of the shortest
horizontal curves connecting two points, see [5], and is denoted by d. This is equivalent to
the homogeneous metric, denoted as dyn (x,y) = ||y~! o x||pg», where the homogeneous
norm for x = (xq,--- ,xp,,t) € H" is

2n %
el s= (L %2+ 1#) 2.3)
i=1

Throughout this article we use the CC-metric balls B,(x) = {y € H" : d(x,y) < r} for
r > 0and x € H". However, by virtue of the equivalence of the metrics, all assertions for
CC-balls can be restated to any homogeneous metric balls.
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The Haar measure of H" is just the Lebesgue measure of R***!. For a measurable set
E C H", we denote the Lebesgue measure as |E|. For an integrable function f, we denote

(e ={ fax=rg [ fi

The Hausdorff dimension with respect to the metric d is also the homogeneous dimension
of the group IH", which shall be denoted as Q = 2n + 2, throughout this paper. Thus, for
any CC-metric ball B,, we have that |B,| = c(n)r<.

For 1 < p < oo, the Horizontal Sobolev space HW!*(Q) consists of functions u €
LP(Q) such that the distributional horizontal gradient Xu is in L (Q),R?*"). HW'?(Q) is
a Banach space with respect to the norm

|l ey = Nlullerq) + 1Xul[ o) (2.4)

We define HWllo’f (Q) as its local variant and HW&’F (Q) as the closure of C{°(Q)) in
HWY(Q) with respect to the norm in (2.4). The Sobolev Embedding theorem has the
following version in the setting of Heisenberg group, see [4,5,12] etc.

Theorem 2.1 (Sobolev Inequality). Given B, C H" and 1 < q < Q, thereexistsc = c(n,q) >
0 such that, for every u € HW&’q(B,) we have

o\ i
/|u|Q—L7dx <c /!%u|‘7dx . (2.5)

Holder spaces with respect to homogeneous metrics have been defined in Folland-
Stein [8] and therefore, are sometimes known as Folland-Stein classes and denoted by
I'* or T%% in some literature. However, as in [17,21], here we continue to maintain the
classical notation and define

CO%(Q) = {u € L¥(Q) : |u(x) —u(y)| < cd(x,y)*, Vx,y € Q} (2.6)
for 0 < a <1, which are Banach spaces with the norm

lu(x) —u(y)|
u P = ||U o0 + su TR Y (2'7)
[ullcox(qy = [lull=(a) WE% d(x,y)"

These have standard extensions to classes C¥*(Q) for k € IN, comprising functions hav-
ing horizontal derivatives up to order k in C%*(Q); their local counterparts are denoted
as C{‘ 22(Q)). The Morrey embedding theorem is the following.

Theorem 2.2 (Morrey Inequality). Given any B, C H" and q > Q, there exists ¢ = c(n,q) >
0 such that, for every u € HW(}’q(Br) N C(B,) we have

1

u(x) — u(y)| < cd(x,y) =2 (/B |f{u|qu> " VxyeB. 2.8)
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2.2 Sub-elliptic equations

Here, we enlist some of the properties and results previously known for sub-elliptic equa-
tions of the form (1.1).

First, we recall that the structure condition (1.2) implies the monotonicity and ellip-
ticity inequalities, as follows:

p=2
(a(x,z1) —a(x,22),21 — 22) > c(|z1]* + |22* +8%) T |z1 — 22|, (2.9a)

(a(x,z),z) > c(\z[2+sz)%z\z]2, (2.9b)

for some ¢ = ¢(n, p, L) > 0. This ensures existence and local uniqueness of weak solution
u € HWYP(Q) of Eq. (1.1) from the classical theory of monotone operators, see [14]. We
denote u as the precise representative, hereafter.

The regularity and apriori estimates of the homogeneous equation corresponding to
(1.1) with freezing of the coefficients, is necessary. Therefore, for any xo € (2, we consider
the equation

div, a(xp, Xu) =0 in Q. (2.10)

The C1# regulaity of p-Laplacian type equations has been dealt with in [17,21], where
the equation div,, (Df(Xu)) = 0 has been considered. Given D,a(xy, z) being symmetric,
all the arguments there also follow in the same way for (2.10) with the growth conditions
(1.2) which is the same as that in [17] and slightly weaker than that in [21] (in fact, (2.10)
has been considered in [18] in a more general setting). The following regularity theorem
is due to [21, Theorem 1.1] and [17, Theorem 1.3].

Theorem 2.3. If u € HW'P(Q) is a weak solution of Eq. (2.10) with a(x,z) satisfying the
condition (1.2) and D.a(xo,z) is a symmetric matrix, then Xu is locally Holder continuous.
Moreover, there exist constants ¢ = c¢(n,p,L) > 0and B = B(n,p,L) € (0,1) such that the
following holds,

(i) sup |Xull < c][ (|%u)? +s2)2 dx, (2.11a)
Brs2 Br
(i) ][ Xu — (Xu)p, | dx < c(g/R)ﬁ][ (1%uf? + %)% dx, (2.11b)
B, Br

for every concentric B, C Bk C Qand 1 < p < oco.

In fact, similarly as the Euclidean case, the following local estimate can be shown
by using Sobolev’s inequality and Moser’s iteration on the Caccioppoli type inequalities
of [21], forany 0 < ¢ < land g >0,

=lo

sup |Xu| <c(l—0)" <][ (|%u)? +5%)? dx> ' (2.12)
Byr Bgr
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for some ¢ = c(n, p,L,q) > 0, see [21, p. 12]. Thus, taking 4 = 1, we can have

sup |Xu| < c][ (|%u] +5) dx. (2.13)

Br/2 B

From (2.13) it ie easy to see that for all 0 < » < R/2, we have

/Br|%M‘dx§C<;>Q/]3R(’%u‘+s)dx, (2.14)

where u € C1#(Q) is a solution of Eq. (2.10) in the above inequalities.

We recall the notion of De Giorgi’s class of functions in this setting, which would be
required for Proposition 3.1, in Section 3. Given a metric ball B,, C H", the De Giorgi’s
class DG (B,,) consists of functions v € HW'?(B,,) N L®(B,,), which satisfy the in-

equality
J

for some 1, x,€ > 0, where A/j,p = {x € B, : (v—k)" = max(v—k,0) > 0} for any
arbitrary k € R, the balls By, B, and By, are concentric with 0 < p" < p < po. The class
DG~ (By,) is similarly defined and DG(B,,) = DG*(B,,) N DG~ (B,,). All properties of
classical De Giorgi class functions, also hold for these classes.

We end this section by introducing the sub-elliptic Wolff potential given by

_2
X0~k Pix < o | o=k P Az mEe @)
0

o

R B ﬁd
W ,(xo,R) ::/O (W} QQ VB € (0,Q/p], (2.16)

and recalling following lemma of the density of Wolff potential, see [7] for proof.

Lemma 2.1. Givenany H > 1,xg € Qandr > 0,if r; = r/Hifor everyi € {0,1,2,---},
then we have

1 Q-1 0-1
o (1] (Br,(x0)) \ 71 271 ot
L (MGT) < (o * gty W02 @1

3 Estimates of the horizontal gradient

In this section, we show several comparison estimates along the lines of [7,13] ultimately
leading to a pointwise estimate of the horizontal gradient. Here onwards we fix xo € Q)
and denote B, = B,(xo) for every ¢ > 0. Also, we denote all constants as c, the values
of which may vary from line to line but they are positive and dependent only on n, p, L,
unless explicitly specified otherwise.

In the following, first we show the integral oscillation decay estimate of solutions of
Eq. (2.10), analogous to that of the Euclidean setting in [7,16] etc.
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Proposition 3.1. Let B,, C Q and u € CY“P(Q) be a solution of Eq. (2.10), with B =
B(n,p,L) € (0,1). Then there exists c = c(n, p,L) > 0, such that forall 0 < o < r < ro, we
have

]ig |Xu — (Xu)p,|dx < c (%)ﬁ []{3, |Xu — (Xu)p,|dx —I—)(rﬁ} (3.1)

with x = (s + M(rg))/rg, where

— Xul.
M(ro) @gﬂs;f\ it]

Proof. Given B,, C (), let us denote

M(p) = max sup | X;u|

1§i§2}’l BP

and
w(p) = max oscp, X;u and I(p) :][ | Xu — (Xu)p,|dx (3.2)

1<i<2n B,

for every 0 < p < rp. Hence, note that w(p) < 2M(p). Now, we recall the oscillation
lemma proved in [17, Theorem 4.1], that there exists m = m(n,p,L) > 0 such that for
every 0 < r <rg/16, we have

W(r) < (1—27")e(8r) +2m(s—|—M(r0))<:0>ﬁ, (3.3)

for some B = B(n,p,L) € (0,1/p). A standard iteration on (3.3), see for instance [11,
Lemma 7.3], implies that for every 0 < ¢ < r < rp, we have

w(o) < e (&) w(r) +x¢?] = ¢ (2)” [wlr) + 17, (3.4

where x = (s + M(ro))/rg and c = c(n,p,L) > 0. If o < ér for some § € (0,1), it is easy
to see from (3.4), that for some ¢ = c(n, p,L) > 0, we have

B
I(0) < cw(o) < cé P (%) [w(dr) —|—Xr5]. (3.5)
Now we claim that, there exists 6 = §(n, p, L) € (0,1) such that, the inequality
w(or) < c[I(r) + xrP] (3.6)

holds for some ¢ = ¢(n, p, L) > 0. Then (3.5) and (3.6) together, yields (3.1); hence proving
the claim (3.6) is enough to complete the proof.

To this end, let us denote ' = dr, where ¢ € (0,1) is to be chosen later. Notice that, to
prove the claim (3.6), we can make the priori assumption:

w(r) = (s + M(ro))(r/r0)", 3.7)
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with ¢ = 1/p for p > 2, since, otherwise (3.6) holds trivially with B = ¢. Now, we
consider the following complementary cases. This is very standard for elliptic estimates,
see [6,7,16,19] for corresponding Euclidean cases.

Case 1: For at least one index ! € {1,---,2n}, we have either

M(4r')
4

It has been shown in [17, Theorem 4.1] that under assumption (3.7), if Case 1 holds
with choice of a small enough 6 = 6(n,p,L) > 0, then X;u € DG(By) for every
i € {1,---,2n}. Then, the standard local boundedness estimates of De Giorgi class
functions [11, Theorems 7.2 and 7.3] follow; the fact that X;u belongs to DG™ (B,,) and
DG~ (Byy), yields the following respective estimates for any ¢ < M(r'):

M(4r'
’B4r/ N {Xlu < (4)}‘ < 9‘B47/| or ‘B4r/ N {Xlu > — }‘ < G‘BM/’.

sup(Xju—9) <c {][ (Xju —0) " dx + xr'ﬁ} , (3.8a)
B, By,
sup(d — Xju) <c {][ (0 — Xju) " dx + )(rﬂ , (3.8b)
BV/ BZV’

foreveryi € {1,---,2n}. Adding (3.8a) and (3.8b) with & = (X;u)p,, we get

oscp, Xiu < c{][ | Xiu — (Xiu)p, | dx +)(r/ﬁ} < c[I(r) + xrP]

B,/

for some ¢ = c(n,p,L) > 0and ¢ < 1/2, which further implies (3.6) for this case.
Case 2: With6 = 6(n,p,L) > 0asin Case 1, foreveryi € {1,---,2n}, we have

M(4r' M(4r
(34,/ N {Xiu < (4 >}‘ > 6|By| and ’BM N {Xiu > —(4)}‘ > 0|Byy|.

First, we notice that the above assertions respectively imply infg, , X;u < M(4r')/4 and
supp , Xju > —M(4r')/4 for every i € {1,---,2n}. These further imply that

w(4r') > M(4r') — M(4r') /4 = 3M(4r") /4. (3.9)
Now, let us denote
L= max |(Xju)s| = [(Xiu)s,|
for some k € {1,---,2n}. Then note that, if L > 2w(4r") then using (3.9), we have
|(Xku)p,| — | Xpu| > 2w(4r') — M(41') > M(41')/2 in By,

which, together with the choice of § < 1/4, further implies

I(r) > c(n) ]i Xyt — (Xeu)g, | dx > C(Zn)M(Alr/) > Czl)w(élr/). (3.10)
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If L <2w(4r') = 2w(46r) then, we choose § < 1/8, so that using w(r/2) < 2M(r/2) and
2.13)ie.,

M(r/2) < c][ |Xu|dx,
B,

respectively on (3.4), we obtain

w(47) <c(85)P[w(r/2) + xrP] < o ][ [2u|dx + xr?]
B,
<c10P[I(r) + L+ xrP] < c18P[I(r) + 2w (457) + xrP) (3.11)

for some ¢; = c¢1(n, p,L) > 0, where the second last inequality of the above is a con-
sequence of triangle inequality and the definition of I and L. Now we make a further
reduction of J, such that 2c;6f < 1, so that (3.11) imply

p
w(4or) < 20

< T3P [1(r) + xrP]. (3.12)

Thus (3.10) and (3.12) together shows that (3.6) holds for Case 2, as well. Therefore, we

have shown that claim (3.6) holds for both cases and the proof is finished. O

Remark 3.1. For the Euclidean case, i.e.,
div(|VulP~2Vu) =0,

it is well known, see [7,16], that for any 0 < ¢ < 7, the following estimate holds:
B
][ Vu— (Vg dx < c (£) ][ Vi — (Vat)g, | dx. (3.13)
B, r B,

The purpose of the Proposition 3.1 is to show that the sub-elliptic setting is very different
even for the homogeneous equation and the integral oscillation estimate is not as strong
as the above. We have the extra term x # 0 in (3.1) which one can not get rid of from
estimates in [17,21]. Its source goes back to the extra terms containing the commutator
Tu = [Xju, X,,4u] in the De Giorgi type estimates of [17,21], where Tu is locally majorized
by Xu from an integrability estimate in [21].

Thus, if u € CY#(Q) is a solution of Eq. (2.10), the integral decay estimate of the
oscillation we end up with from (2.13) and (3.1), is

]{3@ |3€u—(%u)BQ\dxgc(fy]ir(peu!—ks)dx, (3.14)

for any 0 < ¢ < r, which is not as strong as the (3.13). Nevertheless, it is good enough
for proving Theorem 1.1 via a perturbation argument.
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3.1 Comparison estimates

In this subsection, we prove comparison estimates essential for the proof of our theorems,
by localizing Egs. (1.1) and (2.10). They follow similarly as in the Euclidean case in [7].
Here onwards, we denote u € HW.? (Q) as a weak solution of (1.1) and p > 2.

Fix R > 0 such that Bog C Q) and consider the Dirichlet problem

div, a(x,Xw) =0 in Bog,
{ b a(x, Xw) R (3.15)

w—ue HW&”’(BQR).

The following is the first comparison lemma where the density of the Wolff potential
(2.16) appears in the estimates. The proof is similar to that of [7], see also [1].

Lemma 3.1. Let u € HWYP(Q) be a weak solution of Eq. (1.1) and p > 2. Then, the weak
solution w € HWVP(BaR) of Eq. (3.15) satisfies

1
[ |1 (Bar) \ 7
— dx <c| —=—=+ 1
. |Xw — Xu|dx < c< RO , (3.16)
for some ¢ = c(n,p,L) > 0.

Proof. By testing Eq. (3.15) with ¢ € H W&’p (B2r) and using Eq. (1.1), we have the weak
formulation

/ {(a(x, Xu) — a(x, Xw), X¢) dx = / pdu, (3.17)
Bor Bar

which we estimate with appropriate choices of ¢, in order to show (3.16).
First, we assume 2 < p < Q. For any j € IN, we denote the following truncations

Y = max{ — I%,min{u ;w,ij}},

o 1 ) u—w ' 1
@j = max —ﬁ,mm{T—lpﬂﬁ} ,

where the scaling constants m,y > 0 are to be chosen later. Notice that, for each j € IN,
we have

lpjl <1/R7 and %(pjzl

%(%M — %ZU)]IE].,

where
Ej={mj/R" < |u—w| <m(j+1)/R"}.

Taking ¢ = ¢; in (3.17) and using (2.9a) with p > 2, it is easy to obtain

cm
| ezl dx < 2l (Ban) (3.18)
BZRQE]'
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for some ¢ = c(n, p, L) > 0. Now, using Holder’s inequality and (3.18), we obtain

=} y
/ | Xw — Xu|dx <|Ej| 7 (/ ]%w—%u\pdx>
BZRmEj BZRQE]‘
p=1 1 1
<c|Ej| 7 (m/RY)?|pu|(Bar)",

then, using the fact that |u — w|* > (mj/R7)* in E;, we obtain

==

1 p-1
/ |Xw — Xu|dx < c(m/R7)7|u|(Bar) (/ \u—w|“dx> '
BZRﬂE]' N (m]/R'Y) pn . BZRQE]'

with x = Q/(Q — 1). Also from (3.18), note that for any N € N,

N-1
/ |Xw — Xu|Pdx =) |Xw — Xu|P dx
BZRQ{‘u_w|§mN/R7} j=0 BZRﬁEj

cm
SﬁNW(BZR)-

Now, we estimate the whole integral using (3.20) and (3.19), as follows:

/ | Xw — Xu|dx
Byr

/BZRﬂ{uwgmN/R"Y}

]3€w—3€u|dx—|—/ |Xw — Xu|dx
BorN{|u—w|>mN/R7}

p-1 R
<|Bagr| ¥ (/ \%w—%uﬁ’dx) + 2/ |Xw — Xu|dx
BorN{|u—w|<mN/R"} j=N 7 B2rNE;

[ee]

71 p=1
2RME;

Using Sobolev inequality (2.5) on the second term of the above, we obtain
/ |Xw — Xu|dx
Byr
1 1 p=lo1
<c(m/R7)7u|(Bar)" |Bar| 7" N7

+ c(m/R”)%_

where

:il/]”‘(p_l), k=Q/(Q—-1) and c¢=c(np L) >0
=N

(3.19)

(3.20)
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Now, first we consider the case p < Q, so that we have x(p —1)/p < 1. Then, by
applying Young’s inequality on the second term, we obtain

1+x—xp

m

1
my\ 1 p=l 1 % 1
1wl < e ) (Bar)? Bl 7 NF e ) el (Bar)

+¢€(N) T (/ |Xu — Xw| dx)
Bar
for some ¢ = c(n, p, L) > 0. Now, we make the following choice of the scaling constants,

m = |u|(Br)7™T and = (Q—p)/(p—1),

such that the first two terms of the above are the same. Also note that, since p > 2 >
1+ 1/x, we have x(p — 1) > 1 and hence,

Y1/ = (k(p— 1)) < oo
j=1
If N is large enough, we can have
e(N)=Y_ 1/j*P=D < 1/25(=1)
j=N

and thus, the last term of the estimate can be absolved in the left hand side. With these
choices of m, v, N, we finally obtain

Qp—20+1

/ |%w—3€u]dx§c\y\(B2R)ﬁR Pl (3.21)
By

for some c = ¢(n, p, L) > 0, which immediately implies (3.16).
For the case of p = Q, the estimate (3.21) also follows similary with a possibly larger
N and the same choices of scaling constants, i.e.,

m = |u|(Bx)/ @7V and =0,

except here we absolve the last term to the right hand side directly, without using Young’s
inequality.

Now we assume the p > Q. Here we simply choose ¢ = u —w in (3.17) and use (2.9a)
together with Morrey’s inequality (2.8) to obtain

/[%w—%u\”dxgc/ |u —w|du < c|u|(Br)sup |u — w|
Byr

Bar Bogr

1
<clul(Ba)RF ([ froo— xulrax),

Bar
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which, upon using Young’s inequality, yields

P r-Q

/ |Xw — Xu|P dx < c|p|(Bar)? TR? 1. (3.22)
Byr
Then, using Holder’s inequality and (3.22), we obtain

1 1
/|%w—3€u]dx§|BzR\pr’</ \%w—%uﬁ’dx)p
Bor Bar

Qp—2Q+1

<c|p|(Bor) TR 7T,

which, just as before, implies (3.16). Thus, the proof is finished. O

Remark 3.2. It is evident that by using Sobolev or Morrey inequality (2.5), (2.8) on (3.16),
we can obtain the estimate

1
][ w—uldx < o FIB2R)) 7T
By - RQ-» !

where u and w are the functions stated in Lemma 3.1.

For the next comparison estimate, we require the Dirichlet problem with freezing of
the coefficients. Letting w € H WP (B,r) as weak solution of (3.15), we consider

div, a(xg, Xv) =0 in Bg,
{ (0, X0) R (3.23)

v—w e HW," (Bg).

Lemma 3.2. Given weak solution w € HWYP(Bygr) of (3.15), if v € HWYP(BR) is the weak
solution of Eq. (3.23), then there exists c = c¢(n, p, L) > 0 such that

][ |Xv — Xw|P dx < cL’ZRZ"‘][ (|Xw| 4 s)? dx. (3.24)
Bg

Br

Proof. First, note that by testing Eq. (3.23) with w — v and using the ellipticity (2.9b), it is
not difficult to show the following inequality,

|Xv|P dx < c/ (|Xw| + )P dx (3.25)
BR BR

for some ¢ = c(n, p,L); the proof is standard. Also, testing both Egs. (3.15) and (3.23)
with w — v, we have that

/ (a(x, Xw), Xw — Xv)dx =0 = / {a(xo, Xv), Xw — Xv) dx.
Byr

Br
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Using the above together with (2.9a) and (1.2), we obtain
c/B (|xw|? + [X0]* + 52)’%2 |Xw — Xo|*dx
R
< /B {a(xo, Xw) — a(xo, Xv), Xw — Xv) dx
R
:/B (a(xo, Xw) — a(x, Xw), Xw — Xv) dx
R
ch’R"‘/B (|Xw]?* + | Xo|* + 52)%2 |Xw||Xw — Xv| dx.
R
Using Young's inequality on the last integral of the above, it is easy to get
/B (1Ew]2 + |X0]? + )7 | 2w — o2 dx
R

§C(L’R“)2/ (|Xw[? + | X0 + s2)* dx.

Br

This, together with (3.25), is enough to prove (3.24). O

Combining Lemma 3.1 and Lemma 3.2, we obtain the following comparison estimate
of weak solution u of (1.1) and weak solution v of (3.23).

Corollary 3.1. Let u € HWY?(Q) be a weak solution of Eq. (1.1) and let v € HWYP(BR) be
the weak solution of Eq. (3.23), where w € HW¥ (Bar) given in the problem (3.23) is the weak
solution of Eq. (3.15). Then there exists ¢ = c(n, p, L) > 0 such that

1

51
|Xv — Xu|dx < c(1+ (L’R"‘)%) <WI|{(QB_25)> Ty c(L’R"‘)% ][ (|Xu| +s) dx.
Bg Byr

Proof. First, notice that Holder’s inequality and (3.24) imply
1
X0 — Xw|dx < c(L’Rﬂ‘ﬁ(][ (|xw| +s) dx) 7 (3.26)
Br Br
Hence, using (3.16) and (3.26), we obtain
][ |Xv — Xu|dx < ][ \I{w—%u|dx+][ |Xv — Xw| dx
Br Br Br

4 1 (3.27)
< C(W]L(QBZF)) ' +C(L’R"‘)% (]iR(]%w] + )P dx)p.
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We estimate the last integral using sub-elliptic reverse Holder’s inequality and Gehring’s
lemma, see [20], to obtain

(]i (\xwus)vdx)’l“gc]i (|xw| +s) dx

gc][ (|3€u\+s)dx+c][ |Xu — Xw|dx
BZR BZR
1
[u|(B2r) \ 7!
< —_— .
_c]{gZR(\%u\—l—s)dx—i—c( RO-1 , (3.28)

where the last inequality follows from (3.16). Now it is easy to see that by combining
(3.27) and (3.28), the proof is finished. O

4 Proof of the Theorem 1.1

We shall prove Theorem 1.1 in this section. As before, here we maintain u € HW'?(Q)
as a weak solution of Eq. (1.1) and fix some arbitrary xp € () and denote the metric balls
B, = By(xo) for every p > 0. The comparison estimates of Section 3 shall lead to the
necessary estimates for u.

With respect to the given data, let us set

R=R(n,p, L, L, a,dist(xp,0Q)) > 0, (4.1)

which shall be chosen as small as required as we proceed, finally the minimum of every
reductions of R, is to be considered. Let

_ 1
R < min {1, > dist(xg,0Q)), L”l/”‘}

to begin with, so that for any R < R, we have R, L'R* < 1 and Bg C Q.
The following lemma is a consequence of the uniform Lipschitz estimate (2.14).
Lemma 4.1. Forany 0 < p < R < R/2, we have the estimate

/B(\%u]—i—s)dx <c (g)Q/B

0 R

1

of |#l(Bar) \ 7
(|Xu| +s)dx+cR <RQ—1

+ c(L’va)i/ (1] + s) dx. 42)
Bag

Proof. We denote comparison function v as the weak solution of Eq. (3.23), as before.
Then we write

/(yaeu|+s)dxg/ (|aevy+s)dx+/ %1 — Xo| dx. (43)

B, B, B,
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The first term is estimated from (2.14) as
P\<
/ (|Xv| +s)dx <c (—) / (|Xv| +s)dx
B, R/ JBg

<c (£>Q/13R(|%u|—l—s)dx+c<£>Q/BR|%v—%u|dx. (4.4)

The last terms of (4.3) and (4.4) are estimated by Corollary 3.1 and we end up with (4.2).
This concludes the proof. O

The following Lemma is similar to a well-known lemma of Campanato [3,10]. The
proof follows along the same lines as in [9, Lemma 2.1].

Lemma 4.2. Let ¢ : (0,00) — [0, 00) be a non-decreasing functions, A > 1 and € > 0 be fixed
constants. Let ,¥ : (0,00) — [0, 00) be functions such that

Y p(tir) < ¥(r)

j=0

forany 0 < t < ty < 1. Given any a > 0, suppose that

o(p) < A[(B) +e] o) +r9(r) (4.5)

r

holds for any 0 < p < r < Ry, then there exists constants €y = €9(A,a) > 0and c = c(A,a) >
0 such that if € < €, then for all 0 < p < r < Ry, we have

o) <c|(8)" o)+ o) @6)

forany 0 < &€ < a.

Proof. We fix 0 < v < Ry. Notice that, for any 0 < ¢t < 1, (4.5) implies

P(tr) < At* (1 + t%> o(r) + r*y(r).
We fix some t < ty and let €9 < t7, so that for every € < €p, we have
At (1 +e/t%) < 2A1°,
Using this on the above, we get

p(tr) < 2Ap(r) + r'y(r). 4.7)
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Now, we iterate (4.7) as follows; for any k € N,
P(tH1r) QAL G(tr) + R (thr)
QA2 H(H 1) + 2A8K (1) 4 Rt (Er)
S(2A PP 2r) + (AP () + 2A5 P () 4 £y (Hr)
k . .
<o < QAR p(r) 4+ £ Y (2A) (£ Tr).
j=0
Since, Y72 P(tr) < ¥(r) as given, we have
(" 1r) < QA g (r) + A (r).

Now, given any 0 < & < a, we can choose t small enough such that < ﬁ and hence
2At* < t°7¢. Then, we have

4)(tk+1r) <c |:t(k+1)(11—§)4)(7) + tk(”_g)rﬂ‘f(r)} (4.8)

for some ¢ = c(A,a) > 0. Now, given any p < r, we can choose k € IN such that, we have
t*+1r < p < t*r. Then, (4.8) implies

oltp) < 9t 1r) < (B)p0) + et (),

which, with a rescaling of p by constants dependent on A, 4, yields (4.6). This completes
the proof. O

Using the above Lemma together with Lemma 4.1, we obtain an almost-Lipschitz
estimate, as follows.

Proposition 4.1. There exists c = c(n, p, L) > 0 such that,

/B,(|3€u‘ +s)dx <c <%)Q7E [/BR(\%u] —l—s)dx—i—RQWle/p(xo,R)] (4.9)

holds forany 0 < ¢ < Qand 0 <r < R < R.

Proof. First, let us fix 0 < r < R and denote

qb(r):/B(\%u|-|—s)dx and 1w, (r) = ('%i’))”.

We recall (4.2) with appropriate scaling, to have

o0) < (2)" 9(r) + %, (r) + (L'7)
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forany p < rand c = c¢(n,p,L) > 0. We can apply Lemma 4.2 on the above witha = Q
and using approriate reduction

(L'R%)7 < eo(n, p,L).

Recalling (2.17), notice that w), satisfy the summability condition of Lemma 4.2 and we

obtain
;

Q-2 o
< o Q—EpEnTH
(r) < c [(R) P(R) + 19 RW! (x0,R)
for every 0 < r < R < R, and hence we have (4.9). This completes the proof. O

Now, we use the estimate (3.14) along with the above estimates to prove C'7 regu-
larity of u. We continue to assume R subject to reductions with dependence of data as in
(4.1). First, we have the following lemma.

Lemma 4.3. There exist p = B(n,p,L) € (0,1) and ¢ = c(n,p,L) > 0 such that, for every
0 < 0 < R < R/2, the following estimate holds:

][ Xu — (Xu)p, | dx

BQ
gc(f{)ﬁ][B (|%u\+s)dx+c<1;)Q (%@)wﬂymﬁﬁ (|1%u| +5) dx| .

Proof. We define the comparison functions w and v as weak solutions of Egs. (3.15) and
(3.23), as before. Then we have

J

Xu — (Xu)p, | dx gz][B Xu — (X0)p, | d

gz][ X0 — (X0)g, | dx +2][ Xu—Xo|dv.  (410)
BQ BQ
Now, we shall estimate both terms of the right hand side of (4.10) seperately.

Using (3.14), we estimate the first term of (4.10) as

]iq |Xv — (Xv)p,| dx §c<§>ﬁ][BR(|S€v| +5s)dx

§c<§>ﬂ][3 (|3€u|+s)dx+c<§)ﬁ |Xv — Xu|dx.

R Br

The second term of (4.10) is estimated simply as

Q
][ ]%u—%v\dxgc(5> ][ |Xu — Xv|dx.
BQ Q Br

Using the above estimates in (4.10), together with Corollary 3.1 to estimate the integral of
|Xu — Xv|, the proof is finished. O
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Now we are ready to prove Theorem 1.1. An extra dependence on g is assumed on R,
where g > Q is as in the statement of Theorem 1.1.

Proof of Theorem 1.1. Let us assume the notation w, for the density of the Wolff potential,
as used in the previous subsection. From Lemma 4.3, we get

/ Xu — (Xu)p, | d

Q

§C(§>Q+ﬁ /By(|%u\ +5) dx + crQuw, (r) + c(L'r“)lz’/ (|Xu| +s)dx (4.11)

r

and from (4.9) of Proposition 4.1, we have,

/B,(‘%“’ +e)dx<c (%)Qfﬁ [/BRqaeu\ +s)dx+RQW§,p(xo,R)]. 412)

We use (4.12) on (4.11) to obtain the following estimate,

Q+BRE
_ 9 QW
/BQ U — (Xu) | dx Sc(r5+ERQ)[/BR(|3€u|+s)dx+R W;’p(xo,R)]

+cr9 {wy(r) + (L’r"‘)% ][ (|Xu| +s) dx} (4.13)

r

forevery 0 < ¢ < r < R < R. Now, given y = f € L]
Holder’s inequality we have

(Q)) for some g > Q, then by

loc

B,) Br -1/ _Q
M) — s [ 10 < B2 [ ) < ot
Letting 6 < (1—Q/q)/(p — 1), the above implies that

wy(r) < e[ f15 7
and 0 < § < 1sincegq > Q and p > 2. The same upper bound is also satisfied by the
Wolff potential due to (2.17). Furthermore, we assume € < 2a/p and § < 2a/p — & so that
using (4.9) again for the last term of (4.13) and a further reduction
L/Rafp((SJrE)/Z <1,

leads to

Q+p 1/(p—1)
/B\xu_@u)%\dxgc(iw+rQ+5)[][ (%] +s)dx + [[£I11 7
Q

Br
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forevery0 < o <r <R < R. For some 0 < k¥ < 1 we rewrite the above with the choice
r = 0" to have

/B [ X1 — (Xu)p, | dx <e(gQHITIRTIE 4 gr(QH) [ f (12u] +s)dx + [ 1,7

Br
<co® 7|  (xul+ 9+ 71,
R

where the latter inequality follows when Q + v < min{Q + (1 — x)B — x&x(Q + ) };
indeed we can make sure that this is true with the choice of ¥ = x(7y) such that

Q+r . B
Q+d6 ~ — p+¢’

forany 0 < v < B6/(Q + B+ 9 +&). Also, note that if y, € are small enough, x = x(7y)
can be chosen close enough to 1 and we can make sure ¢ < R, whenever 0 < ¢ < R.
Thus, we have obtained

f ]%u—(%u)BQ\dxgcg"Y[]i (I%u] + ) dx + [ £ 17"
o R

forany 0 < ¢ < R < R and the proof is completed. O
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