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Abstract. In this paper, we consider the area function Sy related to the Schrodinger
operator £ and its commutator Sg;, establish the boundedness of Sg from Hf; (w) to
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1 Introduction

Throughout this paper, £ always denotes the following Schrodinger differential operator
L=-A+V(x) onR", n>3,

where V is a nonnegative potential belongs to reverse Holder class RH,,/, (see Section
1.2).

The study of the Schrodinger operator £ has recently attracted much attention, see [1,
2,4,5,12,19]. In particular, Shen [12] proved the Schrodinger type operators, such as
V(-A+V) IV, V(=A+ V)2, (=A+V)"V2¥ with V € RH,,, and (—A + V)7 with
v € Rand V € RH,,/,, are standard Calderén-Zygmund operators.

In 2011, Bongioanni, etc. [1] introduced a new space of functions BMOy(p) as a gener-

alization of the classical BMO space. They [2] also introduced a new weight class Ag’e that
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locally behaves as Muckenhoupt’s one and actually contains that. Both BMOy(p) and

Ag’e are associated with the potential V. The authors [1,2] also established L?(R") (1 <
p < o) boundedness for commutators of Riesz transforms associated with Schrodinger
operators with BMOy(p) functions, and weighted boundedness for Riesz transforms,
fractional integrals and Littlewood-Paley functions related to Schrodinger operator with

Ag’g weights. Recently, Tang, etc. [14-16] established weighted norm inequalities for
some Schrodinger type operators, including commutators of Riesz transforms, fractional
integrals, Littlewood-Paley functions and area functions related to Schrédinger opera-
tors, etc.

On the other hand, the function spaces related to £ has attracted wide concern for
years. In 1999, Dziubariski and Zienkiewicz [4] defined the Hardy space related to £, and
gave some equivalent characterizations. In 2005, Dziubariski, etc [5] defined the BMO
space related to £, and proved that it is the dual space of the above Hardy space. The
weighted version of these theory have been also considered recently; see [8,13]. It should
be pointed out that in [8, 13], the authors considered the weight functions belonging to
Munckhoupt weight class. Very recently, Tang and Zhu [17] studied the properties of

weighted Hardy spaces with Ag’e weights.

In this paper, we continue to study weighted norm inequalities for area functions
related to Schrodinger operators and their commutators. In fact, the weights we consider
here are Ag’e weights, and the weighted boundedness are of the type Hj (w) — LP(w) or
WLF(w), where H} (w) denotes weighted Hardy space related to p.

We first introduce some definitions. The area Sg function related to £ is defined by

o= ([ eanor &)™, (B

where

(Qif)(x) =2 @T

f) (x), Ts= ek (x,t) € ]R’}r+1 = (0,00) x R"™. (1.2)
s=t2

The commutator of S with b € BMOgy(p) is defined by

o0 1/2
SoutN) = ([, Q@@ =snePEE) . 0

The main results of this paper are as follows.

Theorem 1.1. Let g > land w € Ag’oo,

(i) if i < p<1land1<q<p(1+%), then forall f € H}(w),

1SQfllLr @) S 1F k2 w0y
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(i) if p = 5 and w € AT, then for all f € H) (w),

1Sofllwrrw) S 1l ()
ie., forallA >0,

Aw({x € R [So(A] > AN S 1l

where & is defined in Lemma 2.4 and H}) (w) is defined in Section 2.

For the commutator Sg ;, we will prove the following result.
Theorem 1.2. Ifw € Af’g,Q > 0, then for allb € BMOgy(p) and f € H}, (w),

1S@ef werw) < N0l Bmoy (o) £ 13 ) -

The paper is organized as follows. In Section 2, we give some notations and basic
results, most of which have been known before. In Section 3, we establish some useful
lemmas for the main result. Finally, we prove Theorems 1.1 and 1.2 in Section 4.

2 Preliminaries

2.1 Some basic notations

Without opposite claim, B always denotes a ball of R” in this paper, i.e.,, B = B(x,r) :=
{z€R": |z—x| <r}. Theball AB := B(x,Ar) for A > 0and B = B(x,r).

Given a Lebesgue measurable set E, |E| denotes the Lebesgue measure of E. If |E| > 0,
We write fE or f; f to denote ‘1?‘ Je f(x)dx.

A weight w(x) always means a nonnegative locally integrable function, which corre-
sponds with a measure dw := w(x)dx. Let w(E) := [, dw denotes the weighted measure
of E, and

iz = ([, FPe@ix) " for 0<p <

The weighted L7 (X) space L}, (X) is defined as the set of all measurable functions f satis-
fying || f1| 1 (x)<co- If X can be omitted, we may write L (w) or L}, instead of L}, (X) in the
notations of both spaces and norms. The weighted weak L” norm || f{|;y,» (£) is defined
as

sup,_o{A-w({x € E:|f(x)| > A})F},

too. For p > 1, denote p’ as the conjugate index of p,ie,1/p+1/p' = 1.

Throughout this paper, it is usually supposed that C denotes a positive constant in-
dependent of the main parameters involved, yet the value may differ from line to line.
The notation A < Bmeans A < C- B, and A 2 B the opposite. By A ~ B, we mean that
A < Band A 2 B simultaneously. If we want to emphasize that the the constant C of a
notation “ < ” probably depends on a parameter, for example M, we may write “ Sy 7.
So do the notations “ 2 ” and “ ~j; ”
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2.2 Reverse Holder class

We say a nonnegative locally L7 integral function V(x) on R" belongs to the reverse
Holder class RH; (1 < q < o), if and only if there exists C > 0 such that the reverse
Holder inequality

<|B(i,r)! /B . w(y)dy>1/q <C <|B(x1r)| /B o V(y)dy> (2.1)

holds for every x € R" and 0 < r < co, where B(x, ) denotes the ball centered at x with
radius 7. Apparently, provided 1 < p < q < oo, RHy(R") C RH,(IR"), so it is natural to
define
RHo = () RH,.
g>1

For instance, if V is a nonnegative polynomial, then V € B. It is worth pointing out
that if V' € RH, for some g > 1, there exists € > 0 depends on n and the constant C
in (2.1) merely, such that V' € RH;,.. Throughout this paper, we always assume that
0#V € RH, /2-

2.3 Critical radius function p(x) and the basic estimates of the kernel function
Qf ( ‘y )
The critical radius function p(x) is defined by

1
p(x) =sup,., {r : ﬁ/ V(y)dy < 1} . (2.2)
r B(x,r)

Obviously, 0 < p(x) < oo if V # 0. In particular, p(x) ~ 1 with V = 1 and p(x) ~
(14 |x])~ with V = |x|%.
The next lemma has basic importance regarding p(x).

Lemma 2.1 ([12]). There exist constants Iy > 0 and Cy > 1 such that

1 [x =yl _ ply) [x =y o/ o+ D)
60(1+ o(x) ) Sp(x)SCo<1—|— p(x) ) '

From this Lemma, it is easy to prove the next corollary.

Corollary 2.1. Ifp(z) 2 |x —z|,
p(x) ~ p(z).
Ifo(z) S lx -z,

( p(z) )lo+l < p(x) < ( p(z) >1/(10+1).

[x—z[/ T fx—z] Y \x -z

The constant Iy refers to Lemma 2.1.
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Remark 2.1. For B = B(xy,r), we always denote ¥(B) = 1+ r/p(x) in this paper.

We write Q;(-, -) as the integral kernel of the operator Q; defined at (1.1). The follow-
ing estimates of Q;(-, -) is basic and crucial in this paper.

Lemma 2.2 ([5]). There exist constants c > 0, 0 < &y < 1 such that for each N > 0, both of the
estimates

010l St (14 5+ 7t) e (~255)

(i) |Qi(y,2) — Qi(y, )| v (7

hold for all x,y,z € R" with |x — z| < t.

24 AS’Q weights

Bongioanni, etc, in [1] introduced a new kind of weight class AP’G, which associates with
the potential V by the critical radius function p(x).

Definition 2.1 ([2]). For 0 < 0 < 00,1 < q < oo, we say a weight w(x) belongs to the AS’G

class, if it satisfies the so-called As’e condition

(]{;w)l/q (]éwi;)l/q’ < ¥(B) 23)

or all balls B = B(xg,r). As for g=1, the AP condition is defined as
q 1

MY (w)(x) Sw(x), ae x€R", (24)

~

for all balls B = B(xo,r), where

MYF(x) = sup e, If-

In this paper, we let
,00 0
AS :UAS for g > 1.
0>0

Remark 2.2. (i) In previous definitions, balls B can be replaced by cubes Q, since ¥(B)? <
Y (AB)? < A%¥(B)? for all balls Band all A > 1.
(ii) The infimum C of all feasible constants related to “ < ” in formula (2.3) or (2.4) is

called the Ag’e weight constant or Aﬁ”e weight constant of w, where C is independent of
the selection of B.
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Since ¥(B) > 1, the class Ag’g increases when 6 increases, so we define

P .0
Ay = U Ay,
0>0

naturally. It is also obvious that A, C Af;’e for 1 < p < co, where A, denote the classical

Muckenhoupt weights; see [6,10]. We will see that A; & Ag’g for1 < p < coin some
cases. In fact, let 6 > 0 and 0 < v < 6, it is easy to check that

w(x) = (1+|x)~") ¢ Aw = |J A,
p>1

and dw = w(x)dx does not satisfy the doubling condition, but
w(x) = (1+]x)~"*+) € 457
provided V = 1 and thus
¥o(B(xo,7)) ~ (1+7)".
According to the definition, the difference between A; weight and AS’Q weight is just

on p(x), so for such balls B = B(xo,r) with r < p(xo), Af;’e weights behave as same as A,
weights.

When V = 0and 6 = 0, Moo f(x) is actually the standard Hardy-Littlewood maximal
function Mf(x). Obviously,

If(x)] < MY f(x) < Mf(x) forae. x€R" and 6>0.

Similarly as the condition of A, weight, the following basic properties of As’e weights
hold, whose proofs are really elementary by the definition and so that to be omitted.

Lemma 2.3 ([14]). Suppose1 < g < p < coand 6 > 0, we have
. 0 0
(i) A" c AYY;

(ii) w € Ap if and only if w T e AZ’/G;

(iii) If w € AS’G, then for all balls B and measurable set E C B,
w(B) (\B\ )”’ 0
——= S 1= ) - ¥(B).
w(E) ~ \[E|

As a deep result, reverse Holder inequality is of remarkable importance in the the-
ory of A; weight, from which we can acquire the property A« weight condition for A,

weights. Similarly, such properties can be paralleled to Ag’e weights with minor differ-
ence.



368 L. Tang, ]. Wang and H. Zhu / Anal. Theory Appl., 37 (2021), pp. 362-386

Proposition 2.1 ([2]). Let1 < g < 00,0 > 0, w € AS’G.
(i) (Reverse Holder property). There exist constants €, 119 > 0, such that

(]{; w1+e>11“ < (]é w) ¥ (B)o

for all balls B. It is worth emphasizing that the constant € depends on w(x) only concerning
the A’q]'e constant of w(x), while no can depend on n, q, 0 and ly (as in Lemma 2.1) only.

(ii) If g > 1, there exists p € (1,q) and 6’ > 0 satisfying w € A’;;el. As in (i), p depends on
w(x) only concerning the Ag’e constant of w(x).

(iii) There exists a constant 6 = € (0,1) such that

w(E) (IEI )‘5

— 5 ) Y¥(B)o

w®) = \1l) P
holds for all balls B and measurable set E C B, where the constants €, o have appeared in
(i).

Proof. For (i) and (ii), we refer to the proof of Lemma 5 And Proposition 5 in [2], so we
will just prove (iii).
By Holder inequality and (i), for all balls B and measurable set E C B,

1
m €
w(E) :/Bzulg < </Bw1+e> |E| T+

<IB| w5 w(B)¥ (B) M| E| .
Thus, (iii) holds. O

_€
1+e

2.5 BMOy(p) space

Bongioanni, etc. [1] introduced the following new space BMOy(p) as the substitution of
classical BMO space.

Definition 2.2 ([1]). Let 8 > 0, p is defined in (2.2). For a locally integrable function f(x), the
BMOy(p) norm is defined by

1
|Fllanoute) = SuPacre gy f, () — foldx < oo
where B is a ball. The following spaces are defined

BMOy(p) := {f € Lioc(R") : || fll Bm0y(p) < 2},

BMO«(p) := | J BMOy(p).
6>0
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Clearly from the definition, if & = 0, BMOq(p) is the classical BMO in actual. And the
space BMOy(p) enlarges while 0 increases. Bongioanni, etc. [1] also proved the following
result.

Lemma 2.4 ([1]). Let s > 1and b € BMOgy(p), then

1/s
(flo=tak) < Ibllao, ¥ (B)

for all balls B, where ' = (lg + 1)6 and Iy correspond with that in Lemma 2.1.

Corollary 2.2 ([1]). Let s > 1and b € BMOy(p), then

1/s
(£, 1= 00F) S kI lowo, ¥ 2E)
for all balls B and all k € IN*, with 0’ as in Lemma 2.4.

By Lemma 2.4, Tang [14] established the John-Nirenberg type inequality for BMOg(p)
functions as well.

Proposition 2.2 ([14]). Ifb € BMOy(p), then there exists a constant ¢ > 0 such that both of
the inequalities

(i)

1 —cA
—|{x € B:|b(x) —bp| > A}| Sex -]
7| 0= € B 1b(x) =bal > A} p(wmmwme

(ii)

c|f(x) — b
su ex - ldx <1
P, p@wmm@wme

hold for all balls B and all A > 0, where 6’ corresponds with that in Lemma 2.4.

2.6 Weighted Hardy spaces H},(w) and H} (w)

The two weighted Hardy spaces H} (w) and H} (w) are defined and studied by Tang and
Zhu in [17]. More precisely, let

Hi(w) = {f € &' |T"fl; <o},  where T"f(x) = sup,.gle £ £(x)],
Hl(w)i={f € & [T fll; < oo},  where T"f(x) = supy,,le 2 f(x)],

where the symbols S’ is the dual space of Schwartz functions.
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Moreover, the norm of the spaces H}.(w) and H} (w) is defined respectively

iy = 1T g f gy = 1T Fllgg,

We remark that when w = 1 and p = 1, the Hﬁ (w) space has been studied by Yang and
Zou in [18], and the H Z(a)) space with w = 1 has been studied by Dziubarski, etc. [4,5].
As in the classical condition, we can also give the theory of atomic decomposition for
HY.(w) and H} (w). We first introduce some definitions.
From Lemma 2.1, for any given w € A%'™, define the critical index of w by

Gw :=1inf{p € [L,00) : w € AF™}. (2.5)

Letw € AR = Ug~1 AY” and g, be as in (2.5). A triplet (p, g, )., is called to be admissi-
ble, if p € (0,1], 9 € (guw, 0] and s € N with s > [n(%‘“ —1)]. A function a on p is said to
bea (p,q,s)w — atom associated with a ball B = B(xo,r), if

(i) suppa C Bwithr < 2p(xp);
(i) [lallg < w(B)171/F;
(iii) If yor < p(xp), then
/n a(x)x*dx =0 for a € ({0} JN)" with |a| <s.

The constant g = 4nC3, where Cy appears in Lemma 2.1.

Moreover, we call 2 is a (p, q)., single atom if
HHHLZ,(]R") < [w(R™)]Va-1/r

provided that w(R") < oo.

Let w € A% and (p, g, s)w be an admissible triplet. The weighted atomic local Hardy
space hy"*(w) is defined to be the set of all f € S’ satisfying that f = Y2 Aja; in &',
where {A;}ien, C C, 12 |Ail? < o0 and {a;}ien are (p, q,5)w-atom and ag is a (p, q)w
single atom. Moreover, the quasi-norm of f € H}""*(w) is defined by

. /p
1A llpasi) = inf{ [2 W] } ,
i=0

where the infimum is taken over all the decompositions of f as above.
It is easy to see that if the triplets (p,q,s), and (p,§,5), are admissible and satisfy
g <gands <s, then (p,q,s).-atoms are (p, g, 5),-atoms, which further implies that

Hg’q’s(w) C Hﬁ’q’g(w)

and the inclusion is continuous.
Recently, Tang and Zhu [17] proved the following results.
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Theorem 2.1. Let 0 #V € RH, ;», w € AL, Juw be as in (2.5) and (p, q,s) . be an admissible
triplet.

(i) If0 < p <1landq € (qu,0), then

1A e oy ~ I 1 g9 -

(ii) If i < p < land q € (qu, p(1+ L)), then
||fHH,§’(w) ~ Hf”HZ(w) ~ Hf”Hg%s(wy

Let w € A% and (p,q,s).» be an admissible triplet. Denote by Hﬁ?li(w) the vector
space of all finite linear combination of (p, g, s),, atoms and single atom, and the norm of

finH 5?12(“’) is defined by

k 1 k
Hf”HﬁJ'Z,;(w) = inf{ (Z |/\j|p> 5f = Z)\ja]’, ke IN},

j=0 j=0

where a; are all (p, q,5)., atoms and ag is a (p, q). single atom.

Obviously, for any admissible triplet (p, q,s). atom and (p,q). single atom, the set
H 5?; (w) is dense in H}""*(w) with respect to the quasi-norm || - | HPA (@)
Theorem 2.2. Let w € AR™, gy be as in (2.5) and (p,q,s)w be an admissible triplet. If q €

(Gw, 0), then || - HHﬁ,ﬂ;i(w) and || - HHﬁ(w) are equivalent quasi-norms on Hﬁ,’?; (w).

3 Basic estimates for Sg and some lemmas

Applying some results in Section 2.2, we establish an estimate of Spa(x) for (p,q)w =
(p,9,0), atoms a(x) as a basis of the proof of our main results.

Proposition 3.1. Let 1 < g < oo, w € AL™. For any (p,q). atoms a associated with B =
B(xo,r) and all x € (4B)°,

Case 1. if yor < p(x0) and |x — xo| < 2p(x0),
7o

Spa(x) S H“HUW/

Case 2. if yor < p(x0) and |x — xo| > p(xo), for each M > 0,

S0a(x) o flall T (£ )"
Q ~M Ll’x—x0|n+§0 |X—x0| ’
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Case 3. if yor > p(xo), for each M > 0,

M
Sqa(x) Sm ||aHL1W-

The constant &y corresponds as in Lemma 2.2(ii).

Proof. In the proof, we will use the elementary inequality e~ <.m (14 ]t])™M (for all
t € R where ¢ > 0, M > 0 are both constants) and Lemma 2.2 repeatedly. It is obvious
from Theorem 2.1 that a(x) has vanishing property in cases 1 and 2.

For case 1, we have

Sgal(x)? = [ /| e [ (Qw,2) = Qi x0))a(z)dz

, gl -
:</0‘..>+</r >+(/>
= (L)*+ (L) + (1)~

For I,y € B(x,t) C B(x,r) and z C B(xo,7), so |y — z| ~ |x — xo|. Then we have
2 2

B r dydt

L = (/0 /B(x,t) /BQt(y,z)a(z)dz th)

1
’ . 71/1750 2 2

S / / / t" <M> la(z)|dz dydlt

0 JB(xt) \ /B t gt

)

1
o r _ 2 r
g‘x_x0| n 50||a||L1 (A t250 1dt> ~ ||a||le.

For I, since |z — xo| < r < t, by Lemma 2.2(ii), we have
=] 2 2
2 dydt
n=(f " 1
r B(xt) tn+
= lz =%\ [ ly = xol \ " " dydt :
SNy we a(z)dz
B(x,t) t t fn+l

5o [x—xg| 2 5

r 2 r

< il
N’x_x0’n+§0+1”a"Ll (/0 tdt) HaHU’x—xO|”+‘SO'

2 dydt
n+1

/(@02 = Qulwx0)a(z)dz
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For I3, we get

13:</°° / 2dydt>%
vl JB(x ) gl
. 5 2 3
< (/ | / (/ " (IZ—xo!> \a(z)|dz> dnyflt)
22l JB(xt) \ /B t t

o0 dt 7%
5
Srllall (/xx() t2n+2§o+1> ~ llall |x — xo|" o0

2

/(@12 = Qulw,x0))a(z)ez

Thus, Case 1 has been solved.
For Case 2, we have

sqa(?= [ | [(@(2) - Qi w)a(z)es

:</>+</>+</w>

= (IL)2+ (IL)? + (1L)?,

% dydt
n+1

and M is an arbitrary positive constant.
For I, |y — z| ~ |x — xo| as well, then

(1
! <0 B(x,t)
2 5
’ o ly—z M dydt
< n
o [ (e (450) ™ o) 24

1
TM

r 2
—M-—n 2M—-1
o =l M s ()~ ol =

1
2 dydt |’
tn+l

/B Qi(y,z)a(z)dz

Given that r < p(xg), we have already obtained the required estimate for I;.
For I, |y — xo| ~ |x — x¢| as well, then

\x—2x0|
r B(x,t)

<
~M (/r /B(x,t)

1
2 dydt \*
tn+1

J(@(,2) - Qi x0))a(=)dz
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(e " )™ ) )

5o M lx—x| 2 5o M
r*p(xo) 2 4 p(x0)

< ~Y

~ Jx = x| Mo+ lall </o tdt) lall s [x — xo| T <!x—xo!

For 113, we have

1
2 2
dydt
([ 1)
2 2
- o (2= 2\ (p(x0) \ M dydt
< n
= </x;o/3<x,f) (/ (B2 (2) ooz ) 2

1
0 dt 2 ro (x0) \
1 M pLXo
Sm rp(x0)M a1 (/0 tZI\/I-i-ZJO-i-Zn—H) ~lale = <|x—xo!>
2

Thus, Case 2 has already been solved. Finally we turn to consider Case 3 in which r ~
p(xp). As in previous cases,
/ y,z)a(z)dz

:<g”>+<[zm>+<ﬁ;“>

=(I1L)* + (I11L)* + (11L)?,
where M is an arbitrary positive constant.
For 1113, the estimation is the same as that in I]; exactly, namely
M
I Sm [lallp Tx — x|t M

z) = Qi(y, x0))a(z)dz

% dydt
n+1

For IIL, |y — z| ~ |x — x¢| as well. So we have

11, = </x xo/ /Qt W) ‘ngf)é
<M (/1 XO/ - (/ <P(3t50)>M <\y;z\>M”1 |a<z)‘d2>2 Etli/ff) 3

| 2 M
p(x0)M 7 r
<M I xo’M+n+1HaHL1 0 tdt |~ HaHLl|x—xo|”+M'

|x
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For 1115, we have

I = ( /x—;o/mx,t)
(10)\ )
_ (/sz()/g(xlt) </Bt n< t ) !a(z)\dz) tn+1)

< M o0 dt 2 M
Sm p(xo)™ |al| s ﬁ,xo‘m NHQHUW'

2

/BQt(y,z)a(z)dz

1
2 dydt \ ?
tn+1

Thus, Case 3 has been solved. O

To estimate ||a||;1 in Proposition 3.1, we establish the following result without diffi-
culty.

Lemma3.1. Letp > 0,9 > 1,0 > 0and w € Ag’g. For any (p, q). weights w(x) associated
with B = B(xo, 1),
lall < [Blew(B) /7Y (B)°,

where the constant is exactly the Af;'e weight constant of w.

Proof. If g > 1, by Holder inequality and the definition formula (2.3),

]2 :/B () |w(x) T (x) " 1dx

’ 1/‘]/
SHHHL'?(ZU) <‘/B W(X)fq /qu>

<w(B)"171P </Bw(x)_”//‘7dx>1/q, (/BW(x)dxy/un(B)_l/q
<C|Blw(B)"/"¥(B)’,

where C is the Ag’g constant of w.
If g = 1, we know that

w(B) < C|B|¥(B)? essinf,cp{w(x)},
by the definition formula (2.3), which means
lw™ |8y < CIB[¥(B)’w(B)~",

and thus
lall 2 < [lall 1) 0 1) < C|Blw(B) "/ P¥(B)°.

All of the constants “C” above are exactly the Af’g constant of w. O
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Combining Proposition 3.1, Lemma 3.1 and noticing ¥ (B)? <y 1, the following result
is obvious.

Corollary 3.1. Let 1 < g < 00,0 > 0, w € A’;’G. For any (p,q). atoms a associated with
B = B(xo,r) and all x € (4B)¢,
< ’ > n+dy
|x — xo] !

Case 1. if yor < p(x0) and |x — xo| < 2p(x9),

Case 2. if yor < p(x0) and |x — xo| > p(xo), then for each M > 0,

< r >n+5o ( P(xO) )M
|x — xo] |lx —x0| ) 7

Case 3. if yor > p(xo), then for each M > 0,
r n+M
<|x - xo\) '

Applying (iii) in Proposition 2.1 and Proposition 2.2, we can establish an analogue of

==

Sqa(x) Sw(B)

==

Sqa(x) Sm w(B)

==

Soa(x) Sm w(B)~

The constant &y corresponds as in Lemma 2.2(ii).

Lemma 2.4 for AS’G weights, and thus the weighed version of Corollary 2.2 holds appar-
ently. They will be used in the proof of Theorem 1.2 in Section 4.2.

Lemma3.2. Let1 <s,q < 00, w € AS’Q and b € BMOgy(p), then

1 1/s o
<w(B)/B‘b_ bB|de> S 161l sao, (o) ¥ (B)™/<

or all balls B, with ny = no(q) in Proposition 2.1(i) and 6" in Lemma 2.4.
f o = 10(q p

Proof. By homogeneity, we may assume ||b||gpi0,(,) = 1 without loss of generality. For
all balls B,
o € B:|b(x)—bpg|>A
BLE /’b—b3|5dw :s/ As’lw({x Iblx) = bl })d/\
w(B) JB 0 w(B)
5
o €B:|b(x)—bg|>A
Ss‘F(B)”O/ e B:fb0) =bal > Ay
0 Bl
o Ad
<s¥ 7]0/ _ A0 ) sl
<s¥(B) ; exp< T(B)9’> ASTHAA

=T'(s+1)¥(B)" (T(Clz)g,) ~ ¥ (B)1 7,

which yields the required inequality immediately. O
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Corollary 3.2. Let1 <s,g < oo, w € A’q”e and b € BMOgy(p), then

1 S 1/5 5 /
(w(sz) /sz b= bl dw) S kllbllpamo, (o) ¥ (2°B)™

for all balls B and all k € IN*, with no appears in Proposition 2.1(i) and 0’ appears in Lemma 2.4.

Proof. By using Lemma 3.2, the proof is quite similar to the proof of Lemma 1 in [1]. For
each ball B,

2B
<

|bop — bp| = ][(b—sz) < 7][ b — byp| < 2"¥(2B)°|[b]| amtoy (o) -
B |B| J2B

Then we have

1 1/s
S
_ ~by’d

1 k

1/s
< (w(2km /sz |b— bzk3|5dw> +j; |byig — byj-1g|

k .

Bl sy, ¥ 2°B)"™ >+ + 3 ¥ (2B)°[1bl oy o)
j=1

S(k+1) bl uoy (o) ¥ (2B)/*+

Since 1 < ¥(2B) < ¥(2FB) and 0 < ¢'. The proof is completed.

The authors [16] proved the following basic results.
Theorem 3.1. Let 1 < g < o0, 6 >0, w € A",
(i) Ifq > 1, forall f € LL(R"),
1SNl S 1f Mg,
(i) Ifg =1, forall f € LL(R"),

ISafllwy, < IIf

1.
Lw

Theorem 3.2. Let 1 < g < 00,0 > 0,w € A, then for all functions f and b € BMOy(p),

1Sauflirs < 16l BrOos (o)1 Il 12



378 L. Tang, ]. Wang and H. Zhu / Anal. Theory Appl., 37 (2021), pp. 362-386

4 Proof of main results

4.1 Proof of Theorem 1.1

We prove Theorem 1.1(i) at first.

Proof of Theorem 1.1(i). Without loss of generality, we can assume 1 < g < n(1+ dy/n).
By Theorems 2.1 and 2.2, it needs only to prove that for all (p, )., atoms or single (p, 9)w
atoms a(x),

HSQ“HIZ(M) SL

Firstly, if a(x) is a single atom, the inequality above holds obviously. In fact, by Holder
inequality, Theorem 3.1(i) and the size condition of single atoms, we have

ISoallyy < [1Soall g w(R")P=H1 < lal| g w(R")P~H1 < 1.

Hence, it is sufficient for us to show that for any (p, ). atoms a(x) associated with a
ball B = B(xo,r) and satisfies,

HSQ‘Z||Zp(w) S

with the constant independent of a(x).

We divide ||SQa||pp into two parts: ||Sqal|” and ||SQa|| where B = B(xo, 1)

LI, (4B) ((4B)c”

is the ball a(x) associated with,
For the first part, by Holder inequality, Li, boundedness of Sp, the properties of
(p,9)w atoms and Lemma 2.3,

4 ir
1SQally gy = [, Soa(x) () Fenx) T dx
p 1-p/
< [1Soall s amyw(4B)""

1-p/q
S lallwamy 7 < (400

qa-p
< <‘|4]f||> ¥ (4B)%1-r) <1,

The last inequality holds because r < p(xo).
For the second part, we denote the ring

RB;:= (2B)\ (27'B) for j € N*.

Consider the following two cases respectively:
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If vor > p(xp) which means r ~ p(xp), by Case 3 in Lemma 3.1 and Lemma 2.3(iii)
we have

p _ p
150817 4 /lx_xM Sqa(x)Paw(x)dx

s 5 () o

1 2 jp(n+M) (21 B)

wB

< Zz—jp(n—O—M) (Zjn)q <1 I 2/ >q9
~ j=3 p(xo0)

”MS

< iz—j(P(HM)—qn—qH),
j=3

As long as we choose the positive constant M big enough such that M > g(n +0)/p —n
we obtain ||Sqal|”

L2 ((4B)°) < 11in the case of yor > p(xp).

If yor < p(x0), for such a ball B, there exists Ny € IN satisfying 2No=1r < p(xq) < 2Noy.
The second part

HSQaH&,@B)C:(D Y ) s, S0 w0

=3  j=Np+1
: Il =+ Iz.

For Iy, |x — xo| < 2/r < 2Noy < 2p(xp) implies ¥(2/B) < 3. By case in Lemma 3.1 and in
Lemma 2.3(iii),
No
L = Z/ Soa(x)Pw(x)dx

w(B /RB (‘x_x0‘> (n%)w(x)dx

1 NO
WZZ jp(n+éo) g, 2]3)

Z

N
< iz—j(r’(nv%)—nq) <1.
j=3

The last inequality holds because of the assumption g < p(1+ dy/n)
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For I, |x — xo| > 2/"1r > 2Nor > p(x¢) implies ¥(2/B) < 2/*1r/p(x0). By case 2 in
Lemma 3.1 and in Lemma 2.3(iii), for each M > 0,

j=No+1“RB;
0o p(n+dp) M
sio & Lo () (PR e
w( >j=N0+1 RB; ’x xo| ‘x xO‘

< 3 o 02B) p«m))M

N w(B) 2y

M—q6

< Z 2—i(p(n+do)—nq) <p(x0)> i

j=No+1 Zr
<1 (Let M = g6).

Thus, the second part has the required estimate, too. O

Now we turn to (ii) in Theorem 1.1. Firstly, we need the following Lemma.

Lemma 4.1. Let w € A{™ and 0 < p < 1. If a sequence measurable functions { fi} satisfy

Ifillwre <1, Vj€2Z and Yo IAjP <1,
jEZ

then we have

The proof can be found in [9].

Proof of Theorem 1.1(ii). By Lemma 4.1, we need only to prove the following inequality

sup,o M ({x € R : [So(a)(x)] > A}) £1

holds for any atom a(x).
If a(x) is a single atom, then

sup.o AP w({x € R" : |Sq(a)(x)| > A}) < [|Sqall}, ,p S 1.

L},(4B)
Therefore, it is sufficient for us to prove that for any A > 0 and any a (p,q), atom a(x),
associated with a ball B = B(x,r), AYw(E,) < 1, where the constant does not dependent
on A and a(x), and

Ex ={x e R":[So(f)(x)| > A}
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Divide E, into
Ex=EUJ[|UEr |,
j=3

where
E\ =EA()4B, E,;=E\[)RB,

As the argument in the proof of Theorem 1.1(i), we still have ||Sga Hi? (4B) < 1. There-

fore, by Chebshev inequality,

AP (E}) < [1Sgal (@.1)

P <
1) ~ L

For E; ), we are going to prove there exists a constant ¢y > 0 independent of j and the
selection of “a(x)”, such that

Soa(x) < cow(2/B)~VP. (4.2)

Similarly as the proof of (i) in Theorem 1.1, To achieve the goal, we need to consider the
condition yor < p(xp) and yor > p(xo) respectively. But we will consider the condition
Yor < p(xp) only. In fact, in Corollary 3.1, the conclusion in case 3 is stronger, so the
condition yor > p(xp) is easier then that of yor < p(xp), and we can follow the proof
of the latter without difficulty. The proof of (i) in Theorem 1.1 can also corroborate the
former assertion.

When yor < p(xp), we consider the case j < Ny and j > Ny + 1 respectively, where
the integer Ny is defined by 2M~1 < p(x() < 2™ as in the proof of (i) in Theorem 1.1.

If j < Ny, which means |x — x| < 2y < 2Noyp < 2p(xp) and Y(2/B) < 3, by case 2 in
Lemma 3.1 and Lemma 2.3(iii), we have

r n+dp
< |x = xol )

. 4 iB)\"/"
<w(2/B)~V/p2-iln+d) <qu?£))

<w(2/B)~V/po-ilntd)in/py (2iB)o/p
gw(sz>fl/p2j(fn750+n/p)
=w(2/B)~17,

==

Sqa(x) Sw(B)

where all constants do not depend on j and a(x).
If j > Np + 1, which means

x—xg| > 271 > 2Ny > p(xy) and  Y(2/B) < 27 1r/p(x0),
o o
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by Case 2 in Lemma 3.1 and Lemma 2.3(iii), we have

Sga(x) Sw(B)- (\x—rxor>n+5o (wf @oOM

<w(2/B)~V/ppitn+e) (p(J.CO))M (w(sz) ) 1/p

==

2lr w(B)
M
<w(2/B) "V rpilntd) (p(xo)> 2"/ Py (2/B)0/P
~ 2r
M-0/p
otz v (P52
2r

=w(2/B)"VP (Let M =0/p),

where all constants do not depend on j and a(x), either. Therefore, formula (4.2) holds.
To end the proof, we now consider two cases about ;.

Case 1. There exists a j € IN such that
cow(2/B) 1P < A,

So there exists a maximum integer K = K(A) (if no exists such K, there is nothing to
prove) such that

cow(2XB)VP > A,

which means for each j > K+1, Cow(2/B)~V/P < A and therefore E,; = 9. We may
assume K > 0, since otherwise, E A= D forallj € N*and E) = E/A. When K > 0, we
have

AMw(Ey \ Ej) = AP iw(EM) < Clw(2*B)* f w(Eyj) < C. (4.3)
j=3 j=1
Case 2. For any j € IN such that
cow(2'B)VP > A.
So
cow(R") 717 > A,
Thus,
Mw(Ey) < chw(R") w(R") < 1. (4.4)

Combining (4.1), (4.3) and (4.4), the required inequality holds. O
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4.2 Proof of Theorem 1.2

We are going to prove Theorem 1.2 in this section.

Proof of Theorem 1.2. We may assume ||b|[gp0,(,) = 1 by homogeneity. Suppose f =
Yiew Ajaj, where Yien [Aj] = 1, ag is a (1,4)w single atom, and 4; (j > 1) isa (1,9)w
atom supported on B;, where 1 < g < co. Let b; = bp; € R, it is sufficient for us to prove
that for all functions f satisfying the prerequisites above,

1Sopfllwey, S 1. (4.5)

By the sublinearity of Sg,

Souf(x) =Sa((b(x) ~ b)f)(x) = So((b(x) ~b) 1 Ajaj) (x)

jEN
=50 (Ro(b(x) —bao+ Y, Aj(b —blaj+ Y Al bj)ay ) (x)
jeIN* jEIN*
<lAalSqun(x) +Sa( L Ayt~ b)a;) (x) + % A11b(x) — by[Sqa;(x)
JEN* JEN*
= [AolSquan(x) + So( X AA)(x)+ X Al B(x),
jEIN* JEIN*

where

Aj(x) = (bj — b(x))aj(x),  Bj(x) = [b(x) — bj[Sqa;(x) = 0.

By the formula above and Theorem 3.1(ii), and noticing } ;e [Aj] = 1,

1Sapfllwey, SIAollISqpa0(x) lwes, + HSQ< EZN:*/\ 4 ) H jeN

I + H 2 |/\]'|B]' X
La jEIN*

SSUPj{I\SQ,bao( e, HA]‘HL;U, IBjll 1, }-

E wiso,,

SlAoll|Sgpao(x

Hence, in order to prove formula (4.5), we just need to prove that for all b € BMOy(p)
satisfying ||b[|gpo, (o) = 1, single atoms ag, and (1, q), atoms a supported on B = B(x, ),
the following three formulae holds:

[Sqpaolly S 1, (4.6a)

(6 —bg)allp, <1, (4.6b)
I(b = bg)Sqal[r;, < 1. (4.6¢)
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Firstly, we consider the case of single atoms, namely formula (4.6a). By Holder in-
equality, Theorem 1.1 and the size condition of single atoms,

HSQ,bHOHL%} < HSQ,bHOHLZ) HlHqu/ < HaOHLZ, w(][{n)l/q’ < w(]R”)l/qfl w(]R”)l/qf =1,

which means formula (4.6a) holds.
For formula (4.6b), By (ii) in Theorem 3.2(ii), Holder inequality, Lemma 3.2, and notic-
ing ¥(B) < 3,

1S((b—bg)a)|lwry, <[[(b—bp)allL,
<116 = sl g 5 lallis
Sw(B)VT¥(B)M/ o (B)/ T
<1.

Therefore, formula (4.6b) holds.

Finally, we will complete the proof of formula (4.6c), whose basic idea is similarly as
Theorem 1.1(i). Similarly as the discussion in the proof of (4.2), we will just consider the
condition yor < p(xp).

Suppose or < p(xp), we also note Ny € Z satisfying 2M~1r < p(xo) < 2Mr, and We
may assume Ny > 3. Let [ is the left side of formula (4.6¢), and decompose I as follow:

No
I= AB |b(x) — bp|Spa(x)dw +]'§/RB; |b(x) — bp|Spa(x)dw

+ Z/ 1b(x) — bp|Sga(x)dw
j=No 7 RBj
=L+ DL+

For I, noticing ¥(4B) < 9, by Holder inequality, (i) in Theorem 3.1, the size condition
of a, (iii) in Lemma 2.3 and Corollary 3.2,

Lo<||b =gl g g ISoally S 10 =05l vy llalls,
<w(4B)VT¥ (4B)N/ 5oy (B)1/ 11
qa/q
< < "4BB"> \F(4B>9q/q/+ﬂo/s+90
<1.

For I where j < Ny, we have |x — xq| < 2/r < 2Nor < 20(x() and ¥(2/B) < 3. By case 1
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of Lemma 3.1, (iii) in Lemma 2.3 and Corollary 3.2,

/ x) — b|Sga(x)dw
0 .
<22—]<n+ao> (B)—l/, b — by|dw
= 2B
Ny

{(1+60) w(2’B) 1
Z (n+6o) >(B) 55 /sz‘b_bB’dw

No
E i~ ]n+50 nq T(sz)qe-H]o-FGg

Z j(n+do—ng)

j=1
S1 0 (since g < 14 dp/n).

For I3, we have |x — xo| > 2/71r > 2Ny > p(xg), and ¥Y(2B) < 2/*1r/p(xp). Conse-
quently,

Z / — bp|Spa(x)dw

j=No+1
M
o—i(n+0) <p(x°)> B*l/ b— bgld
o j—%+1 2r w(B) ZfB’ Bldw

n+0d) 10( 0) Mw(sz) 1
e %ﬂzj e ( 2ir ) w(B) w(2/B) /213’b—bB|dw

0o M
< o j(n+6y—nq) ( P(X0) i g\a0-+10+60
<Y R CARTD

j=Np+1
) M—(q6 0
Z j27j(n+507m]) (P(Jfo)) (q6+110+60)
j=No+1 Zr

<1 (M=g0+70+60).

Therefore, we have proved formula (4.6¢c) under the condition yor < p(x). For the condi-
tion yor > p(xp), as what we have discussed, the proof is easier, so formula (4.6¢) holds.

In summarize, formulae (4.6a)-(4.6¢) hold, so formula (4.5) holds and we have proved
the required conclusion. ]
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