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Abstract. In this article, the authors give a survey about the recent developments of
intrinsic square function characterizations and their applications on several Hardy-
type spaces, including (weak) Musielak—Orlicz Hardy spaces, variable (weak) Hardy
spaces, and Hardy spaces associated with ball quasi-Banach function spaces. The au-
thors also present some open problems.
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1 Introduction

In order to settle a conjecture proposed by Fefferman and Stein [8] on the bounded-
ness of the Lusin area function S(f) from the weighted Lebesgue space L7, () (R") to

the weighted Lebesgue space L2(R") with 0 < v € L{ (R"), where M(v) denotes
the Hardy-Littlewood maximal function of v, Wilson originally introduced the intrinsic
square functions in [43] and obtained their boundedness on the weighted Lebesgue space
Li,(R") in [44], where p € (1,00) and w belongs to the Muckenhoupt weight A,(R").
Later, Huang and Liu [15] established the intrinsic square function characterizations of
the weighted Hardy space H.,(R") with & € (0,1] and w € Ay, ,/,(R"), under the addi-
tional assumption that f € L. (R"). This was further generalized to the weighted Hardy
space H(R") with & € (0,1], p € (n/(n+a),1),and w € Ap(1+a/m) (R") by Wang and
Liu [41], under the additional assumption that f € (Lip(«,1,0))*, where (Lip(«,1,0))*
denotes the dual space of the Lipschitz space Lip(a,1,0). In addition, Wang and Liu
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in [40] proved some weak type estimates of intrinsic square functions on the weighted
Hardy space Hf, (R") with a € (0,1), p = n/(n +a), and w € A;(R"); Wang [38] ob-
tained the boundedness of the intrinsic square functions including the g-function on
the weighted weak Hardy space WH,(R") with A € (3 + 2a/n,00), where a € (0,1],
p € (n/(n+a),1],and w € Ay 4y (R"). Indeed, these intrinsic square functions can
be thought of as “grand maximal” square functions in the style of the “grand maximal
function” of Fefferman and Stein from [8]; they dominate all the square functions of the
form S(f) (and the classical ones as well), but are not essentially bigger than any one
of them. Especially, the intrinsic Lusin area function has the distinct advantage of being
pointwisely comparable at different cone openings, which is a property long known not
to be true for the classical Lusin area function; see Wilson [43-46] and also Lerner [20,21].

With the development of the real-variable theories of several Hardy-type spaces on
Euclidean spaces, the study of the intrinsic square functions on these spaces has attracted
a lot of attentions in recent years. Liang and Yang in [25] first introduced the s-order
intrinsic square functions and characterized the Musielak-Orlicz Hardy space H? (R")
in terms of the related intrinsic Lusin area function, the intrinsic g-function, and the in-
trinsic g3 -function with the best-known range A € (24 2(« +s)/n, ), which essentially
improve the known results in [15] and [41]. Motivated by this, Zhuo et al. [57] gen-
eralized the corresponding results in [25] to the variable Hardy space HP(')(]R”) with
A € (34 2(a+s)/n,); Yan [47, 48] obtained similar characterizations on the weak
Musielak-Orlicz Hardy space WH?(IR") and the variable weak Hardy space WH?(") (R").
Very recently, Yan et al. [49] continued the above line of research and established the in-
trinsic square function characterizations of the Hardy type space Hx (R") related to a ball
quasi-Banach function space X satisfying some mild additional assumptions. For more
applications of such intrinsic square functions, we refer the reader to [10,11,23,37,39,52].

In this article, we first give a survey on the recent developments of intrinsic square
function characterizations and their applications on several Hardy-type spaces, including
(weak) Musielak—Orlicz Hardy spaces, variable (weak) Hardy spaces, and Hardy spaces
associated with ball quasi-Banach function spaces. To be precise, the main results that we
review include: the (finite) atomic characterizations of the Musielak—Orlicz Hardy space,
the atomic characterization of the variable Hardy space, the (finite) atomic characteriza-
tions of the Hardy space associated with ball quasi-Banach function space, Campanato
type spaces, and duality theories related to the above three kinds of function spaces as
well as their intrinsic square function characterizations. We also correct some errors and
seal some gaps existing in [49, Theorems 1.10, 1.12, 1.15, and 1.16]. Finally, we present
some open problems.

To be precise, the remainder of this survey is organized as follows.

In Section 2, we recall the definitions of intrinsic square functions and some notation
which are used throughout this article.

The aim of Section 3 is to review the intrinsic square function characterizations of
H?(R") and WH?(IR"), where ¢ : R" x [0,00) — [0, 0) satisfies that, for any given x €
R", ¢(x, -) is an Orlicz function and ¢ (-, t) is a Muckenhoupt A« (RR") weight uniformly
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int € (0,00). To this end, via using the non-tangential grand maximal function, we first
recall the definitions of H?(IR") and WH?(IR"), which were introduced, respectively, by
Ky [19] and Liang et al. [26]. Then we present (finite) atomic characterizations of H? (R")
established in [19] and the duality theory of H?(IR") established in [24]. Moreover, the
intrinsic square function characterizations including the intrinsic g} -functions of H?(IR")
and WH?(IR") with A € (2 + 2(a + s)/n,0), which were obtained, respectively, in [25]
and [47], are also presented.

In Section 4, we aim to recall the intrinsic square function characterizations of
HPO)(R") and WHP() (R") with p(-) : R" — (0, 0) being a variable exponent function
and satisfying the globally log-Holder continuous condition. For this purpose, we need
to recall the definitions of H?()(R") and WHP(")(IR"), which were introduced, respec-
tively, by Nakai and Sawano [29] and Yan et al. [50]. Furthermore, the atomic characteri-
zation and the duality theory of HP(') (IR"), established in [29], are presented. As an appli-
cation, the intrinsic square function characterizations including the intrinsic g3 -functions
of HP()(R") and WHP() (IR") with A € (3 +2(a +5)/n,0), obtained, respectively, in [57]
and [48], are also reviewed.

Section 5 is devoted to the intrinsic square function characterizations of Hardy spaces
Hx(R") related to ball quasi-Banach function spaces X. The space Hx (R") was originally
introduced and characterized in terms of atoms by Sawano et al. [33]. We then recall their
finite atomic characterization, duality theory, and intrinsic square function characteriza-
tions, obtained originally in [49]. Since Hx(R") includes various known Hardy type
spaces, the results obtained in [49] have a wide range of generality and essentially im-
prove the known results for H?(*) (R") in [57] by widening the range of the parameter A
into the best known one. Some errors and gaps existing in [49, Theorems 1.10, 1.12, 1.15,
and 1.16] are also corrected in this section.

To state the main results of this article, we first make some conventions on notation.
LetIN := {1,2,---} and Z, := N U {0}. We denote by C a positive constant which is
independent of the main parameters, but may vary from line to line. We use C, ...\ to
denote a positive constant depending on the indicated parameters «,---. The symbol
A <Bmeans A < CB.If A < Band B < A, we then write A ~ B. If E is a subset of R”,
we denote by 1 its characteristic function and by EC the set R"\E. Forany r € (0,c0) and
x € R", we denote by B(x,r) the ball centered at x with the radius r, namely, B(x,r) :=
{y € R": |x —y| < r}. For any ball B, we use xp to denote its center and rp its radius,
and denote by AB for any A € (0,00) the ball concentric with B having the radius Arg.
For any index g € [1, 0], we denote by 4’ its conjugate index, namely, 1/g+1/4" = 1.

2 Intrinsic square functions

In this section, we give some notation and recall some notions on intrinsic square func-
tions which are used throughout this article. For any measurable set E C R" and
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r € (0,00), let L"(E) be the set of all measurable functions f on E such that

1Al ) = [/E !f(x)lrdx]l/r < co.

For any r € (0,00), we denote by L] _(IR") the set of all r-locally integrable functions on
R™.

For any given s € Z,, C°(R") denotes the set of all functions having continuous
classical derivatives up to order s. For any given a € (0,1] and s € Z, let C,5(R") be
the set of all functions ¢ € C*(IR") satisfying that

suppg C {x e R": |x|] <1}, / $(x)x7dx =0,
]Rn
forany v € Z" := (Z, )" with |y| <s, and, for any x1, x, € R" and v € Z" with [v| =,

[D¢(x1) = D'¢(x2)| < |x1 — x2|".

Here and thereafter, for any v := (y1,- -+ ,7n) € Z"t and x := (x1,- -+ ,x,) € R",

5 \™ 9\
= =", and DT <8x1> ”'<8xn> '

Forany f € Ll (R") and (y,t) € R:! :=R" x (0,c0), let

loc
Aws(f)(y,t) := sup |f*di(y)|.

$ECqs(RM)

Here and thereafter, for any t € (0,00), ¢;(-) := t~"¢(-/t). Then the intrinsic Littlewood-
Paley g-function gys(f), the intrinsic Littlewood-Paley g}-function g3 , .(f) with A €
(0,0), and the intrinsic Lusin-area function S, s(f) of f are defined, respectively, by set-
ting, for any x € R”,

5 = { [ turenr 21,

. . 1/2
§iae ) :={ [ =) [Aa,s<f><y,t>12f}{ff} ,

1/2
)0 = { [ MastN P 251

here and thereafter, ['(x) := {(y,t) € R : |y — x| < t}.
We also recall another kind of similar-looking square functions, defined via convo-
lutions with kernels which might have unbounded supports. For any given « € (0,1],
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€ € (0,00),and s € Z, let C(,¢)s(R") be the set of all functions ¢ € C*(R") satisfying
that, for any v € Z'} with |y| <, and for any x € R",

DI < (14", [ plx)xTdx =0
and, for any v € Z" with |v| = s, and for any x1, x, € R",

[D"p(x1) = D'p(x2)] < a1 — 2" [(1+ [ ) 77+ (14 |x2) 7]

Note that, in what follows, the parameter € usually has to be chosen large enough. For
any f satisfying

fOIA+]-)7" € LY(RY), (2.1)

and for any (y,t) € R, let

Awe s(f)y,t) == sup  [f*Pe(y)l.

¢€C(a,e),s (]Rn)

Then, for any A € (0,00) and x € R", we let

a0 = { [ [Awonten] 417,

t

o An 1/2
T 01 (F)(3) = { N (H‘;_y‘) [Aos(y0)] 2 } ,

S(ae)s(f)(x) = { /r . Awos(f) (y,t)}2 fyff }1/2-

When s = 0, these intrinsic square functions were originally introduced by Wilson [43]
and he observed that they were pointwisely equivalent to each other by their generic
natures; Liang and Yang generalized these observations to s € Z in [25, Proposition 2.4
and Theorem 2.6], which read as follows.

Lemma 2.1. Let « € (0,1], s € Z, and € € (0,00). Then, for any f satisfying (2.1), and for
any x € R", it holds true that

Sas(f)(x) ~ Sas(f)(x),

g(uz,e),s(f) (X) ~ N((x,e),s(f) (x)/

with the positive equivalence constants independent of f and x.

Lemma 2.2. Let « € (0,1], s € Z4, and € € (max{a,s}, c0). Then there exists a positive
constant C such that, for any f satisfying (2.1), and for any x € R",

£805(N(®) < Zlaers (N < CauslF) ().
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3 Intrinsic square function characterizations of (weak)
Musielak-Orlicz Hardy spaces

Recall that a function ® : [0,00) — [0,00) is called an Orlicz function if it is non-
decreasing, ®(0) = 0, ®(t) > 0 for any t € (0,00), and lim;_,oo ®(t) = oo. The function
& is said to be of upper (resp. lower) type p for some p € [0, c0) if there exists a positive
constant C such that, for any s € [1,00) (resp. s € [0,1]) and ¢ € [0, 0), P(st) < CsPD(t).

For a given function ¢ : R" x [0,00) — [0, ) such that, for any x € R", ¢(x, -) is an
Orlicz function, ¢ is said to be of uniformly upper (resp. lower) type p for some p € [0, 0)
if there exists a positive constant C such that, for any x € R", s € [1,00) (resp. s € [0,1]),
and t € [0,00), ¢(x,st) < CsPo(x,t). The critical uniformly lower type index and the
critical uniformly upper type index of ¢ are defined, respectively, by setting

i(¢) :=sup{p € (0,00) : ¢ is of uniformly lower type p} (3.1)
and
I(¢) :=inf{p € (0,00) : ¢ is of uniformly upper type p}.

Observe that i(¢) and I(¢) may not be attainable, namely, ¢ may not be of uniformly
lower type i(¢) or of uniformly upper type I(¢) (see [22]).

Let ¢ : R" x [0,00) — [0, 0) satisfy that x — ¢(x, t) is measurable for any t € [0, ).
The function ¢(-,t) is said to satisfy the uniformly Muckenhoupt condition for some
q € [1,00), denoted by ¢ € A,(R"), if, when g € (1,0),

1 - q/4'
[#]a,re) = sup sup ,B|q/¢(x,t)dx{/ [o(y,1)] Wdy} < 0,
te(0,00) BCIR" B
or, wheng =1,
[¢]a,(rr) = sup sup / x,t)dx [ esssup [p(y,1)] " | < oo,
te(0,00) BCR" |B| y€EB

where the first suprema are taken over all t € (0,00) and the second ones over all balls
B C R". Let
Ax(R") := | AyR").
qe[l o)

The critical weight index g(¢) of ¢ € A (R") is defined by setting
q(¢) :=inf{g € [1,00): ¢ € Ay(R")}. (3.2)

Now, we recall the notion of growth functions (see [19]).
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Definition 3.1. A function ¢ : R" x [0,00) — [0, o) is called a growth function if the following
conditions are satisfied:

(i) @ is a Musielak—Orlicz function, namely,

(i)1 the function ¢(x,-) : [0,00) — [0, 00) is an Orlicz function for almost every x € R";
(ii)1 the function ¢(-,t) is a measurable function on R" for any t € [0, c0).

(ii) ¢ € Ac(R").
(iii) ¢ is of positive uniformly lower type p for some p € (0,1] and of uniformly upper type 1.

Throughout the article, for any measurable subset E of R” and t € [0, o), define

¢(E, t) = / ¢(x, t)dx.
E
Let us now introduce the Musielak—Orlicz space and the weak Musielak—Orlicz space.

Definition 3.2. Let ¢ be a growth function as in Definition 3.1.

(i) The Musielak—Orlicz space LY (R") is defined to be the set of all measurable functions f on
R" such that [, ¢(x,|f(x)])dx < oo equipped with the quasi-norm

sy i=int {1 € @eo) [ (5 HN ) ar <

(ii) The weak Musielak—Orlicz space WL? (IR") is defined to be the set of all measurable func-
tions f on R" such that

sup ¢({x e R": |f(x)] >a},a) <o
a€(0,00)

equipped with the quasi-norm

1 llwee e :Zinf{AE(OfOO): sup <P({x€1R”r £ (x)] >w},%) gl}.

a€(0,00)

In what follows, denote by S(IR") the space of all Schwartz functions equipped with
the well-known topology determined by a countable family of norms, and by S’(IR") its
topological dual space equipped with the weak-* topology. For any m € N, let

Sn(R") := {l[] e S(R") : sup sup [(1 + |x|) (m+2) (1) ‘Dﬁlp(x)H < 1} .

BeZl |p|<m+1xeR"
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Then, for any f € §’(R"), the non-tangential grand maximal function f;; of f is defined
by setting, for any x € R",
fu(x) :=sup sup  |f*9i(y)]- (3.3)
PeSy (R") [y—x|<t,te(0,00)

When

m(g) = |nlq(¢)/i(p) —1]], (3.4)

where i(¢) and q(¢) are, respectively, as in (3.1) and (3.2), we denote f,; as in (3.3) with
m := m(¢) simply by f*. Here and thereafter, for any & € R, |a| denotes the largest
integer not greater than a.

Now, we recall the definitions of the Musielak—Orlicz Hardy space (see [19,22,24,25,
51]) and the weak Musielak-Orlicz Hardy space (see [26,51]).

Definition 3.3. Let ¢ be a growth function as in Definition 3.1.

(i) The Musielak—Orlicz Hardy space H?(R") is defined to be the set of all f € S'(R") such
that f* € L?(R"), equipped with the quasi-norm

HfHH‘P(]R") = Hf*HLw(an)-

(ii) The weak Musielak—Orlicz Hardy space WH? (IR") is defined to be the set of all f € S'(R")
such that f* € WL?(IR"), equipped with the quasi-norm

HfHV\/H‘/’(]R”) = Hf*”WL(P(IR”)'

In what follows, for any s € Z, Ps(IR") denotes the set of all polynomials on R" of
degree not greater than s; for any ball B C R" and any locally integrable function g on
R", we use Pzg to denote the minimizing polynomial of ¢ on the ball B with degree not
greater than s, which means that Pjg is the unique polynomial f € Ps(R") such that, for
any h € Ps(R"),

[ 1860 = ) )z = .
The following Musielak-Orlicz Campanato space was originally introduced in [24, Defi-
nition 1.1].

Definition 3.4. Let ¢ be a growth function as in Definition 3.1, q € [1,00), and s € Z .. Then
the Musielak—Orlicz Campanato space L4 s(IR") is defined to be the set of all f € L] (R") such
that

s q 1/q
£y ) = SUP T —— {/B ['f(x) _PBf(x)’] 9 (%118 5 ge ) dX} < o0,

ere (18]l Lo(w) 9(x 18| o))

where the supremum is taken over all balls B of R" and Py f denotes the minimizing polynomial
of f on B with degree not greater than s.
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Letg € [1,00) and w € L}

loc(R™) be a nonnegative function. Then w € A;(RR") means
if, when g € (1, 0),

(ol = sup g [ (e { | [w(y)]q’/wy}w <o,

Bcre | Bl
or, wheng =1,
[0l 1= sup o [ wlx)dx (esssup [w(y)] ! | < o,
BCIR"| ‘ yEB

where the suprema are taken over all balls B C IR" (see [13,28]). Let

Au(R") = | Ay(R).
q€[1,00)

Observe that, in the definition of A;(IR"), for any given g € [1, 0], if ¢ is independent of
t, then A, (IR") just becomes the classical Muckenhoupt weight A, (IR").

Remark 3.1. (i) Recall that, for any given p € [0,0), g € [1,00), and s € Z,, the
Campanato space Lg 4 s(R"), introduced by Campanato [2], is defined to be the set
ofall f € L] _(R") such that

1/q
Il i= sup 1B { o [ 100 = sl ax | <o
BCR" | Bl

where the supremum is taken over all balls B of R" and P} f denotes the minimizing
polynomial of f on B with degree not greater than s. When

@(x,t):=t" forany x € R" and t € (0,00), (3.5)
where p € (0, 1], via some trivial computations, we know that

HfHCW,,S(IRn) = HfHL%_Lq,S(]Rn).

In this case, L 4s(R") just becomes the classical Campanato space L1 _, 05 (R") (see
114,
also [24, Remark 1.2(i)]).

(i) Let p € (0,00) and w € Aw(R"). Recall that the weighted Campanato space
Ly, q,s(R") is defined to be the set of all f € L] (R") such that

1/q
g = sp s { s 176 = Pef ol o) 1) < o

BCIR"
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where
w(B) ::/Bw(x)dx,

the supremum is taken over all balls B of R", and Pjf denotes the minimizing
polynomial of f on B with degree not greater than s. When

p(x,t) = w(x)t! forany x € R" and t € (0,00), (3.6)
where p € (0,1] and w € A (R"), it is easy to see that

11|z, e mr) = ||fHLw’%7W’S(R”)-

In this case, Lg4s(IR") is just the weighted Campanato space L,
also [24, Remark 1.2(ii)]).

(R™) (see

1
vy 14,8

The following John-Nirenberg inequality for functions in £,,(R") was obtained
in [24, Theorem 2.5].

Theorem 3.1. Let ¢ be a growth function as in Definition 3.1, s € Z, and f € L,1s(R").
Then there exist positive constants C1, Ca, and Cs, independent of f, such that, for any ball
B C R"and a € (0,00), when ¢ € A1(R"),

vep. F®O =Bl _ 1
qv({ €B: oo Tl ) > },Illsllm(m)

CzD&
<Ciexp{ — ’
p{um%WMMMWW&

and, when ¢ € A4(R") for some q € (1,00),

L i R
¢<{€B'ﬂLMMJWQ> }“N”WJ

!/

" —q
1+ ,
1Al 20 (mr HlBllmaRn)]

<G

where1/q+1/q' = 1.

Via using Theorem 3.1, Liang and Yang in [24, Theorem 2.7] proved the following
equivalent characterization for £, 4s(IR"); the details are omitted here.

Theorem 3.2. Let ¢ be a growth function as in Definition 3.1, s € Z, and q € (1,[q(¢)]’)
with q(¢) as in (3.2). Then the following statements are mutually equivalent:

(i) f € Lygs(RM).
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(i) f €Ll (R")and

loc

1 /
n = sup ——————— x) — Pf(x)|dx < oo,
||f”£¢,1,5(]R ) P HlBHM(]R”) B |f( ) Bf( )|

BCRR"

where the supremum is taken over all balls B of R" and Py f denotes the minimizing poly-
nomial of f on B with degree not greater than s.

Moreover, || - ||z, .rny and || - ||z, (re) are equivalent quasi-norms.

Let ¢ be a growth function as in Definition 3.1. Recall that, for any measurable subset
E of R", the space L{,(E) for any given g € [1, 00| is defined to be the set of all measurable
functions f on E such that

1 1/q
— q
HfHL?F(E) = t:(lgfo) [@(E,t) /E‘f(x)’ ¢(x, t)dx < oo, when g€ [1,00),
£y < o0 when g = co.

Letg € (q(¢), ] and s € [m(¢),00) N Z,, where q(¢) and m(¢) are, respectively, as in
(3.2) and (3.4). A measurable function a on R" is called a (¢, g,s)-atom if there exists a
ball B such that

(i) suppa:={x € R": a(x) #0} C B;
(ii) HQHL?P(B) < ||1BH£¢1(]Rn)?
(ili) [gea(x)x°dx = 0forany 6 € Z' with |6] <s.

Recall that the atomic Musielak-Orlicz Hardy space Hy i (R") is defined to be the set of

all f € §'(R") such that f = ) ;e bj in S'(IR"), where {b;} jci is a sequence of multiples
of (¢, q,s)-atoms supported, respectively, in balls {B;} jcn of R" satisfying that

> o (B

jEN

ijLZ,(BQ) < c°.

For any given sequence {b; };cn of multiples of (¢, g, s)-atoms, let
. HijL?p(Bj)
Ag({bj}jen) :=1inf{ A € (0,00) : Z [ Bj,T <1,,
jeN

Hf”HignS‘(]R”) = mf{Aq({b]}]@N) : f = Z b] in 8/(Rn)} ’

jEN
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where the last infimum is taken over all representations of f as above. We use Hi"”(R")
to denote the set of all finite combinations of (¢, g, s)-atoms. The norm of f in H?*(R")

fin
is defined by setting

k
HfHHf(fr'lq's(R") = mf{Aq({b]}f_l) : f = Zb] in S/(Rn)} ,

j=1

where the infimum is taken over all finite decompositions of f as above.
The following atomic characterization of H?(IR") is just [19, Theorem 3.1].

Theorem 3.3. Let ¢ be a growth function as in Definition 3.1, q € (q(¢), 0], and s €
[m(¢),00) NZ., where q(¢) and m(¢) are, respectively, as in (3.2) and (3.4). Then H?(R") =

HYT® (R™) with equivalent quasi-norms.

Definition 3.5. A growth function ¢ is said to satisfy the uniformly locally dominated conver-
gence condition if the following holds true:

For any compact set K C R" and any sequence { fu } meN of measurable functions on R", if
fm — f almost everywhere as m — oo, and, for any m € N, |f,,| < g almost everywhere for
some nonnegative measurable function g satisfying that

‘ p(x,t)
su X dx < oo,
te(o,IZo) /Kg( )¢(K/f)
then (x,1)
PLx,
su m(x) — f(x dx — 0
s [ 1m0 = F0l S5
as m — oo,

Remark 3.2. We point that, as was mentioned in [19, p. 125], when w € A (R") and ® is
an Orlicz function, the growth function ¢(x, t) := w(x)®(t) for any (x,t) € R" x [0, 00)
satisfies the uniformly locally dominated convergence condition.

In what follows, the symbol C(IR") denotes the set of all continuous functions on R".
The following finite atomic characterization of H? (IR") is just [19, Theorem 3.4].

Theorem 3.4. Let ¢ be a growth function satisfying the uniformly locally dominated convergence
condition, g € (q(¢), 0], and s € [m(¢@),00) N Z,, where q(¢) and m(¢p) are, respectively, as
in (3.2) and (3.4).

(i) If g € (q(¢),00), then | - ||Hf‘<""'s(]Rn) and || - || o(rey are equivalent quasi-norms on
HE (R);
(ii) If g = oo, then | - || HO™ (R7) and || - || go(rn) are equivalent quasi-norms on HE™*(R") N

C(R").
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Combining Theorems 3.2, 3.3, and 3.4, Liang and Yang obtained the following con-
clusion in [24, Theorem 3.5]; the details of its proof are omitted here.

Theorem 3.5. Let ¢ be a growth function satisfying the uniformly locally dominated convergence
condition, and s € [m(¢),o0) N Z with m(¢) as in (3.4). Then the dual space of H? (R"),
denoted by (H?(R"))*, is Ly1,s(R") in the following sense:

(i) Suppose that f € Ly1s(R"). Then the linear functional

Tr: § = T5(g) = | f(0)8(x)dx, (3.7)

initially defined for all g € HE""* (R") with some q € (q(g), o) and q(¢) as in (3.2), has
a bounded extension to H? (R").

(ii) Conwversely, every continuous linear functional on H? (R") arises as in (3.7) with a unique
feLyis(R").

Moreover,
11 2y ~ I Tfll (o))

where the positive equivalence constants are independent of f.

As an immediate corollary of Theorems 3.2 and 3.5, the following conclusion was
obtained in [24, Corollary 3.7].

Corollary 3.1. Let ¢ be a growth function satisfying the uniformly locally dominated conver-
gence condition. Then, for any given g € [1,[q(@)]") and s € [m(¢),0) NZ, Lyqs(R") and
Ly 1,m(g) (R") coincide with equivalent quasi-norms, where q(¢) and m(¢) are, respectively, as

in (3.2) and (3.4), and 1/q(¢) +1/[q(¢)] = 1.
By Remarks 3.1 and 3.2, and Theorem 3.5, we have the following observations.

Remark 3.3. (i) For any given p € (0,1], we denote the classical Lebesgue space
and the Hardy space, respectively, by L(R") and H”(R"). Let p € (0,1] and
s € [[n(1/p—1)],00) NZ. When ¢ is defined as in (3.5), then H?(R") and
Ly1,5(IR") are, respectively, H” (R") and L s (R™). In this case, the conclusion
of Theorem 3.5 was obtained by Taibleson and Weiss in [34] (see also [24, Remark
3.6(1)]).

(ii) Let p € (0,00) and w € A (R"). Recall that the weighted Lebesgue space L, (IR")
is defined to be the set of all measurable functions f on IR” such that

1l ey = { /R | f(x)lpw(x)dx}l/p < oo,
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Let p € (0,1], g0 € [1,00), s € [[n(qo/p—1)],00)NZ, and w € A(R") with
the critical weight index qo. When ¢ is defined as in (3.6), then H?(R") and
L41,5(R") become, respectively, the weighted Hardy space H}(R") and its dual
space Lw, 1 71,1,5(]R”). In this case, the conclusion of Theorem 3.5 was obtained by

Garcfa-Cuerva in [12] (see also [24, Remark 3.6(ii)]).

(iii) Let @ be an Orlicz function with positive lower type pg and positive upper type pg.
We denote the Orlicz space and the Orlicz-Hardy space, respectively, by L?(IR")
and H®(R"). Recall that the Orlicz space L®(R") is defined to be the set of all
measurable functions f on R” such that

1fllo®n) == iﬂf{)\ >0: - P (W) dx < 1} < oo.

For any given q € [1,00) and s € Z, the Campanato space Lo 4,s(R") is defined to
be the setof all f € L] (IR") such that

g = sup B L1 [0 o) < oo
£ont) 7 g Tslliome LIBT Vs ' ’
where the supremum is taken over all balls B of R" and P} f denotes the minimizing
polynomial of f on B with degree not greater than s. Let pj € (0,1] and s >

n(1/pe —1)]. If
p(x,t) :==®(t) forany x € R" and t€ (0,00),

where ® is an Orlicz function, then H?(R") and L,,1(R") are, respectively,
H®(R") and Lgs(R"). A corresponding conclusion of Theorem 3.5 for Orlicz—
Hardy spaces was obtained by Nakai and Sawano [30].

The following lemma is from [34, p. 83].
Lemma 3.1. Let f € L (R"), s € Z,, and B be a ball in R". Then there exists a positive

loc

constant C, independent of f and B, such that

s C
sup [PLf(x)| < 150 [ 1f@dx,

XEB
where Py f denotes the minimizing polynomial of f on B with degree not greater than s.

When f € C(ye)s(R"), Liang and Yang in [25, Proposition 2.3] obtained the fol-
lowing conclusion for C(, ) (R"), which implies that the intrinsic square functions are
well defined for functionals in (L,,1,s(R"))*. We generalize the corresponding result to
f € S(R") by an argument similar to that used in the proof of [25, Proposition 2.3]. In
what follows, we use 0, to denote the origin of R".
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Lemma 3.2. Let ¢ be a growth function as in Definition 3.1, « € (0,1],s € Z;,€ € (x+5,0),
€ (n/(n+a+s),1], and ¢ € App(wrs)/n)(R"). If f € Clae)s(R") or f € S(R), then
f e Lyrs(R").

Proof. We only consider S(IR"”) here. For any f € S(R"), any ball B := B(xp,r) C R"
with xp € R" and r € (0,00), and any x € R", let
D7 f(x
pe(x):= ) ﬂ(x —x)" € Ps(R").

yeZ, |v|<s T

Then, from Lemma 3.1 and the Taylor remainder theorem, we deduce that, for any x € B,
there exists an 77(x) € B such that

[ 1£0) = Pis( )Idx</[|f() pu(o)] + [P3(ps — £)(x)) dx

< [ 1) = pal) ax

< Z D7f(n(x)) (x —x0)7| dx. (3.8)

u
Blyezr, y|=s+1 7

If |xo| + 7 < 1, namely, B C B(0,,, 1), then, by (3.8) and [25, (2.2)], we obtain

1 / |B|(n+s+1)/ |B(0 1)|(n+st1)/n
_—_— x) — PS dx < <1. 39
Tl Jo F %)~ BB dx 5 ||1BHW S Mygnlow ~0 69

If |xo| +7 > 1and |xo| < 27, thenr > 1/3 and |B| ~ |B(0,, |xo| + r)|. Since f is bounded,
from Lemma 3.1 and [25, (2.2)], we deduce that

1 1
e AR GI

1
<7/ x)|dx
S allore Js )

<~ |B|
~ 18l (e

< BOulxl+nl oy (3.10)
i,

B
||1 ( ‘x0‘+r HL‘/] )

If [xo| +7 > 1 and |xg| > 2r, then, for any x € B, it holds true that |x| ~ |xo| 2 1 and
1+ |xo| ~ |xo| + 7, which, together with the fact that

IDYf(x)] S (T4 [x])7"¢
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for any x € R" and y € Z', with |y| =s+1, (3.8), and [25, (2.2)], further implies that

. af(x)|dx
HIBHL‘F(]R”) /B|f(x)_PBf< )|d

o ’B’(n—&-s—&-l)/n
ST+ [xo]) ™" ew

BlIL?(R")
—(n+e)/n |B(On, ‘X()| —|—1/')|("l+s+1)/n

||1B(611,‘X0‘+1’) || Lq)(]R”)

SIB(On, |xo| + 7))

< |B(6n/ |XO‘ + r)|(5+l—e)/n
||1B(6ﬂ/|x0|+r) ||L<P(]Rn)

Combining (3.9), (3.10), and (3.11), we obtain f € L,1s(IR"), which completes the proof
of Lemma 3.2. O

<1 (3.11)

~

Recall that f € S’'(R") is said to vanish weakly at infinity if, for any ¢ € S(R"),
f*x¢r — 0in S'(R") as t — oo (see, for instance, [9, p. 50]). We point out that the
definition of the vanishing weakly at infinity in this article is the same as those in [33,
p- 29] or [36, p. 13]. The following conclusion was obtained in [14, Lemma 4.14].

Lemma 3.3. Let ¢ be a growth function as in Definition 3.1. If f € H?(IR"), then f vanishes
weakly at infinity.

Next, we state the main results of this section. The following intrinsic square function
characterizations of the Musielak—Orlicz Hardy space were obtained in [25, Theorems 1.6
and 1.8, and Corollary 1.7].

Theorem 3.6. Let ¢ be a growth function satisfying the uniformly locally dominated conver-
gence condition. Assume that « € (0,1], s € Zy, p € (n/(n+a+5s),1], and ¢ €
Ay (ats)/m) (R"). Then f € HP(R") if and only if f € (Ly15(R"))*, f vanishes weakly
at infinity, and g, s(f) € L?(IR™). Moreover, there exists a positive constant C such that, for any
f € HO(RY),

C U Ao < 18es(Nllrorny < CllFllro(rn-

The same is true if gus(f) is replaced, respectively, by Sus(f), &(ae),s(f), and S(ae) s (f) with
€ € (a+s,00).
Theorem 3.7. Let ¢ be a growth function satisfying the uniformly locally dominated convergence
condition. Assume that a € (0,1],s € Zy, p € (n/(n+a+53),1], ¢ € A, (ats)/m)(R"),
and A € (2+2(a +s)/n,00). Then f € H?(R") ifand only if f € (Ly1,4(R"))*, f vanishes
weakly at infinity, and g% , (f) € L?(R"). Moreover, there exists a positive constant C such
that, for any f € H?(R"),

C M ooy < 18550 | oeny < ClF o e,

The same is true if g3 , ((f) is replaced by &5 , .y ,(f) with € € (a +s,00).
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Remark 3.4. (i) We point out that there exists a positive constant C such that, for any
P € Cos(R"), Cp € C(ye)s(R") and hence ¢ € L,15(R") (see Lemma 3.2). Thus, all
the above intrinsic square functions appearing in Theorems 3.6 and 3.7 are well de-
fined for functionals in (L,,1,(R"))*. Moreover, if p € S(R"), then ¢ € L, 1(R")
(see also Lemma 3.2). Therefore, if f € (L,,1,4(R"))*, then f € S’'(R"), which im-
plies that f vanishing weakly at infinity makes sense in Theorems 3.6 and 3.7. On
the other hand, for any f € H?(IR"), by Theorem 3.5 and Lemma 3.3, we know that
it naturally holds true that f € (L£,15(IR"))* and f vanishes weakly at infinity.

(ii) Leta € (0,1], p € (n/(n+a),1],and w € A,(144/s)(R"). Huang and Liu [15] and
Wang and Liu [41] established the intrinsic Littlewood-Paley g}-characterization of
HE (R™) with A > 3 4 2a/n under some additional assumptions. This corresponds
to the case when s = 0 and ¢ is defined as in (3.6) of Theorem 3.7, in which we
remove those additional assumptions and also improve the range of A to A > 2 +
2« /n which coincides with the best known range of A. Moreover, via using Lemma
2.1, Liang and Yang in [25] gave simpler proofs of [15, Theorem 3] and [41, Theorem
3].

(iif) As applications of Theorem 3.6, Liang and Yang [25] and Fu and Yang [11] obtained,
respectively, the ¢-Carleson measure characterization of £,,1 s(IR") and the wavelet
characterization of H?(RR").

The following intrinsic square function characterizations of the weak Musielak-Orlicz
Hardy space were obtained in [47, Theorems 1.6 and 1.7].

Theorem 3.8. Let ¢ be a growth function as in Definition 3.1. Assume that « € (0,1],s € Z,
pe(n/(n+a+s)l]and ¢ € Apai(ars)/m)(R").

(i) If f € S'(R"), f vanishes weakly at infinity, and ¢,s(f) € WL?(R"), then f €
WH?(IR"). Moreover, there exists a positive constant C, independent of f, such that
1 were vy < Cll8ws (F)llwrowrn) s
(ii) There exists a positive constant C such that, for any f € WH?(R") N (C(y,¢),s(R"))",

1825 () lwzowey < ClLf llwro -

The same is true if gu s (f) is replaced, respectively, by Sa,s(f), 8 (we)s(f), and Sq e) s (f) with
€ € (max{a,s},c0).

Theorem 3.9. Let ¢ be a growth function as in Definition 3.1. Assume that « € (0,1],s € Z,
pe(n/(n+a+s)1], ¢ € Aypsiars)/(R"), and A € (2+2(a +5)/n,0).

(i) If f € S'(R"), f vanishes weakly at infinity, and g , (f) € WL?(R"), then f €
WH?(IR"). Moreover, there exists a positive constant C, independent of f, such that

||fHWH‘/’(1R") <C ng\,ﬂt,s(f)HWL‘P(]R”)"
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(ii) There exists a positive constant C such that, for any f € WH?(IR") N (C4e)s(R"))",
ng\,oc,s(f)HWLq)(]Rn) < ClIf llwre rm)-

The same is true if g3 , ((f) is replaced by g (we)s (f) with e € (max{a,s},c0).

Remark 3.5. (i) From Remark 3.4(i), we deduce that all the intrinsic square func-
tions appearing in Theorems 3.8(ii) and 3.9(ii) are well defined for functionals in

(C(u(,e),s (IRH))*

(i) Leta € (0,1], p € (n/(n+a),1], and w € A,144/4)(R"). Recall that Wang [38]
established the boundedness of the intrinsic Littlewood-Paley ¢}-function on the
weighted weak Hardy space WH,(R") with A € (3 +2a/n, ). This corresponds
to the case when s = 0 and ¢ is defined as in (3.6) of Theorem 3.9(ii), in which we
improve the range of A to the best-known range A € (24 2a/n, ).

(iii) Differently from Theorems 3.6 and 3.7, we, in Theorems 3.8 and 3.9, need some ad-
ditional assumptions, this is essentially because the dual space of WH?(IR") is not
known so far. It is still a challenging problem to remove these additional assump-
tions.

4 Intrinsic square function characterizations of variable (weak)
Hardy spaces

We first recall some notation about variable Lebesgue spaces. For an exposition of

these concepts, we refer the reader to the monographs [4,6]. A measurable function

p(-) : R" — (0, 00) is called a variable exponent. Denote by P(R") the set of all variable
exponents p(-) satisfying

0 < p_ :=essinf p(x) < esssup p(x) =: p4+ < oo. (4.1)
x€R” xeR"

Here and thereafter, define
p:=min{p_,1}, 4.2)

where p_ is as in (4.1).
Let p(-) € P(R"). The modular functional (or, simply, the modular) ¢,.), associated
with p(-), is defined by setting, for any measurable function f on R",

00 () = [ IF0Idx

and the Luxembourg (also known as the Luxembourg-Nakano) quasi-norm || f | () gn)
of any measurable function f on R" is defined by setting

£l ey 3= i { A € (0,00) : gy (f/A) <1}
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Definition 4.1. Let p(-) € P(R").

(i) The variable Lebesgue space LP") (IR") is defined to be the set of all measurable functions f
such that || f || po gy < o0

(ii) The variable weak Lebesgue space WLPU)(IR™) is defined to be the set of all measurable
functions f such that

< 0.

1l weet (rey = Sup) {"‘ Hl{xelR”: |f (x)[>a} LP(')(]R”):|

ae (0,00

A function p(-) € P(R") is said to satisfy the globally log-Ho6lder continuous condi-
tion, denoted by p(-) € Cl°8(IR"), if there exist positive constants Cjog(p) and Coo, and
Po € R such that, for any x, y € R",

Cio
Ip(x) = p(y)| < log(e+llg/<l|?x)—y|)'
Coo
Ip(x) — poo| < Togle + %))

For any N € IN, let

Fn(RY) = {¢ eSM): Y sup [(1+ )N ‘Dﬁlp(x)u < 1}.

pez’, |p|<N xER"

Then, for any f € S'(R"), the radial grand maximal function f{; . of f is defined by
setting, for any x € R",

M4 (x) = sup {[f+ ¢ (x)] : £ € (0,00) and p € Fiy(RY)} . (4.3)

Now, we recall the definitions of the variable Hardy space (see [29,57]) and the variable
weak Hardy space (see [48,50, 58]).

Definition 4.2. Let p(-) € C18(R") and N € (% + 1+ 1, 00) be a positive integer, where p is
as in (4.2). -

(i) The variable Hardy space HP") (R") is defined to be the set of all f € S'(IR") such that
iy €LP C)(R™), equipped with the quasi-norm

Hf”HP(-)(JR") = HflanHLP(')(IR”)'

Here and thereafter, fy; | is as in (4.3).
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(ii) The variable weak Hardy space WHP'") (R") is defined to be the set of all f € S'(R") such
that Y, | € WLPC) (IR™), equipped with the quasi-norm

||fHWHP(')(IR”) = Hfif,-&-HWLﬂ‘)(R”)'

Remark 4.1. (i) The spaces H?()(R") and WH?(")(R") are independent of the choice
of N € (% +n+1,00) NZ; see [29, Theorem 3.3] and [50, Remark 2.14(i)].

(ii) If p(-) = p € (0,00), the spaces H?()(R") and WHP()(IR") are, respectively, the
classical Hardy space H” (R") and the classical weak Hardy space WH” (R").

The following Campanato type space was originally introduced in [29, Definition 6.1].

Definition 4.3. Let p(-) € P(R"), g € [1,00), and s € Z. Then the variable exponent
Campanato space L. , (R") is defined to be the set of all f € Lﬁo (R") such that

B g

; /
ny = SUP vwo—— | 757 x) — Pif(x qu < 00,
172y peror 11811 1o (re LBl 5 /)~ PRf ()]

where the supremum is taken over all balls B of R" and Py f denotes the minimizing polynomial
of f on B with degree not greater than s.

The following John-Nirenberg inequality for functions in £, ., ; ;(R") was obtained
in [57, Lemma 2.21].

Theorem 4.1. Let p(-) € Cl8(R") with py € (0,1], s € (p% —n—1,0)NZy, and f €
L,)1,s(R"), where p_ and p.. are as in (4.1). Then there exist positive constants c1 and ca,
independent of f, such that, for any ball B C R" and A € (0, 00),

{r e B: [f(x) — Pyf(x)| > A} < p{ 2|BIA )}|B|.

£ 12y ne ) 1B o0 (o

Via using Theorem 4.1, Zhuo et al. in [57, Corollary 2.22] obtained the following
equivalent characterization for L, , - (R").

Theorem 4.2. Let p(-), s be as in Theorem 4.1, and q € (1,00). Then f € L,y 1,(R") if and
onlyif f € L, 4s(R").

Let p(-) € P(R"), g € [1,00],and s € Z,. A measurable function a on R" is called a
(p(-),q,s)-atom if there exists a ball B such that

(i) suppa:={x € R": a(x) #0} C B;

B[4

@) llallorn < gp 5
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(iii) [, a(x)x%dx = 0 for any § € Z" with |§| < s.
R y +

Recall that the variable atomic Hardy space Hft(c;r)f’s (R") is defined to be the set of all
f € 8’(R") which can be represented as

f = Z )\]a] in Sl(]Rn),
jeEN

where {A;}cn is a sequence of non-negative numbers, satisfying

p
Z }\]‘13], -
jeEN H]-B/'HLP(-)(]Rn)

and {a;};en a sequence of (p(-),q,s)-atoms supported, respectively, in balls {B;};cn of
R". Moreover, for any f € Hp(')’q’s(lR”), let

atom
P
3 A )P
jeN HlB]- HLP(-)(]Rn)

where p is as in (4.2) and the infimum is taken over all admissible decompositions of f as
above.
The following conclusion is just [32, Theorem 1.1].

I =

< oo,

LP(')(]R")

I =

||f H H;((;I)]'q’?/s (]R")

= inf

Lr() (R")

Theorem 4.3. Let p(-) € C'8(R"), g € [1,00] N (p4,00], and s € (pl_ —n—1,00)NZy4,
where p., and p_ are as in (4.1). Then HP()(R") = HPL)as (R™) with equivalent quasi-norms.

atom

Let g € [1,00] and s € Z,. Denote by Liymp(IR") the set of all functions f € L7(R")
with compact support and

L&mp (R™) = {f € Llomp(R") : ]Rnf(x)x‘sdx =0 forany é € Z" with [§| < s} :

The following conclusion was obtained in [29, Theorem 7.5].

Theorem 4.4. Let p(-) € C'°8(R") and p4 € (0,1]. Assume that q € [1,00] N (p, 0] and
se (n/p-—n—1,00)N2Z.. Then the dual space opr(')’q’s(]R”), denoted by (Hp(')’q’s(]R”))*,

atom atom

is L,(),q,s(R") in the following sense: for any f € L) o s(R"), the linear functional

Tr: g = Tp(g) := | flx)g(x)dx, (4.4)

an
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initially defined for any g € Ligmp(R"), has a bounded extension to H, C)as (RmY; conwersely, if

atom
T is a bounded linear functional on Hftgr)r’lq’s(]R”), then T has the form as in (4.4) with a unique
f € Ly),q,s(R"). Moreover,

Hf” ﬁp(,w/,s(]R”) ~ H Tf || (H:tgr){f,s (Rn))*
where the positive equivalence constants are independent of f.

By Theorems 4.3 and 4.4, we obtain the following equivalence on the spaces
(R™), whose proof is omitted.

ﬁp(M,s

Corollary 4.1. Let p(-) € Cl°(R") with py € (0,1], g € (1,00),s € (n/p- —n—1,00) N
Zy, and so == |[n/p- —n]. Then L), s(R") and L, (R") coincide with equivalent
quasi-norms.

The following conclusion, which was obtained in [57, Lemma 2.8], implies that the
intrinsic square functions are well defined for functionals in (£,.)1,(R"))".

Lemma 4.1. Assume that a € (0,1],5 € Z,,and € € (a +s,00). Let p(-) € CI°8(R") and
p- € (n/(n+a+s),1].Iff € Ciye)s(R") or f € S(R"), then f € Ly 1,(R").
The following conclusion was obtained in [57, Corollary 2.2].

Lemma 4.2. Let p(-) € C°8(R") and f € HP()(R"). Then f vanishes weakly at infinity.

As the main results of this section, the following intrinsic square function characteri-
zations of variable Hardy spaces were obtained in [57, Theorems 1.8, 1.10, and Corollary
1.9].

Theorem 4.5. Let p(-) € Cl°8(R") and p, € (0,1]. Assume that « € (0,1], s € Z, and
p- € (n/(n+a+s),1]. Then f € HPO(R") ifand only if f € (Lp()15(R"))*, f vanishes
weakly at infinity, and g, s(f) € LPC)(IR™). Moreover, there exists a positive constant C such
that, for any f € HP()(R"),

CH o wey < N8as Fllpre mey < CIF Nt (mo)-

The same is true if gus(f) is replaced, respectively, by Sus(f), 8 (w,e),s(f), and Sy e s (f) with
€ € (n+s,0).

Theorem 4.6. Let p(-) € C°8(R") and p. € (0,1]. Assume that « € (0,1], s € Z,
p- € (n/(n+a+s)1,and A € (3+2(a+s)/n,00). Then f € H')(R") if and only if
f € (Ly)1,s(R"))*, f vanishes weakly at infinity, and g3 , [(f) € LPO)(R™). Moreover, there
exists a positive constant C such that, for any f € HP()(R"),

C_leHHP(')(]R”) S Hg;k\,uc,s(f)HLp(-)(an) S CHfHHP(')(]R")'

The same is true if 83 , ((f) is replaced by &5 , .y (f) with € € (a +s,00).
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Remark 4.2. (i) By Lemma 4.1 and an argument similar to that used in Remark 3.4(i),
we conclude that all the above intrinsic square functions appearing in Theorems
4.5 and 4.6 are well defined for functionals in (L,.);+(R"))* and, for any f €
(Lp()1,(R"))*, f vanishing weakly at infinity makes sense. On the other hand,
by Theorems 4.3 and 4.4, Corollary 4.1, and Lemma 4.2, we know that, for any
f € HPO(R"), it naturally holds true that f € (Lp()1,s(R"))* and f vanishes
weakly at infinity.

(ii) Recall that Liang and Yang [25] established the intrinsic g}-function characteriza-
tion of H?(R") with the best-known range A € (2 +2(a +5)/n,c0) (see also The-
orem 3.7). However, the proof of Theorem 3.7 requires an aperture estimate of
Musielak-Orlicz spaces, which strongly depends on the properties of uniformly
Muckenhoupt weights, and hence we can not prove Theorem 4.6 in a similar way.
Thus, in [57, Remark 1.11(ii)], Zhuo et al. pointed that it was unclear whether or
not the intrinsic g;-function, with A € (2 +2(« +5s)/n,3 4+ 2(a + s)/n], can char-
acterize the space H(')(IR"). To this question, Yan et al. gave a positive answer
in [49, Remark 1.19(ii)] [see also Remark 5.8(ii)].

(iii) As applications of Theorem 4.5, Zhuo et al. [57] and Fu [10] obtained, respectively,
the p(-)-Carleson measure characterization of £,.) ; ;(R") and the wavelet charac-

terization of H?() (R").

The following intrinsic square function characterizations of variable weak Hardy
spaces were obtained in [48, Theorems 1.6 and 1.7].

Theorem 4.7. Let p(-) € C'°8(R") and p+ € (0,1]. Assume that « € (0,1], s € Z, and
p-€(n/(n+a+s)1].

(i) If f € S'(R"), f vanishes weakly at infinity, and g, s(f) € WLPC)(R"), then f belongs to
WHP () (R"). Moreover, there exists a positive constant C, independent of f, such that

1A ezt ey < ClI8as ()l wrt ey 7

(ii) There exists a positive constant C such that, for any f € WHPC) (R™) N (Clae)s(R"))%,

Hgﬂéls(f)HWLP(')(]Rn) < CHfHWHp(»)(]Rn)-

The same is true if gus(f) is replaced, respectively, by Sus(f), §(a,e),s(f), and S(y,e) s (f) with
€ € (max{a,s}, o).

Theorem 4.8. Let p(-) € CI°8(R") and p, € (0,1]. Assume that « € (0,1], s € Z.,
p—€n/(n+a+s),1],and A € 3+2(a+s)/n, ).
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(i) If f € S'(R"), f vanishes weakly at infinity, and g% , (f) € WLPO)(R"), then f belongs
to WHP() (R™). Moreover, there exists a positive constant C, independent of f, such that

HfHWHP(')(]R”) <C ng\,a,s(f)HWan(Rn);
(ii) There exists a positive constant C such that, for any f € WHP()(IR") 0 (Clae)s(R"))%,
Hg;x,oc,s(f)vam')(Rn) < CHf||WHP<~)(1Rn)~

The same is true if g3 , ((f) is replaced by §}:<a’€)’s (f) with e € (max{a,s}, ).

Remark 4.3. (i) Aswasmentioned in Remark 3.4(i), all the above intrinsic square func-
tions appearing in Theorems 4.7(ii) and 4.8(ii) are well defined for functionals in

(C(oc,e),s (IRH))*

(i) Recall that Yan [48] characterized the weak Musielak-Orlicz Hardy space WH? (R")
in terms of the intrinsic Littlewood-Paley g}-function with A € (2 +2(a +5)/n,00)
(see also Theorem 3.9). However, as was mentioned in Remark 4.2(ii), we can
not prove Theorem 4.8 by an argument similar to that used in the proof of The-
orem 3.9 because it strongly depends on the properties of uniformly Muckenhoupt
weights. Thus, it is still unknown whether or not the intrinsic g}-function, with
A€ (242(a+s)/n,3+2(x+s)/n], can characterize WH?() (IR") (see also [48, Re-
mark 1.8(iii)]).

(iif) Differently from Theorems 4.5 and 4.6, we, in Theorems 4.7 and 4.8, need some
additional assumptions, this is essentially because the dual space of WH?()(IR")
is not known so far. It is still a challenging problem to remove these additional
assumptions.

5 Intrinsic square function characterizations of Hardy spaces
associated with ball quasi-Banach function spaces

We first recall the definition of ball quasi-Banach function spaces (see, for instance, [5,16,
33,35,53]).

Definition 5.1. A quasi-Banach space Y, consisting of measurable functions on R", is called a
ball quasi-Banach function space if it satisfies

(i) ||flly = 0 implies that f = 0 almost everywhere;
(ii) |g| < |f| in the sense of almost everywhere implies that || g|ly < || flly;

(iii) 0 < fi T f in the sense of almost everywhere implies that || fuu ||y T || f|ly;
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(iv) 1g € Y for any ball B C R".

Moreover, a ball quasi-Banach function space Y is called a ball Banach function space if the
norm of Y satisfies

(v) forany f, g €Y,
1f+8lly < [Iflly + [Iglly;

(vi) for any ball B C R", there exists a positive constant C gy such that, for any f €'Y,
[ 1£G)ldx < il
Remark 5.1. Observe that, in Definition 5.1, if we replace any ball B by any bounded
measurable set E, we obtain its another equivalent formulation.

The following Hardy type space was first introduced by Sawano et al. [33].

Definition 5.2. Let X be a ball quasi-Banach function space, ® € S(IR") satisfy

/n d(x)dx #0,

and b € (0, c0) be sufficiently large. Then the Hardy space Hx(IR") associated with X is defined
by setting

Hx(R") = {f € S'R") : || fllisyime) = M (£, ®) | < 0},

where M;* (f, @) is defined by setting, for any x € R",

|Pi x f(x —y)|
M (f,®)(x):= sup 2= 1
b f (y,t)eﬁgffl (1 + t_l ’y’)b

Recall that the Hardy-Littlewood maximal operator M is defined by setting, for any
felLl (R") and x € R",

loc

M) () 1= sup oo [ 1) dy,

B>x

where the supremum is taken over all balls B of R" containing x. For any given 6 <
(0, 0), the powered Hardy-Littlewood maximal operator M (?) is defined by setting, for
any f € Ll (R")and x € R",

loc

=

MO(f) ) = {M (1) )} .1)
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Remark 5.2. Assume that r € (0,00) and M is bounded on X'/”. Then, by [33, Theorem
3.1], we know that, in Definition 5.2, it is enough to choose b € ( Ly ).

We also need the notions of the p-convexification and the concavity of X (see, for
instance, [27, Definition 1.d.3] and [31, Chapter 2] for more details).

Definition 5.3. Let X be a ball quasi-Banach function space and p € (0, o).
(i) The p-convexification X? of X is defined by setting
XV := {f is measurable on R" : |f|V € X},

equipped with the quasi-norm || f||xr = || |f|”\|¥p.

(ii) The space X is said to be p-concave if there exists a positive constant C such that, for any
{fitkew C X177,

[ee]

Y il <C

k=1

i | fi|

k=1

X1/p
In particular, when C = 1, X is said to be strictly p-concave.

We recall the notion of absolutely continuous quasi-norms as follows (see, for in-
stance, [1, Definition 3.1] and [36, Definition 3.2]).

Definition 5.4. Let X be a ball quasi-Banach function space. A function f € X is said to have
an absolutely continuous quasi-norm in X if ||f1g[|x | O whenever {E;}?2, is a sequence of
measurable sets that satisfy E; O Ejq for any j € N and (24 E; = ©. Moreover, X is said
to have an absolutely continuous quasi-norm if, for any f € X, f has an absolutely continuous
quasi-norm in X.

In this section, we need some basic additional assumptions on the ball quasi-Banach
function space X as follows.

Assumption 5.1. Let X be a ball quasi-Banach function space. Assume that, for some 6,h €
(0,1] and 6 < h, there exists a positive constant C such that, for any { i}, C LL _(R"),

loc

1 1

{iLM@mﬂ?h sc{ivw}h, 652

k=1 k=1
X

where M9 is as in (5.1).

For any ball Banach function space X, its associate space (also called the Kothe dual)
X' is defined by setting

X' = {f € M(R") s |[fllx = sup {Ifgllom : g € X, liglx =1} <o},

where M(IR") denotes the set of all measurable functions on R”.
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Assumption 5.2. Assume that X is a ball quasi-Banach function space and there exists an h €
(0,1] such that X'/" is a ball Banach function space satisfying that there exist qo € (1, 00) and
C € (0,00) such that, for any f € (X",

HM((qo/h)/)(f)H < ClIf xmy-

(Xl/h)/ -
In what follows, let 8 € (0, 1] be as in (5.2) and
dx = [n(1/6 -1)]. (5.3)

Definition 5.5. Assume that X is a ball quasi-Banach function space satisfying (5.2) for some
0 < 0 < h < 1and Assumption 5.2 for some qo € (1,00) and the same h as in (5.2). Let
q € [go, 00| and s € Z . satisfy s > dx, where dx is as in (5.3). A measurable function a on R"
is called an (X, q, s)-atom if there exists a ball B such that

(i) suppa :={x € R": a(x) #0} C B;

B[4,
18]x”

(ii) [l porn) <
(iii) [ga a(x)x°dx = 0 for any 6 € Z' with |6 < s.
The atomic Hardy space H.y" (R") is defined to be the set of all f € S'(R") such that

f=Y Ajaj in S'(R"), (5.4)

jEN

where {A;}jeN is a sequence of non-negative numbers, satisfying

1
h I
) A 1 | <
TR B; oo,
jeN ||1Bj||X !
X

and {a;} jew a sequence of (X, q,s)-atoms supported, respectively, in balls { B;} jcn of R". More-
over, for any f € H7(R"), let

atom

h
A
a5 oy = iNf ) 15 ,
HfHH:i;]m(IR ) {]g\f (HlB]HX) Bl}

X

==

where the infimum is taken over all admissible decompositions of f as above.
The finite atomic Hardy space H, é(r’lq’s (R™), associated with X, is defined to be the set of all finite

linear combinations of (X, q,s)-atoms. The quasi-norm || - || xas (R") in Hf)i(r’lq’s(]R”) is defined by
fin
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setting, for any f € Hy'7*(R"),

fin

h h
N )\]
s :— inf e | 18 P NeRN
I ey =084 4 (nlgjnx) i

N
f = X;A]ﬂ], {)L]}]Iil C [0,00)} ,
j=

where the infimum is taken over all finite linear combinations of f in terms of (X, q,s)-atoms
{aj}jli 1 supported, respectively, in balls { B }]]\L 1 as above.

The following atomic characterizations of Hx (R") are just [33, Theorems 3.6 and 3.7].

Theorem 5.1. Let X, q, and s be as in Definition 5.5. Then

Hx(R") = HXT73(R")

atom

with equivalent quasi-norms.

The following conclusion, obtained in [33, Corollary 3.11(ii)], implies that H f)i(r’lq’s (R™)
. . X.,q,5 n
is dense in H,,- (R").

atom

Proposition 5.1. Let X be as in Definition 5.5. Assume further that X has an absolutely contin-
uous quasi-norm. Then the convergence of (5.4) holds true in Hx (R").

The following finite atomic characterization of Hx(IR") is a corrected version of [49,
Theorem 1.10] and the proof is almost the same as that of [49, Theorem 1.10]; the details
of its proof are omitted here.

Theorem 5.2. Let X, qo, q, and s be as in Definition 5.5.

(i) If ¢ € [qo,00), then || - || s gy A1 | - [y (re) are equivalent quasi-norms on
fin
X.q,
HfinqS(IRn);
(ii) Ifq = oo, then || - HHf)i(r,‘oo,S(Rn) and || - || (v are equivalent quasi-norms on HE®(R") N
C(R™).

Via using some arguments similar to those used in [19, Lemma 8.1] and [54, Proposi-
tion 2.22], we obtain the following conclusion.

Theorem 5.3. Let X and s be as in Definition 5.5. Assume further that X has an absolutely
continuous quasi-norm. Then H">*(R™) N C(IR") is dense in Hx (R").

fin
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Proof. By Theorem 5.1 and Proposition 5.1, we know that Hy/*(IR") is dense in Hx (R").
Thus, it suffices to prove that Hy™*(R") N C(R") is dense in Hy'*(R") in the quasi-
norm || - ||, (re)- To this end, let g € (qo, o) with qo as in Definition 5.5, a be an (X, o0, 5)-
atom supported in a ball B := B(xp,rg) C R", and ¢ € S(IR") satisfy

supp¢ C B(0,,1) and p(x)dx = 1.
R?’I

Then, by [7, Theorem 2.1], we know that there exists a sequence {t}xen C (0, 0) such
that a * ¢y, € Hp'™*(R") N C(IR") and

kh_r)?o |a* ¢r, — aHm(]Rn) =0. (5.5)
Notice that

(a ¢y, —a)|B(xp, rp + 1)/

@ * ¢, — all parn) | 1By 1) Il x

isan (X, g,s)-atom. From this, Theorem 5.1, and (5.5), we deduce that

1B (xgrp+1) 1 x

A e 9 =l = T, rp 4 1)) oo 197 9~ Al =0
This finishes the proof of Theorem 5.3. O

To describe the dual space of Hx (R"), we need the following Campanato space intro-
duced in [49, Definition 1.11].

Definition 5.6. Let X be a ball quasi-Banach function space, q € [1,00), and s € Z .. Then the
Campanato space Lx,qs(R"), associated with X, is defined to be the set of all f € LT (IR") such
that

1/q
sere |11B]x {|;| /B f(x) = Pfsf(x)l”’dx} < 00,

where the supremum is taken over all balls B of R" and Py f denotes the minimizing polynomial
of f on B with degree not greater than s.

B
TP pp——

Remark 5.3. As was displayed in Theorems 3.1 and 4.1, the John-Nirenberg inequalities
for functions in £,15(IR") and L.y, +(IR") are obtained, respectively, in [24] and [57].
However, the John-Nirenberg inequality on Lx 1 s(R") is still unknown.

Using Lemma 3.1, Yan et al. obtained the following equivalent characterization for
Lx,q,s(R") in [49, Lemma 2.6].

Lemma 5.1. Let X be a ball quasi-Banach function space, g € [1,00), and s € Z... Then the
following statements are mutually equivalent:

(i) f € Lxgs(R").
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(i) f € L] (R")and

1/q
ny 1= SU inf / qu} < oo.
Hf”ﬁxqs R") BC]IE” QePs(R") HlBHX { ’B’ |f |
ey orey and || - Hleqls (Rn) A7€ equivalent quasi-norms.

Combining Theorems 5.1, 5.2, and 5.3, and Proposition 5.1, we have the following
dual theorem, which is a corrected version of [49, Theorem 1.12] and the proof is almost
the same as that of [49, Theorem 1.12]; the details of its proof are omitted here.

Theorem 5.4. Assume that X is a ball quasi-Banach function space having an absolutely con-
tinuous quasi-norm and satisfying (5.2) for some 0 < 6 < h < 1 and Assumption 5.2 for some
go € (1,00) and the same h as in (5.2). Let X be m-concave with some m € [h,1], q € [qo, 0],
and s > dx a fixed integer, where dx is as in (5.3). Then the dual space of Hx(IR"), denoted by
(Hx(R"))*, is Lx q,(R") with 1/q+1/q" = 1 in the following sense:

(i) Let f € Lx,qs(R"). Then the linear functional

Tr: § = Tp(g) = | f0)g(x)dx (5.6)

originally defined for any g € Hfln *(IR™), has a bounded extension to Hx (IR™).

(ii) Conversely, every continuous linear functional on Hx (IR") arises as in (5.6) with a unique

fe ,CX,,],,S(IR”).

Moreover,
1Al 2y rmy ~ N Tl Gy oy

where the positive equivalence constants are independent of f.

Remark 5.4. (i) We point out that there exists an error in [49, Theorem 1.12]. Indeed,
the proof of Theorem 5.4 strongly depends on the fact that Hf}ii’\q’s(]R") is dense in

Hjijrﬁ(lR”) which is guaranteed by X having absolutely continuous quasi-norm

(see Proposition 5.1). However, in [49, Theorem 1.12], this condition is missing.

(ii) Although the Morrey space and the Musielak—Orlicz space are both ball quasi-
Banach function spaces, the result of Theorem 5.4 is not applicable to the Hardy—
Morrey space and the Musielak-Orlicz Hardy space. Indeed, the Morrey space does
not have an absolutely continuous quasi-norm, which makes that the dual space of
the Hardy—Morrey space is still unknown, while the growth variable and the space
variable of a given Musielak-Orlicz function are in general not separable, which
makes Assumption 5.2 fail on the Musielak—Orlicz space.
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We point out that there exists a gap in the proof of [49, Theorem 1.12] when g =
co. Indeed, by Theorem 5.2, we know that || - ||Hf>i<ﬁoo,s (R") and || - ||z (re) are equivalent

quasi-norms on Hp'*(IR") N C(R") instead of Hy*(IR"). Thus, using Theorem 5.3 and
repeating the proof of [49, Theorem 1.12], we find that any f € Lx1+(IR") induces a
linear functional Ty as in (5.6), which is initially defined on HE2*(R") N C(R") and has
a bounded extension to Hx(IR"). To seal this gap, by an argument similar to that used
in [54, (2.31)], we obtain the following conclusion.

Lemma 5.2. Let X and s be as in Theorem 5.4. Let f € Lx,1,s(R") and Ty be as in (5.6) initially
defined on Hy* (R"™) N C(IR"). Then, for any g € Hp ™" (R"),

Ty(8) = [, F)g(x)ex.

Proof. Indeed, suppose g € Hp™*(R") and suppg C B(0,, R) with R € (0,00). Let
¢ € S(R") satisfy

supp¢ C B(0,,1) and A $(x)dx = 1.

By the proof of Theorem 5.3, we know that there exists a sequence {t; }xen C (0, 00) such
that

g* ¢y € Hy™ (R") NC(RY),  lim g+ gy, (x) = g(x)
for almost every x € R", and
khj?o 1&g * pr, — gHHX(]Rn) = 0.
From this, the fact that

1% 01 S gllimm Lo, o) |f1

and the Lebesgue dominated convergence theorem, we deduce that

Te(g) = lim Ty(g xpy,) = lim [ f(x)g =g (x)dx = [ Fx)g(x)dx,

k—o0 - k—o0 JR" R~

which completes the proof of Lemma 5.2. O

Remark 5.5. Using [36, Remarks 2.4, 2.7 and 3.4], [3, p. 25], and Theorem 5.4, we obtain
the following conclusions.

(i) Let p € (0,1],q € (1,00], and s € [[n(1/p —1)],00) NZ. When X := LP(R"),
then Hx(R") and Lxq(R") with 1/q+1/q" = 1 are, respectively, H”(R") and
L, , g (R™). In this case, the conclusion of Theorem 5.4 was obtained by Taibleson

5L,

and Weiss in [34] [see also Remark 3.3(i)].
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(ii)

(iii)

(iv)

)

Let p(-) € Clog(lR”) with p+ € (0,1],s € [[n(1/p- —1)|,00)NZ, and g € (1,00].
When X := LPU)(R"), then Hx(R") and Lx,qs(R") with 1/q+1/q" = 1 are, re-
spectively, H?(')(IR") and L,(,q,s(R"). In this case, the conclusion of Theorem 5.4
was obtained by Nakai and Sawano [29] (see also Theorem 4.4).

Assume that @ is an Orlicz function with positive lower type pg and positive upper
type ps. Let p& € (0,1], g € (1,00, and s € [|[n(1/pg —1)],00) NZ. When
X := L®(R"), then Hx(R") and Lx,s(R") with 1/q+1/q" = 1 are, respectively,
H®(R") and L, s(R"). A corresponding conclusion of Theorem 5.4 was obtained
by Nakai and Sawano [30] [see also Remark 3.3(iii)].

Let f, ¥ € (0,00) and ® be an Orlicz function with positive lower type pg and
positive upper type pg. We denote the Orlicz-slice space and the Orlicz-slice Hardy
space, respectively, by (E},):(R") and (HE},):(IR"). Recall that the Orlicz-slice space
(EL)¢(R") is defined to be the set of all measurable functions f on R" such that

r 1/7’
1 n
e o= { [ [ leolea g L
R" HlB(x,t)HL‘D(IR”)
Lett € (0,00), ¥ € (0,1], pg € (0,1], g € [1,00), d € (0,min{pg,r}) and s €

[[n(1/d —1)],00) N Z . The Campanato space Ly, (R") is defined to be the set of
allf e L] o (IR") such that

1/9
Hf“cqu]Rn) = sup inf |B|{|B‘/’f( ) = (X)|qu} < o,

BeRr PEP(RY) [|1B]] (£

where the supremum is taken over all balls B of R". Let g € (1,00]. When
X := (E%):(R"), then Hx(R") and Lx, s(R") with 1/q +1/q" = 1 are, respec-

tively, (HE},)¢(R") and Efi’ﬁ;’s(]R”) (see Lemma 5.1). In this case, the conclusion of
Theorem 5.4 was obtained by Zhang et al. in [55].

Let § := (p1,--- ,pn) € (0,00]". We denote the mixed-norm Lebesgue space and
the mixed-norm Hardy space, respectively, by LP(R") and H?(IR"). Recall that
the mixed-norm Lebesgue space L¥(IR") is defined to be the set of all measurable
functions f on IR” such that

Pn

2 13
P1
||fHLﬁ(1Rn) = / [/ {/ |f(x1, - |p1dx1} dx2] < edxy, < o0

with the usual modifications made when p; = oo for some i € {1,---,n}. Let
p € (0,00]", g € [1,00), and s € Z . The mixed-norm Campanato space L, ;(R")
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(vi)

(vii)
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is defined to be the set of all f € LT (IR") such that

B L
_ (Rn) i= su dx < 00,

Wl )= 308 0k, i {5 ) = Lo
where the supremum is taken over all balls B of R". Let § € (0,1]", ¢ € (1,00],
ands € [[n(1/p- —1)],00) N Z with p_ := min{py,---, pn}. When X := LF(R"),
then Hx(R") and Ly 4 s(R") with 1/ +1/4" = 1 are, respectively, H”(R") and
Ly s(R") (see Lemma 5.1). In this case, the conclusion of Theorem 5.4 was ob-
tained by Huang et al. in [17].

Let p € (0,00) and r € (0, oo]. We denote the Lorentz space and the Hardy-Lorentz
space, respectively, by LP"(R") and HP"(IR"). Recall that the Lorentz space LP"(R")
is defined to be the set of all measurable functions f on IR” such that

{/Ooo [tl/f’f*(t)]r(?}l/r < oo, when r € (0,00),

sup [tl/pf*(t)} < oo, when 7 = oo,
te(0,00)

HfHLW(JR") =

where f*, the decreasing rearrangement function of f, is defined by setting, for any
t € [0,00),

fr(t) :=inf{t; € (0,00) : pe(ty) <t}  with pe(ty) :=[{x € R": [f(x)| > t1}].

Let p € (0,00), g € [1,00), and s € [|n(1/p —1)]|,00) NZ;. The BMO space
BMO, ,(IR") is defined to be the set of all f € L] _(IR") such that

— sup 1Bl 1)
HfHBMOW(IR”) = Bséllllé)" ||1B||LI’ R") {|B| / ‘f PBf )| dx} < 0o,
where the supremum is taken over all balls B of R" and P} f denotes the minimizing
polynomial of f on B with degree not greater than s. Let p € (0,1], r € (p,1],
and g € (1,00]. When X := LP"(R"), then Hx(R") and Lx g (R") with 1/g +
1/q" = 1 are, respectively, H”"(R") and BMO, ,(R"). In this case, the conclusion
of Theorem 5.4 was obtained by Jiao et al. in [18].

Letp € (0,1], 90 € [1,00),5 € [[n(go/p—1)]|,00)NZ,q € (1,00],and w € As(RR")

with the critical weight index go. When X := L}, (R"), then Hx(R") and £ x,q7,s(R™)

with 1/q +1/4" = 1 become, respectively, the weighted Hardy space H},(IR") and

its dual space L, 1_, . s(]R”). In this case, the conclusion of Theorem 5.4 was ob-
514

tained by Garcfa-Cuerva in [12] [see also Remark 3.3(ii)].

As an immediate corollary of Theorem 5.4, we have the following equivalence on the
space Lx 4s(IR") (see also [49, Corollary 1.13]).
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Corollary 5.1. Let X, qo, dx, and s be as in Theorem 5.4 and 1/q0+1/q, = 1. If g € (1, (),
then Lx 4s(R") = Lx 1,4, (R") with equivalent quasi-norms.

Remark 5.6. (i) For the classical Hardy space H? (R"), Corollary 5.1 is a special case of
Corollary 3.1.

(ii) For the variable Hardy space H?(") (R"), Corollary 5.1 is just Corollary 4.1.

(iii) For the Orlicz-Hardy space H®(IR"), a corresponding conclusion of Corollary 5.1
was obtained by Nakai and Sawano [30].

(iv) For the Orlicz-slice Hardy space (HE[)¢(IR"), Corollary 5.1 is an immediate corol-
lary of [55, Theorem 5.7].

(v) For the mixed-norm Hardy space HP(R"), Corollary 5.1 is a special case of [17,
Corollary 3.12].

(vi) For the Lorentz—Hardy space H(IR"), Corollary 5.1 is a special case of [18, Corol-
lary 7.5].

(vii) For the weighted Hardy space H},(IR"), Corollary 5.1 is a special case of Corollary
3.1.

The following conclusion implies that the intrinsic square functions are well defined
for functionals in (Lx 1+(R"))*, which was obtained in [49, Lemma 2.15].

Lemma 5.3. Leta € (0,1],s € Z,and € € (w +s,0). Assume that X is as in Theorem 5.4.
Iff e C(ale),s(IRn) or f € S(R"), then f € Lx15(R").

The following conclusion was obtained in [3, pp. 18-19].
Lemma 5.4. Let X be as in Theorem 5.4. If f € Hx(R"), then f vanishes weakly at infinity.

Next, we state the main results of this section. The following intrinsic square function
characterizations of Hx(IR") were obtained in [49, Theorems 1.15 and 1.16].

Theorem 5.5. Let o € (0,1] and s € Z.. Assume that X is a ball quasi-Banach function space
having absolutely continuous quasi-norm and satisfying (5.2) with ;—— < 0 < h < 1and
Assumption 5.2 for some qo € (1,00) and the same h as in (5.2). If X is m-concave for some
m € [h,1], then f € Hx(R") if and only if f € (Lx,1(R"))*, f vanishes weakly at infinity,

and gus(f) € X. Moreover, there exists a positive constant C such that, for any f € Hx(R"),

CH I fllrgrey < l18ws(Fllx < ClLF Nl moy-

The same is true if gus(f) is replaced, respectively, by Sus(f), &(ae),s(f), and S(ae) s (f) with
€ € (a+s,00).
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Theorem 5.6. Let « € (0,1] and s € Z,. Assume that X, 0, h, and q are as in Theorem
5.5. If X is m-concave for some m € [h,1], and A € (max{2/6,2/60 +1—2/qp},0c0), then
f € Hx(R") ifand only if f € (Lx,15(R"))*, f vanishes weakly at infinity, and g3 , ((f) € X.
Moreover, there exists a positive constant C such that, for any f € Hx(R"),

CHIf e rey < 18305 Ix < Cllf b (me)-

The same is true if g3 , ((f) is replaced by & (@e)s (f) withe € (a+s,00).

Remark 5.7. (i) By Lemma 5.3 and an argument similar to that used in Remark 3.4(i),

(ii)

(iii)

(iv)

v)

we conclude that all the above intrinsic square functions appearing in Theorems
5.5 and 5.6 are well defined for functionals in (Lx1s(R"))* and, for any f €
(Lx1,5(R"))*, f vanishing weakly at infinity makes sense. On the other hand, by
Theorem 5.4, Corollary 5.1, and Lemma 5.4, we know that, for any f € Hx(RR"), it
naturally holds true that f € (L£x1(R"))* and f vanishes weakly at infinity.

As was mentioned in Remark 5.4(i), the condition that X has an absolutely continu-
ous quasi-norm is still needed in [49, Theorems 1.15 and 1.16]. In the present article,
we seal this gap in Theorems 5.5 and 5.6.

As was mentioned in Remark 5.4(ii), the results of Theorems 5.5 and 5.6 are not
applicable to the Hardy-Morrey space and the Musielak-Orlicz Hardy space.

Recently, Zhang et al. introduced the weak Hardy-type space WHx (IR"), associated
with ball quasi-Banach function space X, and developed a complete real-variable
theory of these spaces; see [42,56]. However, the intrinsic square function charac-
terizations of WHx (IR") are still unknown.

As was mentioned in Remark 3.4(iii) and Remark 4.2(iii), the intrinsic square func-
tion characterizations have been used to establish the Carleson measure characteri-
zations of Campanato type spaces and the wavelet characterizations of Hardy type
spaces. Therefore, it is natural to consider the wavelet characterizations of Hx (R")
and the Carleson measure characterization of Lx 1 s(IR"), which will be presented
in a forthcoming article.

Remark 5.8. Using [36, Remarks 2.4, 2.7 and 3.4], Remark 5.5, [3, p. 25], and Theorems
5.5 and 5.6, we immediately obtain the following conclusions.

(i)

(ii)

Leta € (0,1],s € Zy,and p € (n/[n+ a+s|,1]. If X is defined as in Remark 5.5(i),
then Theorem 5.6 is a special case of Theorem 3.7.

Leta € (0,1],s € Zy, and p(-) € C°8(R") satisfy p; € (0,1] and p_ € (n/[n +
« + s],1]. If X is defined as in Remark 5.5(ii), then Theorem 5.6 is just Theorem 4.6,
where the range of A is replaced by the best-known range A € (2+2(a +5)/n, ).
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(iii) Leta € (0,1], s € Z., and ® be an Orlicz function with pg, € (n/[n + a +s],1] and
pe € (0,1]. If X is defined as in Remark 5.5(iii), then Theorem 5.6 is a special case
of Theorem 3.7.

(iv) Leta € (0,1],5s € Z, and ® be an Orlicz function with pg, € (n/[n + a + |, 1] and
pe € (0,1]. Let t € (0,00) and r € (pg, 1]. If X is defined as in Remark 5.5(iv), then
f € (HEL)¢(R") if and only if f € (Efl’)lrf(]R”))*, f vanishes weakly at infinity, and
1825 (F) Il gy ey < 0001 183 o s ()l () (rr) < 00 forany A € (2+2(a +5)/n,00).
Moreover, for any f € (HE):(R"),

HfH(HEZb)t(]R”) ~ ||ga,s(f)“(1-:3>)t(mn) ~ Hg;k\,a,s(f)H(E:P)t(Rn)/

where the positive equivalence constants are independent of f. In this case, the
conclusions of Theorems 5.5 and 5.6 were obtained in [49, Corollary 1.18(iv)].

(v) Leta € (0,1],s € Z4,and g € (0,1]" with p_ € (n/[n+ a +s],1]. If X is defined
as in Remark 5.5(v), then f € HP(R") if and only if f € (L51,s(R"))*, f vanishes
weakly at infinity, and |[ga,s(f)[[p7rr)y < 00 Or |83 4 s(f) I 15(re) < o0 for any A €
(2 +2(a +5s)/n,00). Moreover, for any f € HP(R"),

HfHHﬁ(JR") ~ Hgvc,S(f)HLﬁ(]Rn) ~ Hg;k\as(fﬂ LF(RM) 7

where the positive equivalence constants are independent of f. In this case, the
conclusions of Theorems 5.5 and 5.6 were obtained in [49, Corollary 1.18(v)].

(vi) Letaw € (0,1],s € Z4, p € (n/[n+a+s],1],and r € (p,1]. If X is defined as in
Remark 5.5(vi), then f € HP"(R") if and only if f € (BMO,;(R"))*, f vanishes
weakly at infinity, and [|ga,s(f)||zrr(rry < 00 01 [|g3 4 s(f) || Lpr(rr) < 00 forany A €
(24 2(a +s)/n,00). Moreover, for any f € HP"(R"),

1 ey ~ NG oy ~ 11855 CF) o ey

where the positive equivalence constants are independent of f. In this case, the
conclusions of Theorems 5.5 and 5.6 were obtained in [49, Corollary 1.18(vi)].

(vii) Leta € (0,1],5s € Zy, p € (n/[n+a+s|,1],and w € Ay (aps)/m)(R"). If Xis
defined as in Remark 5.5(vii), then Theorem 5.6 is a special case of Theorem 3.7.
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