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Abstract. The deterministic discrete gradient method for stochastic differential equa-
tions is extended to equations with multiple conserved quantities. The equations with
multiple conserved quantities in the Stratonovich sense are written in the skew-gradient
form, which is used in the construction of the stochastic discrete gradient method. It is
shown that the stochastic discrete gradient method has the mean-square convergence
order one and preserves all conserved quantities. Besides, for a given skew-gradient
form, the stochastic discrete gradient method is equivalent to the stochastic projection
method. Numerical examples confirm the theoretical results and show the effectiveness
of the method.
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1. Introduction

Stochastic differential equations (SDEs) are an important tool for describing stochastic
phenomena arising in physics, engineering, economics, chemistry, and biology [7,12,17,18,
20]. However, analytical solutions of such equations are rarely available. Therefore, there
are various numerical methods developed for their solution — cf. [2,3,11,13,25,28-30].
In the last decades, the numerical methods preserving the geometric invariants along the
flows, such as symplectic and Lie group structures, and quantities showing that the exact
solution evolves on a manifold of the dimension smaller than that of R", have been widely
studied [5,8,9,27,32]. Such numerical approaches are called the structure-preserving or
geometric numerical integration (GNI) methods. They have a number of advantages and
provide reliable numerical solutions. Therefore, GNI for SDEs with geometric attributes
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attracted a considerable attention [4,14,19,24,33]. In this work, we are mainly interested
in SDEs with the conserved energy and momentum.
Consider the following general autonomous SDEs:

d
dx(t) = > G'(x(0))odWi(t), x(0)=xo, 1.1)

i=0

where “o” refers to the Stratonovich integral, W°(t) :=t and Wi(t), i =1,...,d are inde-
pendent one-dimensional standard Wiener processes defined on a complete filtered prob-
ability space (2, Z,P,{Z;}.c[0,r]) and satisfying the usual conditions. Besides, the initial
value x, is a R"-valued random variable such that E|x,|> < oo, |- | the Euclidean norm,
and the functions G' : R" - R", i = 0,...,d, satisfy the conditions under which (1.1) has
a unique solution [20].

To simplify the presentation, throughout this paper we use the Einstein’s summation
convention — i.e. repeated indices in a single term mean the summation of such terms
over all range of the indices. Thus the Eq. (1.1) can be written as

dx(t) = Gi(x(t)) odWi(t). (1.2)

Assume that the Morse functions I™ : R" - R, m = 1,...,M are conserved quantities of
(1.2), i.e.
(GH'vl=0, i=0,...,d, j=1,....M,

where VI’ denotes the gradient of I/. This means that the exact solution evolves on the
manifold
My ={y eRYIM(y)=1"(xo) for m=1,...M}.

When constructing numerical methods for SDEs with multiple conserved quantities, it
is natural to require the numerical solutions to preserve all multiple conserved quantities.
We note that there are two different sets of numerical methods which preserve conserved
quantities of SDEs — viz. the ones that use the terms I"™ explicitly and the ones that do
not. The latter include symplectic methods automatically preserving the quadratic Hamil-
tonian energy [24] and the methods preserving the matrix Lie group structure, which are
equivalent to the preservation of conserved quantity determined by the corresponding Lie
group [1,19]. The former comprise stochastic averaged vector field methods [6], stochastic
projection methods [15,34] and stochastic discrete gradient methods [10, 15].

It is worth noting that most of the existing works are devoted to SDEs with single con-
served quantity. On the other hand, to the best of our knowledge there are only a few
researches concerning conservative numerical methods for SDEs with multiple conserved
quantities. Thus Chen et al. [4] modified the stochastic averaging vector field (AVF) method
to preserve multiple conserved quantities, Zhou et al. [34] introduced multiple Lagrange
multipliers and directly applied a linear projection method to SDEs with multiple conserved
quantities. In comparison to the case of a single conserved quantity, this can increase the
computational costs. In this paper, we extend a stochastic gradient method for SDEs with
single conserved quantity [10] to SDEs with multiple conserved quantities and show that
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the stochastic linear projection method with multiple Lagrange multipliers can also be writ-
ten in the same form.

The rest of the paper is organised as follows. In Section 2, the stochastic discrete gradi-
ent method for SDEs with multiple conserved quantities is presented and the mean-square
convergence of the stochastic discrete gradient method based on a symmetric discrete gradi-
ent is illustrated. It is also proved that the stochastic linear projection method with multiple
Lagrange multipliers can be written in the form of the stochastic discrete gradient method
in a skew-gradient form. The numerical examples presented in Section 3, demonstrate the
effectiveness of the method.

2. A Stochastic Discrete Gradient Method

In this section, we work with the SDEs (1.2) with M conserved quantities I™, m =
1,...,M. First, considering the special case M = 1, we obtain the classical stochastic gra-
dient method for SDEs with single conserved quantity [10].

Theorem 2.1. Under the assumption |VI| # 0, there exist skew-symmetric matrices S', i =
0,...,d such that . .
G'=S'VI. 2.1)

Proof. Since I is conserved, we have

_a

0=dI
dx

~dx = (dx) VI = (G) VI o dW!,

which implies (G1)TVI = 0. Let

_ 1
I

i (G'(v)T —vI(GHT) = #Gi AVI, (2.2)

where A is the wedge product

(uAv)j =uv;—u;v;, u,veER™
Observing that GI(VI)" /|VI|? maps VI to G!, we can easily show that (2.2) is a particular
solution of (2.1). O

Generally, the choice of the skew-gradient form is not unique, since the solutions to
(2.1) can be written as the sum of a particular solution and the solution to the homogeneous
equation S!VI = 0. The following proposition shows the general form of the solution to
the homogeneous equation.

Proposition 2.1. For a given non-gero vector v € R", the general solution to homogeneous
equation S'v = 0 can be written as
i i
Sik = Tive>

where T' are skew-symmetric 3-tensors, i =0,...,d.
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Proof. For any S', let

1 — 1 1 A
Tjkl = W (Sjkvl + Slej +Sljvk) .

Since S'v =0, i.e. S;kvk =0, we have

Tiv—i(Sivv+Siv'v +Sivv)—LSi (v))? =S! O
JRUT T [y i TP 2 Vi T o L) = g 2k = 2k

Rewriting (1.2) in the equivalent skew-gradient form
dx(t) = S (x(£))VI(x(£)) o dW'(8),
we can construct a stochastic discrete gradient method based on the discrete gradient.

Definition 2.1 (cf. McLachlan et al. [21]). For a differentiable function I, the function VI
is the discrete gradient of I if it is continuous and satisfies the equations

VI, x)-(x"—x)=I(x")—I(x),
VI(x,x)=VI(x),

for any x’, x € R".

For example, the function VI =[VI,,---,VI,]T, where

/ / / / /
_ 1 (I (X15' . 5xk_15xk,xk+]_5' . ,Xn)_I(Xl,' ot ,Xk_l,Xk,Xk+1,' ot 5Xn)
/
k

X, — Xk

+

/ / / / /
o) ot )

Xi— X

is a symmetric discrete gradient [21].

Consider the discretisation of the time interval [0, T ] with the step size h, and let t; = [h,
[ =0,...,T/h. The stochastic discrete gradient one-step approximation x'*! of the exact
solution at time t;, started from x! = x(t;) has the form

I+1 l
+ _ .
u) VI (x!, x) AW, 2.4)

Xl+1 — Xl + Si (
The Egs. (2.4) represents the stochastic discrete gradient method for SDEs with single con-
served quantity. Hong et al. [10] proved that the stochastic discrete gradient method based
on the one-step approximation (2.4) has the mean-square convergence order 1.

Remark 2.1. As we can see, the construction of the stochastic discrete gradient method de-
pends on the approximation of S' and on the discrete gradient VI(x’, x). According to The-
orems 2.1 and (2.1), the choice of S is not unique, so that we can obtain better numerical
integrators by adding appropriate homogeneous solutions. Besides, if the discrete gradient
VI(x’,x) is symmetric, the corresponding numerical method is also symmetric [31].
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Similar to the case M = 1, we first show that SDEs with M > 1 conserved quantities
can be written in a skew-gradient form and show that the choice of skew-gradient form
is not unique. Then, based on a given skew-gradient form and given discrete gradients of
I',--- I we construct a stochastic discrete gradient method for (1.2) with M conserved
quantities and prove that the stochastic discrete gradient method has the mean-square con-
vergence order 1.

Theorem 2.2. Let D = [VI',--- ,VIM], B = DD, ie. By = VI/-VI*. Assume that
VIL, ... ,VIM are linearly independent, so that B is non-singular. Then there are skew-
symmetric (M + 1)-tensors S* such that

i _ ¢l
G =S iu

1 M
v} --.vilh, (2.5)
Proof. Since G' - VI/ =0 for all j, we have
(G AVI'A---AVIM) (VI ,VIM) = G' detB.

The non-singularity of B yields that

‘ 1 ‘
i — i 1. ... M
Siiviv = JorB (G'AVI'A---AVIM)
is a particular solution to (2.5). O

Consider now the homogeneous solutions of (2.5).

Proposition 2.2. For skew-symmetric (M + 1)-tensors S' and linearly independent vectors

vl - . vM e R" the general solution to homogeneous equation

i 1., ,M_
Siivein Vi~ Vi = 0 (2.6)
can be written as
i _ il l _
S, =Ch vk 1=1,..,M, (2.7)

where CU is a skew-symmetric (M + 2)-tensor corresponding to v'.

n

Proof Notice that the skew-symmetric (M + 1)-tensor S has (M +1) independent com-
ponents. Using the coordinate system v/ :=¢;, j = 1,...,M, where e,,, m=1,...,M are
}12---M .
for j < M. Therefore, the skew-symmetric S* has ( M’:Ll)—(n—M ) independent components
left. In order to establish the general form of solutions, we exploit (2.7), thus obtaining

the unit vectors, we obtain S = 0. The the skew symmetry of S' implies 5;12... v =0

Si-(vl,vz,--- ,VM)ZCil-(vl,vl,vz,--- ,vM) =0,

which has M( /%5 ) independent components. For n > M + 2, we have

M(Mr—li- 2) > (M’:Li- 1) —(n=M).
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This means that there are sufficient solutions available. Then, we have to determine the
terms C'! in (2.7). Let us illustrate this procedure for C'. Note that

gi._gli. (Vz,_,_ ,VM) _cil (vl,vz,m ,VM),
because § - v/ = 0 for all j. This implies
(Si/\vl/\~~/\vM)-(v1,v2,-~- ,vM)=§idetB,

where B is a non-singular matrix with the entries Bj; = v/ - vk, Thus,

1,1 .2 . MY _ & _ I a1 oA MY (1.2 M
C (v L VS, ey )—S _detB(S AV A=AV ) (v LV ey ),
which means 1
cll = (SEAVEA---AVM). O
detB

Remark 2.2. According to [21], the basis of skew-symmetric (M + 1)-tensors satisfying
(2.6) is composed of skew-symmetric (M + 1)-tensors satisfying the condition A’ - vk = 0
for some k. They can be written as Al = ctk . yk with the skew-symmetric (M + 2)-tensor
cik = (1/|vkP)Al AvE

Writing (1.2) in the equivalent skew-gradient form
_ci 1., oM i -
dx;(t) = Sty VI - VI odW'(t), j=1,...,n (2.8)

with

. 1 .

St= G'AVI'A---AVIM,
detB

we can obtain a one-step approximation of the stochastic discrete gradient method for (1.2)

with M conserved quantities — viz.

141 _ 1, &i Sl S M A i —
X =X E Sy YV VAW =1,

where 1
Si= ——GAVI'A---AVIM
detB

is an approximation to
. 1 .
S'= G'AVI'A---AVIM,
detB
G! and VI™ are approximations to G! and VI™.
For convenience, we denote x*! by x’ and x! by x, so that the above one-step approx-
imation takes the form

‘x4 8 I vIMAW!, =
xj—xj+5jj1ijVIj1 VI].MAW, j=1,...,n. (2.9)
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Usually, the increments of Wiener processes AW;, j = 1,...,r are represented by vhE pJ=
1,...,r with independent .4'(0, 1)-distributed random variables £ ;. The unboundedness of

the standard Gaussian random variable yields that the random variable vh& ; should be
replaced by vh{ n,j» Where

gj: |€]| SAh;
Chi=AAn & >Ap (2.10)
—Ap, & <Ay

with A, = 4/2k|Inh| and a positive integer k. It is known that E(§; — Ch’j)z < Kk [24].
According to [16,34], the truncated methods have the same mean-square convergence or-
der. Thus from now on, we assume that the increments vh& j are replaced by the truncated

forms vh{ n,j with a properly chosen integer k.

3. Properties of Stochastic Discrete Gradient Method

In this section, we consider the conservation property and the mean-square convergence
of the stochastic discrete gradient method. In addition, we show that the stochastic linear
projection method with M Lagrange multipliers can also be written as a stochastic discrete
gradient method with a given skew-gradient form.

Theorem 3.1. Assume that G|, i =0,...,d and VI™, m = 1,...,M have bounded second mo-
ments and uniformly bounded derivatives up to a required order; G and VI™ are, respectively,
the approximations of G' and VI™ using the mid-point rule. Then the stochastic discrete gradi-
ent method based on the one-step approximation (2.9) and on the symmetric discrete gradient
(2.3) satisfies the conditions

1. I'(x")=I"(x) forallm=1,...,M.
2. The stochastic discrete gradient method (2.9) has mean-square convergence order 1.

Proof. By the definition of the discrete gradient, we have
I™(x)—I™(x)=VI™ - (x' —x)=§"- (VIL,--- ,VIM) - VIm AW

According to the skew symmetry of S¢, we have I"™(x’) = I™(x). For simplicity, we illustrate
the mean-square convergence in the case M = 2. If M > 2, the proof is analogous but more
lengthy. For M = 2, we have
_ i 1972 i _
dx;(t) = SJ.J.U.ZVI].IVI].2 odWi(t), j=1,...,n, (3.1)
where

vi! v1J2
J1 al:
G. VII VvI?
J2 J2

i 1 2
Gj VI]. VI
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Our assumptions give that S]i.kl has uniformly bounded derivatives up to the required order.
Let A := x’ — x. The Taylor expansion yields

A
i _ ¢l =
SJJl]z SJth (X + 2 )

A
_ ¢l
S)J) (X)+ 8;(8)” (X)Ak'i' ak kz JJ s (X+9 Z)AklAkz' (32)

The k-th component of VI™ has the form

VI =9I (x)+ = a,dl(x)Al+Zr D7 Bl +08)A; A,
h Jz?ﬁk

+7 Z e[ (x + OA)ALA + = 8kkkl(x +OA) (AL (3.3)
J#k

Substituting (3.2) and (3.3) into the stochastic discrete gradient method defined by (2.9)
yields

Xj=x;+8L . VI VIZ AW'. (3.4
Therefore,

— _ ¢l 1 2 i
A]-—x] X; SUJZ(x) 1 (x)3;,17(x) AW

+ E(aks;ijj (x)ajlll(x) Iz(x)+SJlJ i (x)o; kll(x)ajzlz(x)

+SL . (00 Il(x)ajzklz(x))AkAWi

1 .
+ Z(S;jljz(x)ajlklll(x)ajzkzlz(x) + 3k1 ji2 (X) Il(x)ajzkzlz(x)

+ 8,51 ()85, 11 ()3, 1%(x) ) A, A, AW + 0 (A%).
Iteratively, we have

x] =X; +S]l] i (x)9; Il(x)a- I2(x)AW!

(aks” (x)3;, 1" (x)3;, I2(x) + S

Jiriz Jitia (x)9; kIl(X)ajzlz(x)

+SL ()8, 1'(x)9; I 2(0)
( 2 (08,1 1(x)3;,12(x)) AW AW

(akl i (x)9; Il(x) Iz(x)"‘SJIEJ (x)d 1k1[1(x)31212(x)

+s;;] ()3, 11 (x)3;,1,12(x))

x (8L, (08,1003, () + S, (1), 1 ()3, 12(x)

+52 (108,11 (x)3;,1,1%(x))

kijsja
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( 2L ()8, Il(x)8j612(x))AWilAWiZAWi3
+ (835,000, 1 (08,1, P00 + 8,53 (10,11 (108,512 (x)

+ 8, S ()8, ()8, 1%(x))
x (82,008, 1" ()8, 1%(x) ) (8¢ 11 ()8, 1" (x)8;, I(x))
X AWTAWEAWS + 0 (AWIAWEZAWEAW').
Note that the Milstein method for (2.8) has the form
)_C; Xi +S]l] 5, (x)9; I'(x)0;, I*(x)AW!

(x)3;, ' (x)8;, I*(x) + S™

(aksll Jij2

jija (x)3; 1 I (x)3;,I%(x)

+55 ()8, I'(x)8;,1%(x))

x (57 2 (08, 11(x)3; J2 () AWE AW,

Thus,

1 i
x;—x; = 2( i, S ]] i (x)a; Il(x)ajzlz(x)+S]l.;.ljz(x)ajlklll(x)ajzlz(x)

+55 . (x)8;,1'(x)8 o 12(2))

(akz 2081 (x)aj412(x)+sk”

+525 5 ()8, I ()81, 12(x))

( e LI (0)3;,12(x)) AW AW 2 AW

(), (x)3;,1%(x)

(m(x) ol ()81, 12 () + 8,71, (685, 1' (x)8y0,1°(x)
+ 0, S ()8, ()8, 1%(x)
x (8¢, (08,118, 1%(x) ) (S, ()8, 1" ()8, 1*(x)
X AWLAWEZAWE + 0 (AWIAWEZAWEAW™S).

It follows that

YA | 2 VAT 12 _ 3/2
‘]E(xj—xj) —0’(h ), (]E(xj—xj) ) —ﬁ(h )
By [23, Theorem 1.1] and the triangle inequality, we have
1/2

E(x—x ()| =0 (), (B(x-x())) " =0@?),

Thus the stochastic discrete gradient method (3.4) has the mean-square convergence of
order 1. O
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Now we show that the stochastic linear projection method with M Lagrange multipliers
can also be written as the stochastic discrete gradient method with a skew-gradient form.
Consider the one-step numerical methods for SDEs (1.2)

x'=x+G (X, x,h, AW, r =1,...,d) AW". (3.5)

The following proposition provide the conditions for preserving all multiple conserved
quantities by the numerical method (3.5).

Proposition 3.1. The numerical method (3.5) preserve all multiple conserved quantities if
and only if

~i - - L
G (x,x,h, AW",r =1,...,d) €span{VI',--- , VI"}".
Proof. Using the definition of the discrete gradient, we write
I"(x)—I"(x)=VI™ - (x'—x)=VI" -G AW

In order to preserve conserved quantities, we require that I™(x")—I™(x) =0, i.e. VI™G' =
0, which means G! € span{VI?,---, VIM}+, O

Recall that the main idea of the standard stochastic linear projection method [34] is to
use the Lagrange multiplier A € RM and to project the numerical solutions generated by
a classical numerical method into the manifold

My, = {y eR"IM(y) =1"(x,) forall m= 1,...M},

determined by the multiple conserved quantities of the original SDEs.

The following lemma shows that the standard stochastic linear projection method can
be written as an equivalent stochastic projection method determined by the projection op-
erator

P:=1-D(D"H)'DT,

where I is the identity operator, D = [VI!,--- ,VIM]and D = [VI}!,--- , VIM].

Lemma 3.1. Let A be the Lagrange multiplier determined by I™(x") = I"™(x) for all m. If
(DTD) is invertible, then the standard stochastic linear projection method

x’=x+@i(x’,x,h,AWr,r=1,...,d)AWi+Dk (3.6)
is equivalent to the stochastic projection method determined by the projection operator P,
x'=x+PG AW (3.7
Proof. For the standard stochastic linear projection method (3.6), we have
0=I"(x")—I™(x)=VI"-(x'—x)=VI™ - (GIAW! + D).

This means that _ .
0= (VI™)GAW! + (VI™) DA.
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Therefore,
0=D'G'AW!+ DDA
and, consequently, . _
A=—(D"D)y DTG AW
Substituting A into (3.6) gives
x' =x+G AW —D(D D) DTG AW!
=x+(I-D(D'D) D) G AW!
=x+PG AW, 0

Let us illustrate the equivalence between the stochastic discrete gradient method (2.9)
with
§im L AT A AT
det(DTD)
and the stochastic linear projection method (3.7). First, we recall two useful lemmas.
Lemma 3.2 (cf. Meyer [22]). For matrix A € R™" and vectors c,d € R", we have

det (A+ ch) = det(A) (1 + dTA_lc) .

Lemma 3.3 (cf. Meyer [22]). For vectors u',--- ,uM v, ... vM € R" and matrices U =

[ul,---,uM]eRPM v =[y!,... vM]e R™M we have
1 M 1 M _ T
(u A~ Au )jl"'jM ViV = det(U V).
Now, we can present the equivalence theorem.

Theorem 3.2. Under the assumptions of Theorem 3.1 and (3.1), the stochastic discrete gra-
dient method (2.9) with the skew-gradient form

o 1 . -
St= *NGI/\VIl/\"'/\VIM
det(DTD)
is equivalent to the stochastic linear projection method (3.7).
Proof. For any vector v € R", we have

(GAVIE A AVIM) IV
M N m

jjrd
~ ~ T - _
=det([GIV1 - ¥1M] [vO1--- V1))
Gi-v G-vil! ... GL-wvIM
vit.y wvit.vrt ... vit.viM
=det
\WM-V viM.vrt ... vIM.vM

( G-v | (G)'D
VIl .y

DD

Kﬁll‘:/[-v
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Expanding the determinant along the first column gives

(G'AVI' A AVIM) -y v
Jim N M

M
= (G'-v)det(DTD) + Y (~1)/(VI - v)det (/) D),
j=1
where y ‘ _ '
Di=[G, VI, , VP VPt M.
Writing DJ as )

Di=[¥1%, - 901, G0, - M ],

we have
M

Ni _10-0_M= Ni_
8 L VI VI = | G Z

det(DTDJ) . .
Gy Y yyi
Jivim VI

‘= det(DTD)
Notice that
D7D =BT (D+(G —Depe] ) =D +DT (G —Dej)e],

where ej,j=1,...,nare the unit vectors. By Lemma 3.2, we have

det(DTD/) = det(DTD)(1+e] (DTD/)1DT(G! —De;)),

so that
det(DTDJ s aoToas o
(*) =1+e (D'DI)'DT(G'—De))
det(DTD) ]
=1+ e]T(DTﬁi)—leéf — eJT(DTﬁf)—leDej
= eJT(DTﬁf)—leGi.
Consequently,

=(PG))-v. O

Remark 3.1. As the proof shows, the equivalence of the stochastic discrete gradient method
and the stochastic projection method does not depend on the discrete gradient. Besides, the
mean-square convergence of the stochastic discrete gradient method in the above theorem
is equivalent to the mean-square convergence of the corresponding stochastic projection
method.
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4. Numerical Examples

Example 4.1 (Stochastic cyclic Lotka-Volterra system). In this example, we consider the
three-dimensional stochastic dynamical system in the Stratonovich sense

x(t) x(t)(z(8) — y(t))
d| y@® |=| y®OW®—=2() |(dt+codw(t)), (4.1)
z(t) z(t)(y () —x(1))

which models three species competing in a chaotic environment [26]. Here, ¢ = 0.5 and
initial values are x(0) = 1, y(0) = 2, 2(0) = 1. It is easily seen that the total derivative
of functions I'(x, y,z) = x + y +z and I*(x, y,z) = xyz are equal to zero along the exact
solution to (4.1). This means that I' and I? are conserved quantities of (4.1). Thus, the
exact solution evolves on the manifold

M= {(x,y,z)|11(x,y,z) =x+4y+z=const,[?(x,y,2) =xyz = const},

which is the intersection of a surface and a plane in R3.
Setting G = (x(z—y), y(x—2), 2(y—x))", VI'=VvIl=(1, 1, 1)" and VI?> = VI? =
(yz, xz, xy)", we arrive at a stochastic discrete gradient method for (4.1), viz.

) G; VI VI
X =x:i+ ——"|G; VII VI?|vIlvI2 h+cAW), “4.2)
77 det(DTD) G],l ot of| il )
J2 J J2

where

~ x'+x - m (X +x
G=6|~~), VIm=wI 5 ) m=12,

and B=D'D with D =[VI!,VI?] and D = [VI}, VI?].

On the one hand, we apply the stochastic discrete gradient method (4.2) to (4.1) with
step size h = 0.01 and T = 100. Fig. 1 shows the sample path of the numerical solution
and the errors of the conserved quantities I' and I2. Note that the conserved quantities are
preserved by the stochastic discrete gradient method (4.2) and the numerical solution lies
exactly on the correct manifold.

The errors of the numerical solution are defined as the mean-square sample errors at
the terminal time T = 1 over 1000 different discretised sample paths — i.e. as

1000
Z (|x;e‘fw — XN Wi |2 + |y;el{,l — YN wi |2 + |z;e]£/l — 2y wi |2)/1OOO.
i=1
For each path, the stochastic discrete gradient method (4.2) is applied with five different
stepsizesh=2"3 h=2"% h=2"> h=27° and h =277. Table 1 and Fig. 2 demonstrate
the mean-square sample error and a log-log plot, respectively. Here, the reference solutions
are obtained by mid-point method with the step size h = 27!2. Note that the stochastic
discrete gradient method (4.2) converges with the mean-square order 1, consistent with
the theoretical results.
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Figure 1: Numerical sample path and errors of I' and I? of the stochastic discrete gradient method
(4.2) for (4.1).
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Figure 2: Convergence rate of the stochastic discrete gradient method (4.2) for (4.1).
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Table 1: The mean-square error of the stochastic discrete gradient method (4.2) for solving (4.1).

Method h=277 h=27° h=2% h=2* h=273 Order
Method (4.2) | 1.8729e-3 | 3.8292e-3 | 7.9771e-3 | 7.9771e-2 | 3.6242¢-2 | 1.0672
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Example 4.2 (Stochastic rigid body problem). This numerical example demonstrates the
effectiveness of the stochastic discrete gradient method in preserving multiple conserved
quantities and its equivalence to the corresponding stochastic projection method. Consider
the following SDE in the Stratonovich sense driven by two Brownian motions,

X1 0 X3/ Iy —Xx3/ 5 X1
dl x3 |=[ —x3/% 0 x1/ % X2
X3 Xz/ﬂz —X]_/y]_ 0 X3

X (cldt +cyodW!(t)+c30 dWZ(t)) (4.3)

with the initial value (x1g, X5, X30), t € [0,T] and constants c;, ¢y, ¢5. The SDE (4.3)
models the motion of a free rigid body affected by Brownian noises. The center of the
mass located at the origin. Besides, x;, X5, X5 represent the angular momenta of the body
frame and .4}, .%,, .45 are the principal moments of inertia. Actually, the SDE (4.3) has two
conserved quantities

1 2, .2, .2
I"(x1, X9, Xx3) = X7 + X5 + X3,

2 2 2
1(x X x

IZ(XDXZ,XS):_ _1+_2+_3 .
2\ ¥ S S

This fact can be easily established by differentiating I' and I? and substituting (4.3) into
the result. Thus, we can conclude that the exact solution to (4.3) evolves on the manifold

2 2 2
M= (x1, %9, x3)|x2+x2+x —R21 -4—x—2+ﬁ =C
142543 1 2 3 2 yl ﬂz yg 5
where R and C are constants. Geometrically, this means that the exact solution to (4.3) lies

2 2 2
on the intersection of the sphere x7 + x5 + x2 = R* and ellipsoid %(% + ;722 + %) =C
Introducing the notations

-

c (1 1) (1 1) (1 1)

= X9X3, X1 X3, — X1X9 |
A 2X3 A 1X3 A 1%X2

X1 X3 X3 )T
)

VI = (2x, 2x,, 2x3)7, v12=(
( 1 2 3) Jﬁ yz yg

we write the stochastic discrete gradient method for (4.3) as

. G, VI VI
Xj = xj + 20T D) g zﬁ zﬁ VI VI (cih+ AW + s AW?), (4.4)
J2 Ja Ja
where , ,
G:G(x;x), szwm(x;x), m=1,2,

and B=D'"D with D =[VI!,VI2], D =[VI!, VI2].
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Figure 3: Numerical sample path and errors in I' and I? of the stochastic discrete gradient method (4.4)
for (4.3).

Choosing the parameters ¢; =1, ¢y =0.1,¢c3 =0.1,R=4, ¥4 =2, % =1, ¥ =2/3,
T = 400 and the initial values x;; = Rcos(1.1), x99 = 0, x39 = Rsin(1.1), we apply
the stochastic discrete gradient method (4.4) and the corresponding stochastic projection
method (3.7) to the problem (4.3) with the step size h = 0.1. Figs. 3 and 4 show the sample
path and the errors of the conserved quantities I' and I? for the stochastic discrete gradient
method (4.4) and the corresponding stochastic projection method (3.7). The CPU time of
the methods (4.4) and (3.7) are 5.85575 and 7.10106 seconds, respectively. Observe that
the conserved quantities are preserved well by the methods (3.7) and (4.4), and in both
cases the numerical solutions lie on the correct manifold — i.e. on the intersection of the
sphere and ellipsoid. Besides, Fig. 5 displays the difference between the numerical solutions
obtained by the stochastic discrete gradient method (4.4) and the corresponding stochastic
projection method (3.7). Fig. 5 shows that the methods are equivalent.

5. Conclusions

We extend the deterministic discrete gradient method to the stochastic counterpart for
solving SDEs with multiple conserved quantities. The SDEs with multiple conserved quan-
tities in the Stratonovich sense are written in the skew-gradient form, which is used in
the construction of the stochastic discrete gradient method. It is shown that the stochas-
tic discrete gradient method has the mean-square convergence order 1 and preserves all
conserved quantities of the original SDEs. Besides, for a given skew-gradient form, the cor-
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Figure 4: Numerical sample path and errors in I' and I? of the stochastic projection method (3.7) for
solving (4.3).
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Figure 5: The difference between the stochastic discrete gradient method (4.4) and stochastic projection
method (3.7) for solving (4.3).

responding stochastic discrete gradient method is equivalent to the stochastic projection
method. Numerical examples confirm the theoretical results and show the effectiveness of
the method.
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