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Abstract. We establish Littlewood-Paley charaterizations of Triebel-Lizorkin spaces
and Besov spaces in Euclidean spaces using several square functions defined via the
spherical average, the ball average, the Bochner-Riesz means and some other well-
known operators. We provide a simple proof so that we are able to extend and improve
many results published in recent papers.
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1 Introduction

As is well known, Littlewood-Paley functions and their various applications are impor-
tant parts of harmonic analysis, dating back as far as the early 1930’s; see [10, 19,20, 22]
for more details about the historical development. Recently Alabern et al. in [1] ob-
tained a new characterization of Sobolev spaces with arbitrary smoothness order on Eu-
clidean spaces, which can be seen as characterizations of Sobolev spaces via Littlewood-
Paley g-functions involving ball averages. These characterizations depend only on the
metric of R"” and hence provide several possible approaches to introduce high order
Sobolev spaces on general metric measure spaces. Motivated by the work in [1], some
characterizations of high order Besov and Triebel-Lizorkin spaces on R" in terms of
Littlewood-Paley functions and pointwise inequalities involving ball averages were fur-
ther established, which also serve as new approaches to introduce these spaces with high
order smoothness on metric measure spaces. Yang et al. in [26] established the corre-
sponding characterizations for Besov and Triebel-Lizorkin spaces. Inspired by [1, 26],
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Dai et al. further characterized Sobolev spaces with any positive even integer order via
some pointwise inequalities involving ball averages in [6], as well as Besov and Triebel-
Lizorkin spaces with any positive smoothness order via some Littlewood-Paley ¢ func-
tions involving ball averages in [7]. Based on [7], Chang et al. in [3] considered the re-
lated characterizations of Triebel-Lizorkin spaces via the corresponding Lusin area func-
tion and the Littlewood-Paley g -function. Some further characterizations of Sobolev,
Besov and Triebel-Lizorkin spaces via ball averages were then presented in a series of
works [4,8,13,15,25,28-30].

One the other hand, Chen et al. in [5] gave a simple method to characterize inho-
mogeneous Sobolev spaces W*” (R") by using several different square functions defined
via the spherical average, the ball average and the Bochner-Riesz means. Based on the
aforementioned works, the main purpose of this article is to characterize Triebel-Lizorkin
and Besov spaces via some generalized Littlewood-Paley functions which are much more
general than those Littlewood-Paley functions of ball averages. We extend their results,
using an alternate, less complicated method of proof.

To this end, we firstly give some necessary notations. Let n > 2 and R" be n-
dimensional Euclidean space. Fix an L! (R") function ®. Denote, for (x,t) € R” X R,

Dy (x) =27 (x/2).

The Fourier transform of ®,: is given by @t (&) = o (zfg) ,¢ €R" Forany 1 < g < oo,
associated with ®, the Littlewood-Paley function S¢ 4 (f) is defined by

5o (1) (09 = ([ foascoprar)

and the discrete version is given by

1/q
Da,q(f)(x) = (Z !(Cbzk*f)(x)lq) : (1.1)

kez

Sometimes we write S 4 (f) (x) in an equivalent form

Sa,q(f) (x) = (/Ooo|¢t*f(x)|q dtt)l/q,

and skip the ratio (In2)~1/7 between two forms. Also, for simplicity, we initially define
So,4 (f) on all functions f in the Schwartz space S (R") . Let
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be the Laplace operator. Taking the Fourier transform, we have

—_— n

—A(f) (§) = 47 Y &7 F(8) = 47 [ F(©)-

/=1

z/2

For a complex exponent z, the fractional Laplacian (—A)*/< is defined, via the Fourier

transform, by
(~8)72(F) (1) = (e F(@) ).

The inhomogeneous Sobolev space W*”(IR") of smoothness order « € R, for a fixed
p € [1,00), is the set of all functions f satisfying

< 0.

_ w/2
||f“wzx,p(]Rn) - ||f||LV(1R”) + H(_A) f LP(]R")

The Sobolev space plays a significant role not only in the theory of partial differential
equations, but also in many other fields, such as functional analysis and harmonic anal-
ysis. Let B(x,t) be the ball centered at x with radius ¢+ > 0. For any locally integrable
function f, define the average of f over the ball B(x, t) by

B ) () = 5] o f O

where |B(x, t)| denotes the volume of B(x, t). In [1], Alabern, Mateu and Verdera studied
two square functions
1/2
dr
t 7

Toalf)(x) = ( a

Goa(f,8)(x) = ( I

where « is a positive real number.

B:(f)(x) — f(x)

Theorem 1.1 ([1]). Let p € (1,00) and « € (0,2]. Then
(i) fora € (0,2), f € W¥P(R") ifand only if f € LP(R") and T,o(f) € LF(R");

(i) f € W*/(R") if and only if f € LP(R") and there exists a g € LP(R") such that
G22(f,8) € LP(R").

As has already been pointed out in [5], Theorem 1.1 is actually a simple consequence
of the following theorem.
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Theorem 1.2 ([9]). Let ® be a nonzero integrable function. Suppose that for some pg € (1, 00),

(1) ||sup @] * f

t>0

= fllarny  for g > po,
Lq(]Rn)

and there exist a,b > 0 such that for all { # 0;

(i) |®(g)| = min{[g|, g7}

Then

[So2(f) lrrry = 11 fllp (e
2 2
forall B <p < F%.

Additionally, if @ is a radial function. Then we have for p?_?fl <p< ;ﬁl,

[S@2(F)llLrrr) 2 | fllLr (re)-

The main new idea of this work is to establish the sufficient condition for the bound-
edness of Littlewood-Paley functions S¢, from homogeneous Triebel-Lizorkin spaces
F),(R") (or homogeneous Besov spaces B) ,(R")) to LF(R") with 1 < p,q < co. These
two theorems make the problem much simpler and also provide easier proofs of various
previously known results. The rest of this paper is organized as follows. In Section 2,
we will state the above two results and prove them. In the next three sections, we give
some applications. In Section 3, we will characterize inhomogeneous Triebel-Lizorkin
spaces Iy (R") and inhomogeneous Besov spaces Bj, ,(IR") for 0 < a < 2 by using sev-
eral different square functions defined via the spherical average, the ball average and
the Bochner-Riesz means. We also characterize homogeneous Triebel-Lizorkin spaces
Fﬁ‘,q(R”) and homogeneous Besov spaces Bg,q (R") for & < 0 via the generalized Bochner-
Riesz means. In Section 4 we will characterize inhomogeneous Triebel-Lizorkin spaces
Fji3(R") and inhomogeneous Besov spaces Byg(R") for 0 < a« < 2and allm € Z, via
continuous and discrete versions of Littlewood-Paley functions. In the last section, we
will use the Littlewood-Paley type function Sg 4 4 to characterize inhomogeneous Triebel-
Lizorkin spaces F;,(R") and inhomogeneous Besov spaces By ,(R"). In fact, if 7 = 2, the
operator Sg 4 is introduced by Sato et al. in [18] to characterize Sobolev spaces W*? (IR").

Throughout this article, the symbol A = B means that there exists a constant C > 0
independent of all essential variables such that A < CB. We use the notation A ~ B if
A <Band B < A.For1 < p < o, let p’ be the conjugate index of p, thatis, 1/p+1/p’ =
1. If p = 1, we define its conjugate index to be p’ = co.

2 Characterize F) (R") and B) ,(IR") using So,

We recall some notation and notions. Denote by C®(IR") the set of infinitely differential
functions on R” and CZ (R") the set of C®(IR") functions with compact support. Let
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S (R") be the set of functions ¢ € S(IR") satisfying

/n $(x)x%dx =0

for all multi-indices ¢ € (Z4)". Let S'(R") and S’,(R") be the dual spaces of S(R") and
Sw(R"), respectively, and endow them with the weak-x topology. We use A to denote
the class of all Schwartz functions ¢ on R” such that supp ¢ C {1/2 < |¢] < 2} and
|p(&)| > C > 0for3/5 < |&| < 5/3, where the Fourier transform ¢ is defined as

3@ = [ p(x)e ¥, eRr

We set ¢,—i(x) = 2/"¢(2/x) for x € R" and j € Z. Recall definitions of Triebel-Lizorkin
and Besov spaces; see [12,23,24,27].

Definition 2.1. Assume that ¢ € A. Fora € R, p,q € (0, o].

(i) The homogeneous Triebel-Lizorkin space Ej (R") is the collection of all f € SL(R") such
that Hf”qu(]Rn) < oo, where, when p € (0,0),

~
~

(L@ 16w siyae)

1/q
1Ay, ey = (Z 2% ¢y *f\q>

jez

LP(R") LP(R")

with the usual modification made when q = oo, and

1/q
Hprx (R7) -= Sup SUP{|B o |/ P lejq"l’zf*f( )’qdy}

xeR" meZ
the usual modification made when q = co.

(ii) The homogeneous Besov space Bg,q(][{”) is the collection of all f € S (R") such that
£ Wy, (rey < 00, where

44 —Ix 1
rm@ﬂn:(ZZW%wﬂmw> ~ (f, (2o s )t

jEZ
with the usual modification made when p = oo or q = oo.

Note that FO (lR”) = HF (R") for 0 < p < oo, F,, (R") = BMO, and the monotone
imbedding property g (RT) = Fﬁ‘/qz (R") for 0 < q1 < g2 < oo (see [11] or [14, Exe.
6.5.1, p. 76]). We also recall the known fact H? (R") = L? (R")if1 < p < oo.

The corresponding inhomogeneous spaces are given as follows.
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Definition 2.2. Let « € R, p,q € (1, 00]. Assume that ¢ € A and let & € S(R") satisfy that
supp ® C { € R": |¢| <2} and |D(E)|>C>0 if |&] <5/3.

(i) The inhomogeneous Triebel-Lizorkin space Fy ,(R") is the collection of all f € S'(IR") such
that such that Hf”lrﬁq(]Rn) < oo, where, when p € (0,0),

. 1/q
(5 2790 o1

JEZ

1 £Ileg, () :=
Lp(]Rn)

with the usual modification made when q = oo, and
= 1 " i q .
Pl 538 59 ) o 20T
with the usual modification made when q = oo, where, when j = 0, ¢,-; is replaced by P.

(ii) The inhomogeneous Besov space By, ,(R") is the collection of all f € S{,(R") such that
HfHB%’q(]Rn) < oo, where

1/q
Hf”Bg,q(IR”) = < Z z]aqul’z—f *f”ZP(]Rn)>

JEZy

with the usual modification made when p = oo or q = oo, where, when j = 0, ¢,-; is
replaced by P.

From [17, Theorem 3.3.1] and [16, Chapter 2.2.4, Corollary 2], it is easy to see that
Definition 2.3. Let « > 0, p,q € (1, 0]. Assume that ¢ € A and let & € S(R") satisfy that
supp & C {T €R":[g| <2} and |®(()]>C>0 if |¢] <5/3
(i) The inhomogeneous Triebel-Lizorkin space Fj ,(R") is the collection of all f € S'(R") such
that such that || f|| Fo (Rr) < 0, where
1 £1les, Ry = [ fllze ey + HfHFg,q(Rn)/
where HfHFg,q(IR") is defined as || f|| px (re) in (i) of Definition 2.2 with j € Z.y and m € Z.
therein replaced, respectively, by j € Z and m € Z.
(ii) The inhomogeneous Besov space By, ,(R") is the collection of all f € S{,(R") such that
||fHB%,q(IRn) < oo, where
1 £1l5s, (rey 2 [1f 1l 2r gy + ||f|’3glq(uzn),

where HfHB%q(]Rn) is defined as HfHqu(]Rn) in (ii) of Definition 2.2 with j € Z and m €
Z. therein replaced, respectively, by j € Z and m € Z.
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We firstly establish the following two theorems, which respectively are Triebel-Lizorkin
analogy and Besov analogy of Theorem 1.2.

Theorem 2.1. Let 1 < p,q < oo and let ® be a nonzero integrable function. Suppose that for
some po € (1,00),

(i) |jsup [@¢] + f

t>0

= N flleagry  for g > po,
LI(R")

and there exist a,b > 0 such that for all { # 0;

(i) |®(&)| = min{|¢|, &7}
Then
IS@,q () llLrrey = 11 flleg, ()

ng 2p0
forall 255 <p < 575

Additionally, if ® is a radial function. Then we have for pir_’fl <p< ;ﬁl,

1S@,4 () [rrry = Nf g, ro)-

Proof. Without loss of generality, assume a > b. Take a radial function ¥ € S(R™") satis-
fying the following conditions: (i) 0 < ¥(¢) < 1, (ii) supp ¥(¢) C {¢ € R": 1/2 < [¢] <
2}, and (iii) [ ¥(2°)%ds = 1. Then by the Calder6n representation formula

f=cC / (Far % Wos # ) ds (2.1)
R
for any f, where C is a constant. Using the Minkowski inequality, we obtain that

sgﬂﬂuoz(Ag¢yaﬂmww)uq

:C</R

= [ TH s,

9 \1/4
dQ

/ "I'r2s+t * T25+t * cht * f(X)dS
R

where
Ts(f)(x) = (/IR [t % Wosse Dot % f(x)] dt>1/q.

By the Minkowski inequality again, we have

qu’f‘l(f)HLv(Rn) = /]R 75 Nl p (reyds-
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We will prove that there exists a constant ¢ = o (a, b, p,q) > 0 such that

ITe(F) ey = 2771 Sw 0 (F) | o (reys (2.2)
where

Sea(f)) = ([ 12 *f(x)l"dt>1/q~

With this estimate, we have

HS(qu(f)HLP(IR”) = HSWHLP(W) ~ ||fHF;9,q(R")'

Let F(y,t) = ¥os+t * f(y). Define a linear operator T on functions F (y, t) by
T(F)(5,8) = oo s @y () = [ (¥ e@) (x— ) Fy, Dy

By Fubini’s theorem and the Young inequality, it is easy to check that for any 1 <7 < oo,

we have
L’ an —/ </ ’Tzs+t*®2t*f(x t)| dt) dx

<@l [, ( [, 17 ol dx) a
R R"

=<1

T e )

] - (2.3)

It follows from the Young inequality and the condition (i) of Theorem 2.1, for any r,
1<r<oo

IT(F) o < suploal« 1FCOl 2 Flew| - @4
] g = [ el
Next we will estimate

HHT ||L2 Lz(]Rn)jz—Zmin{a,bHS\ H]:HLZ(IR) I (2.5)

We now divide s into two cases: s > 0and s < 0.
If s > 0, by the Fubini thorem and the Plancherel theorem, we have

A
®)  Jr R
= [ [ [P 0@ RN )|
<[ [ |peortne)| e

1T 2wy M dgdt
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where
s+t {(:E]Rn 2tsl<|g|<2t5+1}

It follows from the condition (ii) of the theorem and the Plancherel theorem that

2a /\
[aCalE B iy A< Ol >1 gt
<0~ 25”/ / dgdt
Ef+€
< 2sa )
<277 N[ Fll 2w -

If s <0, then we use the same argument as above to obtain

v = e ) R [FCG )| azar
< [ f FC0)| dear

<22 || F

1T 2w

M2y

Thus we prove the estimate in (2.5).
Using an interpolation in [16, (i) of Proposition, p. 56] between L?(L?)(R,R") and
LY(LY)(R,R") (or L®(L*)(R,R")) for the operator T(F), one has

1T ey

< o 2sle@bp) H 1F )

Ml zprey LP(R")

for any p € (1,00), where o(p) is a positive constant depending on 4, b and p. Another
interpolation between (2.4) and (2.5) yields that for all 1 < p < g < oo, there is a positive
constant d(a, b, p, q) such that

1T s

< - 2slo(abpa) H H}"Hu(

Mlee e Rl

Finally a duality argument yields that the above inequality holds for all p,q € (1, 0). In
fact, for 1 < q < p < oo, there exists a function g(x, t) satisfying

/ = 1’
Lp (]Rn)

/n/ g(x, t)dtdx|.

T()(x 1) = [ (¥orr 2 @)y = )3, )y

s

such that
1T lesery

LP(R")

Set
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It follows from Fubini’s theorem that

1Ty = | ITF) sy

Mlzrwe)

= /n /]R/n(‘ifzsﬂ * Do) (x — y)g(x, t)dxF (y, t)dtdy

= /R/ T*(g)(y,t)f(y,t)dtdy'

1T (s o |1 s

IN

v e

<a72blotebpa annm

) LP(]R”) :

For1 < g < oo, let ¥(x) = ¥(—x) and define

5§ (f) (x) = (/OOO “T’t*f(x) qgit>1/q,

and define Sg g n the same way. Obviously,

S5&,(f) = Sa,q(f),

whenever @ is a radial function. A similar argument as above shows that the following
estimate

155, () lerny = 1S5, () lrme) =~ 1Ly, o

holds.
To show the reversed inequality

£ W, ey = 1150 () [r (),

we will invoke the Calderén representation formula (2.1). We now claim that for any

function f;(x),
H/ooo(q)“*ff)(')it (/O £7(- )dt>1/q

In fact, thereisa g € Fg,, g With gl o= 1 such that
o dt
s *ft)(-)7 |
Fpy(R™)

:'</0 (@t*ft > ’/ (D * fi, g) _‘/O <ft,&>t*g>#,

<

E(R)

(2.6)

LP(R)
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where
Bixglx) = [ @y —)3W)dy.
By the Holder inequality we now obtain that

(Amwﬂﬁw 1S39/(8) 1w ey

LP(R")

dr\ /1
< (/ el () — ) 18110, (rr-
0 A

LP(R")

PN

IRGILE

Applying f; = ®; * f to the above inequality in (2.6), we obtain that

Il = | [ (@rveis )

£, (R)
dr\ '
< (1o 1))
0 LP(R")
— 11504(F) e
which completes the proof of the theorem. O

Theorem 2.2. Let 1 < p,q < oo and let @ be a nonzero integrable function. Suppose that there
exist a,b > 0 such that for all { # 0,

[B(&)| = min{g]", [5]7"}.

1/q
(102 At = g,

Additionally, if ® is a radial function. Then for 1 < p,q < oo, we have

1/q
(102 AUt = g, e

Proof. Without loss of generality, assume a > b. Take a radial function ¥ € S(R") as
in the proof of Theorem 2.1. As before, by the Calderén representation formula and the
Minkowski inequality, we obtain that for 1 < p,q < oo,

1/q
</ H®2t*f”LP ]Rn )

(],

< [ T(R)s)ds

Then we have

q

1/q
(x)ds dt
LP(R)




278 D. Fan and F. Zhao / Anal. Theory Appl., 37 (2021), pp. 267-288

where
1/q

T(f) (S) = <A{ H‘{I25+t * T25+t * CI)Zt >I<fH[Zp(]Rﬂ) dt) .

We will prove that there exists a constant ¢ = o(a,b, p,q) > 0 such thatfor 1 < p,q < oo
T()(s) =27 fllgy, (mo- (2.7)
If it is so, then we have
. 1/9
(102 W) = Mg ey 2705 = g e

We now prove (2.7). Define a linear operator T on functions F (y, t) by

T(F)(x,t) = Yo @y £ Flx,8) = [ (Yo £ ®) (x = y) Fly, )y,

where F(y,t) = ¥ps+t * f(y). As in the proof of Theorem 2.1, we can obtain that for all
1 < p < g < oo, there is a positive constant 6(a, b, p, q) such that

1T e 258)

< o—2lslo(ab,p.q) H H]'_HLP(]R")

L1(R) LI(R)

Thus the inequality (2.7) holds by taking F(y, t) = ¥yt * f(y) in (2.8).
Finally a duality argument yields that the above inequality in (2.8) holds for all p,g €
(1,00). In fact, for 1 < g < p < oo, there exists a function H(x, t) satisfying

R

10 e

such that

1T e e

/n /IR T(F)(x, t)H(x, t)dtdx|.

LI(R) -
Let

T'(H) () = [ (B x @)y = )y, Ddy.

Since ¥ is radial, we see that T*(H)(x,t) = T(H)(x,t) for all (x,t) € R" x R. It follows
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from Fubini’s theorem and (2.8) that

T = ITF) e

L1(R)

= / /nT* Fy, )dydt’

I (3 o |17 ey

IN

M ey

L7 ( L1(R)

<p-2slo(abpa) H 1F o (e

’L‘i(]R)
~(n—2|slo(a,b,p,q) .
~C2 PP ANy (e -

Assume that @ is a radial function. We will show that for 1 < p,q < oo,

1/q
. q
£l e = 102 Mot}

By the Calderén representation formula, we claim that for any function f;(x),

% dr\1
= (A0 T)
B\

[ @0

0

In fact, thereisa g € Bg, 7/(Rv) With llgll B, R = = 1 such that
o dat
[ nof

’/ (D * fi, g) ’ ‘/ ft,®t*g>d

P x g(x) = /R , @iy —x)g(y)dy.

By the Holder inequality, we now obtain that

where

B R '</Ooo(q’t*ft)dtt,

_ /n / ) (Wosrt % Pyt ) (x — y)?—[(x,t)dx]—“(y,t)dtdy‘

5

dt‘

o\ dt 0
\A<ﬁ®m@tlﬂgnmmmm@wmﬁmt

© dt
< (LA e 2) sy e

279

(2.9)
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Applying f; = ®@;  f to the above inequality in (2.9), we obtain that

°° dt
£ 19, vy ~ H/O (@15 Py f)()

BY ,(R")

dr\
< ([T100 M §)

which finishes the proof of the theorem. O

3 Characterizations of F;j‘,q and Bg,q for 0 < a« < 2, and F;j‘/q and
Bg,q fora < 0

In this section, as applications of Theorems 2.1 and 2.2, we will consider two classes
of Littlewood-Paley functions to characterize Triebel-Lizorkin and Besov spaces, respec-
tively.

Fora > 0and 1 < g < oo, the Littlewood-Paley function Sg 4 4(f) is defined by

oo dat \V
S (1) ) = (7100010~ 501 1)
where ® are integrable functions. By the Fourier transform, we may write

Swaq (f) (%) = Swq (=8)2 () (x),

where N @)1
~ o 1
YO = Gre

We introduce the following simple form of Theorems 2.1 and 2.2, which is suitable for
these Littlewood-Paley type functions.

Proposition 3.1. Let « > 0and 1 < q < oo. Suppose that for some py € (1,00). Assume that
D is a radial function and let
~ P 1
F () = @@ -1
@me)*

If Y is a nonzero integrable function and

% (@) = minfjg|", g}
for some positive numbers a and b. Then we have the following results:

(1) [|Seaq (f)HLP(]R") Nl rey = ||fHBg,q(IR")
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; 2po 2po .
provided otT <P < 5o=1

(ii) If Y also satisfies that for pg < p < oo,

sup || = f

= A lerrey -
t>0

LP(R")

then we have that
1509 ()| p gy + 1 ooy 2 1f e, e

. Zpg 2p0
provided oot <P < -1

As an application of Proposition 3.1, we will study the following Littlewood-Paley
function

o] l/q
Svaq (1) () = (7100 £ = 0" 1)

for1 < g < coand a > 0. Here, V; is the spherical average (see [21]) given by

Vi(f)(x) = | flx—ty)do(y),

gn—1

and §"~! is the unit sphere in R” with the induced Lebesgue measure do(y). Its corre-
sponding maximal function is defined by

V(f)(x) = sup [Vi(f) (x)]- (3.1)

t>0

The following result was obtained by Stein [21, Theorem 1, p. 2174], in dimensions n > 3,
and Bourgain [2, Theorem 1, p. 69] in the delicate case of n = 2.

Lemma 3.1. Suppose n > 2. Then for f € LP(R"), the inequality

V(O rrey < ClIfllr ey
holds whenever n/(n —1) < p < oo. If p < n/(n — 1), then the inequality is not valid.
This lemma together with Corollaries 2.1-2.3 in [5] leads to the following results.

Corollary 3.1. Let n > 2and 1 < q < co. For the spherical average Sy ., (f),if0 < a <1,
then we have that

15v.q (Ol oy + 1l mny = [ F1ls, e

provided 72~ < p < 2n.If1 < a < 2 then we have that for all p € (1,0),

HSV,M (f)HLP(]RH) + HfHLP(]R”) ~ HfHFglq(lR")‘
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Corollary 3.2. Let n > 2and 1 < q < co. For the spherical average Sy 4 (f),if0 < a <1,
then we have that

15v.aa )Ly + 1y = 11l o
provided 72+ < p < 2n.If1 < a < 2, then we have that for all p € (1,0),

1v.a CF) Ly + 1 ny = 11l e -
Corollary 3.3. Let 0 < a < 2and 1 < q < oo, and let &; * f = By (f) be the ball average and

(o] 1/11
St (1) () = ([ B0 — s )

Then

1SB,0,q (f)HLP(Rn) + HfHLF’(IR") ~ ”fHFg,q(]Rﬂ) ’
8500 ) logey = 1oy = 155 e

foralll < p < co.

Lett > 0. The generalized Bochner-Riesz means Bf’v on R" are defined via the Fourier
transform by
)

&' ©=(1- L) Fe,

+
where § and <y are two real numbers satisfying § > —1 and v > 0. Again, we initially
assume that f are functions in S(IR"). Use Proposition 3.1 to obtain the following result.

Corollary 3.4. Leta >0,y > 0,1 < g < oo, and let S B3 g be the operator

Smmngw>=(A”@?wﬂ<m—fwﬂﬂﬁ;)”q
zST,q ((_A)a/z (f)) (%),

where )
o (o (1—1e} —1
T =g
Then for 6 > "L and 0 < a < 7,
S50 )| gy + 1 ey 2 g
S5 )|y g+ 1 ey 1l e

foralll < p < co.



D. Fan and E. Zhao / Anal. Theory Appl., 37 (2021), pp. 267-288 283

Next, we turn to characterize the homogeneous Triebel-Lizorkin space P;; {;‘ and the
homogeneous Besov space BI;, g for « > 0. To this end, we consider square functions of
the form

So,—aq (f) (x) = </Ooo | Dy *f(x)|‘7 tocqﬂit)l/q.

Again, we introduce the following simple form of Theorems 2.1 and 2.2 which is suitable
for the above square function.

Proposition 3.2. Let « > 0and 1 < p,q < oo. Assume that ® is a radial function and let
K(0) =@ () e
If K is a nonzero integrable function, and suppose that a and b are two positive numbers such that
R(@)] = minfl2)", g}, (32)
then we have
(i) HS<I>,frx,q (f)HLP(]Rn) ~ ||f||B;,g(]R")'
(ii) if K also satisfies that

sup |K¢| * f
£>0

= A lrrey (33)
LP(R")

then
1S@,~a () Lrwey = 11l e -

In order to use Proposition 3.2, we study a family of operators Q] (see [21]) that takes
the spherical mean V; and ball average B; as special cases. For v > 0, define

(= 1) e

[(y+n/2)
/2T (y)

O (F)(x) = Cupt ™" |

ly|<t

where
Cn,v =

When v = 1, Q}(f) is the ball average

1
L)) = B = [y e O

Also, by taking the Fourier transform, one can embed these operators in an analytic fam-
ily of operators with complex parameter 7 so that we obtain the spherical average

QY (F)(x) = Vi(f) (x).
With the help of Corollary 2.4 in [5, p. 284], we have
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Corollary 3.5. For two positive numbers 7y and «, let
P+ f(x) = Qf (f) (x)
and for 1 < g < oo

g 144t

Sonaq (10 = [0 (1) o 2

Then for vy > ax+1land1 < p < o0

1Sar,—ug ()| ooy = 1wy

HSQW,—a,q (f)HLP(]R”) ~ HfHB;,f;(IR") :
4 Characterizations of F, and B)7 for0 <a <4andm € Z,

In this section, we assume that 1 < g < coand m € Z_. We will firstly study Littlewood-
Paley functions as follows

Tuna(0) = ([

o0 —-1)—c o(=A)" x) |7 i
ga,m,c,q<f><x>:(/o (B =D = ertbe CA ()6) ‘ff) :

tﬂ’I(X
where [ is the identity operator, and c is a constant. Note Ty 1, = Ty and Gy 10,4(f) =

Gga(f,8), if g = —cA(f).
With the help of results in [5, Theorems 3.1 and 3.2, p. 285], we have the following

statements.

(Bt — )™ (f)(x)

tm{X

AN
t 7

and

Theorem 4.1. Let p,q € (1,00) and o € (0,2). Then f € F)#(R") if and only if f € LP(R")
and Ty mq(f) € LP(R").

Theorem 4.2. Let p,q € (1,00) and o € (0,2). Then f € B)3(R") if and only if f € LP(R")
and Ty mq(f) € LP(R™).
Theorem 4.3. Let p,q € (1,00) and a € [2,4). Then f € F)¢'(R") ifand only if f € LF(R")

2
and Gom,eq(f) € LP(R™), where ¢ = —(Zn)i%-

Theorem 4.4. Let p,q € (1,00) and a € [2,4). Then f € Byg(R") ifand only if f € LF(R")

7.[2
and Gam,eq(f) € LP(R™), where ¢ = _m'
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Next we will define the discrete versions of Ty g and G u,cq4(f) by

1/q
Dama(F)(x) = (2 27 (B - I>m<f><x>(q> ,

kez

1/q
Dameq(f)(x) = (2 27 (By — 1) = 2% (By o (=4))) (f)(x)\q> .

keZ
Similar as proofs of Theorems 2.1 and 2.2, we have

Proposition 4.1. Let 1 < p,q < co. Suppose that ® € L' is a radial function. Assume that
there exist a,b > 0 such that

[(8)| = min{[g|", |¢]"}.

Then we have

. 1/9
@ ([ mtt) =11, 0
(ii) If ® also satisfies that

I iug | Dol fllrrey 2 N flpwey  forall p>1,
S

then for the operator Dg 4 defined in (1.1), we have

1D g () lLrrey = Mf 1l g, ey
foralll < p < co.

By Proposition 4.1 and the results due to Chen et al. [5, Theorems 5.1 and 5.2, p. 293],
we have the following results.

Theorem 4.5. Let p,q € (1,00) and a € (0,2). Then f € Fj'¥(R") if and only if f € LF(R")
and Dymq(f) € LP(R").

Theorem 4.6. Let p,q € (1,00) and o € (0,2). Then f € Byg(R") if and only if f € LF(R")
and Dymq(f) € LP(R").
Theorem 4.7. Let p,q € (1,00) and a € [2,4). Then f € F)(R") ifand only if f € LF(R")

and Dy meq(f) € LP(R"), where ¢ = _Wﬁﬂ)'

Theorem 4.8. Let p,q € (1,00) and a € [2,4). Then f € By0(R") if and only if f € LF(R")

and Dy meq(f) € LP(R"), where ¢ = _Wﬁﬁ)'
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e x X
5 Characterizations F,, and Bj A using Sg4

Throughout this section, E denotes a nonzero, bounded radial function on R"” with com-
pact support and it satisfies

/n E(x)dx = 1.

Let1 < g < ocoand a > 0, the Littlewood-Paley type function Sg 4 q is defined by

Seaalf)(x) = </O°° Erx f(x)— f(x)]” dtt>1/q.

tﬂé
Noting that xp in Theorem 1.1 is a special function E satisfying the above assumptions,
Sato et al. in [18] (see also [29]) characterized Sobolev spaces W*?(IR") with a € (0,2)
and p € (1, ) by using the square function
1/2
> d
; .

Seaa(f)(x) = ( A

Theorem 5.1 ([18]). Let p € (1,00) and a € (0,2). If E is nonnegative, then f € WP (RR") if
and only if f € LP(R") and Sg,(f) € LP(R").

Eix f(x) = f(x)

tﬂé

Chen et al. in [5, Theorem 4.1, p. 291] further improved Theorem 5.1 by removing the
nonnegative assumption on the function E.

Theorem 5.2 ([5]). Let E be a nonzero, bounded radial function on R" with compact support
and satisfy

/n E(y)dy = 1.

Forp € (1,00)and a € (0,2), we have f € W*?(R") ifand only if f € LP(R") and Sg2(f) €
LP(R").
Additionally, if there exists an positive integer N such that

/ E(y)yj'dy =0

forallj=1,--- ,nand L =1,--- ,N. Then we have f € W*F(R") if and only if f € LP(R")
and Sg2(f) € LP(R") fora € (0,2N +2) and p € (1,00).

By checking the proof of Theorem 5.2, and using Theorems 2.1 and 2.2, we conclude
that

Theorem 5.3. Let 1 < g < oo and let E be as in Theorem 5.2. For p € (1,00) and a € (0, 2),
we have

(i) f € F5 (R") ifand only if f € LP(R") and Sga4(f) € LP(R");
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(i) f € By (R") ifand only if f € LP(R") and Sg,a4(f) € LP(R").
Additionally, if there exists an positive integer N such that

/ E(y)yj'dy =0
forallj=1,--- ,nand { =1,--- ,N. Then we have

(i) f € Fj (R") ifand only if f € LP(R") and S .q(f) € LP(R") fora € (0,2N + 2) and
p € (1,00);

(ii) f € By o(R") ifand only if f € LP(R") and Sg,uq(f) € LP(R") for a € (0,2N +2) and
p € (1,00).
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