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1 Introduction

Denote by L} _(R") the set of all complex-valued locally integrable functions on R". The
n dimensional Hardy operator was introduced by Faris in [28] as

Hf (x) := inlx|” /|y|<|x|f(y)dy, x € R"\{0} foreach f e Ll (R"),

where and what follows (), is the volume of the unit ball in R”. When n = 1, the Hardy
operator was firstly considered in [10]. In [18], Christ and Grafakos showed that the
Hardy operator is bounded on L¥ (IR") for p € (1, ). For the boundedness of H on other
functions, we refer the reader to the survey [25] by Shanzhen Lu.

For m € N, suppose fi, - -, fm in LL _(R"), the m-linear Hardy operator is defined by

loc

m

H(flr‘ ce rfm) = % /|(y1,"',ym) Hf,’(]/i)d]h . --dym, X € IR"\{O}.

mn’x|mn |<|x| i=1
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1
Ifb € L (R"), set

1
b, = —/b — byldx,
6]l SI;P|B| B! (x) — bp|dx

where the supremum is taken over all balls in IR", bg is the mean of b on B, and what
follows |E| is the Lebesgue measure of measurable set E in R”. A function b is called
bounded mean oscillation if ||b||« < co. Denote by BMO(IR") the set of all bounded mean
oscillation functions on R".

The commutator of m-linear Hardy operator is defined by

Hy, (fi - fu) (%),

1

™=

Hy(fur o o fn) (¥) =

1

Il
—_

where

Hy (fi,- - f) (%) = 0i()H(fr, -, fun) () = H(f1, - fir, fibi fin, - fin) (2).

When m = 1, the operator Hy(f)(x) = b(x)Hf(x) — H(bf)(x). Although, our results
hold for each m > 2, for brevity, we only consider m = 2.

Fu, Liu and Lu [31] studied the boundedness of the commutators of weighted Hardy
operators (with symbols in BMO(R")) on LP(R"), where 1 < p < oo. Fu, Gong and
Lu, ect. [34] proved the boundedness of the commutators of weighted multilinear Hardy
operators (with symbols in central BMO space) on the product of central Morrey spaces
BP*. Shi and Lu [27] introduced some characterizations of CP* for —1/p < A < 0, via the
boundedness of commutator operators of Hardy type. Zhao and Lu [7] precisely evalu-
ate the operator norm of the fractional Hardy operator H? from L? (R") to L1(R"), where
0<pB<nl<p<g<oandl/p—1/q = B/n. Zhao, Fuand Lu [8] gived some new
properties of M, weight functions on IR"” and used them to characterize the boundedness
of bilinear Hardy inequalities on the weighted Lebesgue spaces. Yu and Lu [29] studied
the H'-boundedness of the generalized commutators of Hardy operator with a homo-
geneous kernel Hf, 4 5. Lu, Yan and Zhao [26] explicitly worked out the bounds of the

operator H fromL? to L7 and from L! to L##. Fu, Wu and Lu proved the boundedness
of commutators generated by the p-adic Hardy operators (Hardy-Littlewood-Pélya op-
erators) and the central BMO functions on L1(|x|;dx) and Herz spaces K;"?. Zhao, Fu and
Lu [9] proved that the higher dimensional Hardy operator is bounded from Hardy spaces
to Lebesgue spaces, and discussed the endpoint estimate for the commutators generated
by the Hardy operator and (central) BMO functions. Fu, Grafakos and Lu, etc. [32] ob-
tained norms of m-linear Hardy operators and m-linear Hilbert operators on Lebesgue
spaces with power weights.

In [19], Izuki proved the boundedness of commutators generated by singular inte-
grals and BMO functions on Herz spaces Kz(q) (R") with variable exponent p(-). Shu,

Wang and Meng [17] obtained the boundedness of commutators of Hardy type operators



S. Wang and J. Xu / Anal. Theory Appl., 37 (2021), pp. 387-403 389

()

and BMO functions on Herz spaces Kg (:) . with variable exponents «a(-) and p(-). Izuki

and Noi [24] proved the boundedness of fractional integral operators on weighted Herz
spaces Kz’g) (w) with variable exponent. Almeida and Drihem [1] obtained the bounded-

ness of sublinear operator on variable Herz spaces Kgggq (w).

In 2020, Izuki and Noi introduced two weighted Herz spaces with variable exponents
in [23]. Motivated by the mentioned works, we will consider the boundedness of com-
mutators generated by bilinear Hardy operator and BMO functions on two weighted
Herz spaces with variable exponents. The plan of the paper is as follows. In Section 2,
we collect some notations and state the main result. The proof of the main result will be
given in Section 3.

2 Notations and main result

In this section, we firstly recall some definitions and notations, then we state our result.
Let p(-) be a measurable function on R” and take values in [1, c0). The variable Lebesgue
space LP()(IR") is defined by

n

p(x)
<|f(/\x)|> dx < oo for some A > 0}.

The space LP() (IR") becomes a Banach function space equipped with the norm

Pl =int {20 [ (W)p(X)dx <1}

The space L!, () (R") is defined by

ocC

LPO(R) := {f is measurable: /

LP(')(IR”) ={f: fy € LPC)(R™) for all compact subsets K € R"},

loc

where and what follows, xs denotes the characteristic function of a measurable set S C
R". Let p(-) : R" — (0, 00), we denote
p— :=ess inf p(x), p4 :=esssup p(x).
xeR" x€R”

The set P(R") consists of all p(-) satisfying p— > 1 and p; < oo ; PY(IR") consists
of all p(-) satisfying p_ > 0 and p; < co. LP() can be similarly defined as above for
p(-) € P°(R"). p/(-) is the conjugate exponent of p(-), that means 1/p(:) +1/p'() = 1.

Let f € L{_(R"). Then the standard Hardy-Littlewood maximal function of f is
defined by

MF(x) = sup oo [ |fwldy, VxR,

B>x
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where B is a ball. In general, the Hardy-littlewood maximal operator M is not bounded
on variable Lebesgue spaces. But if p(-) € P(IR") and satisfies the following global log-
Holder continuous, then M is bounded on L?(") (IR™), see [6]. For more details see [2,14—
16].

Definition 2.1. Let «(-) be a real-valued measurable function on R".
(i) The function «(-) is locally log-Hoélder continuous if there exists a constant Cy such that

G
< 4
~ log(e+1/|x—yl)

" 1
| (x) —a(y)] vy eRY,x—yl <3

(ii) The function «(-) is log-Holder continuous at the origin if

@)

<——, VxeRM
~ log(e+1/|x|) *

|a(x) — a(0)]

Denote by P(l]og(]R”) the set of all log-Holder continuous functions at the origin.
(iii) The function «(-) is log-Holder continuous at infinity if there exists a constant Cs such that

G
|l (x) — aeo| < log(e + )

, VxR
+ [x|)

Denote by Pcl,gg(lR”) the set of all log-Holder continuous functions at infinity.

(iv) The function a(-) is global log-Holder continuous if a(-) are both locally log-Holder con-
tinuous and log-Holder continuous at infinity. Denote by P'°8(R") the set of all global
log-Holder continuous functions.

Definition 2.2. Fix p € (1,00). A positive measurable function w is said to be in the Mucken-
houpt class A,, if there exists a positive constant C for all balls B in R" such that

(}3 / w(x)dx> (; / w(x>1‘r”dx)p_l <c.

Wesay w € Ay, if Mw(x) < Cw(x) forae. x. If 1 < p < g < oo, then A, C A;. We
denote Axw = Up~1A,. The Muckenhoupt A, class with constant exponent p € (1,0)
was firstly proposed by Muckenhoupt in [5].

Definition 2.3. Let p(-) € P(R"), a positive measurable function w is said to be in A, if
there exists a positive constant C for all balls B in R" such that

1

|B| le/p(.)XBHLn(l) Hwil/p(.)XBHLP’(-) <C.
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Definition 2.4. Let p € P(R") and w be a weight. The weight variable Lebesgue space L") (w)
is defined by

LPO(w) = { fis measurable on R" and 1N e ) = ||fw1/"’(')||Lp<A>(Rn) < oo},

Then LPC) (w) is a Banach space.

To give the definitions of the weighted Herz space with variable exponents, we use
the following notations. For each k € Z we define By := {x € R" : |x| < 2}, Dy :=
Bi\Br_1 = {x € R" : 251 < |x| <25}, Xy := XDy Xm = Xm, m > 1, Xo = XB,- We also
need the notation of the variable mixed sequence space £90) (LP() (w)). Let w be a positive
measurable function. Given a sequence of functions { f;} jcz, define the modular

pfq()(Lp(t)(w))((f})j) = Z inf{/\j : /n (|fj(;)’>l’(x)w(x)dx . 1}’

jEZ A0
]

where A1/® = 1.1f g+ < 0 or g(-) < p(-), the above can be written as

PeaC) (LPO) (w)) Z H’fwl/p ’q H L

jEZ La0)

The norm is

Il e 0 oy = 08 > 02 0ot (1o )y ((f/ 1)) < 13-

Definition 2.5. Let wq, wy be weights on R", p(-) € P(R"), q(-) € Po(R"). Let «a(-) be a
bounded real-valued measurable function on R". The homogeneous two weighted variable Herz
space KZE;?\() (w1, wo) and non-homogeneous two weighted variable Herz space Kzgzg’?\(') (w1, wy)

are defined, respectively, by

Ko™ ) o= {f € L RNAO}w2) £ 1l a0 ) < -
Ko o) i= { € L (R w2) < 1l o, w2)<oo},
where
||fH ) {01 (B)* " £ 0 ezl s (10 ()
HfH ooy = I B O bl 110 )

For any quantities A and B, if there exists a constant C > 0 such that A < CB, we
write A S B.If A < Band B < A, we write A =~ B.
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Lemma 2.1 ([23, Theorem 3]). Let a(-) € L*(R"), p(-),q(-) € Po(R"), wy € A, for some
r € [1,00) and wy be a weight. If a(-) and q(-) are log-Holder continuous at infinity, then

Kzg:;/q(') (w1, wz) = szzo)’iw (w1, ZU2)

Additionally, if «(-) and q(-) are log-Holder continuous at the origin, then

49(0)
20y (kZ Hw1<Bk>“<°>/”fxz<HZ&?%WZQ
<

(o~ )~

k>0

The following Lemma 2.2 comes from the result of [3,11,12].

Lemma 2.2. If q € [1,00) and w € Ay, then there exist constants 6 € (0,1) and C > 0 such
that for all balls B in R" and all measurable subsets S C B,

z"ug)) < C@)q, 2.1a)
Zj(g < c(é)é. (2.1b)

Lemma 2.3 ([23, (21) and (22)]). If p(+) € P'°8(R") N P(R") and w € A p(.), then there exist
constants &1, 6 € (0,1) and C > 0 such that forall k,1 € Z with k <1,

M < C(‘DH) (222)
HXZHLP ) ’Dl’

HXkH(Lp- ) (wP())) < C(’Dk|> ' (2.2b)
X1l 2ro) Gaoryy D

Remark 2.1. If w € Ap(ys then w7 ()/P() ¢ Ay Therefore, the Hardy-littlewood
maximal operator M is bounded on L? () (w~#'()/P()),

Our main result is as follows.

Theorem 2.1. Suppose that H is the bilinear Hardy operator, p1(-), p2(-) € P8(R") N
P(R"). Let v € A, for somer € [1,00), w; € Ay, () and w = 2, wp(')/pi(') Assume that
() € L7(RY) NPIR(RY) 1 PSSR, a() = () + ), () € PSR NPES(RY)
1/9(0) = 1/91(0) +1/92(0), 1/9e0 = 1/G100 + 1/ 9200, 011, 612 € (0,1) are the constants
in Lemma 2.3 for exponents p;(-) and weights w;, i = 1,2. If wrat < nép fori =1, 2,

1/p(-) = 1/p1(-) + 1/pa(-), then Hy is bounded from Kgig:;”’l(')(v, wy) X K;ig:g"m')(v, wy)

into Kggzg’q(') (v,w), where b = (by,by), by, by € BMO(R™).
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3 Proof of Theorem 2.1

To prove Theorem 2.1, we need a series of Lemmas.

Lemma 3.1 ([23, Lemma 7]). Letk,| € Z,w € Ajwithq € [1,00),6 € (0,1) be the constants
in Lemma 2.2,

- = 0, ZfOC_ZO, ot = q, z'foﬁ‘zo,
q, if a= <0, 5, if at <O.

Ifa(-) € L*(R") is log-Holder continuous both at the origin and infinity, then for any x € Dy
andy € Dy,

Z(kfl)nwﬂx*’ lf 1 <k—1,
w(Be)*™) < Cw(B)*W) x 4 1, ifk—1<I<k+1,
z(k—l)nw_oc_l lf I>k+1.

Lemma 3.2 ([23, Lemma 8]). Let w € A, with q € [1,00). If a(-) € L*(R") is log-Holder
continuous both at the origin and infinity. then for all k € Z and x € Dy,

w(Dk)“(") ~ w(Dk)"‘“’, Zf k>0,
w(Dy)* ™) ~ w(Dy)", ifk < —1.
Lemma 3.3 below have been proved by Izuki in [21,22]

Lemma 3.3. Let X be a Banach function space on R". If the Hardy-littlewood maximal operator
M is weakly bounded on X, that is,

Ixmpsallx S AT fllx
holds for all f € X and A > 0. Then we have

1
sup fHXBHXHXBHX/ < o,
patl 5 | Bl

where X' denotes the associated space of X.

Ho [13] has initially proved the following characterization of the BMO norm via Ba-
nach function spaces. Izuki [20] gave another simple proof.

Lemma 3.4. Let X be a Banach function space on R"™. If M is bounded on the associate sapce X',
then for all b € BMO(IR"),

B[]+ = sup 1(b — bg) xB]|x-

ball BCRR" IxBllx
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Lemma 3.5 (The generalized Holder inequality). Let X be a Banach function space on R". If
f € Xand g € X', then we have

[ g0l < 1 xglx

where X' denotes the associated space of X.
Lemma 3.6 ([4, Theorem 2.3]). Let p(-), p1(-), p2(+) € Po(R") such that 1/p(x) = 1/p1(x) +

1/pa(x) for x € R™. Then there exists a constant C,, ,, independent of functions f and g such
that

1/8llLrer < Copullfll e [1811 o
holds for every f € LP\C)(R") and g € LP20)(R").
Ifp(), p1(), p2(-) € P(R") such that 1/p(x) = 1/p1(x) +1/p2(x) for x € R", and
w € Ay withw; € A, (), w =TT w'""""), then
17811 r0 () < CoprlLF o) o) 18112 ()
Lemma 3.7 ([30, Proposition 1.2]). Let 0 < p < o0, 5 > 0. Then there is a positive constant C

such that
o] o] 7‘k7"5 p 1/P o] p 1/P
(T (L)) <e( ) 2

k=—o00 j=—00

or non-negative sequences {a; }$° ___. Here, when p = oo, it is understood that (3.1) stands for
g q JJj oo p

oo
sup( Y 2_|k_]|‘5ak> < Csupa;.
jEZ k=—o0 jEZ

Now we give the proof Theorem 2.1.

Proof of Theorem 2.1. Let f1 € KZlE:%’q](')(v, w1), f» € MK?E%:;"]Z(')(U, wy). Let (b;)p, express
the average of b; on the ball By fori = 1,2, and k € Z. If x € Dy, then

|Hy, (fu, f2) (x)| <272 /l <l 1f1(y1) f2(y2)[[b1(x) = ba(y1)[dyady2

2% [ A I0(3) (0 dydys
[(y1.y2)1<|x]

n 272kn/ |f1(y1) f2(y2) b1 (y1) — (b1) B, |dyady
|(y11y2)‘<‘x‘
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<272k by (x) — (by) Bk! / | f1(y1)ldya E / |f2(y2)|dy2

]_—OO

fo %y /|f1 y1)||b1(y1) — (b1) B, |dya Z / | f2(y2)|dy2

i=—00 ]7_00
fo%n Y / | (y)I|(01)B, — (b1)gldyr Y / | f2(y2)|dy2
i=—00 J=eo

=L+ DL+ I

If k > i, k > j, then by Lemma 3.1, we have

o(B)u ¥ / 1 (y1)]dyr < 2% wwﬁ/ o(By) W)/ £ (yy) |dys,

D;

o( B0 /!ﬁyzww<2 LLv P8 o)

]

o(B)" " [ IA)I[Gilay £ 27 [ 0B £ ()] Grlay,

i

o(B)" " [ 1A lIGaldin <2607 [ o(B) ) |fy(y1)] Galay,

i

where G1 = bl(yl) — (bl)Bi and Gz = (bl)Bk - (bl)Bi'
Since

2
w=[Tw’" and 1/p(-) =1/pi(-) + 1/p2(-),

i=1

by Hoélder’s inequality, Lemmas 3.3 and 2.3, we have

272kn . B
"Xl”L”i(‘)(wlpl )/py (- )HX]H (2 ()/pal- )HXkHLn
—2k
S27 M,y om0 135 s o I o W
||XiHLp/l<,)(wl—pa<->/pl<>) ||7Cj|| (z—pg<->/p2<~))

NHXkHLPII(')(w;pl()/pl ) HXkHL”z (;Pé(‘)/l’z(‘))

<27 (k*i)n512 X 27(’(7]')71522‘

Since

395

(3.2a)

(3.2b)

(3.20)

(3.2d)

(3.3)
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by (3.2a)-(3.2d) and Holder’s inequality, Lemma 3.4 and (3.3), we have

lo(Be)* " x|y o

<272)|(by — (by)5,) ')(kHLP(')(w)
k

kDt at .
X Z 2( Hwta HZ)(BZ')“l( )/nf1XiHLp1(,)(wl)HXZ‘HLPI()( ,pll(A)/m(,))
i=—00 1
£ (k—j)wtat )/n
x ), 2 10(B) 2" faxj | Lot gy HX;HL,,2 500
j:—oo wy

_ +at .
<272 by Z 2l HU(B:‘)M()/”f1XiHm<->(wl)HXz’HLp() OO

i=—c0 (w, )
£ (k—j)wtat ay(-)/n
X Z 2 [o(B;) szjHLpz<»>(wZ)HXjHL,,/z(.)(w—pz )/p2 () ||Xk||m ) (wP ()
j=—c0
< £ i) (wrat—népp) ar(-)/n
NHblu Z 2k H ( i) fUClHLm ) (wy)
j=—o0
k (k=) (wTat—nézp) az(-)/n
X Z 2 HU(Bj) fZXjHvat)(wz)-
j=—c0

Since

2 /
w = wa(') i) and a(r) =a1() + az(+),
i=1

by (3.2a), (3.2b), (3.2¢), (3.2d) and Holder’s inequality, Lemma 3.4 and (3.3), we have
||U(Bk)a(‘)/n12)(kHLP(-)(w)

ot
<2~ 2kn Z o (k=i)w"a |lo(B )“1 /anXz”Lm ) (1) H(bl (b 1)B,4)XiHLp£(g(wfp’l(v/m(‘))

i=—o0 1

k )
X Z Z(k_])merHU(B]')M(.)/”]CZX]'HLPz(‘)(wz)HXf”yﬂé(-)( w," ()/pal- )HXkHLP

j=

_ ot .
<2721 py || Z plk=ijwa HU(Bi)M(anl?(iHLﬁ(-)(w])HXZ’HL,,Q(.)(wfpﬁ(v/m(‘))

i=—o00 1

X Z Z(k j)w HU( )2(~)/”f2XjHLPz(»)(wz)HX]'HLP/Z(.)( 2 ()/pa(: )HXkHLP

+ 0t .
Sl 3 200 1) o By O

i=—o0
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k N (ot
" E o (k=j)(w 06*—”522)||U(B].)0€2(~)/"f27(jHLVZ(‘)(ZUZ).

j=

Since

w= ﬁw /Pt) and a(r) =a1() + az(+),

i=

by (3.2a)-(3.2d) and Holder’s inequality, Lemma 3.4 and (3.3), we have

||U(Bk)a(.)/nb)(kHLP(-)(w)

k
<27 N |(by) g, — (by)gy 2T

i=—o0

X HU(Bi)D‘](')/nleiHLpl(-)(wl)HXiHme (w—p’l(-)/m(-))
1

+ gt )/
X Z p(k=jlw'a |o(B ) "fZX]Hva ) (w,) ||X]HLP2 ( w) ()/pal- )HXkHLP

]_—OO
k
5272anb1H* Z (k— i)z(kfz)wwwr
j=—o00

X HU(BZ-)M(')/ﬂlei||LP1(-)(w1)HXiHLp/l(.) (40O

1

k .
x Y 20 o (B2 foxill o oy I a0 1N ) (o
]‘:700 2 Lpz ( Wy )
< £ o (k—1) (wrat—ndpp) ar(-)/n
Slowlle 3o (k—i)2 No(B) ™™ fiill s o)
i=—c0
XY ok ) o B O
j=—o00

Therefore, we have

lo(B)* " Hy, (fu, f2) x| 1o o)
k o
Sloalle Y- (= i)28 D =) o (B O™ £ 26 )

i=—o00

k N(w+
% Z o (k=) (w a+_n522)||U(Bj)a2(')/nf2?(j||LP2(-)(w2)' (3.4)

jzfoo
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By Lemmas 2.1 and 3.2, we have

-1 1
N/n 0 7(0)
HH;1 (fl/fZ)”KiE:;rﬁ(')(v,w) %( Z HU<BI<)“( )/ Hgl (fl’f2)XkHZE7())(w))

k=—0c0

1
a foo
+ ( Z HTJ(Bkch(')/”H;1 (f11f2>XkHZ°;(-)(w))
k=0
=:E4F.
Estimate E. Since 1/4(0) = 1/¢1(0) +1/42(0), a(-) = a1(-) + a2(-), by (3.4) and Holder’s

inequality, we have

1

E:< 5 o8O (7, f2>xkuzi?_{(w)>q

k=—oc

= £ N(what—n wy1(-)/n
§||b1||*{ ) ( Y (k — )2k Dwrat=ndn) | (g ym )/ S1xill o oy

1

K ki) (what —ns / 100y 7@
X 2 2( =) (wtrat—n ZZ)HU(B]-)M(~) anXj||LV2(‘)(w2)> }
j=—00
V- £ / + .+ 1’71(0) ﬁ
§||b1||*{ ). < ). HU(Bi)“l(')/"leiHm(z)(w])(k—i)z(kﬂ)(w ¢ ”‘512)> }
k=—co \i=—00
-1 k y ot s qZ(o)m
AT (8 1) gl 2 )
kZ*OO j:—oo
=:[|b1][+E1 X Eg,
where
= k y e N
Ey ::{ ). < Y llo(B)mt) nleiHLP1(~)(w])(k—1)2( —i)(wrat—n 1z)> } )
k=—oc0 \i=—00

-1 k y REPVR qz(O)ﬁ
B { 8 (X (B0 ol 2 )

k=—o00 j:—oo
Estimate E;. Since w™at — nédjp, < 0, we write
(k— i)27|k7i|(n(5127w+u¢+) < o= lk=iley
for some €1 € (0,161, — wta™), in Lemma 3.7 replacing é by €1, we obtain that

-1 ©
< N1 () /n g 91(0) <
fs (.2 IRBI Axilnowy ) = illgono )

1=—00
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Estimate E,. Since wta™ — ndy < 0, in Lemma 3.7 replacing 6 by nd; — w*a™, we obtain
that

1
zxz )/n 0) 7200 <
(] T 1) 5 )™ S Ul

Thus, we get

E S 1Bl All gorc s w121 gzl

Kot v2)

Estimate F. Since 1/ = 1/q100 + 1/G200, a(-) = 041(-) + a3(-), by (3.4) and Holder’s
inequality, we have

1
. oo

Sllblll*{z< Y 10(B) SO fixill s g (k — )26 D e )

k=0 \i=—o0

- , N
x Z HU(B]‘)“Z(')/anX]‘HLP2(~)(W2)2(k])(w+[x+MZZ)) }

j=—00
- d ar(-)/n N\ (k—i) (what —ndyp) e 111%,0
Sl 3 (5 BB il (6~ 02 @)
k=0 \ i=—oco
o0 k / e - 5 200 []2%
% { E < E ||Z)(Bj)m(') nf2XjHLP2(')(w2)2( —)(wtat—n 22)> }
k=0 \ j=—co
= ||b1||*1:1 X Pz,
where
0 k i oy s J1c0 ’Tlioo
T AL
k=0 \i=—o0

00 k . 200 ‘hioo
B = { Z( )3 Hv(B]’)“z(')/”fzx]'Hmm(wz)Z(k])(“’W”‘522)> } -

k=0 \j=—0c0

Estimate F;. we obtain that

© 1 |
Fl 5{ Z ( Z H'U( 061 /nf1XlHLP1 wl)<k—i)z(kfl)(l(ﬁroﬁfnélz)

k=0 \i=—o0

k ' : N e T
30— 0B s 2 )
i=0
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(% . ey s
5{ Z( )3 ||U(Bz')“l(')/”flxi||m<~>(w1)(k—z)z("—O(wW—néu)) }
k=0

i=—o0

00 k . Moo ﬁ
+ { )3 <Z (B O™ Fi6ill 1) gy (K = i)z(kzxwwwau)) } 1
k=0 \i=0
=:h)+ Fp.
Estimate F; ;. Since w™a™ — né1; < 0, we obtain that

oo —1 . . J1c0 q]i
Fa={ 1 (L 100800 il (= 20 0 )

k=0 \Ni=—oc0

. | o s
. Nwtat—
SHfl HKZ%E:;W(')(UJW){ Z < Z <k — 1)2(7( i)(wha n(512)) }

k=0 \i=—oc0

S a hoy i
tat— . _ +o+_
SHfl||K2E:;'q1(‘)(v,wl){ qulwquloo(w ® n512)< Z (_1)2( i) (wha n512)> }

i=—o0

5 Hf1 ||K*1E‘;r'41(~)(

o1 (- v,w1)

Estimate Fj 5. Since wa™ — ndjp < 0, we write
(k _ i)zf\kfi\(nélzfuﬁaﬁ) < 27|k7i|;71

for some 171 € (0,161 —wta™), then in Lemma 3.7 replacing é by 71, we have

) k N 1o %
Fis :{ Z <Z ||U(Bi)m<')/nfl7(iHmﬂ‘)(wl)(k _ i)z(k—z)(w a+_m512)> }tn

k=0 \i=0

- ar(-)/n q ql%”
5(120 HU(B1> 1 lei‘ LPT(')(w1)>
< (01 () e
NHleMKz}E-;ﬁqfl()(wl)

For F,, we obtain that

[} -1 ‘
F S{ 3 ( Yo 0B =0 Fol sy o 2P 702
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- . 1200 ‘hioo
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) -1 ' - . q;w
S{ > < Y 0B ol oy 25 mszz)) }
k=0

==

: D200 T
{ Z < 2 lo(B (.)/anX]'HLr’z(‘)(wz)Z(k_])(ZU+a+_m522)> }qz

k=0
= F2,1 + lez.

Since wha™ — ndyy < 0, we have

> i . . N
Far={ 5 (5 o0 gl 2 )

k=0 \j=—co

0 -1 . 200 quoo
_ + a4t
fll st (W){ Z( Y okt W) }

k=0 \j=—0c0
5 ||.f2 |‘K"‘ZE‘§/‘72(‘>(U w2) .
pa(: !

Since wTa™ — ndyy < 0, where wrote
9= lk=jl(nén—w*a®) < o—lk=jly2
for some 11, € (0,16 — wta™), then in Lemma 3.7 replacing é by 7, we have

20 7o
Fia={ 1 (B e o2t 70 )

k=0
1

9200
<2H DB )

Slif2 ||Kz§§:;/qz<«> (o)

Thus, we get
H S 101l i
Combining E and F, we obtain that
I o )11 ) DD D 30 g WP 5y
Similarly, we have
HHbz(fl/fZ)H (o) < D211l fill Yl won 121l K220 ()

Therefore, the proof of Theorem 2.1 is completed. ]
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