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1 Introduction

Given a Schwartz function f € S(R"), we consider the fractional Schrodinger operator

defined by

Su0f(x) = (5)" [ et feyae (1.1)

with a > 0. It is the solution to the initial data problem of the fractional Schrodinger
equation

{ du(x, t) = (=A)2u(x,t), V(xt) € R" xR, (1.2)

u(x,0) = f(x).

From the Plancherel theorem, (1.1) can be easily extend to a bounded operator on L2-
based Sobolev space H*(IR") for s € R. Here we recall the norm of H*(R") as

Hs(R) — </]R (1 + \6\2)5
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1]

f(é)\zdé)% < oo, (13)
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When a = 2, S5(t) becomes the classical Schrodinger operator. We take S(t) as its ab-
breviation. In [3], Carleson posed the following well known problem: To determine the
infimum (critical) index s, such that for any s > s,

imS(#)f(x) = f(x) ae xe€R", Vfe H(R"). (1.4)

t—0

For one dimensional case, Carleson [3] showed that (1.4) holds for s > %. The correspond-
ing opposite result is obtained by Dahlberg and Kenig [7]. Moreover they showed that
(1.4) does not hold for s < % in any dimension. Thus we can conclude s, = 1/4 forn = 1.
After that, there are enumerate literatures devoted to settling the high dimensional prob-
lems. Sjolin [16] and Vega [20] proved the convergence if s > 1/2 independently. Lee [11]
set up (1.4) whens > 3/8and n = 2. Bourgain [1] improved these results by showing
that the convergence holds for s >  — L and the necessary condition is s > 1 — 1 for
n > 4. More recently, Bourgain [2] constructed a counter example to show that (1.4) does
not hold for s < Du, Guth and Li [6] obtained that s, = 1/3 by setting up (1.4)

(n+1)
ifs > % and n = 2. Forthermore, Du and Zhang [9] proved the Convergence holds if
s> (n ) and n > 3. Thus the solution to Carleson’s problem is s, = 2(n =y forn > 2.

It is nature to ask the same question for general 2 > 0. An interesting phenomenon is
that when a > 1, the results do not depend on the value of 4, but when a < 1, the results
depend on the value of it. For a > 1, the convergence were proved to be true if s > 1/4,
n = 1by §jolin [16] and Vega [20]. Miao, Yang, and Zheng [14] obtained the convergence
when s > g and n = 2. Cho and Ko [4] proved that the convergence also holds when
s > (n ) and n > 2. The same result was also obtained by Li, Li and Xiao [12] by setting
up the up-bound of Hausdorff dimension of the divergent set.

When 0 < a < 1, Walther [21, 22] set up the convergence when s > a/4 in one di-
mension and for the radial functions in higher dimensional spaces. Very recently Dimou
and Seeger [10] obtained the equivalent condition to time sequence of {t,} such that if
tn — 0 (1.4) holds. Thus we know that s. = f is the critical index when n = 1. For
n > 2, Zhang [24] proved the convergence for s > 7. It is still very open to determine
the critical index for the high dimensional case.

An interesting generalization of the point-wise convergence problem is to set up the
convergence in a wider approach region instead of vertical lines, for example, the non-
tangential limit. It is easy to see that it holds for s > 7 by Sobolev Embeding. Sjolin
and Sjogren [15] showed that non-tangential convergence fails for s < 7. Cho, Lee and

Vargas [5] showed that the non-tangential convergence holds if s > A 4) whena = 2
and n = 2. (®) denotes the upper Minkowski dimension of the upper cover of the cone
which will be given soon. Cho, Lee and Vargas [5] deal with estimating the boundary of
the operator along the restricted direction and time localization argument. Shiraki [17]
extended result of [5] to 2 > 1. In this paper, we will deal with the case of 0 < a2 < 1,
n=1

To state our main results, we need first introduce in some notations. Let ® C R be a
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fixed compact set of R, We call

[(x,t)={x+s0:s€[-ttjandOd € ®}, x€R and t>0, (1.5)
as a cone respect to the upper cover ©. It is clear if ® = [—1, 1], it is exactly a classical
cone in IR?. The upper Minkowski dimension of ® which can be defined as

B(©) = inf {r > 0: limsup N(@,6)8" = 0}. (1.6)
6—0
Here, N(©, ) denotes the smallest number of -intervals which cover ©.
The main results of this paper can be state as follows.

Theorem 1.1. Let 0 < a < 1, ® C R be a compact set. If s > 1+ — 2(1 — B(®)), then there
exists a constant Cy > 0, such that

sup [Sa(t)f(-+t0)]
(£8)€[~1,1]x©

< Gl fll s (w)- (1.7)
[2(-1,1)

Corollary 1.1. Under the condition of Theorem 1.1, we have

. . s
y€1r1xr,11LO Sa(t)f(y) = f(x) ae x€eR, VfeH(R). (1.8)
Remark 1.1. When ® = [—1,1], we have B(®) = 1. By the results of Sjolin and

Sjogren [15], our result is sharp in this case. For f(®) < 1, our results are new. This
result is not coincide with the critical index s, = § when ® = {0}. But the latter is only a
very special case of B(®) = 0.

The non-tangential convergence means that the convergence is true along any curve
in the cone region. The critic number s; is 5 when (®) = 1. Theorem 1.1 shows that
along some curve in I'(®) the convergence can also be true for functions with less regu-
larity. Thus is would be interested to understand convergence for the points along some
curves in the cone. Given a continuous curve y(x,t), such that lim;_,o y(x,0) = x, we
define the operator along this curve as

A

Suf (1) = Sif (1w, 0) = 5 [ I fE)a, fe SR, (19)

The question now is to determine the lower index s, such that for s > s. ,,
lim Sy, f(x) = f(x) ae x€R", VfeH(R"). (1.10)
For classical Schrodinger operator Lee and Rogers [13], Cho, Lee and Vargas [5] consid-

ered the curve 7(x, t) satisfies the following conditions:

[y(x,t) = y(y, )| < Clt =17, (1.11a)
clx =yl <|y(x,t) —y(y, )| < Clx —yl. (1.11b)
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Cho, Lee and Vargas [14] obtained the pointwise convergence holds if

s > ma {1 Tl}
X{=—T,—¢.
2 4

Ding and Niu [8] obtained the convergence along the curve holds if

a
s >

1
1 for §<T<l

or

Co(a ay/l
§ = min {E’ 4 (?
Furthermore, Ding and Niu [8] show it is sharp when a > 2 the critical index s, =
max{% -7, %} We focus on 0 < a < 1. For this aim, we need to consider the maxi-

mal operator

—1) }, when a > 1.

St f(x) = sup Sp,f(x) (1.12)
t€[0,T]

with a given constant T > 0.
We now state our next result:

Theorem 1.2. Let 0 < a < 1,0 < T < 1. The curve 7y satisfies (1.11a) and (1.11b). We have

1SEA fll2ry < CllfIEs(w)s (1.13)
whenever , .
a
- _Z - <
s>2 1 for 2<T_1,
o 11 1 1
a
11 asl <L
s>mm{2,2+4<T 3)} for 0 <1< 5
Corollary 1.2. Under the condition of Theorem 1.2, we have
Prr(}Sm(t)f(x) = f(x) ae x€R, VfeH(R). (1.14)
*>

2 Proof of main results

21 Two lemmas
In this section, we collect two lemmas which will be used very frequently in our proof.

Lemma 2.1 (Van der Corput’s lemma, [18, p. 309]). Suppose A > 1 and we have |p*(x)| > 1
forall (a,b). Ifk = 1 and ¢' is monotonic on (a,b), or simply k > 2, then there exists a constant
Cy. such that

[ e 0par] < cat( [ el +gle) 1)
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Lemma 2.2 ([19]). Let I denote an open interval in R. For g € C°(I) and real valued function
F € C®(I) with F' # 0, if k € N, then

/;mﬁ@MZ/QWWQWx (2.2)
I I

where hy is a linear combination of functions of the form
r .
O H £l
q=1
with0 <s §k,0§r§kand2§jq <k+1.

2.2 Proof of Theorem 1.1

Let ¢ be a bump function supported on [—1,1] and ¢ = ¢(x/2) — ¢(2x). And we take the
notation that i (x) = ¥(27%x) for any k € N. Given f € S(R), we denote the projections
of the function to the dyadic annulus respectively by

fo() = F(©) &) and f(Z) = fF(E)yi(Z), kEN.

Then we have the following partition of unit

f(x) = fo(x) + Y fr(x).

k>1
Denote the maximal operator
Meof(x) =sup{|Sa(t)f(x +10)|: —1<t<1, 60 € O} (2.3)
For fixed k,
N 2
Meofi(x) = sup |[Sa(t)fr(x +10)] < (Z sup |Stfk(x+t9)\2> , (2.4)
(t9)€B; x© j=10eQy
where O ; = Q;(2¥), and {Q;j(A)}_1 is a finite covering of © such that
® CUY,0i(A) and [Oj(A)] < A5 (2.5)
By Minkowski’s inequality, we have
Mo f 2y < [[Mefoll 2y +1<Z>1 |Me fellr2(1)- (2.6)

For the low frequency part, it is easy to see that

IMofollizy < [ @o(@IF(€)1d2 < Il @7)
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We then need to obtain some estimates for Mg f. Moreover,

Y IMefillf2y < Y- Y- 1Moy fill?2 (2.8)
0)) (

k>1 K>1j=1

where
MQk/],fk(x) =sup{[S.(t)f(x +1t0)]: —1<t<1,0¢€ Oy}

Firstly, we claim the following estimate and postpone its proof to the next proposition.
[Mafll2my < C2k(z—5) NIfll2, VO is an interval with |Q] < 2K(3), (2.9)

And let -
ka = hkf/

o 1 1 L 1 1
By the definition of the upper Minkowski dimension, there is a constant C. depending
on € to hold the inequality

where

N(@, )\_0) < Ce)\gﬁ(®)+€
for any € > 0. And by (2.8), (2.9), we can obtain that

Y- IMefillfy < Yo Y- Moy, Lif 72

>1 K>1j=1
» 22(1*%>k||ka||i§
< 22“ PO L f 1. (2.10)
We conclude that
Mo flliay < I 413050 (2.11)

We now give the proof of (2.9).

Proposition 2.1. Let k > 1 and Q be an interval with |Q}] < 2k(3), Then, there exists a constant
C > 0 that

l )
IMaflliagy < C2G9]|f]| 2. (2.12)

Proof. Set A = 2F and denote

)dg, (2.13)

S

Tf(x,1,6) = x(x, t,9)Aei((x+t9)5+t'§'a)f(é)¢(
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wherey € C{°(I x [—1,1] x Q). The result follows from

1_a
ITfll2re < A274 ]| ]2

x5t
By duality, it is need to show that
1_a
IT°Flli2 < CAY 4| Fll 2y,

where
WP@)=¢(§)A;ﬂw”wﬁ“ﬁ”F@JﬁvxwxﬁUMﬁmw

It is sufficient to show
1_a
ITT"Ellag, < CAG D[] 1y
We note that

TWF@Jﬁ):XwﬁﬁxwyKﬂtﬂxyﬁﬁﬁmyﬂﬂﬁﬂ%ﬂﬁWWﬂﬁ%

(2.14)

(2.15)

(2.16)

(2.17a)

Ka(tt,x,y,0,0) = x(x,t,0)x(y,t',6")A / NI Ay HO-008) g2 (2)dg. (2.17b)

We have the following estimates for the kernel K.
(i) The case |x —y| > 4|t — /| and |x — y| > 4A~2. We have
{¢%@:aMx—y+W—¢@@+aMU—HNQWR
¢"(8) = ala—1)A(t - £)[g]"2.
Then,

¢'(3)] ZAl(x —y +1t0 —t'0")| — A°|(t — t')]]¢]"
ZAlx —y| = A%t —t)[|g]"!
ZAlx =yl

(2.18)

(2.19)

Since ¢’ (&) is single-signed on (—o0, —1] and [1, o0), so ¢’(&) is monotonic on |&| >

1. By Lemma 2.1, we can obtain that
Ky SAAx =y S Afx -y,

when |x —y| > 4172,

(ii) The case |x —y| < CA~2 and |x — y| > C|t — t|. It's obviously that K, < A.

(2.20)
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(iii) The case |x —y| < C|t — t'|. By Lemma 2.2, we have
K S AT (e —y) 2 (221)

It follows from Holder’s inequality and Young’s inequality that
/(K* (1)) (o) R (x) dx < [[K]| 2 || B]|Z- (222)
By Fubini theorem and previous argument,

AL IEG g NG gy 1~ 12y S A2y
A IEG Mg NG Vi, Xy 5003y (x = 9y S5 [FIRyy 229

N[ B g 1P )y b — vl ey S APy

We compare the exponent of A, the proof of proposition is completed. O

We finish the proof of Theorem 1.1.

2.3 Proof of Theorem 1.2

We denote the linearization of the maximal operator as

Tf(x) = / NS £(7) g, (2.24)
R
It is sufficient to set up
ITfCN 2wy S 1 Ilaswr)- (2.25)

We decompose it
Tf(x) :/ eiv(x,t)§+it|§\af0(€)d€+ Z/ eiw(x,t)é+it\§|nfk<§)dé
R -1 /R
—  Tof(x) + z Tif(x (2.26)

where fy and fi are the same as in the last subsection. By Minkowski’s inequality, we
have

ITf ) < ITofllm) + X ITkf Ly w)- (2.27)
k_
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We first estimate the || Tof||2(r)- Let

Log(x) = /Re”("'“"”“”“‘“'”qoo@)g(@dc, g€ SR). 2.29)
Taking function p € C3°, p = 1if |x| <1,and p = 0if |x| > 2, we denote
X iv(x i a
Long(x) = p() [ eTHDEIDIT g0 (2)g(@)dg, g SR).  (@29)

By duality, its adjoint operator

—iy(x,t(x))E—it(x)|E] X
Ly,h(8) =qoo(§)/]Re Yt (x))E—it(x) ] p<7

m)h(x)dx, m>1. (2.30)

Thus, we have

Ll = [ (90(@) [ e r DI g (2 ()
((Po(é) / o7, (>>¢+it(y>|¢\“p(Z)h(y)dy)dg

m
- / / Ko(x, y)h(x)h(y)dxdy, (2.31)
where
X i —v(x,t(x i a
Ko(x,v) :p%)p(%) /IR T ) =1 S+ DI o2 () g (2.32)

Using the Holder’s inequality and Young's inequality we obtain
1L bl ) < ClKoll oy 1 233)

We claim that [[Ko[;1(g)y < C and it is mdependent of m, which we will give the proof in
Proposition 2.2. Thus, we have

IZomgl72my < Cliglz ) (2.34)
By taking m — oo, we have

ILogll72(r) < Cligliawy- (2.35)
We now set up the uniform boundedness of ||ko||1(g)- It is sufficient to set the following
proposition.
Proposition 2.2. Suppose <y satisfy the conditions in Theorem 1.2 and Ko(x,y) as (2.30). Then

1 T
{ K] S ey o= ey (236)
1

Ko(x,y) S 1, [x —y| < C2T)".
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Proof. We decompose Ky(x,y) like that

Ko(x,y) :/ i) G % (i(t(y) — t(x))lél“)k)q%@)dg

R k=0

k=0
=:Koi(x,y) + Kop(x,y), (2.37)
where aM < 1 < a(M + 1). It’s obvious that
Ko <1 for |x—y| < C(2T)".
So we only consider the case |x —y| > C(2T)".
The estimate of K ;.
In the view of (2.37), it is need to show

/ei(v(y,t(y))*v(xlt(X)))C‘§|u¢%(g)d€f < Clx —y|717, (2.38)

where the constant C is independent of x, and x > 1. Let y = 1 — ¢ and ¢, (&) = p(m().
Integrating by parts, we have

/ VW) 1 ()8 20 g2 (2 dg
R

— lim ei(v(y,f(y))—v(x,t(X)))C|§|a¢m(§)q)o(g)dg

m—oo JR

= = i) =10 gsgn (F)[E]7
_i(v(y,t(y))—v(x,t(x)))(/Rewty 1A  asgn(€)121" po(8)dE

N / ) V(S | 2 2 (7)dE
R

m—oo JR

+ lim ei(v(y,t(y))—v(x,t(X)))C|§|a¢;n(g)(PO(g)d(j)

-1
ity ) = (xt
We denote 1 : & — sgn(¢)|&|*~L. Since & is odd and homogeneous of degree a — 1 its
inverse Fourier transform is odd and homogeneous of degree —a. Thus the convolution

i ¢y = I /C is bounded and continuous and that it veryfies the estimate. I, decays
rapidly at infinity.

(x)))(ll(x—y) + L(x —y) +n%i_r>r;013,m(x—y)). (2.39)

[l(x = y)| < Jim 2 "¢}, ()de < Cm. (240)
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Thus, we have
‘ / (1AW~ HNE | £]a 2 () dg‘ < x—y
R

The estimate of Ky ».

Set
Kopm(x,y) = / EHHUHI) =158 (I
o (i(ty) — t(x)g])*
-L o ) B (©)pn(@)de
—: [POQ@)z,
where

) . M (; _ a\k
Q) = (el(t(y)ft(x))m Y (i(t(y) kt!(x))m ) )4’%(5)%(5)-

k=0
By integrating by parts twice, we have

x — 1 eiP(é) "
Koz¥) = = Gt e e @ O

where

Q"(¢)

. (ei(t(y)—t(x))w _ /v]\i (i(t(y) — t(x))|§!”)k)(”)(¢%(§))(ﬁ)(¢m(§))(n),

!
ptp+n=2 k=0 k!

when |x — y| > C(2T)". We have the following that

1 i 17
Koz (09) = (oo = E el 12 @)1

1

S Y g
CRAEETIEN PR

where

Lopy = /‘(gi(t(y)—t(x))\ﬂ” _ % (i(t(y) _,:!(x))‘é‘a)k)(y)H(fp%(é))(ﬁ)H(le(é))(

k=0

(2.41)

(2.42)

(2.43a)

(2.43b)

(2.44)

(2.45)

(2.46)

W)dg‘_
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Thus, for 0 < |¢| < 1, the following estimate holds

)(eiu(y)—t(x))\gv N % (i(t(y) — t(X))!é\”)k)uo‘

!
= k!

(&, )

§C|(:|a (M+1) —y.

341

(2.47)

We can obtain the estimate for 1 < || < 2 in a similar way. For p = 0,1,2, by the

convergence of Taylor series.

(5 Q=0 gy

|
M1 k!

And by the definition of i and 1 < |¢| < 2, we have

(g (@) < Clg] ™", 7 =1,2
Thus, if 7 =0,

<C/ uM+1 yd +/
fwpn <|c\<1|§| A

<C & MHD=24z 1 C < C.
lg]<1

If 7 = 1ory = 2. We consider m~! < |¢| < 2m~! for m sufficient large.
I],dﬁ?] C/ e 2 |€|a (M+1)—p— de < Cm—lm a(M+1)+pu+y < C.
¢

Thus let m — oo, so we complete the proof.

Next, we estimate || T f||;2(g)- Defining the operator R) as

Rag(x) = A~ / YA(x)E it (x ‘5|¢(‘3) (&)de, g€S(R), A>2.

Taking p as above

Ramg(x) = A~%p () [ttty (£)gcyae, gesm®), Az2

Noticing that N is a dyadic number, we consider the adjoint operator of it

R} ,h(E) = A’%/J(%) /]Re”( A(X))E it ”‘ﬂap(m)h(x)dx, m>1 A>2

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)
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We have
IR (@) iz, = [ [ Kolx,y)h()h(y)dxdy, (255)
where
—o( X\ o( YL iy ()~ (e H)))EFH ()~ )2l 2 ( £
Kalxy) =p(3)o(L) [ e p(3)de s
Let
a2 [ ) (ot )E k) —HIEl g2 (&
(xy) =A% [ e P ( A)d’é. (2.57)
Denote G(¢) = ¢?(¢), and by changing the variables, we obtain that
Li(x,y) = Al—ZS/ M) =1 (et )E+HA () -t G (7)de, (2.58)
R
Proposition 2.3. Suppose that -y and I (x — y) as above. For 1 < T < 1, we have
Li(x,y) S A2, 0<|x—y| <CAe1,
L(x,y) SA 2 (Jx —y|) "2 A2, A0 < |x —y| < CAS, (2.59)
L(xy) S Ax—y)2A, [x—yl = CA*.

The constants C are independent of A.
Proof. For the case |x —y| > CA¢|t(y) — t(x)|T. Let

F(G) = Ar(y, t(y)) — v(x, £(x)))¢ + A" (H(y) — t(x))S]".
It’s obviously that
L(xy) = A [ FOG (), (2.60)

and
F'(&) = Av(y, t(y) — v(x, t(x))) +aAsgn(§)(t(y) — t(x))[g]" ",
F'(§) = ala — 1A (t(y) — t(x))[¢] 2, (2.61)
FOI(g) = a(a —1)(a = 2)A"(t(y) — #(x))sgn(§)[&]">,

From ¢ satisfying the condition (1.11a), (1.11b) and |F/(§)| > CA|x — y|. Noticing that
1<l <2,|F9D(g)] < CA® for j = 2,3 and by Lemma 2.2, we can obtain

- i @ (@2 | FOE)
[#OORS | e T <”|F'<c>|+(|mc>|) e )%

_ Af r
S =y (5 —51)
S(Alx—y)) 2 (2.62)
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For the case |x —y| < CA¢|t(y) — t(x)|".
[F"(&)] = CA"[#(x) = t(y)| = A" F(|x —y])+. (2.63)
Noticing that |G||r~ < C and ||G'||;1 < C, by Lemma 2.2, then
I (x,y)| < CAZEH5 (x —y|) "2 A1, (2.64)
Thus, we complete the proof. O

Let I be as above. By Holder’s inequality and Young’s inequality, we have

IRy < [ (T [ ) < CIT (2.65)
From Proposition 2.3 it follows

Il <A, 266
where § > 0. So we have
IR\ mgllzry < A28l 2Ry, (2.67)
the constant C is independent of m and A. By taking m — co we have
IRAgllr2r) < A28l 2(w)-

For 0 < T < 1, we have the estimate

{ Iy(x,y) SAZ, lx —y| < CAS,

2.68
L(xy) S (Alx—y]) 2N%, |x—y| > CA“. (2.68)

We prove that forall0 < 7 <1

IRy < [ [ 1oy )1yl dxcy

<C N'"%|h(x)||h(y)|dxdy
|x—y|<CNe

+C NY2(Nlx —y|72)|1h(x)||h(y) ldxdy
|x—y|>CN¢€
<SCN'ZFY h]| T2 gy (2.69)

We need to restriction the exponent of A to negative,

1-254+€<0, (2.70)
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for any € > 0, thus the convergence holds if s > %
We consider the case for % <Tt<1

_a, € 1 1
IRyl <C [ ATEE (e ) EA )] () ey

+C A2 (Ax = y]) 2 (x) [ h(y) |dxdy
|x—y|>CA€

<SCAE2H B2 @71)

Thus, we have
I r1-2s54e<0 (2.72)

Then,
1 a

s>1-1 (2.73)

The case for % <1< %, it is obviously that —% > —2. We obtain that

[ ATERGORy)dxdy < A g (2742)
|x—y|<Aee
A=5T5 |x — y| "2 AV | h(x) || (y) | dxd
S oMy 1)1 1(y)ldxdy
< C)L1725+%(%*3)+€Hh”é(ﬂ{)‘ (274b)
Then,
1 a/l

We consider the case for T = % Denote T = % —0,0<0< %, as above, we have

s>;+i<%i9—3).
1

So that the convergence holds if s > % — 7, whent = 3.
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