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Abstract

We analyze the convergence of the weighted nonlocal Laplacian (WNLL) on the high
dimensional randomly distributed point cloud. Our analysis reveals the importance of the
scaling weight, u ~ |P|/|S| with |P| and |S| being the number of entire and labeled data,
respectively, in WNLL. The established result gives a theoretical foundation of the WNLL
for high dimensional data interpolation.
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1. Introduction

In this paper, we consider the convergence of the weighted nonlocal Laplacian (WNLL) on
high dimensional randomly distributed data. WNLL is proposed in [11] for high dimensional
point cloud interpolation, which successfully resolves the curse of dimensionality issue in the
classical basis function-based approaches. High dimensional point cloud interpolation is a fun-
damental problem in machine learning, which can be mathematically formulated as follows: Let
P={pi, - ,pn} and S = {81, -+, 8, } be two sets of points in R?. Suppose u is a function
defined on the point cloud P = P U S, which is known only over the set S, and we denote the
function u as b(s) for any s € S. We use interpolation methods, e.g. WNLL, to compute u
over the whole point cloud P leveraging the given values over S.

Nonlocal Laplacian is widely used in nonlocal methods for image processing [2,3,6,7], and in
nonlocal Laplacian, the interpolating function is obtained by minimizing the following energy

functional )
T(u) =5 > wi,y)(u(@) - u(y))?, (1.1)
x,ycP
with the constraint
u(zx) = b(x), rxes. (1.2)

Here, w(x,y) is a given weight function, typically chosen to be Gaussian, i.e. w(x,y) =
exp(—||z — y||*/o?) with ¢ > 0 being a hyperparameter, and || - || is the Euclidean norm in
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R?. In graph theory and machine learning literature, nonlocal Laplacian is also called graph
Laplacian [4, 16].

Graph Laplacian works very well with a high labeling rate, i.e., there is a large portion of
labeled data. However, when the labeling rate is low, i.e. |S|/|P| < 1, the solution of the graph
Laplacian is found to be discontinuous at the labeled points [11,12]. WNLL is devised to fix the
issues related to the low-labeling rate, and in WNLL, the energy functional in (1.1) is modified
by adding the weight, %, to balance the labeled and unlabeled terms, which resulting in

min Y | Y wle,y)(u(@) —uly)® | + 5|

zeP \yeP

Do D w@y)(u(@) —uly)® |, (1.3)

zeS \yeP

with the constraint
u(x) = b(x), el

When the labeling rate is high, WNLL is close to graph Laplacian. However, when the labeling
rate is low, the specially designed weight forces the solution to be close to the given values near
the labeled points, such that the discontinuities are removed. Furthermore, The optimization
problem (1.3) is easy to solve numerically. With a symmetric weight function, i.e. w(x,y) =
w(y, x), the corresponding Euler-Lagrange equation of (1.3) is a simple linear system

2 Y wley) uta) - ulo) + (g +2) T wlwa)(ut@) ~bw) =0, ae P

yer y€eS

This linear system can be solved efficiently by the conjugate gradient iteration. The advantages
of the WNLL over the graph Laplacian have been shown evidently in image inpainting [11,12],
scientific data interpolation [15], and more recently deep learning [13].

1.1. Main Result

We consider the error of the WNLL in a model problem, where the whole computational
domain is set to be a k-dimensional closed manifold M embedded in R%. The point cloud P,
uniformly distributed on M, gives a discrete representation of M. Let D C M be a labeled
subset of M, and S is a uniform sample of D. In S, we have u(x) = b(x). An illustration of
the computational domain and the point cloud is shown in Fig. 1.1.

In WNLL, we solve the following linear system, (1.4), to extend the label function u to the
entire domain P.

> Rs(x,y) (us(@) — us(y)) + 1 Y Rs(x, y)(us(x) —b(y)) =0, x€ P, (1.4a)
yeP yeS
us(x) = b(x), xe S, (1.4b)

where Rs(x,y) is kernel function given as
_ |z — ylI?
Ré(way) =CsR 152 ) (15)

where Cs5 = wk% with wy, is the volume of the unit ball in R*¥. R : [0, +0c0) — R is a kernel
functions satisfying the conditions listed in Assumption 1.1.
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Fig. 1.1. Ilustration of the computational domain. Gray points: sample of M; Black points: sample
of D C M.

In this paper, we will prove that when § goes to 0 and n = |P|,m = |S| goes to infinity,
solution of WNLL converges to the solution of following Laplace-Beltrami equation:

Apmu(z) =0, x € M\D,
(1.6)
u(x) = b(x), zeD,
where A, is the Laplace-Beltrami operator on M.
In the analysis, we need to impose following assumptions:
Assumption 1.1. e Assumptions on the manifold: M be a k-dimensional closed C*° man-

ifold isometrically embedded in a Euclidean space R%. D and 9D are smooth submanifolds
of RY. Moreover, b(z) € C*(D).

e Assumptions on the kernel functions:

(a) Compact support: R(r) =0 for » > 1 and R is continuous in [0, 1);
(b) Nonnegativity: 0 < R(r) <1 for any r > 0.

(¢) Nondegeneracy: 3dg > 0 such that R(r) > dp for 0 <r < 1/2.

(d) Fno > 0 such that R(r) < noR(r) for r > 0 with R(r) = fxl R(s)ds

e Assumptions on the point cloud: P and S are uniformly distributed on M and D, respec-
tively.

Remark 1.1. The assumption on the kernel function R is very mild actually. Most often used
kernel functions all satisfy these assumptions, for instance,

1, 0<r<l,
R(”_{ 0, r>1

When 4 is small enough, locally the manifold M, D and the boundary 0D can be well approx-
imated by Eucleadian space. Then it is easy to check that
In the analysis, we consider the limit as 6 — 0 and n,m — oo. So, we assume that ¢ is
small enough, i.e.
0 < T, (1.7)

where Ty > 0 is a constant only depend on M, D. It is easy to check that wy > 0.
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Proposition 1.1. Let

wo = inf  inf R d
wo 0<1§1ST0m€1/r\l/(\D </M\D s(w,y) ?J),

wpe = 0<1§1§fTo me%lf\D </D Bl y)dTy> ,

wo = 0<1<?SfT0 mlél_/f\‘/[ v (R5 (mv y)dy) )

w1 = sup sup (Rs(z,y)dy),
0<0<Tp zeM J M

Wop = sup sup (5 Ra(%y)dTy),
0<6<Tp xeM oD

where Ds = {x € M, dist(z,D) < §} and

_ -yl
Rs(zx,y) = C5R M . (1.8)
46
Then we have
0 < &g, wpe, Wy, Wi, Wap < +00.

The proof is straightforward and is deferred to appendix.
For samples, P and S, we assume they are large enough. More specifically, we assume

(Inn —2Ind + 1)"/% < Cy, (Inm —2Iné + 1)"/? < Cy, (1.9)

1 1
sk+3./n sk+2 /m
where Cy > 0 is a constant independent on §, P and S.

In this paper, we abuse the notation C' to denote any constant independent on §, P and S.
The constant may be different in different places.

The main contribution of this paper is to analyze the relation between the solutions of the
Laplace-Beltrami equation (1.6) and the WNLL (1.4). More precisely, we prove the following
theorem:

Theorem 1.1. Let us solves (1.4) with u = |P|/|S| and u solves (1.6). Under (1.7) and
Assumption 1.1, with probability at least 1 —1/(2min{m, n}), where n = |P|,m = |S|, we have

lus(x) — u(zx)| < C, Vo € P.

Remark 1.2. In above theorem, the error is bounded in terms of §. We can also bound the
error in terms of n and m based on assumption (1.9),

1/2

(Inn—2Ind+1)"" < Cy, (1nm—21n5+1)1/2§00.

1
§k2 /m

Theorem 1.1 is a direct consequence of the maximum principle (Theorem 1.2) and the error
estimation (Theorem 1.3).

1
ok+3.\/n

Theorem 1.2. Under the assumptions in Assumption 1.1, with probability at least 1 —1/(2n),
n = |P|, Ls, has the comparison principle, i.e.

|Lsnu(x)| < Lsnv(x) —  Ju(z)| <v(x), YreP
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where

Lsnu(x) = Z Rs(z,y) (u(x) —u(y)) + u Z Rs(z,y)u(x), x€P. (1.10)
S yeSs

Based on the maximum principle, Theorem 1.1 can be proved if we can find an auxiliary
function v such that |Ls ,(us — u)| < CdLs .

Theorem 1.3. Let us and u solve (1.4) and (1.6) respectively. v is the solution of (1.11),

{ —Apu(z) =1, z € M\D, (1.11)

v(x) =1, zeD.
Under the assumptions in Assumption 1.1, with probability at least 1—1/(2min{m,n}), n = |P|,
|Lsn(us —u)| < COLsnv,
C > 0 is a constant independent on §, P and S.

Theorems 1.2 and 1.3 will be proved in Sections 2 and 3 respectively. In Section 4, a technical
theorem is proved. Some discussions are made in Section 5.

2. Maximum Principle (Theorem 1.2)

First, we introduce some notations. For any two points «,y € P U S, we say that they are
neighbors if and only if Rs(x,y) > 0, denoted as  ~ y or y ~ x. x and y are connected if
there exist z1,--- , 2, € PUS such that

T~z 2y Y.

We say point cloud P is S-connected if for any point @ € P, there exists y € .S, such that x
and y are connected.
If P is S-connected, it is easy to check that Ls , has maximum principle, i.e.

Lspu(z) >0, z€P — wu(x)>0, zeP (2.1)
Lsou() <0, x€P — wul@) <0, zcP, 2.2

and consequently
|Lsnu(x)| < Lspv(z) —  |Ju(z)] <v(x), YeeP (2.3)

The maximum principle can be proved by contradiction. Suppose that Ls,u(x) > 0, € P,
but u(xy) = mingep u(x) < 0. Since P is S-connected, there exist z € S and 2z1,--- , 2, € P,
such that xg ~ 21 ~ -+ ~ 2z, ~ 2.

Lsnu(xo) > 0 and u(xg) = mingep u(x) < 0 imply that u(x) = u(xg) as long as © ~ xo.
More specifically, u(z1) = u(xg). Then, we move to z; to get that u(z2) = u(z1). Repeating
this process, we can show that u(z,,) = -+ = u(z1) = u(xg) = mingep u(x).

Now, we compute Ls ,u(zy,). First, u(z,,) = mingep u(z), so

Y Bs(@.y) (ulzm) — uly)) < 0.

yePr
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Moreover, u(z,,) < 0 and z,, ~ z give that

> Rs(m,y)u(zm) < Rs(zm, 2)u(zm) < 0.
yes

Then we have Ls ,u(2,,) < 0 which contradicts Ls ,u(2,) > 0.

In the rest of this section, we will prove that with high probability, P is S-connected. To
prove this, we need a theorem which will be proved in Section 4.

Theorem 2.1. With probability at least 1 —1/(2n), n = |P]|,

C
Sup H(f) = In(H)] = 55—=

(Inn —21Ind +1)"2, (2.4)

&‘

where k is the dimension of M,

1 1
1) = o [ f@ie. 1) =5 3 f@)

zcP
M| is the volume of M and Rs is a function class defined as
Rs ={Rs(x,) : x € M}.
Suppose P is not S-connected. Let
S={x € PUS:xis connected to S}, S°=(PUS)\S.

Then S¢ # (). Denote

Ss=| U Bs/2) | n M,  Ss=| | Bx:6/2) | nM

zeS xzeSe
where B(x;§) = {y € R¢: lz -yl <d}. o
Using the definition of S and S¢, we know that Ss N .S§ = 0, hence

0Ss N S =0,

where 0S5 is the boundary of S5 in R%. Furthermore, since M is connected, we have
0S5 N M #£ 0.

Choose any xo € S5 N M, we also have that xg ¢ 5‘:;7 which implies that

Rsja(xo,y) =0, VyeP.

It follows that .
In(Rsya(20, ")) = n Z Rs/4(xo, ) = 0.
xcP
On the other hand, using Theorem 2.1 and Proposition 1.1,

1 C 1/2
In(R5/4($07 )) > W /M R5/4(:130, w)d:v — m (lnn —21Iné + 1) >
Here we also use the assumption that n is large enough (1.9). Then it has been proved P is
S-connected with probability at least 1 — 1/(2n) by contradiction.

wo > 0.

| —
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3. Error Estimate (Theorem 1.3)

Let u and v solve (1.6) and (1.11) respectively. First, we list several facts and notations
which will be used in the subsequent analysis.

e y and v are both Lipschitz continuous in M. The Lipschitz constants are denoted as &,
and &, respectively.

e u,v are both smooth functions in M\D and D. We need that u,v € C?® in M\D and
u,v € Ctin D.

Let es(x) = us(x) — u(x). us and u solve (1.4) and (1.6) respectively. Direct calculation
shows that for x € P

Lones(x) = Y Rs(a,y)(u(@) —u(y)) + 1 Y Rs(a, y)(u(@) — b(y)). (3.1)

yePrP yes

We need to find an upper bound of the right hand side of (3.1). First, we have

1
“|Lsn
nl snes(x)|

< %§R6<w,y><u<w> - u(y))| + Eun %§R6<w,y>||w ~y

<| i [ o) - uway| + 6o 2 Rl +2,

<| i [ me ) - umian] + 68| - [ Retwaiy|+ 242 62
where

=p = sup %§R6<w,y><u<w>—u<y>>—wl| [ B@ye -uwy|. 63)

=s = sup %%me— & [ Rolww)y. (3.4

To find an upper bound of the first term of (3.2), we need the following theorem which can
be found in [8].

Theorem 3.1. Let u(x) € C3(M) and
d . . _
=3 / )@ - y) - V(Vu(y) Rl y)dn, (3.5)

lo= 5 [ Re@ )@ -uw)avs [ Ryl

_ ou
™ on Rs(z, y)%(y)dTy_Ibda
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where n(y) = (n'(y),--- ,n%(y)) is the out normal vector of OM aty, V7 is the jth component
— — 2 —
of gradient V, Rs(x,y) = CsR (%) and R(r) = [ R(s)ds.
Then there exist constants C, Ty depending only on M, so that,

[in| < Collull sy, (3.6)

as long as 6 < Tp.
Since u is piecewise smooth in M\D and D, we estimate the error in M\ D and D separately.

For & € M\D, using above theorem, for u solves (3.6), we have

| / Rs () (u(x) — u(y))dy
M\D

+ 6°|La(D)|

_ Ju
< Cullsanm + | [ Rita) e )as,
oD n

< C8|lullesany + C (8 lullcranpy + 6% [ullc2 o)) /az) Rs(x,y)dSy, (3.7)
where
d . . —
1a(0) =Y [ wiy)(e— ) VIV uy) R ) (38)
j=1"9P
The integral over D can be bounded based on the Lipschitz continuity of w,
[ Bstaw)ute) - u(y))dy} <266 [ Rilw.y)y. (39)
D D
Then, we get for x € P N (M\D),
] [T u(y))dy]
M
< C&lullez vy + C (0% ullor a0y +6° [l c2(apy) /aD Rs(x,y)dSy
(3.10)

+2§u5/ Rs(z,y)dy.
D
Next, we try to bound [, Rs(z,y)dSy. For x € PN (M\D) with dist(z,0D) < 4, using

proposition 1.1,

| Rotegas, <22 < 22 [ pie.y)ay. (3.11)
oD D

For « € PN (M\D) with dist(z,dD) >

Ro(e,y)ds, < |

oD

’ @)W gy yas,
:%/Ddiv((w —y)Rs(x,y)) dy

k[ 5 L[z —yl?
=~ [ R dy+-= [ =—2L R d
6/1) 5(@,y)dy + 5 T s(x,y)dy

g% /DR(;(:B,y)dy. (3.12)
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In the last inequality, we use the assumption that R(r) < noR(r). Combining (3.11) and (3.12),
we have for ¢ € PN (M\D)

_ C
| Rstwwas, < 5 [ rs@ vy, (3.13)
oD D

Substituting (3.13) in (3.10), we get for & € P N (M\D),

‘/M Rs(x,y)(u(x) — U(y))dy‘ (3.14)
< C8®||ullcz vy + C6 (Jlullor(apy + 8llullcz v py + 264) / Rs(x,y)dy.
D

For € PN D, the bound is straightforward, just using the Lipschitz continuity of wu,

‘/ Rs(x,y)(u(x) — u(y))dy‘ < §u5/ Rs(x,y)dy < wi&,d, x € PND. (3.15)
M M

Substituting (3.14) and (3.15) in (3.2), we have

1 wi1&yd &L
—|L n < -2
n| snes(x)| < M + = Dl /s

1 o3 Cé - -
—|Lsnes(x)| < ——llullcsanpy —/ Rs(xz,y)dy +Ep + =5, x € PN (M\D). (3.17)
n M| DI Jp

Rs(x,y)dy + Zp + =g, xr e PND, (3.16)

Next, we want to get a lower bound of Ls ,v(x) with v given in (1.11).

1L5 av(T Z Rs(z,y)(v(z) — v(y)) + v(w)% > Rs(x,y) (3.18)
yeP yeSs

1 / 1/ _ _
> — Rs(x,y)(v(x) —v dy + — | Rs(x,y)dy — =% — =Zg,
i s(z,y)(v(x) —v(y))dy Dl /s s(z,y)dy —=p — Es

where
1
== sup =3 Rife)(0(@) — o(w)) o [ Ro(@ylote) — ol (319)
reM yGP | | M
= s 1ZR(wy 1/R x,y)dy
=5 = sSup |— S\, T §
xreM yes |D|

Using Theorem 3.1 again, we have for € M\D
| Bs@w)e@ - o)y
M\D

=6 [ Ra(oy)dy - 20 - €8 olloscanro)
M\D

ov
| Rew g ws,

/ Rs(x, y)dSy
oD

26 [ Rsl@y)dy - Culoranm) - 8 ulloscano)
M\D

> @od? — Céllvl\clw\m/ Rs(z,y)dy — C&°||v]|cs(a\p)-
D
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and
| Roem)(v(@) ~ vlw)dy = [ B y)(el@) - Dy = 0. e MD.
D D
This is due to the fact that v(z) > 1, « € M. Then we have for ¢ € M\D
[ Bstay)vl@) - o)y
M
2600" = CBlollcr o) | Ro(@)dy - C8lolconan) (3.20)
D
In PN D, using the Lipschitz continuity of v,
/ Rs(x,y)(v(x) —v(y))dy > — &,6/ Rs(x,y), x e PND. (3.21)
M M

Combining (3.18), (3.20) and (3.21), we obtain

1 1 §UW15 —_ —_

—Lspv(x) > — / Rs(x,y)dy — —Ep —Es, rzePND, (3.22)
n |D| |M| P

L@ > /R x,y)dy + ——— 9P oy g x € PN (M\D) (3.23)
n a,n jtl 2|D| 5 ,Y)ay 2|M| —P =S . .

Now we need to deal with 2%, 2% and Eg which are given in (3.3), (3.19) and (3.4).
Theorem 3.2. With probability at least 1 —1/(2n), n = |P]|,
C

sup |[[(f) = In(f)] <

(Inn —21Ind +1)*/2, (3.24)
fERs 5 n

where k is the dimension of M,
10) =g [ S@de, 1) =1 Y fa)
|M| M nweP

|M| is the volume of M and Rs is a function class defined as
Rs = {Rs(x,-), Rs(x, )u(-), Rs(x, )v(-) : € € M, uand v solves (1.6) and (1.11) respectively.}

This theorem will be proved in Section 4 using the empirical process theory.

1/2

(1nn—21n6+1)1/2§00, (Inm —2Ind+1)"" < Cy. (3.25)

1 1
53 /n 52 /m
Using Theorem 3.2 and the assumption (1.7) we know that with high probability,
Y < Cpdd, ER < Cpd®, Eg < Cpd”

Under the assumption that Cjy is sufficiently small, using (3.22) and (3.23), we have

2|D| / 6 y) Y, )
nL&nU(w) > )

1
—5%w —/ R d PN D).
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It follows from (3.17) and (3.16) that

C(5+@/ Rs(x,y)dy, x € PND,
D Jp

1

—~[Lsnes(x)| <

n 5 Co

C6°+ — | Rs(x,y)dy, x € PN (M\D).
DI Jp
Finally we have
|L51n65(m)| < O(SL&H’U(:I}), x e P. (3.26)

The proof of Theorem 1.3 is completed. O

4. Entropy Bound

In this section, we will prove Theorems 2.1 and 3.2. The method we use is to estimate
the covering number of the function classes. First, we introduce the definition of the covering
number.

Let (Y,d) be a metric space and set F' C Y . For every ¢ > 0, denote by N (e, F,d) the
minimal number of open balls (with respect to the metric d) that are needed to cover F. That

is, the minimal cardinality of the set {y1, -, ym} C Y with the property that every f € F has
some y; such that d(f,y;) < e. The set {y1, - ,ym} is called an e-cover of F' . The logarithm
of the covering numbers is called the entropy of the set. For every sample {x1, - ,x,}, let u,

be the empirical measure supported on that sample. For 1 < p < oo and a function f , put

n 1/
1Ay = (5 iy [ (@i)?) 7 and set || flloo = maxi<i<n | (i) Let N(e, F, Ly(n) be the
covering numbers of F' at scale e with respect to the L, (uy,) norm.
We will use following theorem which is well known in empirical process theory.

Theorem 4.1 (Theorem 2.3 in [9]). Let F' be a class of functions from M to [—1,1] and set
i to be a probability measure on M. Let (x;)52, be independent random variables distributed
according to p. For any € > 0 and every n > 8/¢2,

P (?21; |% ;f(wz) - /M f(z)p(z)de| > e) < 8E,[N(e/8, F, L1(11n))] exp(—ne®/128).
Note that
Li(pn) < Loo(ptn) < Loo,
where || f||z.. = maxgea |f(x)|. Then we get
N(e, F, Li(pn)) < N(€, F, Loo),
which implies following corollary.

Corollary 4.1. Let F be a class of functions from M to [—1,1] and set u to be a probability
measure on M. Let (x;)52, be independent random variables distributed according to p. For
any € > 0 and every n > 8/€2,

P (Jscgg |% ;f(:cz) - /M f(@)p(x)dx| > e) < 8N(e/8, F, Lo,) exp(—ne?/128),

where N (e, F, Lso) is the covering numbers of F at scale € with respect to the Lo, norm
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To estimate the error, we need to rewrite Corollary 4.1 in another form:

Corollary 4.2. Let F be a class of functions from M to [—1,1]. Let (x;)$2, be independent
random variables distributed according to p, where p s the probability distribution. Then with
probability at least 1 — §, we have

wp@U?—prﬂSNWQSOHN(2h%RLm)+m§),

fer n
where
o= [ T@p@iz )= 13 @)

i=1
Proof. Using Corollary 4.1, with probability at least 1 — 9,

sup [p(f) — pu(f)] < €5,
fer

where €5 is determined by

€5 = \/% <1nN(65/8,F,LOO) —I—ln%).

Notice that N(es/8, F, Loo) > 1 and 0 < 6 < 1, we have

1281n8 128 \/5
5>/ >\ = =8/~
n n n
2
N(&S/S,F,LOO)SN( _7F7Loo>'
n
e < %<1nN(\/3,F,LOO>+1n§>,
n n )

which proves the corollary. O

which gives that

Then, we have

The above corollaries provide a tool to estimate the integral error on random samples. To
apply the above corollaries in our problem, the key point is to obtain the estimates of the

covering number of function class Rs.
Since the kernel R € C'(M) and M € C*, we have for any x,y € M

|z —y|I? Iz — yl? c
oI ) g2 ) < 2z — 2.
’R ( 157 ST < gllz ==l
This gives an easy bound of N (e, Rs, Loo),
oNF
N(e,Rs, Loo) < (—) . (4.1)
€
Using the Corollary 4.2, with probability at least 1 — 1/(2n),
C 1/2
sup |p(f) — pn <——(Inn—-2lnd+1 . 4.2
s () = ()] < 1= ) (4.2

This proves Theorem 2.1. Theorem 3.2 can be proved similarly using the fact that u (solution
of (1.6)) and v (solution of (1.11)) are both smooth.
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5. Discussion and Future Works

In this paper, we analyzed the convergence of the weighted nonlocal Laplacian (WNLL) on
the random point cloud. The analysis reveals that the scaling weight in WNLL is critical in
the convergence guarantee and it should have the same order as |P|/|S], i.e. u ~ |P|/|S|. The
result in this paper provides a theoretical foundation for WNLL.

Fig. 5.1. Illustration of the computational domain with extremely low labeling rate.

As illustrated in Fig. 5.1, if sample S is very sparse such that assumption (1.7) does not hold.
Then we cannot guarantee the convergence even in the WNLL. With very low labeling rate,
actually, the whole framework of harmonic extension fails [10,14]. We should use other approach
to get a smooth interpolation. Furthermore, our analysis also shows that the convergence may
fail with extremely low labeling rate. In this case, we should consider other approaches. One
interesting option is to minimize L, norm of the gradient instead of the Ly norm, i.e. to solve
the following optimization problem

1/2

min | max Z w(z, y)(u(z) — u(y))? 5

u xcePUS
yePUS

with the constraint

This approach is closely related to the infinity Laplacian [1,5]. The above optimization problem
can be solved by the split Bregman iteration. An interesting observation is that the WNLL can
accelerate the convergence of the split Bregman iteration and improve its efficiency. We will
further explore these aspects in our future work.

A. Proof of Proposition 1.1

Since M, D, 9D are smooth enough, when ¢ is small, in the support of the kernel functions,
they can be well approximated by the tangent space. To prove Proposition 1.1, we only need
to compute the integrals with M, D, 9D are approximated by tangent space.
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With the tangent space approximation, it is easy to check that for x € M\D

/ Rs(z,y)dy :/ i Rs(z,y)dy
M\D (M\D)NSUPP(Rs ()

Rs(x,y)dy

/(M\D)mB(:c,za)

o ( /0 1 SR(S)ds) —0(9).

>

| =

For x € M,

/ Rs(z,y)dy = Rs(z,y)dy
M

/MQSUPP(RS(%-))

= / Rs(x,y)dy
MNB(z,25)

> ( /0 1 sR(s)ds) —00),

where s;, is the area of unit sphere in R¥.
Using tangent space approximation, upper bound is also easy to get.

/M Ry(x, y)dy = / Ry(x, y)dy

MNSUpp(Rs(x,))

= / Rs(x,y)dy
MNB(x,26)

<si < /O 1 sR(s)ds) +0(5).

Notice that 9D is k — 1 dimensional manifold, using tangent space of 9D at « € 0D to approx-
imate 0D N B(x,2d), we obtain

0 Rs(x,y)dry =6 Rs(z,y)dry
oD ODNSUPP(Rs(x,-)

<4 Rs(x,y)dry
9DNB(x,26)

< sk ( /0 1 sR(s)ds) +0()

where s;_1 is the area of unit sphere in R*~1.
For dist(x, D) < 6,

/ Rs(x,y)dy =/ Rs(x,y)dy
D DASUPP(R; (x.-))

> Rs(z,y)dy

~/DﬁB(m,\/§6)

>

1
/ Rs(@,y)dy > = (V2 — 1), — O(9)
DNB(z,(vV2-1)5) 2

where T = arg mingesp |x — Z|.
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