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Abstract

This paper discusses a numerical method for computing the evolution of large inter-
acting system of quantum particles. The idea of the random batch method is to replace
the total interaction of each particle with the N — 1 other particles by the interaction with
p < N particles chosen at random at each time step, multiplied by (N -1)/p. This re-
duces the computational cost of computing the interaction potential per time step from
O(N?) to O(N). For simplicity, we consider only in this work the case p = 1 — in other
words, we assume that N is even, and that at each time step, the N particles are orga-
nized in N/2 pairs, with a random reshuffling of the pairs at the beginning of each time
step. We obtain a convergence estimate for the Wigner transform of the single-particle
reduced density matrix of the particle system at time ¢ that is both uniform in N > 1 and
independent of the Planck constant h. The key idea is to use a new type of distance on
the set of quantum states that is reminiscent of the Wasserstein distance of exponent 1 (or
Monge-Kantorovich-Rubinstein distance) on the set of Borel probability measures on R?
used in the context of optimal transport.

Mathematics subject classification: 82C10, 82C22 (65M75).
Key words: Time-dependent Schrodinger equations; Random batch method; Mean-field
limit; Wasserstein distance.

1. Introduction

Consider the quantum Hamiltonian for N identical particles with unit mass located at
positions z1, -,z € R%:

N1 1
Hy= Y —=h°Ay +—— > V(z-w,), (1.1)
m=1 2 N-1 1<i<n<N

where A is the reduced Planck constant. The N- particles in this system interact via a binary
(real-valued ) potential V assumed to be even, bounded and sufficiently regular (at least of class
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CY! on Rd). The coupling constant ﬁ
kinetic energy (involving N terms) and in the potential energy (involving %N (N -1) terms).

We seek to compute the solution ¥y = Uy (¢, 21, -, 2n5) € C of the Schrédinger equation

ihat\I/N(t,fﬂl,“',J;N) = HN\IJN(t,ZCl,“',fI;N), \I]N|t:0 = \Iﬂ}\’/l (12)

is chosen in order to balance the summations in the

where t > 0 is the time while z,, € R? is the position of the mth particle. When solving (1.2),
the computation is exceedingly expensive due to the smallness of A which demands small time
steps At and small mesh sizes of order A for the convergence of the numerical scheme, due to the
oscillation in the wave function ¥y with frequency of order 1/ (see [2,18]). On top of this, any
numerical scheme for (1.2) requires computing, at each time step, the sum of the interaction
potential for each particle pair in the N-particle system, i.e. the sum of %N(N - 1) terms.
For large values of N, the cost of this computation, which is of order O(N?), may become
significant at each time step. The purpose of the Random Batch Method (RBM) described
below is precisely to reduce significantly the computational cost of computing the interacting
potential from O(N?) to O(N).

Throughout this paper, we assume for simplicity that N > 2 is an even integer. Let
01,02,--,05,-- be a random sequence of mutually independent permutations distributed u-
niformly in & 5. Each permutation o € &y defines a partition of {1,---, N} into N/2 batches of
two indices (pairs) as follows:

N/2
{177N} = I_I {U(2k - 1)70(2k)}
k=1
Pick a time step At > 0, set

t

. N
T,(1n) = 1 if {l,n} = {a[ ¢ ]+1(2k—1),a[ﬁ]+1(2k)} for some k=1, o

0 otherwise,

and consider the time-dependent Hamiltonian
N

1
Ha(t):= Y —§h2Azm + Y Tu(l,n)V (- an). (1.3)
m=1 1<l<n<N

In other words, at each time step, the particle labels m = 1,---, N are reshuffled randomly, then
grouped pairwisely, and the potential applied to the mth particle by the system of N —1 other
particles is replaced with the interaction potential of that particle with the other — only one
in this case — particle in the same group (batch).

The motivation of the RBM is that the computation of the solution ¥y € C of the time-
dependent, random batch Schrédinger equation

’L.hatﬁjv(t,flil,'“,fﬂ]\[) = HN(t)@N(t,(El,"',.’I;N), {f]N|t:0 = 67}\1/1 (14‘)

is much less costly than computing the solution ¥y of the N-body Schrodinger (1.2) for large
values of N. Clearly, for each time step the cost of computing the interaction potential is
reduced from O(N?) to O(N). We remark that the computational cost of reshuffling the N
labels is O(N) by Durstenfeld’s algorithm [11]. Of course, one needs to prove that (1.4) is a
“good approximation of W y” for a sufficiently small time-step At.

Our goal in the present paper is to show that the RBM converges in some sense as At — 0,
with an error estimate that is both

(a) independent of N, and

(b) uniform in A € (0,1).
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Obviously, one wishes to use the RBM for finite, albeit possibly large, values of N. It is
therefore an obvious advantage to have an error estimate for the RBM that is independent of N
(instead of an asymptotic rate of convergence that would be valid only in the limit as N — +00).
This explain why we chose to present most of our results and proofs with a mean-field scaling
of the potential, i.e. with a factor ﬁ in front of the potential in (1.1). This explains the need
for condition (a).

However, the error bound obtained in our main result is small as At — 0, even for moderate
values of N for which the factor ﬁ is insignificant. Therefore our result applies to N-body
quantum Hamiltonians without the ﬁ
corollary of our main theorem for each finite value of N > 2.

normalization of the interaction potential, as a simple

Finally, the RBM is known to converge in the case of classical dynamics (see [17]). Tt
is therefore natural to seek an error estimate for the quantum RBM method which does not
deteriorate in the semiclassical regime, and this accounts for condition (b).

Our main results on this problem are gathered together in the next section, especially in
Theorem 2.1 and Corollary 2.2 for the case without a mean-field scaling of the interaction.

There are many variants of the RBM presented above. For instance, one could divide the N
particles in batches of p (instead of only 2, but with p <« N') particles to enhance the accuracy, or
reduce the variance of the method (assuming of course that N is a multiple of p for simplicity).
Likewise, one could replace the PDE (1.4) with some numerical approximation thereof — for
instance one could approximate the solution of (1.4) by alternating direction method, where, at
each time-step, one replaces the resolution of (1.4) by that of N /2 Schrodinger 2-body equations
for each particle pair belonging to the same batch.

The RBM for the classical dynamics of large particle systems has been proposed and ana-
lyzed in [17]. However, obtaining error bounds which satisfy the conditions (a)-(b) listed above
on random batch algorithms for quantum particle systems requires completely new ideas, espe-
cially on the problem of metrizing the state space as the number NV of interacting particles tends
to infinity. For that reason, the present paper discusses only the simplest possible formulation
of the RBM, specifically the approximation of the solution of (1.2) by that of (1.4) with batches
of only 2 particles, in order to focus our attention on the essential features of this problem.

The origins of the random batch method introduced in [17] for classical interacting particle
systems can be found in stochastic programming (see for instance the discussion of the stochastic
gradient method in [22]), and more specifically in the applications of that method in the context
of machine learning (see [1,24] and the references therein). A detailed presentation of stochastic
approximation methods can be found in [19], while [3] provides a nice introduction to the
dynamical aspects of these methods. In [17], and also in the problem under study in this paper,
an error estimate of the RBM is established for unsteady, time-dependent problems, while in
stochastic optimization methods such as the stochastic Gradient descent methods, one uses
pseudo-time and the goal is to prove convergence toward the steady state.

2. Mathematical Setting and Main Result

We have introduced the N-body quantum dynamics and its random batch approximation
via the Schrédinger equations (1.2) and (1.4). However, it will be more convenient to couch the
analysis leading to our error estimates in terms of the corresponding von Neumann equations,
which we recall below.

Henceforth we denote $) := L2>(R% C) and Hy = H®V =~ L2(RY)V;C) for each N > 2.
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The algebra of bounded operators on $ is denoted by £($), while £1(£) c £($) and £2($)
are respectively the two-sided ideals of trace-class and Hilbert-Schmidt operators on §). The
operator norm of A € £($) is denoted |A|. A density operator on §) is a trace-class operator
R on $ such that

R=R">0 and traceg(R)=1.

An example!) of density operator on § is the $-orthogonal projection on Cip for v € § satisfying
[#]s = 1, henceforth denoted |¢))(t)|. The set of density operators on a separable Hilbert space
H is henceforth denoted D(H).

The N-body von Neumann equation is the following differential equation with unknown
t — R(t), an operator-valued function of ¢:

ihd; Ry (t) = HNRn(t) - Ry () Hy = [Hn, Ry (t)], Rn(0)=RY. (2.1)

Since V e C(RY) is bounded real-valued, the N-body quantum Hamiltonian Hy has a self-
adjoint extension to ), so that the solution of (1.2) is U (t,-) = e N Wi while the solution
of (2.1) is given by

Ry (t) = e ¥n/h gineithn/h (2.2)
In particular, if R € D(n), then Ry (t) e D(Hy) for each t > 0.

Likewise, if RY = [UW) (W%, then Ry (t) = [¥n(¢))(¥n(¢)| for each ¢t > 0. Conversely, if
Ry (t) is a rank-one density operator, its range is of the form CW y (¢) with | ¥ ()|, =1, and
this defines a unique U (t) so that Ry (t) = ¥ (¢))(¥n(¢)] up to multiplication by a complex
number of modulus one. In other words, Ry(t) is in one-to-one correspondence with the
quantum state associated to Wy (t), that is to say, in accordance with the Born interpretation,
with the complex line in i spanned by Wy (t). This explains the connection between (1.2)
and (2.1).

Likewise, the random batch von Neumann equation is the differential equation with unknown
t — Ry(t), an operator-valued function of ¢:

ihdi Ry (t) = [Hn (1), BEn(t)],  Bn(0) = R . (2.3)
The formula giving Ry (t) is
Ry (t) = U(t,0)Rxn (0)U(0,1)
where, for each 0 < s <t,

[t/At]-1

U(S, t) e i(s—[s/hAt]At)HN([Ait]At) H ei%tHN(jAt)eiu—[t/hAt]At)HN([ﬁ]At) ,
j=[s/At]
U(t,s):=U(s,t)".
Henceforth we denote for simplicity
U(t,s)A:=U(t,s)AU(s,1) (2.4)

1 Throughout this paper, we use Dirac’s bra-ket notation. A square integrable function 1 = P(x) € C viewed
as a vector in §) is denoted [¢), while the notation (1| designates the linear functional

93¢ [ P@o(a)de = (¥lg) e C.
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for each A € L($); hence
Rn(t) =U(t,0)RY,  t>0. (2.5)

Since our purpose is to find an error estimate for the RBM that is independent of the particle
number N, we first need to define in terms of Ry (t) and Ry (t) quantities of interest to be
compared that are independent of N. For instance one cannot hope to use the trace-norm of
Rn(t) - Ry (t) since both Ry (t) and Ry (t), and the trace-norm itself for elements of £!($x)
significantly depend on N. (There are other reasons for not using the trace-norm in this context,
which will be explained later.) A common practice when considering large systems of identical
particles is to study the reduced density operators. Assume that Rf\’} has an integral kernel
P = P (g N YL, o, YN ) satisfying the symmetry

P (@1, TN YL YN = T (T (1) T (V) Yo (1) Yo (V) (2.6)

for a.e. (1, TN;Y1,"YN) € R??N and each permutation ¢ € Gy. Then, for each ¢ > 0, the
N-body density operator Ry (t) solution of (2.1) satisfies the same symmetry, i.e. it has an
integral kernel of the form r(t; 21, -, 2n;y1, -, yn) such that

T(t;xlu"'axN;yla"'uyN) = T(t;xa(l)a"'7:EU(N);ya(1)7"'7yU(N)) (27)

for a.e. (@1, TN;Y1,YN) € R2?N all t > 0 and each permutation o € Gy. The 1-particle
reduced density operator of Ry (t) e D(Hn) is Ry 1(t) € D($)) defined by the integral kernel

ri(t,z,y) = f(Rd)N_l r(t;x, 20, 2N Y, 22, 2N )z +dzN . (2.8)

(This operation is legitimate for a trace-class operator R on f)y: indeed, R has an integral
kernel r(z1,-,2N;y1, -+, yn ) such that

(Zlv'”aZN) = T(-rl +Z1, TN+ ZN;xlv'”aIN)

belongs to C(RIN._ | s L*(REN ) according to Footnote 1 on p. 61 in [14]).

Even if R} satisfies the symmetry (2.6), in general Ry (t) does not satisfy the symmetry
analogous to (2.7) for t > 0 (with r replaced with 7, an integral kernel for Ry (t)) because the
random batch potential

Yo T(ln)V(z - )

1<l<n<N

is not invariant under permutations of the particle labels, at variance with the N-body potential

1
N-1 1sl§z:sNV(xl ffn)
In particular, since the bosonic or fermionic symmetries on the N-particle density operator
imply the symmetry (11), one cannot expect that the bosonic or the fermionic symmetries are
preserved by the random batch dynamics for each fixed At > 0.
For that reason, the 1-particle reduced density operator of Ry (t) is Ry.1(t) € D($) defined
for all ¢ > 0 by the integral kernel

~ 1 X ~ 2
ACEES D) R CE AN RN S (2.9)
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with the notation
Zinlx] = 21,221, 2, 2541 28, dZj N = dzrdzjoydzigday

(Obviously (2.9) holds with 71 and r in the place of 73 and 7 respectively because of the
symmetry (2.7)).

Our main result on the convergence of the RBM for the N-body von Neumann equation
(2.1) (or for the N-body Schrodinger equation (1.2)) is stated in terms of the Wigner functions
of the density operators Ry (t) and Ry (t). We first recall the definition of the Wigner function
of an operator S € £2(£): let s = s(z,y) be an integral kernel for S. Then s € L%(R% x R%) and
the Wigner function of S is the element of L?(R? x R?) defined by the formula

1 1 1
Wih[SI(z,-) = W}'(y > s(w + ihy,ac - §hy)) for a.e. z ¢ R?,

where F designates the Fourier transform on L?(R%). If the argument of F is integrable in y,

h
then 1

1 1 ;
= - _Z —igy
Wi[S](z,&) = @) /Rd s(:z: + 2hy,:c 2hy) e " dy.
When S = [){(¢] with ¢ € $, the Wigner function of S is often denoted W4[1]. The reader is

referred to [20] for more details on the Wigner function.
For each integer M > 1, we also introduce the dual norm

acC.(R*xR?), and
0-ase=sup | [, @0t | s 102000l e o <1

T
lal,|B|sM
lal+18]>0

With the material introduced above, we can state our main results in the following theorem.

Theorem 2.1. Assume that N >2 and that V € C(R?) is a real-valued function such that

V()= V(2) forall zeRY, lim V(:)=0, and fRd(1+|w|2)|V(w)|dw< 0.
Let RY € D(Hn), and let Ry(t) and Ry(t) be defined respectively by (2.2) and (2.5). Let
Rn.1(t) and Ry 1(t) be the single-particle reduced density operators defined in terms of Ry (t)
and Ry (t) by (2.8).

Then there exists a constant vq >0 depending only on the dimension d of the configuration
space such that, for each t >0, one has

[[WalERN,1(t)] - WalBy,1(O)]lll-{a/21-3
< 2yg ALt maxWVIAL) A (V) (2 + 3tA (V) max(1, At) + 4VAL(V)tAL). (2.10)

where E is the mathematical expectation and At the reshuffling time-step in the definition of
the random batch Hamiltonian (1.3), while

1

A d N
V) = Gt Jo WPV @, AV = o [ X7 ()i

v

where w” is the v-th component of w.
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Notice that the above result holds for the most general N-particle initial density operator
Rin.

This error estimate satisfies both conditions (a) and (b). That it satisfies (a) is obvious,
since N appears on neither side of (2.10). That it satisfies (b) is seen with the help of Theorem
IT1.1 in [20]. Indeed, for each ¢ > 0, the operators Ry (t) and Ry (t) define two bounded families
of elements of D(£) indexed by N > 2 and h € (0,1). Thus, Wy[ERy.1(t)] and Wx[Ry 1(t)]
are relatively compact in the dual space A’ defined in Proposition III.1 of [20], and the limit
points of these families as A — 0 are positive measures fi(¢) and p(t) on the phase space R¢xR.
With relatively mild tightness assumptions on the behavior of Wi [ERy 1 ()] and Wx[Ry 1(t)]
in the limit as |z|+|{| - oo, these “Wigner measures” 1i(¢) and pu(t) encode the behavior of the
reduced density operators Ry 1(t) and Ry 1(t) in the semiclassical regime. After checking how
the dual norm ||| - |||-[4/2]-3 behaves on weakly-* converging sequences in A’, one can therefore
hope that (2.10) implies an estimate for the difference of the N-body reduced Wigner measure
u(t), and the expected value of its random batch analogue fi(¢), since the right hand side of
(2.10) does not involve h.

As mentioned in the Introduction, when one is interested in finite values of N, our results

1

can be restated without the mean-field factor — in front of the potential and we get the

following result.

Corollary 2.2. Let N,V,R%, L(V),A(V) as in Theorem 2.1. Let R(t), R(t) be the solutions

of
ihd R(t) = [H,R(t)], ihd, R(t) = [H(t),R(t)] R(0) = R(0) = Ry} ,

N

1<l<n<N
N
HO) =3 -Ih2a, +(N-1) Y To(lon)V(w— ).
m=1 2 1<l<n<N

where Ty is defined right before formula (1.3).
Then with the same constant vq4 > 0 as in Theorem 2.1 and for each t >0, one has, denoting
again by Ry 1(t), Ry1(t) the first marginals of R(t), R(t),

IWAERN 1 ()]~ Wa[ Rt ()l-taj2)-s < 27va(N ~1)A¢ 8 max(VAN-DLOD) (/)
x (2+3t(N-1)A(V) max(1, At)+4Vd(N-1)L(V)tAt). (2.11)

Obviously, Corollary 2.2 is obtained by applying Theorem 2.1 to the interaction potential
(N-1)V.

The error estimates (2.10)-(2.11)can also be stated directly in terms of the density operators
Rn.1(t) and ERy 1(t): see formula (4.1) in section 4.1 below. This new formulation of the
error bound involves a new metric dp on the set of density operators on §, introduced in
Definition 4.1. Using this new metric dp, instead of the (more traditional) trace norm is the key
to satisfying the uniformity conditions (a) and (b) formulated in the introduction — i.e. the
uniformity in the particle number N and in the Planck constant A respectively. The novelty of
this approach is that using the new metric dj, solves both the stiffness issue pertaining to the
fast oscillations at frequency of order 1/h, and the “curse of dimensionality”, i.e. the fact that
any numerical error in the evaluation of the interaction potential is amplified N times in the
N-particle quantum Hamiltonian Hpy. To clarify completely this point, we shall compare in
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detail the key estimates obtained in the proof of Theorem 2.1 by using the new metric dp with
the corresponding bounds that one would get with the trace norm (see section 4.2 below).

Notice that, with batches of two particles, one cannot hope to approximate higher order
reduced density operators — for instance 2-body correlations. However, it is likely that, with
larger particle batches, one can approximate such higher order reduced density operators, most
likely with the same mathematical techniques as in the present paper (viz. the duality method
described in section 3, and distance dp introduced in section 4, in Definition 4.1, suitably
modified in order to take into account operators on the 2-body Hilbert space $%2).

Observe that the quantity of interest in Theorem 2.1 is ERy:1(t), and not EW 5 (¢, 21, -, 2N ),
assuming that R% is a pure state of the form R¥ = [Ui) (04|, and that Uy (t,-) := e #H~/Pyin,
There are two reasons for this:

(a) As explained in the introduction, the approximation obtained in (14) holds uniformly in
N > 2. In particular, the bound (14) addresses the issue of understanding the large N behavior of

the N-body dynamics defined by the unitary group e **~/h
e-itHN/h

. Describing the large N behavior of
can only be done through marginals (or reduced density matrices) to avoid considering
the number of space variables in W (¢,-) which tends to infinity. Unless W% is factorized, i.e.
is of the form

U (2, an) = [T9" (2))
j=1

the reduced density matrix at time ¢ = 0 is in general not a pure state. Indeed, even if one starts
from a factorized N-body initial wave function, the 2-body interaction through the potential
V prevents ¥y (¢,-) from being factorized for ¢ > 0 in general.

(b) Even if N is kept fixed, there is another good reason for not considering EW n(t,-), which
is that the approximation obtained in (14) has to hold uniformly in A. In particular, it
must hold in the semiclassical regime where A — 0. In that case, it is well known that
in general ¥y (t,-) - 0 weakly in $H (think of a WKB wave function, for instance), and
that the classical limit of the state described by the wave function ¥y (¢,-) must be under-
stood in terms of quantities which are quadratic in Wy(t,-), such as the Wigner transform
WhlY N (t, )P N (E,-)|] (or the Gaussian regularization thereof known as the Husimi transfor-
m). Therefore, obtaining an approximation for the expected wave function EV (¢, -) would not
help in the semiclassical regime, and one is interested instead in the expected density operator
E|U N (t, ) (Un(t,-)], or its Wigner transform, which is the same as the expected Wigner trans-
form EWL[|Un(t, )TN (L,-)]]. Indeed, the mathematical expectation E commutes with the
Wigner transformation Wp,which is linear in the density operator, but quadratic in the wave
function, so that EW[|Un (¢, YNV N (¢,)|] # Wa[[EC N (¢, )WEP N (¢,-)]].

3. Proof of Theorem 2.1

The proof of Theorem 2.1 makes critical use of rather different key ingredients (such as
the mutual independence of the reshuffling permutations o, semiclassical estimates on the
interaction terms, together with a careful choice of test operators in the weak formulations of the
N-body and random batch dynamics, and a quantitative version of the Calderon-Vaillancourt
theorem), and as a result, is rather involved. We shall therefore decompose our argument in
seven steps. Each step addresses one of the key issues in the error estimate obtained in Theorem
2.1.
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3.1. Using the weak formulations of (1.2) and (1.4)
For each Ae L($) and all k=2,---, N -1, we set
NA=AIZN D A= 12% e A0 1NV gyA=12V Ve 4,

where I designates the identity operator on the Hilbert space $.
With A € L($) to be specified later, let

1 N
By (s) := U(S,t)N > JRA.
k=1

By the Duhamel formula,
BN(t) _ e—itHN/hBN(O)e+itHN/h
1 bt 1 .
1 —i(t-s)Hn/h T _ _) V. B +i(t-s)Hn/h g

with the notation
Vinn == multiplication by V(x,, — ) .

Because of (2.2) and (2.5), one has
traces , (Rn (1) By (t)) =trace(U(t,0) Ry (0)U(t,0)*U(t,0)Bn (0)U(£,0)*)
=traceg, , (Rn (0)By(0))
by cyclicity of the trace, and because U (t, s) is unitary on $. On the other hand
traceg , (Ry (t) By (t)) =trace(e tH~/P Rinetitin/h B (1))
= traceg , (R e /M By ()e M /R
so that

traceg, y (R (t) By (t)) — trace( Ra By (0))

iy e (e | 1 o
= trace | U e® "N (Ts(m,n)——)an,BN(s) e h N )ds
ih Jo 1Sm;LSN N-1

1fttaceR() 5 (T( ) 1)v By(s)|)d
=— r s s(m,n) — —— | Viun, s s

ih Jo N 1<m<n<N N-1 N

again by cyclicity of the trace. Therefore

traceg, ((En (t) - R (1)) By (1))
1

:_%/Ottrace(RN(S)[ » (Ts(m,n)—ﬁ)an,BN(S)])ds.

1<m<n<N

With our choice of By (t), this last identity is recast as

- 1 N
traceg, ((RN(t) - RN(t))N > JkA)
f=1

S (| 2 (momn - ©|rve)d
=— trace Ts(m,n ——)an,B s)|Rn(s s
h j=1 (jfl)At 1<m<n<N N-1 Y N
7 t 1
+ — trace (TS m,n ——)an,B s ]R s )ds.
h /[ﬁ]At ([ISmZ;zSN ( ) N-1 w{s) [ Bn(s)
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Hence, taking the expectation over random reshufflings, and using the definitions (2.8) and
(2.9) of reduced density operators, we arrive at the identity

traceg ((E]A%'N_’l(t) - RN_yl(t))A) = traceg ((ERN(t) - RN(t))% sz: JkA)
k=1

:%[f] /:At trace(RN(S)E[ > (Ts(m,n)—ﬁ)an,BN(s)])ds

j=1 (5-1)At 1<m<n<N
t

te [ﬁ]Attrace(RN(S)E[ > (Ts(m,n)—ﬁ)an,BN(s)])ds

1<m<n<N

.

2. Using the independence of 01,09,

For all S € L($H), denote
Up()S = (eithA/2)®N g (e—ithA/2)®N
Observe that

traceg (RN(S)E [

=traceg (RN(S)E[ (Ts(m,n) -

with
ABN(s,7) = Bn(s) —Uo(s - jAL) BN (jAL),

since

traces, (RN(S)E[ 5 (Ts(m, n)—ﬁ) an,uo(s—jAt)BN(jAt)])

1<m<n<N

=traceg (RN(S)[ > E(Ts(m,n)_

1<m<n<N

) Vinns o= yAt)EBNoAt)])

The penultimate equality follows from the independence of the o;’s, since
By(jAt) = By (jAt+0)

involves only 0;.1,,07¢/a]+1, While Up(s — jAL) is deterministic and T4(m,n) only depends
on ;. As for the last equality, it comes from the identity

ET.(m,n) = forall1<m<n<N and s>0.

N-1’
For this last identity, see the proof of Lemma 3.1 in [17], and especially the second formula
after (3.13) on p. 8 in [17].

Therefore

traceyj ((EENJ(t) - RNJ(t))A) = traceﬁN ((EEN( RN(t) Z JkA)
j-1At 1<m<n<N

'if(JAt traceﬁN(RN(S)El Z (Ts(m’n)_ﬁ)an,ABN(S?j)DdS

+%fL] ttraceﬁN (RN(S)E[ Z (Ts(m,n)—ﬁ)an,BN(s)])ds. (3.1)

1<m<n<N
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3.3. Semiclassical potential estimate

The previous formula makes it obvious that our error analysis requires estimating commu-
tators of various operators with the interaction potential. Besides, all these terms involve a 1/h
prefactor. With a view towards obtaining uniform as A — 0 error estimates, one should avoid
by all means using bounds of the type

1 2
|5 0V5ns87) € 21V IS

We shall use instead the following lemma (see [16] on p. 1048).

Lemma 3.1. Let f = f(z) be an element of C4(R% C) such that f and Vf belong to L'(R).
Then, for each T € L($), one has

ILf, 710 < ACF) max [, T]],
with

d A
D= 5 o 3 kI

Proof. Let E, € L($) be the operator defined by E,(x) = e (z) for all z € R%. Then

1 o
)= [ )BT,
[71= G557 o T )[BTl
14 1
[Ew,T]E;:/ E(EMTE;W)dt:f Ewliw- o, T]EL dt,
0 0
so that 4
< v H.
IUE. T < s 10 T 35
Hence
v 1 £ d m
I oo 1 TV 57 fo 1F 1 b
which impli es the desired bound. m|

We use this lemma to control the terms [Vi, By (s)] and [V, ABn(s,7)] for each m,n =
1,---, N. First, one has

|[Vinns By (8)]] < A(V)(gjgi I, By ()] + max [[z7, By (s)]1) (32)
IV ABa (5. )| € AV (s, [, ABy (s.0)]| + mave [, ABy (s ). (33)
Hence

> [(Ts(m,n)-L)an,BN(s)]

1<m<n<N N-1

N
CNV) 3 e BN, (39

and

> [(Ts(m,n)—L)an,ABN(s,j)]H

1<m<n<N N-1

N
<2M(V) 3. max (4, ABx (s.D)]]- (35)
m=11%K<
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This estimate is one of the key points in our analysis. It is based on the fact that the bounds
(3.2) and (3.3) involve commutators with only the variables x,, and x,, which appear in Vj,,.
This observation is at the origin of the independence of the right hand side of (2.10) in N.

For each m = 1,---, N, we henceforth denote by 7(t) the unique index in {1,--, N} different
from m and in the same batch as m at time ¢. In other words, m(t) is defined by the following
two conditions:

m(t)#m and Ti(m,m(t)) =1. (3.6)
By the Duhamel formula
1 1
ABy(s,7) —hf 5Zuo(s-T)[VM(S),BN(T)]dT, (3.7)
iat 25

so that, for each m =1,---, N and each = 1,---,d, one has

, 1 rise1 QN
Il ABN (s < 7 [ 5 3 Wt Uo(s = DYy B (1)
S =1

An elementary computation shows that

(@7, Uo(0) 5] = Uo(0)([7,,, ST+ O[-ih,s, , S1);
hence

ITah, Uo(0) ST < Ity STI + 161 [=ihD,re , ST

Therefore
{5, ABn (s, 5)]|

1 jAat N
< [ S (ULt iy B () + (7= ) -ihdg Vi B ()11

1 jat N
Sﬁfs > (Vi [ BN+ (7= 9)IVigo [0, B (7)) e

Ja
b [ = -0 Vin oy B ()]l
(In the formula above 0,V denotes the partial derivative of V' with respect to its p-th variable
(i.e. the p-th coordinate in the position variable). In other words, 01 Vin,m(s) is the multi-
plication operator defined on $x by the formula (0,V,, ms)¥Yn) (21, 28) = (O V) (2m -
() ¥ N (21, axn) for all Un € Hy.)

Thus

P ERCN
=1

V) / max H[CL‘I,[ fn,BN(T)]]HdT

1<, m<N 1A, psd

A(V)At JAL .
: h ‘/S 1<l§n:<N 13%32(1 H [xl ’ [ Zhaz;’BN(T)]]HdT

+2V/dL( V)At/ Z max (4. By ()] ar. (3.8)
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3.4. First order semiclassical estimates

In view of the inequality above, a key issue is therefore to bound operators of the form

[xyanN(T)] ) [_ihamfanN(T)] )

and
['rlAv ['rfnv BN(T):H ; [Il)\a [_Zham'fnv BN(T)]] ’ [_Zhaml*v ['rfnv BN(T):H .

This is done in the present section and the next. The bounds on the first two quantities above
follow the proof of Lemma 4.1 in [16], which is itself based on the earlier analysis in Appendix
B of [4], or Appendix C of [5].

We recall that

ih, By (s) = [Ha(s), Bn(s)],  Bw(?) :% i T A

Hence

ihOs[xh,, BN (5)] = [HN(8), [@h,, Bn(8)]] + [[2),, Hn (8)], Bn(8)],

[ M (s)] = [%,-%h%wm] = ih(=ihd,n ).
so that

ihd, [t By (s)] = [Ha(s), [, Bx()]] + ih[ihdye . B (s)].
Thus .
Iy, By (s)]] < [[2,, By (#)]] + fs I[-ihOps . Bn(T)]|dT .

Likewise

Zhas[_lhazfanN(s)] = [HN(S)v [_zhami‘naBN(S)]] + [[_ZhazfanN(s)]v BN(S)] )

M=

[—ih@w%,HN(s)] = [—zhaﬁl,V(xl - IT(S))] = —’L'h(?#V(:Z?m - xﬁ(s)) y

1
2

Il
=

so that

Zhas[_lhax“mv BN(S)] = [HN(S)a [_Zhax“mv BN(S):H - Zh[aﬂv(xm - 'rﬁz(s))a BN(S)] ’
Therefore

I[=ih0yp . Bn (8)]] < |[=ih0yus , Bn (1)]]

t
ALV [ (a1 By (D4 mase [ a8y, By (7))
Set
N N
. o —ihOn
Mis) = 3% i [ B ()] + 32 ma [[=ihdlg By ()] (39)

Then, one has ,
M (s) < My (t) +max(1,2\/&L(V))/ My (r)dr

so that, by Gronwall’s lemma

My (s) < My (t)elts) max(1L,2VAL(V)) (3.10)
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Finally, since

N
By(t) = e > JRA, (3.11)
N3
one has 1 1
[zk ,Bn(t)] = NJm[x”,A], [—ih@mgn,BN(t)] = NJm[—ihBM,A].
Hence 1 1
[z, By ($)]] < N“ [z, A]ll, |[=ih0,x , BN (1)]] < NH[—ihamA] I,
so that
M, (t) < max |[z", A]| + max ||[-ihO,, A]| (3.12)
1<p<d 1<p<d

and therefore

Mi(s) < (max |[2", A]| + max |[~ihd,, A]|)e(t=) max2VALVY),
1<p<d l<pu<d

The bound (3.12) is the second key point in obtaining a convergence rate in (2.10) that is
independent of V. Indeed, one might suspect that the summation over IV in the right hand sides
of (3.4) and (3.5) leads to a bound of order O(N), but the semiclassical propagation bound
(3.12) and the careful choice of the initial condition By (t) in (3.11) show that this is not the
case. To summarize, the duality argument used in (3.2)-(3.5) and the semiclassical bound (3.9)-
(3.12) allow treating separately the action of each position variable x1,---, 2y corresponding to
each particle. In section 4.2 below, we compare the estimates above with those obtained by
using the operator norm instead of M;(t) to control By (t). We shall see in particular that using
the operator norm to estimate By (t) would mix all the variables x1, -,z , thereby loosing the
benefits of dealing a pairwise interaction potential as observed in (3.2).

3.5. Second Order Semiclassical Estimates

One has
ihds[ay, (27, By (s)]] =[Hn (s), [y, [27,, By (s)]]]
+ ([, H (9)]; [25, Ba (s)]] + ih[ay, [=ih0yy, , By (s)]]
=[Hn(s), [, [25, Br(s)]]]
+ih[~ihOyw , [}, BN (s)]] +ih[x;,, [-ihd,e , Bn(s)]].

Notice that
[~ihOuy, (2, BN (8)]] = 2}, [<ih0ay , BN ()]

Likewise

ihOs[~ihOyy , [}, BN (5)]]

=[Hn(s), [=ih0ys, [2h,, Bn (s)]]] + [[=ih0s , Hn ()], [21,, Bn (s)]]
+ ih[~ihdy , [~ihd,n , By
]

=[Hn(s),[-ihOy,

n

5
SRS
oy
2

=
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and
ihds[~ihdys , [~ihdun , By (s)]]
=[Hn (), [=ih0py, [=ih0ys , Bn ($)]]] + [[=ihOay , Hi (5)], [-ih0,s, , B (s)]]
+ih[~ih0yy , [~ihd,n , B (s)]]
=[Hn (), [=ihOuy, [=ih0uy, BN (5)]]] = ih[0,V (2n = 27(s)), [=1hOys . Br (5)]]
+ih[~ihOzy, [0,V (Tm — Tm(s)), Bn ()]
Since
[=ih0uy, [0,V (m = Tmi(s)), B (5)]]
[0,V (@ = 2i(s)), [ihDuy, BN (8)]] + [[=ihDuy . 0,V (2 — ()], B (5)],
and

[—ih@mz s 8HV(xm - ,Tm(s))] = —ih@,,@HV(:cm - ,Tm(s))(ém
=—1h0, 0,V (xn — T5(s)) + 00,0,V (5(s) — n) = 0.

m = 671,771(5))

Indeed, V' is even, so that 0,0,V is also even. Hence

ihOs[~1h0zy , [~ihOye , BN (8)]] = [Hn(5), [-1hOzr , [~ihOyy , Bn(s8)]]]

- ’Lh[al,V(:En - Iﬁ(s)), [—ih@w;,BN(s)]] + Zh[aﬂ‘/(zm - :Eﬁl(s)), [—ihamz,BN(S)]] .

Using the Duhamel formula, one finds that
[l [, B ()11 < ([ [25, [27,, Bn ()11 + f |l [=ihOey, Bn (7)]]|d7

o [ M b, By (P)]ldr
and
|[=ih0., Lot By (3)]]]
<I=ihdyy, [t B (O] +VAL(V) [ max |[af [al, By ()] ar
VALY [ s 1wy Lty By (OTlar + [ =600y, [0, Br (D] dr

while
|[=ih0sy, (i1, B (5)1]] < [ =ihDey , [-ihDy, B (1)]]]
t
ALV [ ma [, [-ih,g By ()7 + VALV [ mas [y, [-ih0 By (r)]]ldr

+VAL(V) f masx | [, [~ihdy , B ()]]ldr + VAL(V) f max | [y, [-ihdy, B (7)]]dr.
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Set

MQ(S)

Therefore

Since

one has

Therefore

and
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1<m,n<N 1<p,v<d ey e
—ihOy , [~ihDys , B ,
: 1SmZ,r:LsN 12}%};1 |[=ihdzy, [=ihDas, , B (s)]]]

My (s) < My (t) +6max(1,VdL(V)) ft My (7)dr.

1 N
By(t) = N > JRA
k=1

[t et By (0] = 222 [ [, AT,

[=ihdys , (2, Bn ()]] = ‘%”Jm[-may, [2", A]],

[~ihDyy , [-ihd,u , By (t)]] = %T"Jm[—ih&,, [-ihd,, A]].

My(t) < max [[z" [o", A]]| + max [[-ifd,, [«", A]]]
<pL,V<

1<p,v<d

+ max |[~ihd,, [-ihd,, A]]l,

1<p,v<d

MQ(S) < max H[xv7[x,u7A]]HeG(tfs)max(l,\/EL(V))
1<p,v<d

+ max H[—ihay,[;C“,A]]HeG(t—s)max(l,\/ﬁL(v))
1<p,v<d

+ max |
1<p,v<d

[~ihd,, [—ih&u, A Heﬁ(t—s) max(l,\/EL(V))'

3.6. Implications of the semiclassical potential estimates

= Y max [ 4 By()ll+ Y max |[ihd.y, [t B (s)]]]

(3.13)

(3.14)

(3.15)

(3.16)

At this point, we use (3.5), (3.8) and (3.4) together with the bounds obtained in the last

two steps.

First, we find that

% ‘/[;]At trace (RN(S)E[ > (Ts(m,n) - ﬁ) an,BN(s)]) ds

1 t

< f E
h J[ 1At ‘
1 t

1<m<n<N

ds

[lﬁm;lSN (TS(m,n) B ﬁ) an7BN(S)]

1

<L —— > [[Vin, Bn()]] ds
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so that
l‘ft trace(R (s)E[ > (T (m n)——1 )V B (s)])ds
h [ﬁ]At Y 1<m<n<N ° , N-1 PN
AW) ]
S T Z Gl Bl + o B(s)] s
A(V) 1 X
f_ R Z (max |27, By (s)]] + max |[#5s). Bn ()] [)ds
2A \%
( )f Z max |, B (s)] 1ds < 2200 f Mi(s)d
<2A(v)Atetmax(l,2\/3L(V)) Ml(t)'
h
Next
LU ace | Ru(s) Tu(mn) — —— ) Vi, AB (5,7 | |d
7 f(j—l)At race | Ry (s 13m§zsN( s(m,n —m) ny, ABN (s, s
1/]'At E Z (T( ) - 1 )V ABx(s.7)
< s\m,n mns S
h (G-1)At 1<m<n<N N-1 NAS:J
L S W AB (s )]l
< ENEEE) mn S, S
h (jil)AtN_llsnKnsN N J
Lo AB d
5 Jonyard 2 Z [0V sy, ABuv (5,)]ds,
so that

1

JAt
t R
5 /(j_l)m race | Ry (s)

I g (1 1

h j-nat N - 1lsm<nsN

> (Ts(m,n)—ﬁ)meABN(s,j)‘l)ds

1<m<n<N

s ABx (5.9)] |+ mas | [, AB (5.5)]] ) d

JAtL
A(V) / z max [ [25,, ABn (s, )] + max [[25,), ABn (s,)] ) ds

h -1)At 2 1<w<d

2A(V) At
“h Jo- 1)At2£1351\| 2% ABx(5.9)]].

Recall that

N
> max |24, ABy(s,5)]]

11<y,<
AW)

h
<A(V)Atmax(1 At)étmax(lﬁL(V))—MQh(t) + 2VAL(V) A2t mx2VALD) o, (1),
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Therefore
LU ace| R (s) Tu(mn) — —— ) Vi, AB (5,7 | |d
5 /(j_l)m race | Ry (s lst;ZSN( s(m,n) - N—l) mn, ABN (8, ] s

<2A(V)?At* max(1, At)eﬁtmaxﬂﬁL(V»—M;gt) B 4\/EA(V)L(V)At3etmax(l’Q\/&L(V))—Mlh(t).
Putting together all these elements of information leads to the bound
~ - 1 N
|traces ((ERN,1(t) - Rn1(t))A)| = |traceg ((ERN(t) - RN(t))N > JkA)’
k=1
< 2A(V)(1 + 2VdL(V)tAt) Ate! max(lvMW))MlT(t)
max M (t)
+ 20 (V)2 At max(1, At)eSt “WWD%. (3.17)

Observe that the right hand side of (3.17) is independent of N. This explains why the error
estimate in (2.10) is independent of N.

3.7. Specializing to the case where A is a Weyl operator

In order to finish the proof of Theorem 2.1, we restrict our attention to a convenient class
of test operators A, for which the quantities M (¢)/h and My (t)/h? are bounded as h — 0.

We first recall the definition of a Weyl operator on ). For each a € S’(R?xR?), one defines
a linear map OP}’ [a] : S(R?) » S'(R) by the following duality formula:

<0P§V[a]¢,5>sqm),s<m> = (a, Wh[|¢>(¢|])5'(Rd),3(Rd) .

We recall that S(R?) is the Schwartz class of infinitely differentiable functions defined on R?
which are rapidly decaying at infinity (i.e. O(|z[™™) as || = +00) and whose partial derivatives of
all orders are also rapidly decaying at infinity. Then S’(R%) is the set of tempered distributions
(i.e. the topological dual of S(R?)), while (T, })s(ri),s(rey designates the evaluation of the
tempered distribution 7" on the test function ¢.
Elementary computations show that
%W, OPY [a]] = - OPY [8eva], %[-mawu, OPY[a]] = OPY [0,-4].

Boulkhemair’s improvement [7] of the Calderon-Vaillancourt theorem states that, for each in-
teger d > 1, there exists 74 > 0 such that, for each a € S’(R? x RY) satisfying the condition
029 a e L (R x R") whenever |a| and |3| < [d/2] + 1,

max 998020 oo (rixra) <1 = |OPY[a]| < va.
T |OPY [a]l <~

Therefore, choosing A = OP} [a] implies that

ldl(t) anf
< max 0207 al ;e
A 2’7d| L1BI<[d/2]+2 H x Ve HL (R4xR%)»

M(t) 8
2 <3 8°0%a L
Rz 7 ) alstdj2)es 1020 @l = (mexmey
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so that

|traceyJ ((EﬁNﬂl(t) - Rya(t)) OPhW[a])|
M, (t)

SZA(V)(:[+QﬂL(V)tAt)AtetmaX(LQ\/EL(V)) ;

+2A(V)*tAtmax(1, At)e® max(1,VdL(V)) _M;gt)
<2 Ate8 X (LVAL) A (1) (2 + 3tA (V) max(1, At) + 4VdAL(V)tAt)

X*Ya, - I0AX %02 a ;o (maxRA)-
Vi aax 102 0¢al Lo rasmay

Since ERy 1(t) - Ry 1(t) is a self-adjoint element of £'($), there exists a complete orthonormal
sequence ¢y in $ such that

ERy1(t) - Ryna(t) = Y pildn) ol

k>1
with
peeR - and Z|Pk|<oo,
k>1
Therefore, if a € S'(R? x RY) satisfies
st 0707 al < 00,
‘alxlﬁ‘g[d);Q]-H'J, H T 7E HL (RdXRd)

then

Wh[ERN1(t)] - Wa[Rna(t)],a
S'(R4),S(R?)

= kz P Whallox)(orl], a) s (re),s(r?)
>1

=traces, ((ERn,1(t) - Ry.1(t)) OP} [a]).
In other words

IWh[ERN1(t)] = Wa By 1 ()]lll-(a/21-3
<2y Atebtmax VALV A (V) (2 1 3tA (V) max(1, At) + 4VAL(V)tAL).

4. Remarks on Theorem 2.1 and its Proof

4.1. Metrizing the set of density operators

Our analysis in the present paper can be expressed in terms of the following metric on the
set of density operators on the Hilbert space $).

Definition 4.1. For R,S € D(9), set D = —i0 and

AeL(®) and for all 1 < p,v<d
dn(R,S):=sup | traces (R=S)A)| | Al[«" A]|+R|[AD,, A]| + |[«",[«".A]]|
+|hDy, [ A]]| + A Dy, [A Dy, AL <5h?
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The physical interpretation of the distance dj, relies on the fact that, in quantum mechanics,
a state is known only through its expected values on observables. The set of observables entering
is the definition of dj are semiclassical by the Dirac interpretation of %[, -] as a Poisson bracket.

This is made clear by noticing that the estimate they satisfy in Definition 4.1 can be rewritten
as

|5 [, Al + | [hD,., Al + | - (o, (o, Al
1 [ADp 3 (o, ALl + |5 (Dy, £ [AD,, 4] <5
h 123 h 9 h, ,U.vh 123]

together with the natural canonical relations %[hD#,x”] =04

The distance is analogous to several distances introduced earlier in the literature. The first
is obviously the Monge-Kantorovich(-Rubinstein) distance, also referred to as the Wasserstein
distance of exponent 1: see formula (7.1) in chapter 7 of [23]. However, the Monge-Kantorovich
distance is defined on the set of Borel probability measures on the Euclidean space R¢, and not
on density operators on .

An analogue of the Monge-Kantorovich distance has been proposed by Connes on the set of
states on a C*-algebra endowed with an unbounded Fredholm module: see Proposition 4 in [8],
or §5 in the Introduction and §1 in chapter 6 of [9]. See also the review paper [21] for a more
thorough discussion of this distance. However, the Connes distance is the noncommutative
analogue of a Riemannian metric on compact spin manifold, as explained in Proposition 1 of [8]
— see also formula (2.9) in [21] which does not involve a spin structure — and not on a phase
space, i.e. not on a cotangent bundle. The analogue of the Monge-Kantorovich or Wasserstein
distance of exponent 1, or of Connes’ distance in our setting would be

MK (R,S) = sup |traceq ((R-S)A)|.
ey zpza (I AT IR Dy, AR

Since the correspondence principle associates the Poisson bracket {-,-} to %[,], and since
{a#,-} = —O¢n while {£#,-} = —Opu, the constraint |[AD,,A] < h corresponds to Lipschitz
continuity in the position variable 2*, while the constraint |[z#, A]| < h corresponds to Lipschitz
continuity in the momentum variable £#. The distance d}@ used in [16] to prove the uniformity
in the Planck constant A of the mean-field limit in quantum mechanics (see formula (43) and
Theorem 1.1 in [16]) is essentially based on the same idea as M K.

However, neither the variant M K} of the Connes distance nor the distance d% in [16] can
be used to obtain the convergence rate (2.10) for the random batch method, and a new idea is
needed at this point.

This new idea is to use iterated commutators in the constraints entering the definition of dp
in order to fit the specifics of the random batch method. More precisely, the need for iterated
commutators comes from the key step using the independence of the reshuffling permutations
01,02, leading to (3.1) and the quantity ABx(s,j). Indeed, estimating ABx(s,j) system-
atically involves iterated brackets, as shown in (3.7) and the subsequent formulas.

It should be noted that, because the constraints in the definition of dp involve iterated
commutators, this metric may not have an interpretation in the context of optimal transport
through the Kantorovich duality theorem (Theorem 1.3 in [23]) as the Wasserstein (or Monge-
Kantorovich) metric of exponent 1, or as the Connes distance, for which an analogue of the
Kantorovich duality theorem has been recently worked out [10]. For this reason, it could be



The Random Batch Method for N-Body Quantum Dynamics 917

that the metric dp considered here is of a different nature than either M K" or the Connes
distance.
The main properties of dj, are summarized in the following proposition.

Proposition 4.2. For each h > 0, the function dy is defined on D($)) x D($) and takes its
values in [0,+00]. Moreover

(i) the function dy, is an extended metric on D(): it is symmetric in its two arguments, satisfies
the triangle inequality, and separates points in D($);

(ii) there exists vq >0 (depending only on the space dimension d) such that, for all R,S € D($)

IIWa[R] = Wa[S]ll-ta/21-3 < vadn (R, S).

Proof. That dp, is symmetric in its arguments and satisfies the triangle inequality is obvious
from the definition. That dy separates points in D($) follows from (ii). Indeed

dn(R,S) =0 = [[Wh[R] - Wh[S]l-[a/21-3 = 0,

so that

f[RdXRd WhR - S](z,8)a(x,&)dxdE =0

for all a = a(z,¢) € S(RYxR?) such that H[)ga?aHLoo(de) <1 for all multi-indices o, 8 € N? such
that |, || < [d/2]+3, and therefore, by homogeneity and density of S(RYxR?) in L?(RYxR?),
for all a = a(x,¢) € L2(R?x R?). Hence Wy[R] = W [S] in L2(R?x R?), and since the Fourier
transform is invertible on L2(R? x R%), this implies that R and S have integral kernels a.e.
equal, so that R =.S. This proves Property (i) taking Property (ii) for granted.

The proof of Property (ii) is essentially a repetition of the last step in the proof of Theorem
2.1 (section 3.7). Indeed

[Wh[R] = Wa[S]lll-(as21-3

- sup {URR WalR - S](x,)a(z, €)duds

s.t. max aaaﬂa z, -1
lallBl<[d/2]+3" * ¢ (z.6)| }

=sup {|‘cmceyj ((R-5) OPhW[a])| s.t. max = |(’“)§‘(’“)§a(x,§)| = 1}

|al,1B8|<[d/2]+
<Yadn (R, S),
since
s [0500a(a,€)] = 1 = hl[e" Al +h| (D, ]| + |[a" (oA
Dy, [, AN+ | (Do, [AD,i, AT <5vah*
by Boulkhemair’s variant [7] of the Calderon-Vaillancourt theorem. O

The error estimate in Theorem 2.1 and Corollary 2.2 could have been couched in terms of
the distance dp. Indeed, the inequality (3.17) at the end of the penultimate step in the proof
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of Theorem 2.1 can be recast as
dn(ERN (1), Ry.1(t)) <10A(V)2tAt max(1, At)eb max(1LVaL(V))
+ 10A(V)(1 + 2VdAL(V )t At) Ate! max(L2VAL(V)) (4.1)

Up to unessential modifications in the constants, the error estimate in Theorem 2.1 is a conse-
quence of this inequality and Proposition 4.2 (ii).

4.2. On the choice of ||| - [||_{4/2]-3 or di to express the error bound

The idea of using the metric dp, presented in the previous section might seem strange. One
might find it more natural to use more traditional metrics on density operators, such as the
trace norm, for instance. Indeed, for all ¢,s € R, the map U(¢t,s) is an isometry for the trace
norm, because the map U (¢,s) is a unitary operator on $y.

Estimating the difference ERy 1(t) -~ Ry.1(t) in trace norm can be done along the same line
as in Section 3. Although this is not the simplest route to obtaining this estimate, it will be
easier to compare the inequalities at each step in this estimate with the ones using dj. Indeed

|ERN1(t) - Rya(t)]1 = sup [trace((ERN,1(t) - Ry (t)A)l,

[Al<t

and using (3.1) shows that
|ERN (1) - Rya(t) s

lf sup |traceg, (RN( )E[ > an,BN(s)]) ds
h JI& 1At )1

At 1<m<n<N
[

1 ﬁ] JAL
- f sup |traceg, | Ry (s)E > Vi, ABN(s,5) | || ds,
T i1 JG-DAt A<l 1<m<n<N
with the notation 1
an = s - an .
( (m.n) = 5~ 1)
Then
1 N
[A] <1 = HN Z JLA|| <1 = |Bn(s)| <1
k=1
for all s €[0,t], and
traceg (RN(S)E[ > an,BN(S)])’
1<m<n<N
< Z [traceg v (RN (8)[EVmn, By (s)])]
l<m<n<N
SN[V L= mey RN () [1]BN(8)]| = 2NV L= (re), (4.2)
since
Ts(mun) = 0 = HanH = —HVHLM(Rd)

N -2
N-1

Ts(m,n) =1 = V| = === VL=®s-
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Likewise

1<m<n<N

traceg (RN(S)E

Z an,ABN(S,j)“)l

< Z [traceq (RN ($)E[Vimn, ABN(s,5)])|

1<m<n<N
NV ey |A B (5, (1.3
and (3.7) implies that
ABx(5,)] € 3 ANV 1y (.4)

Putting all these estimates together results in the upper bound

|BRN1(t) - Ryva(t) ]
2 21 t
IR\ P [—

At

1
| | AN IV Ly ANV

2N Nt
SFAtHVHLw(Rd) (1 + 7\|V\|L°°(Rd)),

which is neither uniform as N — oo nor as A — 0, and therefore satisfies neither of our require-
ments (a) and (b) at the end of Section 1.

It is instructive to compare the rather naive estimates above with the more subtle corre-
sponding estimate in the proof of Theorem 2.1.

For instance, comparing (4.2) with (3.2), or (4.3) with (3.3) shows clearly that (3.2) or (3.3)
involve only the commutators with the variables x/ that are present in the potential V (2, - ),
i.e. only the two values £ =m or k =n. This key observation is at the core of section 3.3.

When summing over all possible pairs m,n either with m and n in the same batch, or
over all m,n with the coupling constant 1/N, one arrives at the bound (3.4), which does not
involve the N factor that is present in (4.2). One might suspect that this N factor is hidden
in the summation over m = 1,---, N in the right hand side of (3.4), but in fact this summation
is included in the definition (3.9), and the bounds (3.10) and (3.12) make it clear that no N
factor can arise in this way. The key observation is obviously the bound (3.12) which does not
involve N, since

1
k=1

and [z}, JxA] = [-ihO,n , JpA] = 0 for all p = 1,--,d and all m = 1,---,N unless m = k.
Finally, the definition of dp implies that the test operator A satisfies both |[[«#,, A]| = O(h)
and [[-ih0,u , JpA]| = O(h) for all m = 1, N and p = 1,---,d, so that M;(t) = O(h). This
nice bound (small as A — 0, independent of N) is propagated by the random batch dynamics
as explained in Section 3.4. As a result, the bound (3.4) does not involve the unpleasant N
factor in (4.2), and the fact that M;(t) = O(h) offsets the 1/h factor multiplying the last time
integral on the right hand side of (3.1), at variance with the naive estimate above.

The same advantages of using the dp, metric instead of the trace norm are observed in the
treatment of the “generic” term, i.e. the integral over the time interval ((j — 1)At,jAt) on
the right hand side of (3.1). The naive estimate above, i.e. (4.3) and (4.4), lead to an even
more disastrous bound of order N2/h (there is one factor N that comes for the same reason
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as in (4.2), and an additional factor N/h which comes from the estimate (4.4) in operator
norm based on Duhamel formula for ABy(s,j)). Instead, one repeats with ABy(s,j) the
same argument as in the treatment of (3.4). Since the term ABp(s,j) is itself the time
integral of a commutator involving the random batch potential, the same rarefaction in the
relevant commutators [z}, B]| used to control |[Vi,n, Bn(7)]| is observed, except that one
needs bounds for commutators of the form | [z}, ABy(s,7)]| and not |ABx(s, )| itself. This
is the reason why we need to control iterated brackets of order 2, which is done in section 3.5.
The bound (3.5) and the inequality (3.8) show that everything can be controlled in terms of
the quantity My(7) defined in (3.13). Here again, one might suspect that the summation over
m,n in (3.13) would produce the same unpleasant N? factor that appears when using (4.3) and
(4.4), but the bounds (3.16) and (3.15) clearly show that this is not the case.

Eventually M(7) = O(h?) (uniformly in N) because of the choice of the test operator A in
the definition of dp: here the key estimate is (3.14), which explains why the sum of N2 terms
in (3.13) produces a quantity that is bounded uniformly in N. That My(t) = O(h?) follows
from the condition on A in the definition of the metric dj, and this offsets the 1/h? due to the
integral over the time interval ((j — 1)At,jAt) in (3.1), and to the additional time integral in
the Duhamel formula (3.7) for AB,(j,$).

Summarizing the discussion above, the metric dj is especially designed in order to handle
both the large N and the small A issues, i.e. requirements (a) and (b) in the introduction.

5. Conclusion and Perspectives

The random batch method applied to the N-particle Schrodinger equation reduces the
computational cost of the N-particle interaction potential per time-step from O(N?) to O(N)
operations.

We have given an error estimate (Theorem 2.1) for the simplest imaginable random batch
method applied to the quantum dynamics of IV identical particles. This error estimate has the
advantage of being independent of the particle number N and of the Planck constant » (or more
precisely of the ratio of the Planck constant to the typical action of one particle in the system).
On the other hand, the final estimate is stated in terms of some dual (negative) Sobolev type
norm on the difference between the expected single body reduced density operators propagated
from the same initial state by the random batch dynamics and by the N-particle dynamics.
For the sake of simplicity, we have restricted our attention to the simplest case of batches of
two particles only.

The main new mathematical ingredient in the proof is the use of the metric ds (see Definition
4.1 for the definition of this object, and Proposition 4.2 for its basic properties), which is
especially tailored to handle at the same time the difficulties pertaining to the small & regime
(classical limit), and those pertaining to the large N regime (mean-field limit). The final
statement (Theorem 2.1) of the error estimate does not involve the metric dj, but is couched
in terms of the Wigner transforms [20] of the N-body and random batch density operators, a
mathematical object which is familiar in the context of quantum dynamics.

Several extensions of this result should be easily obtained with the mathematical tools
used in the present paper. First one can obviously consider batches of p > 2 particles; the error
analysis is expected to be similar. Also, in practice, the random batch dynamics (1.4) or (2.3) is
further approximated by some convenient numerical scheme. Of course, the numerical schemes
used on (1.4) or (2.3) should satisfy the same requirements (a) and (b) (uniform convergence
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in N and in h) listed in the introduction. For instance, time-splitting strategies for quantum
dynamics converge uniformly in & (see [2] and [12]), and could be used together with random
batch strategies. The numerical treatment of the space variable x, however, seems much more
challenging.
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