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Abstract. Let [ ; be the multilinear commutators of the fractional integrals I, with the
symbol b= (b, -, by). We show that the constant of borderline weighted estimates
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1 Introduction

Let M be the Hardy-Littlewood maximal function, which is defined by

1
Mf(x) = ilelg ] /Q |f (v)ldy,

where the supremum is taken over all cubes Q containing x in R" with the sides paral-
lel to the coordinate axes. Since the 1930s, there have been many outstanding works in
the study of the Hardy-Littlewood maximal function. Among such achievements are the
celebrated works of Hardy, Littlewood and Wiener, Fefferman and Stein [9], and Muck-
enhoupt [13]. Recall that the Hardy-Littlewood-Wiener theorem states that M is bounded
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from LP(R") to LP(R") (1 < p < o) and from L}(IR") to L¥*(R"), and the Fefferman-
Stein inequality [9] can be expressed in the way that

IMFl| 10w o) < C/}Rn |f| Mewdsx. (1.1)

The question whether one can extend inequality (1.1) to other type of operators, such
as the Hilbert transforms and the Calderén-Zygmund singular intergrals, is known as
Muckenhoupt and Wheeden conjecture. In 2012, Reguera and Thiele [22] surprisingly
showed that the Muckenhoupt and Wheeden conjecture was not true for the Hilbert
transform, which fully indicates that the Hilbert transform does not enjoy the similar
weak type inequality as in (1.1). In 1994, Pérez [17] obtained the following less fine in-
equaltiy for the Calderén-Zygmund singular intergrals.

ITfllp1eo(w) < Cer /IR” |fIMLogryewdx, w >0, €>0. (1.2)

Since then, efforts have been made to clarify and separate the constant C.r. It was
Hytonen and Pérez [10] who first showed that the constant can be gained is e~ ! for T and
its corresponding maximal singular integral operators T*. Recently, Domingo-Salazar,
Lacey, Rey [8] generalized the results in [10] and further proved that T* is bounded as
a map from L'(M;, loglog L (logloglog L)* @) into weak-L!(w) for 1 < a < 2 and the constant
can be obtained is (« — 1)1

Now we turn to the background of the commutators of T, which can be traced back to
the celebrated works of Coifman, Rochberg and Weiss [3]. For a suitable smooth function
f, the commutator of T is defined as [b, T|f = T(bf) — bT(f). In [3], the authors proved
that if b belongs to BMO(IR"), then [b,T] is bounded from L?(IR") onto itself (1 < p < o0).
Conversely, if all commutators of Riesz transform [Rj, b],1 < j < mn,are L bounded, then
b € BMO(R").

In 1995, Pérez [18] pointed out that the commutators of CZOs are not weak type (1,1)
operators. As a replacement, he gave the following L log L endpoint estimate:

w({x € R+ |[b, TIf(x)| > A}) < Cofp[©] a1 /R O (|f]/A)wdx, (1.3)
where ®(t) = t(1 +1log™t), w € A;.
Quite naturally, one may ask whether the commutators [b, T] still enjoy the similar
inequality as in (1.2) or not. In 2001, Pérez and Pradolin [19] established the following
inequality for arbitrary non negative weights w.

w({x €R" 5 |Ib,TIF (0] > A}) < Cre [ ®(1flbllsmo/A) Mygogryoccodx. (1)

In 2017, Pérez et al [20] further figured out that the constant in (1.4) is %, that is

C
w({x € R [[BTIF(x)| > A}) < 5 [ @ 1Iblsnio/ N Mygogrypeccodv. (19
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In this paper, our object of investigation is the fractional integral and its commutators.
It is well known that the study of weighted estimates of fractional integrals orginated
from the works of Muckenhoupt and Wheeden [14] in 1974. They proved that the frac-
tional mte&ral operator was of strong type (LP(wP), L1(w7)) if p > 1 and of weak type
(LY(w), L7+ (w7 )) if p = 1. In 2001, endpoint L log L type estimates for the commuta-
tors of the fractional integral were studied by Ding, Lu and Zhang [7]. Later on, Carro [1]
considered borderline weighted estimates for fractional integrals and he proved that

w({x R [LF()| > A) < T [ 1F@Myan(x)dz, (16)

where ¥ (t) = tlog(e + t)' €. Some other weighted results can be found in the works of
Cruz-Uribe and Fiorenza [5], Chen and Xue [2].

This paper is concerned with the borderline weighted estimates of the fractional inte-
gral and its commutators, for such particular inequalities as (1.2) and (1.5). We show that
the constants in the norm inequalities of I, and I, are still and (just take k = 1 in
Theorem 1.2), respectively.

The main results of this paper are:

2n

Theorem 1.1. Let 0 < € < 1 and w be a weight, then for any a« € (0 STa(er2)’

there exists a constant Cj, such that

ne —
' 3te) € =

Il S [ £ M g yeco(d) + [ 1) IMewo(x)dx].

Theorem 1.2. Let w be a weight, b= (by,--+,bi), 0 <e <1, ¢p(t) =t(1+ logJr £P, p > 0.

Sne
Fora € (0, 24(1+§)+10e)’

12n(1+ 1
c= n(1+5) ;o ou=M L, w(x), v=M 1. w(x),
12(n+0c)(1+%> + 5ae LllogL) L(logL)

there exits a constant Cy, such that

w({x ER": | zf(x)| > A})

< S { [ @ (I o)+ ([ @ (Bl Ads)’

1

() [ @ BIF 2w |

Remark 1.1. When p = g, the above results are consistent with the result in [20].

The article is organized as follows. In Section 2, some definitions and basic lemmas
will be given. Section 3 will be devoted to demonstrate Theorem 1.1 and Theorem 1.2.
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2 Definitions and main lemmas

We begin by introducing some definitions and notations.

Definition 2.1 (Orlicz spaces, [20]). The Orlicz spaces are defined in the way that

Oscoprs = { f € Lixe(R") : || llosens < 00},
where
HfHOSCeXPLS = sup Hf _fQH‘I’S,QI \Fs(t) = et —1
witht > 0,s > 0.

From the John-Nirenberg’s theorem, it is known that BMO = Oscexp 1 and for every
s > 1, it holds that Oscexp 1+ ;Cé BMO.

Definition 2.2 (Young functions, Orlicz maximal functions, [6]). A function ® is called a
Young function, if it is a continuous, nonnegative, strictly increasing and convex function defined
on [0,00) such that

®(0)=0 and tlbn; D(t) = oo.

The local Luxembourg norm of a function f with respect to ® is defined in the way that

Ifllo0 = Ifllow o = nf {2 > 0: & [ (M) ax <1},

which is equivalent to

IFlls.0 = inf {1+ 155 Q¢<\f<:>r)dx}.

The Orlicz maximal function associated to @ is defined by

Mo f(x) = Sug Q" flleq for a>0.
xXe

Let
D, (t) =t(1+1og*(t))° with log*(t) = X(1,00) (t)log(t)
and p > 0,t > 0. Then we use the notation

1flleq = llfllLgog Ly,

Definition 2.3 (Commutators of I,). Let b; € Oscexprsi,si > 1, i =1,--- k k € INT.

The symbol-multilinear commutators of the fraction integral 1, with respect to the symbol b =
(b1, - - -, by) is defined as follows :

1 k
If(x) = /R Ty L0 =) £ () d.

i=1
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Definition 2.4 (A, weights, [13]). A weight w belongs to the class Ap, 1<p<ooif

(wla, = sup (a1 @) (g e ™) <o

A weight w belongs to the class A; if there is a finite constant C such that

1 / .
— | w(y)dy < Cinfw,

and the infimum of these constants C is called the A, constant of w denoted by [w] 4,
We will need to use the following Holder inequality in our proof later.
Lemma 2.1 (Holder inequality, [21]). Let ®g, Py, ,- - - , Pk be Young functions. If

O (DD (1) - D () < kD (8),
then the following inequality holds

1f1f2 - fillowo < kllfilleyall f2lleno - - I filleno
for all functions fi,- - -, f, and all cubes Q.

In Particular, if Zle 1 — 1 with each s; > 1, then it holds that

Si S —

/ fife il < Cellfillogs ol fellewp g+ illesp 01181 o1 o

It was known that M#(L,f)(x) < CsM,f(x) pointwisely (see for example [2]). For the
commutators of I,, one may get

Lemma 2.2 (Sharp Estimate). Let 0 < 6 < € < 1, M* be the Fefferman-Stein sharp maximal

function and ME(f) = M*(|f]°) 5. Then there exists a constant C > 0, depending only on 6 and
€ such that

ML) < CIBI (M, S+ Y T 18IMe N @)

i=1 UGC"’

m\»-

Here b = 0 U o', where o and o' are pairwise disjoint sets be a splitting of b.

This lemma can be obtained with small and straightforward modifications in the
proof of Lemma 3.1 in [21].

Lemma 2.3 ([15,16]). Let0 < p < 00,0 < § < land w € Ao, M® denotes the dyadic maximal
function. Then for any function f and t > 0 satisfying [{x : |f(x)| > t}| < oo, it holds that

11l @) < Cplwlag IMG” fllir ).
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GO >

Lemma 2.4 ([20]). Let 0 < p < 00,0 < € < 1and w € Ac. Suppose that [{x
t}| < oo forall t > 0. Then there is a constant C = Cy, ¢ such that

IMEF Il Lr () < Colw] anlIME £l Lo a)-
Lemma 2.5 ([11]). Let0 <a <mn,1 < p; <oco,i=1,---,m,m G]I\T*,%: %%—---4— 1

1 n 1 _ 1 o
m<P<wigTp T w
and vy, - - -, vy, are weights satisfying

_ u(Q) R —1
K—sgp( ) 1Tl e < oo,
i=1

Q|

then
m
1Mo (F) 10y < CKT 1Ml oL fll oy
i=1

Next we will give a key lemma which will be useful in the proof of Lemma 2.8.

Lemma 2.6. Let w > 0 be a weight,

v =M1 )(H%)qu(“’)' s>1 and 0<6<1.

Then there exists C > 0 such that for every p € (1,00)

Pm

7

Suppose that X; is Banach space and M,y is bounded on LVi(R"), u

M og )t ) :
L(logL)s, 1/g—1 ,\r
H(i)a <Cq't (q(s q’> 5] o (2.2)
LY (o) L7 (w)
Proof. To prove inequality (2.2), it is equivalent to show that
1. L 1—p/
1oy :
/ " ML(logL)%,w (fer) (ML(log L)(H%)q—w(w))
4
" 2.3)

<c ()" (150 ) (o)

We now introduce the notations
1
s

A%(t) = t(l +10g (t)) P X%(t) = m

Then by [20], it holds that
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Moreover, one can see that

T
==

<(1+log (g) g 1+5> (t(1+10g+(t))1+‘5(€/ 1))

— R()TRE)T,

where
Fi(t) = X 1)0146(8), Ba(t) = Arggg-1) (8)-
Again, by [20], one may get

.

i 1+1
M, oeryt 00 SCA Mg ) o (f) (ML <1ogL)<1+%>q71+a(w)) .
Now we give the proof of inequality (2.3).
P 1_p/
’1
/” M L(logL) % (qu) ( L(logL)(lJr%)ﬁfHo"w) dx
1+
= /ﬂ (Cq MXl-H)(q (L) () <ML(1ogL)(1+%)q—1+5w)
P 1— p/
q
% (ML(IOgL)< - 1+ow) )dx
1 /
=(Cq"E) [ Mg () dx.
LP

),by[ ] we know

Xipsp-1) (LF) < #F.

/

==

)P

Let B = X 5(p-1)(

Then

1_ap 4
QIF s = QI IFI ol flsg < Cllflly ”’IlfHé
which yields that
2
q

Mapf(x) < CHpr qMOBf( )7
Hence, Lemma 2.1 in [10] gives that

_ © B(t) dt cp—1
q < qa—p we P«
[ esfoyax < clplgp [ 2D pp, < cpE

p-
Therefore,
/n MX1+5(q’_1)(L‘J'),oc(f)p dx < Cq/ Hf”p
Consequently, we have shown that
1 1 —1 l/
HML@og)%(fw")HLp’(vl—p’) < Cq't (qqu)p HfHLq’(mn)'

Thus, we complete the proof. O
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Lemma 2.7. Let w be a weight and A be a Young function, p € (1,0), % = % — &, then there
exists a constant C, such that

/ -
Ha(f)lla(w) < Crp HMAIILq'(Rn)IIfIIM(Mz oy

g

where A is the complementary function of A, Ay(t) = A(t% ). Moreover, if
A(t) = t1(1 +log™ )17 179,

it holds that

s
q )
w
L(log L)q_1+5

s (1N
HLX(f)HL‘i(aJ)SCLqu (5) HfHLp( P 0<d<1.

Proof. By Proposition 2.2 and Proposition 2.3 of [12], it suffices to show that

112 (F) o) < CIaP/HMAHm’(]Rn)Hf”Lp( , (24)

4
w
Aq

where S € D is a sparse set and D is a standard dyadic grid,

1
Lf=Y. W/Qfdx‘xg

Qes
14
Letv = ij,,(“])- By duality, there exists ||g]|; (w) = 1such that

I,fgw

S
vadx S
n 0 0

1 (Ao = |

R

M,(U)HfHLp(v)-

Observe that the adjoint of I3 is itself. Then, to prove inequality (2.4), it suffices to show
that

fRgw :
o < 2|l o
o I L @5)
First, we consider to prove
S
LE) | My (2.6)
0 P (v) 0 LP (v)

By duality, there exists a nonnegative function & with ||k[[»(,) = 1 such that

g
[

I =

_ S
o= o KRG,
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Now we consider the operator:

and use S to build the Rubio de Francia algorithm

k

® 1
Z?H’

where R satisfies
1 o<h< R(h);
@) R (2) < 2] (0);
(3) R(h)o? € Ay, [R(h)o7] 4, < Cp.

Note that [vﬁ]il < Cp, by Lemma 4.2 in [10]. Taking this into account yields that

[Rh]a, = [R(h)o? (0 70)! 7] 4, < [Rho?]0,[0%]}, < Cop.
Therefore [Rh] 4., < [Rh]a, < Cup’ gives that

/|| Mag

[

1< [ 1Eg(x)R(x)dx < [Rh]a (2.7)

LV (v)

Eq. (2.7) can be obtained by similar reasoning as in Lemma 4.1 of [10] with slight modifi-
cations. So we have shown that inequality (2.6) holds. In order to prove (2.5), it suffices

to show that / N
- cy|MAnyq/(Rn)(/w (Ll)qu) y

|4t
wi

0

Note that Lemma 2.5 and Theorem 6.4 in [6] yield that

1
AN 1
K—sup(‘Q,/vl P)7 lwtllag

r 1*!’ i,
=sup (o [ My @) dy) @il
o \QlJo ©
-1 1 1 1
<Jwlalglwillao = lwilzollwrlag = 1.

Moreover, if A(t) = t1(1 +log" t)7~1*9, from the inequality (25) in [10], one may get

l 1

Ml < G [ (A’EO)‘?/A (ar)” < (3)".
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Therefore
1

e s < CLpa(5) A1

Thus, we complete the proof. O

Lemma 2.8. Let b = (by, - - - ,by), k € N, w be a weight, for & € (0,1),
1
pe(l,0), —-=—-——-, v=M

there exists a constant Cy, such that

1
Iy

k 1
”Ia,szLﬂ(w)SCIaP'Hq(”S)<q ) 1B )

Proof. We will divide the proof in two cases, as follows.
Case 1: k = 1. We denote

1
/

— pP/a _ ne 1+t (11
v= ML(logL)<1+ s T Cu(r')q ( 5 q)
By duality, there exists ||g||, (w) = 1such that
I, pqw
sl = [, af @@tz = [ 82 for < || 282l

We only need to show that

Ly (f)

0

<ml L,

LP

where I! wp 18 the adjoint of I, ;. The method of duality allows us to find a non-negative

function € LP(v) with ||h]|1p () = 1 such that
L gL TG
v L7 (v) R” % wb

Now we consider the same operator S as we used in Theorem 2.7 and build the Rubio de
Francia algorithm R using the operator S. From the properties of R, we have

/ I, f|Rhdx < Cy[RH] 4. /M#(Ifbf)thx<cnp/ ME(IL , f)Rhdx.
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Observing that [b, T|' = —[b, T'], so [b, T is also a commutator. By Lemma 2.2, it holds
that

! SCHPIHbHOSC”W‘s |:/]Rn ML(logL)%,pcf(x)Rh(x)dx + /]R” ME(I;,f) (X)Rh(X)dX}
:CanHbHOSCexpLS (Il + 12)

Applications of Holder inequality and the second property of operator R lead to the in-
equalities that

L <( / Myt ST 0 (dx) N th(x)v(x)dx)é

LY (0)
Now, Lemma 2.4 will be used to estimate I.

L <C[Rila. [ MU (x)Rh(x)dx < Cup/ [ MEULF) ()RN(x)

Maf
0

Scn,ep’/ M, f(x)Rh(x)dx < Cup’ o)
R” v

The last inequality can be obtained the same as what we have done to deal I;. Conse-
quently, when

v=M’' 1 w,
L(log L)(1+§)q71+0
it holds that
I,i,b(f) <C (P/)ZHI?H ML(logL)%,zxf
70 LP'(v) >~ L OSCoxp 15 0 Ll’/(v)’
Therefore by Lemma 2.6, there exists C, > 0 such that
Ili b( f) 1g—1 N> f
) < N2 1+1 (g AYAIPA ‘
v Lp/(v) — Cn(p ) q ( 5 q ) w LPl(w)

Case2: k > 1. The following argument is essentially taken from [20], and we only prepare
to give an outline of the proof. We will divide it in two steps.

Step 1. Due to the homogeneity of the operator we may assume that

1b1llose, s = 1D2llose, s = =~ l1Bellose, s = 1

exp L°1
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Repeated reasoning as the case k = 1 yields that
— t
o /I;n |I&,Ef|hdx
! t
<Cup [/R M g1yt oS RAAX + ]Z%UEZC; / ) e(Ia’(;/f)thx}

:Cnp/(ll + Iz).

Similarly as the case for k = 1, one can get

logL Y1/s zxf
<2 —m——— .
L2 L@
Step 2. Now we consider the contribution of I,. Let
1, j=0,
2 i=1,
I'(j) = (2.8)

2+Z<> , j> 1

For every € € (0,1), we claim that:

/HM (I;U,f)(x)Rh( x)dx < CT(#0') #‘7“/ M ¢ 1,0f(x)Rh(x)dx.

10gL zen ‘i

Now we turn to the proof of this claim. It will be proved by induction on the number of
symbols of L - " _. We will use the notation I, 7 instead of I - and denote k = #0’.

If#0' = 0 since

then

/R Me(Lf) (x)R(x)dx < Cp'Mq f (x)Rh(x)dx.

If #0’ = 1, then

(Lo f)Rhdx < 2C(p')? Rh .
[ Mellapf)Rhdx <22 [ M, o FGORR(x)dx

Suppose that the claim holds for 0 < #t < k, then for every € € (0,1):

/ M (I zf) (x)Rh(x)dx < CT(#7)(p)) " | M r 1 f(x)Rh(x)dx.
! R™ " 1(logL)ier 7«
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We only need to show the case for #7/ = k. With Lemma 2.4 and the inductive hypothesis
in hand, one may get

/MA@(%afNXNUmex

g(1+ Z Y T(#) )cp”‘“ M 1 f(x)Rh(x)dx.

rec R"  (logL)ics’ " 4
Denoting
O+i2rww=mm
j=1rect
then
L < Cuse(p)™ o Mg 1! 1 fRhdx.

Therefore, the same reasoning as what we have done in dealing with I; yields that

f

M 1
L(logL)s,
L

LV (0)’

Consequently, by Lemma 2.6, as already noted, it holds that

It M 1 f
ab nk+1 a+dy (94— 1 L(logL)s &
< s
o | =G ( 51 » /
LF' (v) LV (w)
Thus, we complete the proof. O

3 The proof of borderline estimates

Now we turn to prove Theorem 1.1. The following argument is essentially taken from [10].

Proof of Theorem 1.1. By Proposition 2.2 and 2.3 in [12], it suffices to show that

Cr,
1 F i < =2 [ PN MS g e 00 (1) 4+ [ 1) [ Mao(x)d],

€

where S € D is the sparse set, D is the dyadic grid,

1
Lf=Y W/Qfdx XQ

Qes
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Thanks to the homogeneity of the operator, it is enough to show

w({x e R": [I;f| > 2})

Cr,
<[ [ @M g a0 () + [ 170 M ()]
Decompose f = ¢ + b at height A = 1 with
= Y_(F - fo)xo,
]
Introduce the notations _
o=, Q=J39,

then || g/~ < 2" and

w({x e R": |Rf(x)] > 2})
(@) + @ ({(Q) : g(x) > 1}) + w({(Q) : [£b(x) > 1})

=1+ I+ III.
Consider first the contribution made by I. The Chebyshev inequality gives that

x)dx < Z|3QJ| 1nf Mw(z / fly)yMw(y

1
I
; M3Q)] Jag;
By [10], it is easy to see I11=0. Moreover, by the fact that ||g|/z~ < 2", Then

11 <||I?
| gl! WX)

<C(¢p (1>;,)5,(/ 817 M E(logmw)z

r

<c(3) ‘j'(p’)"( /(RH)C L

==

2n

_£ 2q( 2 - =
1=5+1L 4 (5 2n+ale+2)

Therefore in all,
)| Mw(x )dx]

C :
1 fllimiy < 22 [ FGOIMS g o))t + [ 1

Thus, we complete the proof.
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We now begin the proof of Theorem 1.2.

Proof of Theorem 1.2. We will divide it in two cases.

Case 1: k = 1. Due to the homogeneity of the operator, we may assume that || b1[[osc,,, .. =
1. Consider the Calderén-Zygmund decomposition of f at height A. It bears emphasis
that there exists a family of dyadic cubes Q; which are pairwise disjoint such that

1
AS—/ If] < 2"A.
’Q]‘ Qj

Denote () = (J;Qj, and write f = ¢ + h, where g is denoted to be the “good” part of f,
defined by

f(x), xeQF,
8lx) = { fo,  x€Qj

with the property that [g(x)| < 2"A a.e,, and h = }_h; with

1
hi=(f — fo. . and .:—/ dx.
Now we introduce the notations
w(x) = w(x)xrna(¥) and  wj(x) = w(x)xgn g, (*),

where Qj = 5y/nQj and Q= U]Qj. The Calderén-Zygmund decomposition allows us to
write

w({x e R": |Ipf(x)| > A})

§w<{x e R"\Q: [T pg(x)| > g}) +w(Q)) —I—w({x € R"\Q: [T ph(x)| > /2\}>
=:I+II+1II

Consider first the contribution of I, Chebyschev’s inequality gives that

29
- Tw*
1< 5 [ gl (x)dx.

Now we choose
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419
Then it follows that
2 —1\ 7 1 1
P 12n(1+1)
q 12(n+a)(1+1)+50e

By Lemma 2.8, one may obtain

2 L gl (x)ax

_iqC((p) q(H )(q;lq/);’)q</mn| (x )’qu L(log L)1+ >q—1+5w*(x)dx)
11

r 1
<co—(/ M’ “(x)dx)".
— €2 /\% ( R™\Q ‘f(x)‘ L(logL)%*Ew (x) x)

<k

This means, of course, that there exists C > 0 such that

1 W g :
Is C?(/n A ML(logL)%“w(y)dy) ’

We have the following standard estimate for I1

II < Z/WQ] x)dx < Z (5v/n)" ]Q]\ 1nf Muw(x) < (Sﬁ)”/JCE\y)Mw(y)dy.

IRH
Now we turn to the discussion of I11. Since

Ia,bh = Zla’bhj = Z(b(x) — ij)Iah]-(x) — Ia(b - ij)h]',
]

j

we may split Il into two parts

]

+w<{x€]R”\Q | Y L b — bo Jhi(x)] > 2

) A
H L Lulb = boy Ity (x)| > 5
j
:=A + B.

111 §w< {x e R"\Q: |Z(b(x) — bo,) Inhj(x)| > 2})
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The Chebyschev’s inequality and the cancellation of £; yield that
1 1
-b hi( - dyd
Z/IR”\Q Q,|w / | ( H(’x y|re \x—y’\”—“>‘ yax

y—y' "
< / h; b(x) —bo.|w;(x)dxd
)\; Qj| ](y)‘ R\ G; |x_y’n7a‘x_yl|n7,x‘ ( ) Q,’ ]( ) y

C (21(Q)))"~*|b — bg,|w;
S)\;/Q |hjl Z/kz (@<l <2110y (25 1(Q)))"*(25(Q;))"*

C
<=) hi(y)|d z—k<n—a>7/ b(x) — b s (x)d.
_)L ] L]| ](y)‘ ykzzl |2k+]_Qj|n_lx 2k+le| (x) Q/‘w](X) X

By Lemma 2.1 and

dxdy

|b(x) — ij’ < |b(x) - b2k+1Q].| + |b2k+1Qj - bQ],],

it follows that

00 2—k(n—uc)
Z W /2k+1Qj ’b(x) - bQ/|w](x>dx

=1

3 k(n—a) . —k(n—a) . '
= ;1 ZlenQ] MLIOgL%'“WJ =)+ kgl 2 (k+ 1> Zleanj MLlog L%,aw] (z)
=1 ze(g ZVILlogLS “wj(z),
Therefore,
A4=3 2/ Liogt " Whi(y)ldy < 5 A / MLlogL%,,xw(?/)dy-

On the other hand, B may be split into four parts

C
B SE Z mf (MLlogew] / b(x) = bg,|[f(x)[dx +/ [b(x) = bo,l|fo |dx>

+ A%Z inf Moy (2)( [ 002) = g F 0l + [ 1) —ij\erj\dx)

] z€Q;

1
SE(Bl + By + B3 + By).

By the generalized Holder inequality and definition of Orlicz maximal function, one may
obtain

1 1 1
By <C inf (M eW; eonn ¢
 <CL ot (Mugr @110 W

§</n¢1(|f}(LC)|)Milongw(x)dx—|—)\1C/ (131(|f(;)|>MCLlOngw(x)dx)}.

n s
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Similarly, it holds that

B< ([ oW, )

B+ Bi<C | @i ’f(y)’)Mw(x)dx.

This completes the proof of Case 1.

Case 2 : k >2. We will use inductive discussion here, i.e., suppose that the inequality
holds for I < k — 1 symbols, we need to show it holds for [ = k. Due to the homogeneity
of the operator, we may assume that

HblHOsc == ||b1||Osc

exp L°1 exp Lk

We decompose f like in the same way as the case k = 1. Then

w ({x eR": |1 ;f(x)] > A})

~ A ~ x A
Sw< {x € R"\Q: |1 3g(x)[ > 2}) +w(Q)) +w< {x € R"\Q: |1 3h(x)| > 2})
=:I+11+III
The Chebyschev’s inequality gives that

21 .
1< /R 158 (0) 1" (x)dx. (3.1)

Choosing
5¢ 1

:1+4 ’ 5: _1+7 _1/
T Tt e~ (1+5)a-1

and therefore

— P _ 1271(1—’_%) , ( /)(k+1)‘1p(1+l)q(q_1):'
g 12(n+a)(1+1)+5ae 0
1 1
(1+5)a-1+0=<+e
Then (3.1) is controlled by
(k+1) 1, (g =1\ i . 1/c
Culp) T (D) ([ I8CIME s @ (R)dx)
Proceeding as k = 1 yields that

1

1 W) e ‘
I< Cn ek+1 </ n A ML(logL)%“,aw(y)dy /

< v [ W)y
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We continue to estimate I11. It can been written in the following way

II1 Sw( {y € ]Rn\() : ’ E(bl(x) — (bl)Q],) s (bk(x) — (bk)Qj)Iahj(x)’ > /6\} )
]

+W( {y € R"\Q: ‘Cka((bl — (b1)g) -+ (bk — (bk)Qj)hj)(x)‘ > 2})

" A
<{y€lR\Q ]22 Y CoIZ((b— bg)othy) (x )\ 6})
0’€Ck
=:L1+Ly+ Ls.
Now we deal with L. Denote

and B(x) = [ T[b:(x) — (b1)g, -

Wj = W XRN\5v/nQ;
i=1

Same reasoning as what we have done in dealing with k = 1 gives that

5 L B(x)w;(x)dxdy

LsgS ) /
1 Z ‘] ’szn ) 2m+1l(Qj))nfa ‘x_y/‘gzmﬂl(Qj)

Z/Q,| i\y logL)% w](y)dy

Ck

Consider now the contribution of L. By Theorem 1.1, L, can be written as

L <5 D | B~ fo M gy (s w]+/ )If — o [Mas(x)d |
]

“Ae .
Silzzlerg ML(logL)ew]'(Z)(/ B(x)|f(x |dx+/ ’fQ]|dX)%
C1
+Ae;£5M%”(/ B@If@ldr+ [ B rmwﬁ

1
SE(Bl + B, + B3 + B4).

Lemma 2.1 tells us that

@L/ “<CHW—'kﬂmmgsmwzc
]
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therefore

1
c

= S ([ o(L00) (1 g0

Proceeding similarly as before, one may obtain

-

C. 1 1
Bi< 1Y inf (Mygogryew;) 1Q)]F /()]

7 Z€Q; L(logL)s,Q;

e (o1 (4) O o oy () (i)

Bs+By, <C . P, <!f5\]/)!> Mw(x)dx,

s

which means that we have shown that the desired estimate holds for L,.
Finally, we consider the last term Ls.

L3§w<{yelR”\Q ‘2 Yy CI"(Zb )\)a'fXQ])( ))>£§_}>

i=1 geC;(b) j

({yERn\Q ’21 Z(b)CIU<Zb A)wa]XQ])( )‘>1/\2}>
i=1geC ]
=: L3; + Lap.

By the inductive hypothesis and the Chebyshev’s inequality, L3; can be estimated as

L3 <C Z Z Ze#a+1{ infy (M y Lic CU](Z) +M v 1+€w]-(z))

i=1geC;(b 2€Q) L(log L)i€o’ E ys L(log L)€’
|f ()] B
Q]. q)lg% (T(b(X) bQ].)U/)dx
, f ()] :

+ ( inf M° 1, wj(z) [ Py (5 (b(x) —bg))

(zeQ/ L(logL)iE)i,Sli_H ) Q igsi< A Qj ))

|f ()] :

+ ( inf M® L wi(z)(A+ATY) [ Dy (b(x) — b )er )dx) ¢

<Z€Qj L(logL)ieztf/Sli+€ ! Qj i)e:asi< A 9 U> ) }

=L311 + L312 + L313 + L314.

By Lemma 2 of [17], we have

Oy <|f<x)| (b(x) — ij)U’)dX < Ck/(gj@l(’f(x)')dx.

Qj ig; A
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We may continue with the estimate

k=1 1 e
Lan0 <Ce ), ), ZW inf M L e wj(z)/Q ¢1( f</\>‘>dx

i=1 gedk ] €9 LiogLye " i
R f ()]
<Ci— ) inf M 1. w]-(z)/ <D1< )dx
ek j z€Q; L(logL)iGZU' i p Q A

S

1 |f(x)]
SCkg/nle (7/\ )ML(IOgL)%+€’“w(x)dx.

The remainders of L3 can be treated in the similar way. Repeated reasoning as L3 may
lead to our desired estimate for L3, This completes the proof for Case 2 and therefore
also finishes the proof of Theorem 1.2. O
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