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Abstract. Weighted /), (0 < p < 1) minimization has been extensively studied as an ef-
fective way to reconstruct a sparse signal from compressively sampled measurements
when some prior support information of the signal is available. In this paper, we con-
sider the recovery guarantees of k-sparse signals via the weighted £, (0 < p < 1)
minimization when arbitrarily many support priors are given. Our analysis enables
an extension to existing works that assume only a single support prior is used.
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1 Introduction

Compressed sensing [2,5] is a new data acquisition paradigm, which reliably recovers
a high dimensional sparse signal x € R" (a signal is called k-sparse if the number of its
nonzero entries has at most k < n) from significantly fewer linear observations

y=®x+e, (1.1)

where ® € R™*" is a measurement matrix and e € IR” denotes additive noise that sat-
isfies |le]l2 < € for some known € > 0. Compressed sensing is nonadaptive because
the measurement matrix ® does not depend on the signal being measured. But, some
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prior information of the signal x may be included in the estimates of the support of x
or some estimates of largest coefficients of x in some settings. For example, video and
audio signals exhibit strong correlation over temporal frames, which can be used to esti-
mate a portion of the support based on previously decoded frames (see [6]). Therefore,
the recovery of the signal x incorporating prior support information has received much
attention including the weighted ¢;-minimization [3,4, 6,14,16,17,19], the weighted ¢,
(0 < p < 1)-minimization [10,11, 13, 18] and the greedy algorithm with partial support
information [7,12,15].

This paper considers the recovery of the signal x from (1.1) and is devoted to new RIP
bounds for the exact and stable recovery of sparse signals with arbitrary many support
priors via the weighted ¢,-minimization:

min [|x||} w subjectto [[@x —y> <¢, (1.2)
xe€R”

where w € [0,1]" is a weight vector and

n
Illpw = (Lo wilxd”) "
i=1

The main idea inherited in the weighted £, (0 < p < 1)-minimization is to make the
entries of x, which are “expected” to be large, be penalized less in the weighted objective
function in (1.2) by the effect of the weight w.

As p = 1, the method (1.2) reduces to the weighted ¢;-minimization:

==

min ||x|[1,w subjectto ||[®x —yl|2 <e. (1.3)
xeR"

The rest of the paper is organized as follows. In Section 2, we recall a recently estab-
lished RIP bound for signal recovery by virtue of the weighted £,-minimization with a
single weight. In Section 3, we respectively present sufficient conditions for the recov-
ery of sparse signals by weighted /,-minimization with non-uniform weights in both the
noiseless and ¢, bounded noise. Section 4 is devoted to the proofs of the main results.

2 Weighted /,-minimization with a single weight

LetT C [n] = {1,2,---,n} be a known single support estimate of x. The weight vector
w in this case is taken by
w, ieT,
w; = P (2.1)
1, ieTS
for some fixed w € [0,1] and i € [n].
The restricted isometry property (RIP) is one of the main tools used to evaluate the

recovery performance via a variety of efficient algorithms. The RIP notion introduced by
Candeés et al. in [2], is the most widely used framework in compressed sensing.
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Definition 2.1. For a matrix ® € R™*" and an integer 1 < k < n, ® is said to satisfy the RIP
of order k if there exists a constant & € [0,1) such that

(1= 00l < | @]z < (1+ 6¢) |1 x]13 (2.2)

holds for all k-sparse signals x € R". The smallest constant Jy is called the restricted isometry
constant (RIC) of order k for ®.

When k is not an integer, J; is defined as dp;) in [1], where [k] denotes an integer
satisfying k < [k] < k+1.

The main result of [9] generalizes the recovery condition from [21] to the weighted
¢,-minimization (1.2) where the weight vector w is specified in (2.1).

Theorem 2.1 below states the main result of [9] which presents a sufficient condition
for the exact recovery of sparse signal x from y = ®x.

Theorem 2.1. Let x be an arbitrary k-sparse vector in R" with T = supp(x) and y = ®x. Let
T C [n] be an arbitrary set and p > 0 and 0 < « < 1 with ap < 1 such that |T| = ok and
IT N T| = apk. Given the weight w € [0, 1] and 0 < p < 1, define some important parameters
somehow depending on the weight w, and the size and the overlap of the true signal support T
and the prior support estimate T, and p as follows

o The constant {:

2

(= <w+(1—w)(1+p—20¢p)277p>m, (2.3)
o the constant d:
g 1, w=1, (2.4)
] 1+ (max{0,1-2a})p, 0<w<1, '
o the parameter © is defined by
_ ¢
0= " 2.5)

e for © > 0, the quantity 6(p, ®) is defined by
1 2+p

> > 7 @ 2 ®O = 27/
L O < @0
2-pO -2’ '
where zy € ((1— p)©, min(1, 5LO) is the only positive solution of the equation
gz% Yz (2_2’9)9 —0. 2.7)

Moreover, for © = % = 0, we define 5(p,®) = 1.
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If the measurement matrix @ satisfies RIP with
5 < 8(p,©) (2.8)

ford < t < 2d, then the weighted {,-minimization (1.2) with the weight vector w defined in
(2.1) and 0 < p < 1 recovers x exactly.

3 Weighted /,-minimization with non-uniform weights

In this section, we present our main results for generalizing the weighted /,-minimization
theory of [9], to allow for arbitrary weight assignments.

We consider the weighted /,-minimization with L distinct weights, where 1 < L < n.
Let T] C [n] be arbitrary L disjoint sets and denote p; > 0 and 0 < a; < 1 such that
T;| = pjkand |T;NT| = ajpjk, j =1,---,L, where p; > 0and 0 < a; < 1 are called the
relative size and accurary for eachj =1,---, L. Define T= U]-Lzlfj. The weight vector w
in this general case is chosen in the following way

w;, ieT,
1, ieTS
fori € [n]and w; € [0,1],j=1,- -, L are given weights.

We first provide a recovery guarantee for the weighted ¢,-minimization with L dis-
tinct weights in noiseless case.

Theorem 3.1. For 0 < p < 1and y = ®x, suppose that x be k-sparse with T = supp(x).
Let T; C [n] be arbitrary L disjoint sets and p; > 0 and 0 < a; < 1 such that |T;| = p;k and
IT;NT| = wpik, i = 1,---, L. Without loss of generality, assume that the weights in (3.1) are
ordered so that 0 < wy, < -+« < wj; < 1. Let

Bi = max { i“jpjri(l - "‘j)Pj},

=i g

1, i=1,
b = .
sgn(wj1 —w;), i=2,---,L,
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and
1, (4)1:(,02:-~~:sz1,
d= max {b(l—itx-p'—kﬁ-)} 0< ﬁw-<1
ie{12m L} i por 177 1 ’ =i i ’
L L Z*TP
YL :(,UL—l—(l—wl)(l—szi—ZZDcipi)
i=1 i=1
L L L Z*TV
—+ Z(wi,1 — wi) (1 + Zp] — ZZocjpj> .
i=2 =i j=i

If the measurement matrix ® satisfies RIP and
Sy < O(t, p,©),

where d < t < 2d, and for

O(t, p, ®) is defined by

. L , ©0>0=2"F
5(t,p,®) = VPP +(2-p)?0—(1-p)
/p/ 20

2—p
2-p)O® -2z’

O < 0,
where zp € ((1— p)®, min (1, Z_Tp@))) is the only positive solution of the equation

Bz%jtz—z_TP@:O,

2
and
72/(2—17)
5(t,p,®) =1 if ©@ = ’;_d =0,

then the weighted {,-minimization (1.2) recovers x exactly.

293

(3.2a)

(3.2b)

(3.3)

(3.4)

(3.5)

(3.6)

As p = 1, Theorem 3.1 presents a sufficient condition of the weighted ¢;-minimization
(1.3) for the exact recovery of x, which improves the theory of [17]. See the following

Corollary 3.1.
Corollary 3.1. If p = 1 and ® satisfies RIP with

1
V1i+ 0O

S <

(3.7)
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whered < t < 2d and

L L

@I(t—d)*l (WL+ (1w1)¢1+2pi22aipi

i=1

_|_

M-

i=2

2
L L

(a)z',1 — wZ)J 1+ Zp] — ZEoc]p]> ,
j=i j=i

then the weighted {1-minimization (1.3) exactly recover x.

Remark 3.1. Note that the sufficient condition (3.7) is identical to the condition (3.1) in [8],
since

1 t—d
Vite \i—d+y

where the equality is from © = % and

5tk <

L L

YL wL—l—(lwl)Jl%—ZpiZszipi
i=1

i=1

L L L
+) (wis wi)J 1+Y pj—2) ajp;. (3.8)
i=2 j=i j=i

In noisy case, we have the following theorem.

Theorem 3.2. For 0 < p < land y = ®x + e, suppose that £ is a minimizer of the weighted
{,-minimization (1.2) with ||e||2 < e. If ® satisfies RIP with

5tk < 5<t/ P, ®) (39)

for some d < t < 2d, where 5(t, p, ©) is defined in (3.5) for ® > 0. Then

[|lx — %[>
3. [42= P =)V + o +27y/2(2 = p)(A = p)2 = p = 1)(3(t, p, ©) = 5w |,
B 2-p)2—-p—n)(t p, O) — o) ’
where 5 2t

—p 4

, ©>0)=—,
7= Z\{P2+(2—P)2®+P 2-p (3.10)

6, ®<®0,

and 7yr, zo are defined as in Theorem 3.1.
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4 Proofs of the main results

4.1 Sparse representation and technical lemmas

The original work in [2] triggers an RIP analysis for signal recovery via [ minimization.
The RIP analysis in [1] and [22] attains the summit for sparse signal recovery via /; min-
imization. The results in [1] and [22] depend on a key tool established in [20] and [1]
independently, which represents points in a polytope

V={veR", ||v|]i <ka, ||v]o <a for somea >0}

by convex combinations of k—sparse vectors. Zhang and Li [21] developed the tool,
which extends the sparse representation of a polytope in [1] and [20] adapted to [,
(0 < p<1)case.

Lemma 4.1 ([21, Lemma 2.2]). For x € R" which satisfies |supp(x)| = K, || x|/}, < Lp? and
l|x]|c < p with L < K being a positive integer, p being a positive constant and 0 < p < 1, then
x can be represented as the convex combination of L-sparse vectors, i.e.,

X = Z)\iui,
i
where A; > 0,3 ; A; = 1and ||u;||o < L. Furthermore,
2 : n 2 p 2—p
D Ailluillz < min 7 lxllz o7 [lx]57) - (4.1)
1
For the weighted /,-minimization (1.2) with L distinct weights, the cone constraint

inequality can be stated as follows.

Lemma 4.2. IfHa?HZ,W < Hx||l€,W and h = ® — x, then for any index set T C [n],

orell <eor el + (1 = o)l eoe 7t e I

L
p
+§;@%4_“W”angiﬂwgimﬂp
j=

L

+2(wlare [ + (1= @) lwgeeellp = Yo = @)l opell}), @2
i=1

where

L
T=ULT, and w=)Y w;
i—1

Proof. By £ = x + h and the choice of the weights in (3.1),

2115w = ll + Rl < llx]lpw
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implies

L L
Y willxg + bzl + llxge + hgelly < Y willxg |l + lxzll)-
i=1 i=1

Furthermore, we have

(willxg o + bz orlly + will g ore + Bz apllp)

I~

+ | %7er + hﬁﬁf”ﬁ + 27 re + Pfenre Hir;
L
<Y (willxzpllp + @illxg apellp) + % 5empllp + 1 %7e e -
i=1

Next, we use the reverse triangle inequality to get

L
wiHhTinrcng + ||hTfmerZ
i=1

L L
< Y willg ol + Vel +2( S wollar ol + lerrell). @3)
i=1 i=1

Now, we can write

L
lhrellp = Y (1Ag apellp + [1Agenpellp-
=1

Let us add and subtract wiHther || for all pairs of i and j such thati,j = 1,---,L and

i # j, and wj||hz.||p fori = 1,- -, L to the left side of (4.3). Then the left side of (4.3)
becomes

L
wiHhTmrfng + thcmrcﬂg + Z “]iHthmerg - Zwi‘|himr5’|z
i=1 i,ji#] i#]
L L
+ ) willbgerpellp = Y will hgere 1y
i=1 i=1

L L
= Zwi(HhTmPHf’ + Z Hhﬁmrfui) - ZwiHhT]ﬂFfHE +(1— w)HthmrcH? + ZwiHhTfmeH;
i=1 i#i i i=1

L
=l [h + (1= @) g llp = Y- (Lcor) el
=1 i
L

=kl + (1= @) [hzepellp = (@ = wi) g el
j=1
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Similarly, we can write

L
Ikl = Z; 17 p 1 + Vager Il
i=

297

Let us add and subtract wi\]hﬁmng for all pairs of i and j such thati,j = 1,---,L and

i # j, and wj||hgep|lp fori = 1,---, L to the right side of (4.3), as well as wi”xT’jerHg
fori =1,---,Land i # j, and winTCerHz fori =1,---,L. Then the right side of (4.3)

becomes
L
wliell} + (1= @)z ) = Y- (e = wi) gl
i=1
L
+2(wllxrellp + (1= @) lxgnpelly = Yo(w = wi) |25 pellh)-
i=1
Let

L
D = wl|xre[[p + (1 = @) x5enpellp — Y (w — wi) %3 pe -
i=1
Putting these together, we have

L
@[l + (1= @)l 1 = Yo(w = wi) gl
i=1
p Py 4
§w||hFHp+(1_W)Hh’ffmer_Z(w_wi)uhﬁﬁr"p‘f'zu
i=1

But, we can also write ||fir ||}, as

L
ey = wlltrelll + 321 = @) g pelly + (1= @) el

i=1
Solving for w||hr: ||, and substituting into (4.4) gives

L
e[y =Y (1 = @) lhzpellp — (1= @) Bgere 1
i=1
L
+ (1= @) hgerpellpy = Y (w = wi) [z el
i=1
L
<wllhr|ly + (1 = w)|[hgeqrllp = Y (w = @) ||hg |l +2D.
i=1

(4.4)
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Simplifying, we get
L
relly < (1= IIhTmrc||p+Z w = wi) |z opelly + @kl
i=1 i=1
L
+ (1= @)|[hgepllp = Yo(w = wi) [zl + 2D
i=1

(1= wi) g el + @l + g1

on

Il
—_

L L
~ Y wi(ltrenrly+ Y Ihgorl}) +2D

i=1 =L
L L .
=) (1= w) bz pellp + wllhrllp + [genpllp = 3 will bzl

i= i=1

—_

L
+ 2 Izl — Z Ih7erllp +2D (4.5)
i=1 i=
=collir]lh + gl - Zuhmuwz @) (g llh + gerr 1) +2D
i=1
—(w = (L=1)) ||hr||p+2 @) (g pellp + g qc ) +2D, (4.6)

where in (4.5) we have added zero and observed that

L
P_ p
Tfmr”P Z anHP - HhTfmrHP
j=Li#

and in (4.6), we have observed that

L
Y hgepllp = (L= D)llrllh + g l1h-
i=1

Then assuming, without loss of generality, w; > wp > --- > wy, and writing 1 — w; =
1—wi+w—w;fori>1,wehave

L
[hrellp < (e — (L= ) ellf + (1= 1) 32 (Wgecllh + g 1)
i=1
L
+ Y (@1 = @) (Ilgpllf + g opellf) +2D. (47)
i=2
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Next, write w| — w; = w1 — wy + wy — w; for i > 2. Then we have

L
e[y <(w = (L=1))[lhr[lp + (1 —w1) ) (HhTicmrH]]Z"’ ||hT,-mrc||;€> + (w1 — @)
i=1

L L
x 3 (Wgencllh + Mg p) + 32wz = i) (Mg I + g5
i=2 i=3
+2D. (4.8)

Continuing in this way gives us

L
orellf < (eo = (L= 1) aellf + (1 = o) Y- (gl + g1
i=1

L L
+) (w1 —w) ), (||hi_cmry|§ + 115 e H,’i) +2D. (4.9)
=2 i~

Noting

L
Ihzeerlly = 32 lhgaclp + laae 7l
j=Lj# Y

Ikl = Z gl + renr 7 s

4
Z”hmrf”p + HhmmL TCHP - HhruuL T-\U,-L:j(ﬁﬂl“)HP’
=]

forany j=1,2,---,L, the above inequality can also be expressed as
Irelll <(« = (L= D) ell} + (1= cor) (L= Dllell} + Moo, 7 ot o 1)
L
+ Y (w1 =) (L=l + o e @onllh) +2D (@10

j=2

Combining the coefficients of || hr||},, we have

L L
;wi_(L_l)'f'(l_wl)(L_l)'f'g(wjfl_wj)(L_j)
L L— 1] L-1

=Y wi— (L—1)w; + (L — 2w1+2 —(j+1))wj— Y (L—j)w,
i=1 j=2
L L—-1 " ]

:Zwl— wj = wr,

N
||
N
~.
||
N
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Finally, we obtain that

nhnuz:samuhrnﬁ+—<1——aa>HhrUULlﬁ\ULMﬁmrﬂm

+Z Wj-1 — Wj HhFUU}:jT}\UL T,1r) Hp+2D

Thus, we complete the proof. O

The following two technical lemmas will be used to simplify the proof of our main
results.

Lemma 4.3 ([9, Lemma V.1]). Let p and q be two positive numbers. Then
r
(@) [|x[lp < [lx[l2[supp(x)[ >, if O < p <2,

1 1,
®) [xlh < (Ixl3)7 (x5 ™7, if pg > 2 and q > 1, where py = (p — 2)(:2;).
Lemma 4.4 ([9, Lemma V.2]). For 0 < p < land A > 0, the function

g(2)=Pat 4222

is monotone increasing in (0,00). In addition, the following statements hold:
D) Ifo< A< 2— there exists a unique point zo € ((1— p)A, (1 —5)A) C (0,1) such
that g(zp) = 0.

(11) Ifﬁ <A< %’ there exists a unique point zy € ((1 —p)A,1) C (0,1) such that

8(z0) =0.
() If A > ?_“—5, there does not exist a point zg € (0, 1) such that g(zp) = 0.

4.2 Proof of Theorem 3.1

Proof. We assume that tk is an integer. When tk is not an integer, it can be treated as in [1]

and [9]. Let h = & — x, where £ is a minimizer of the weighted ¢,-minimization problem
(1.2) with € = 0. Then

®h = 0. (4.11)

We prove h = 0 to show that x could be recovered exactly via the weighted /,-minimization
(1.2).

On the contrary, we suppose here that h # 0, then hy,,y(ax) # 0, where hp (g is the
best dk-term approximation of h and we define

hfmax(dk) =h-— hmax(dk)'
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Since T is the support set of the k-sparse vector x, we know that |T| < k. Recall the
definition of d in (3.2a),

L, wy=--=w =1,
d= L L (4.12)
bill—=) aipi+Bi);, 0<J]w; <1,
e, (- Ko i) j 0= e
where
L L
,Bi — maxXx { Z;Dc]‘p]‘, Z(l — aj)p]},
j=i j=i
1, i=1,
b; = .
sgn(wj—1 —w;), i=2,---,L.
It is clear that 4 > 1 and dk is an integer. Thus,
[ ——— )4
<wllhrlly + (1= w)libgy e, 70ue, @om [
L
+)_(wj1 — w)) HhTUUiL:j TAUL(TnT) [ (4.13)
j=2
1r|[}, wp=-=w, =1,
(4.14)

L
(")LHhTH;!j + (1 - ("JL)Hhmax(dk)ng 0< 'I—I1Wi <1,
i=

where the first inequality is from d > 1 and |T| < k, the second inequality follows from
Lemma 4.2 with I' = T and the last inequality is due to

(TOUT)\U(1T)] <k Lok 2wk = k(1 Ly - 21 ) <
jmi j=i j=i '

=i =i

with
L

ﬁi = maxXx { ioc]p], Z(l — [X])p]}

j=i j=i
Let

B cULH”TH; + (1 - wl)”hTUU;‘:l T}\Ule(iﬂT)Hg + Z]‘L:Z(wj—l - “Jj)HhTUUiL:1 T\ Ule(ﬁmr)uz
“f( k(t —d)
Then v > 0. First, we suppose that v = 0, then we have ||hr| 5 = 0 by (4.13), which
implies h is k-sparse. Since the sensing matrix ® satisfies the RIP of order tk with t > d >
1 and (4.11), we have h = 0. Therefore, x is exactly recovered by (1.2) with € = 0.

)%‘ (4.15)
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For v > 0, we divide the vector h_ () into two parts, i.e.,

- max(ary = 1Y + 1@, (4.16)
where
WY = B axan)  Xiln () (D) >V} (4.17a)
B = h_ o) X1 sy (1) | <0} (4.17Db)
Then

IEONE < 17 max(a I < k(= d)v?

by (4.13) and (4.15). Denote |supp(hM)| = ||V |y = m. Since all non-zero entries of k(1)
have absolute value larger than v, we have

(t= )k’ > || b i 5= BV = Y RV @) P=mo?. (4.18)
iesupp(h®)

By (4.18) and v # 0, one has
jsupp(hV)| = m < (t - d)k
and
|supp (Mmax(dr)) + supp(h(l))| < dk+ |supp(h(1))| <dk+ (t —d)k = tk. (4.19)
Moreover,

(©)

(a) (b)
1B < v, [N = 1 paxan Iy = (BN < (£ = d)k—mp?,  (4.20)

where (a) is from (4.17b), (b) is due to (4.16) and (c) follows from (4.18). Applying Lemma
41withL = k(t—d) —mand p = 1/ we can express h(?) as a convex combination of
(k(t — d) — m)-sparse vectors, i.e., h'?) = Y; A;u;, where A; > 0, Vi A = 1, u; is (k(t —
d) — m)-sparse and supp(u;) C supp(h( ). By (4.16), we have

<hmax(dk) + h(l), u;) =0. (4.21)
Furthermore, by (4.1),
. n — _
xMmemm{wm%@wm@ﬁj}swmmﬁj
P
<P ([[h@3) 7 (| 15z
(((t =y —mywr )™

P

(1D (ki - p?) "7, @22)

-2

<P ([P |3)

P
2—

S
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where the third inequality is from Lemma 4.3(b), and the fourth inequality follows from
(4.20). By (4.15), we have
k(t —d)v?
1—2
=(k(t — )" (wrller I} + (1~ @)l 7oyl

2

L
+ @i =l g or) b’

g(k(t—d>>17(wL|Tr%”uhT||z
L L
+(1-w)TUY TA U@ N D) h + (1 — @)l e @ 12

Z:

=N

i=1

L L L

+ Y =)l UTAUT AT el + (=) 7 e 15)
2 j=i j=i

2 2 L L r
<(k(t—d)) k7 (wL+(1—w1)(1+ij—2Z“ij)
j=1 j=1
L

Lo
@i — (1 Y0 =20,) * ) Uty + B3
j=1 j=1

+

M-

Il
N}

1-2 L L %p
=(t—d) ”(WL+(1—W1)<1+ZPJ‘ Z”‘JPJ)
j=1 j=1
2= p

L L
+ 2(‘01’71 — wj) <1 + ZP} 2 E “]P]) ) ([ Pmax(ax) + K ||2/ (4.23)
i=2 i=1

where the first inequality is due to 0 < p < 1 and Lemma 4.3(a) and the second inequality
is from |T| < k and

L L
TulUT;\ U_(Tm T)
i

_k+2p]k ZZoc]p]k—k<1+Zp] ZZa]p]> < dk.
j=i j=i j=i j=i

Then, by (4.22) and (4.23),

2-2 L L 2—p
Ll < B (¢ =) (wn+ (1= ) (14 Loy =2 L aiey)

j=1 j=1
2—p

Y@ —w@)(1 L zza]p])z)zz () + BB
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= CH)V 2 p Hhmax dk) + h HZI (4'24)

where the equality is due to (3.4) and

Hhmax dk) +h ||2
We have 0 < u < 1 since
1R )3 <[l |57 [R®]}
<[P | Paxary + D1}
< min hi|>F Bonax(ar) + S
 iesupp(Mpax(ay +h V) S ) Hp
<Hhmax dk) +h HZ'
where the second inequality is from (4.14), |T| < k < dk withd > 1.
Forn € IR, let
0; = hax(ax) + hY + yu;,
then
P _ P P
Z)\ 9 E —(1 — §> (hmax(dk+h +172/\ uj — Eﬂui
(a)
= (1 - g) (hmax(dk) + h( )) + Wh( ) — gﬂui
(b)
= (1 - g - 77) (hmax(dk) + h(1)> +nh — gﬂui/ (4.26)
ie.,

Z)‘jef - gei —nh = ( - g - ’7) (hmax(dk) + h(l)) - gﬂui,
j

where (a) is due to h®) = ¥; A;u;, and (b) is from
h= hmax(dk) + hmax(dk)f and hmax(dk)ﬂ — M + h?

Due to
uillo < k(t —d) — [supp(h®)]|

and the definition of hy,,y (), the vectors 6;,

Z)\ 0 — 6 —nh and (1 - g — 17) (Bmax(ar) + ) — giyui
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are all tk-sparse. By (4.11) and (4.26), we have

e (- fo)
@ (1= 2 =) Ohossiay + 1) = By |
<450 DA (1-2 - n)(hmx(dk>+h<>>—§nui2
—(1+3u) [(1—§—n)2|rhmx s+ + 2 Lalul], @2

where the first inequality is from

p 1 p
(1 -5~ ’7) (Menax(ae) + 1Y) — 5

is tk-sparse and the last equality is due to (4.21). Since 0; is a tk-sparse vectors, we have

-7 7 D100 0)
— —ZM @ (i — )13
<(1+dg)t ;muul il
=(1+ g1 (ZMM%M—HZAW )
=L+ 3 (1= p) (LAl — [13), (428)

where the inequality is from that u; is (k(t — d) — m)-sparse and d < t < 2d. u; — u; is
tk-sparse as d < t < 2d since

tk—2(k(t —d) —m) = k(2d — t) +m > 0.

Since 0; is tk-sparse, it follows that

(1-2) Ll @i} = (1-6u) (1-2) L leil
=10 (1= ) (g + OB+ L AlB), (4.29)

where the equality is from the definition of 68; and (4.21).
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By (4.27)-(4.29) and the following identity (see [21, (21)])
21—
Di)ycb(};Aje,-— Lo)) |+ 5 E T anllot -6l
i L]

(1 - f) ZA |®6;]2 =0, (4.30)

we have
O§(1+(5tk)[<l_g_ ) Hhmaxdk +h HZ
zpj 1— Aillas 12 — 122(1 — o) 1@ )12
+ (5 + (1= 1) L hillmllf = (= p) |1)3]
2
= (1 =80 (1= 5) " (Itmaxcae) + B3+ 72 Z sl mil13)
1
2
=(14+05) [ (1= 2 = 1) Wmacary + BOUE = 121 = p) 11 ]
(10 (1= B oy + B3
+25fk(1 - g) Ul ;/\iHuiHZ
From (4.25), (4.24) and the above inequality, it follows that
2
0 S((1+(5tk)<( - g —y) == p)n) — (1 - (1- g)
+25tk<1_B) 772@)]’[2 p)Hhmax dk) +h HZ
_[¢,2 2 p 2 P\?
== =pm—r*a—pw+é((1-F-n) +(1-%)
2 2-2
+2(1= L) Pou™ — (1= p)i) | I masiary + 13 (431)

Next, let the arbitrary vector 7 satisfies

2

7= 2-p — . (4.32)
VA= (- pu2 @ prep=F +1-(1-pu

ByO<p<land0<pu <1, itisclearthat0 <7 < j . Moreover, we have

(1 p)

2y 201 _2(1_(1_ B A e
7= 2=pn—r*(1—pu=r(1-1—-pu—(2 P)U)

a

- 11\/1—1— +(2—p)*Ou

2-2p
2p
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and

2-2p

(=50 (=) +20-2)70r

=772<1 —(1-pu+ %(2 —ppeuTr (22_,75) -(2- P)l)

+

—2

@)172(1—<1—p>u+§<2—p>2®uzw+§N<l—<l—p>u> @ prouTr

+1—(1—P)}4>2— (\/(1—(1—p)#)2+(2—;7>2®ﬂ222’f +1- (1—P)H))

—2p

2-2p
—\ (1= (1= pu)2+ @ ppPou 7 (\/ (1= (1= p)p)+ @2 pPOEF — (1 p)n),
where (a) and (b) are from (4.32). Therefore, from (4.31), it follows that
2-2p 2-2p
-V - - pe - prow [1-au (V- (- pe + 2 prey

= (1= P)) | I tma(ay + V13 > 0. (4.33)

Define a function

f(u) = \/(1 —(I=pu)32+2- P)Z@V% -(1=pu

where 0 < y < 1. f © = 0, then f(y) = 1—2(1 — p)u < 1. In this case, (4.33) is a
contradiction from dy < 1. In the following, we assume that ® > 0. By some elementary
calculation, we have

—2(1—p)(2—p)Op T
Va— (- pwr+@—prop=r
, [ buv

(—1+ (1= p)) + 2= p)OR=r +\/ (1= (1= pp)2 + (2 — prop =7
_ 201-p)e-pep

Va— (= ppr+@—prop=r
, [ _g(u%) _ }

(—1+ (1= p)) + 2= pOR=r +\/ (1= (1= pp)2 + (2 — prop =7

fl(w) =

where

g(z) = Lzv —|—z—7p®

We will use Lemma 4.4 with z = p?- 7 to analyze the extreme value of g(z) according to

the value of ©®.

p
2
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p
2

(I) For 0 < ®© < 5= 2+p , by Lemma 4.4 with z = y*

e (1= pomin((1-2)0.1)

unique point

satisfies
g(z) <0, 0 <z <z,
g(z) =0, Z = 2o,
g(z) >0, zp<z<l1
which implies that
2-p
f'(u) >0, 0<u<z,
2-p
ffu)=0, nu=z",

2p
Therefore, when i = z," , the function f(p) achieves its maximal value that

fﬁy)d (1—(1—P)Z(j’”p>2+(2—p)2®<zy>ﬁ_(1_;7)2;#’

:(2_’20@_20‘ (4.34)

By (3.5), (4.34) and (4.33), there is a contradiction under the hypothesis
Hhmax dk) +h H2 # 0.

Then
hmax(dk) + h(l) =0

Due to the definition of hpayak) + h(M, we have
h=0.
(Il) For ©® > gf—z, by Lemma 4.4 with z = yﬁ, g(z) < 0for0 < u < 1, which means
that f'(u) > 0. Therefore, when y = 1, f(j) achieves its maximal value that
fmax \/P —f— 2 p)2® (1 — p) (435)
By (3.5), (4.35) and (4.33), there is a contradiction under the hypothesis

Hhmax dk) +h H 7&0

Then
hmax(dk) + h(l) =0

Due to the definition of hpy,ayax) + 1), we have h = 0. In conclusion, we complete the
proof of Theorem 3.1. O



Y. Ge, W. Chen, H. Ge and Y. Li / Anal. Theory Appl., 37 (2021), pp. 289-310 309

4.3 Proof of Corollary 3.1
Proof. By p =1 and (3.4),

L L e
O=(t—d)! (wL + (1 - wr) (1 +).0i— 7—2“#’1‘)
j=1 j=1
L L L rr 2
+ Z(wi—l — wj) (1 + ZP]‘ -2 Z“jpf> ) :
i=2 j=1 j=1

On one hand, the only positive solution zy of Eq. (3.6) with p = 1is =1+ v/1 4 ©.
From p =1and zp = —1 4+ /1 + O, it follows that

Z -1+v14+0© 1

2-p)O-20 O©-(-1+4/1+40) V1+0
On the other hand, for p =1,

1 1
VP +2-pP0—(1-p) VI+0
By Theorem 3.1, the condition (3.7) guarantees the exact recovery of x. O

4.4 Proof of Theorem 3.2

Proof. Theorem 3.2 can be proved by following the routine proofs of Theorem III.10 in [9]
and Theorem 3.1 in this paper. We omit the details. O
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