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Abstract. In this paper, we obtain some asymptotic behavior results for solutions to
the prescribed Gaussian curvature equation. Moreover, we prove that under a con-
formal metric in R?, if the total Gaussian curvature is 477, the conformal area of R? is
finite and the Gaussian curvature is bounded, then R? is a compact C'* surface after
completion at oo, for any a € (0,1). If the Gaussian curvature has a Holder decay at in-
finity, then the completed surface is C2. For radial solutions, the same regularity holds
if the Gaussian curvature has a limit at infinity.
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1 Introduction
In this paper, we consider the prescribed Gaussian curvature equation

Au+K(x)e* =0 in R? (1.1)
where K satisfies

/]RZ K(x)e?™) dx < oo. (1.2)

(1.1) is equivalent to that K is the Gaussian curvature of (IRZ, 62”5), where § is the Eu-
clidean metric, and hence (1.2) means that the total Gaussian curvature is finite. A natural
question is the following;:
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Question 1.1. If u is an entire C? solution to (1.1), then by assuming what conditions on
K(x) can (IR?,¢%6) be a C? closed Riemannian surface after completion at co?

Note that necessary conditions for this to be true include that

/ , K(x)ezu(")dx =47t (Gauss-Bonnet Theorem), (1.3a)
R

e® € LY(R?) (finite conformal area), (1.3b)
‘l|im K(x) = K& uniformly, for some Ko € R. (1.3¢)
X|—00

A natural question is the following:

Question 1.2. Are (1.3a)-(1.3c) sufficient to guarantee that (IR?,¢*5) is a C? closed Rie-
mannian surface after completion at co?

This question is related to a more general question in [6] (Question 8.3) regarding the
total area of R? equipped with a conformal metric 26 with its Gaussian curvature bigger
than 1, i.e., with u being a super solution of (1.1).

Notice that (1.3c) implies that

K € L®(R?). (1.4)

For the convenience of later discussion, we define

o i 21(x)
A= = /]RZK(x)e dax.

In the following, (1.3b) and (1.4) will serve as fundamental assumptions.

Using the stereographic projection, we can identify conformally R?> with the unit
sphere in R® without the north pole. To complete the manifold, we need to find a co-
ordinate system near the north pole so the metric is C? there. It is natural to use the
Kelvin transform x — ﬁ to convert the infinity of R? to the origin when IR? is identi-
fied with the complex plane, and hence obtain the local coordinate system near the north
pole. From analytic point of view, the completion of (R?, ¢?45) is a closed C? Riemannian

surface, if and only if

1

h(x):=e W' — 1.5
(x) e (15)
is a C? function near x = 0, and lim, o h(x) > 0, which means the metric at co is
nondegenerate. Hence we need to closely study the asymptotic behavior of u at cc.

We are mostly interested in the case A = 2 since it corresponds to (1.3a).

Our first result concerns the asymptotic behavior of u and its partial derivatives when
|x| is large.
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Theorem 1.1. Let u be a solution to (1.1). We assume that (1.3b) and (1.4) hold. Then we have,

if A > 3, then
Cix1 4+ Coxp 1
u(x) = =Alnfx| + Co+ == 5= o(r'w), (1.6)
where Cy is a constant, 0 < & < 1 A (2A — 3), and C; are constants given by
Ci= [ vk Wy, (17)
For general A > 1, we have
u(x) = —Aln|x|+Co+O<’xa) (1.8)
forany « € (0,1 A (2A —2)), and
( Axi 1 . 3
~p ) e (1)
Ax; In |x . 3
Dun(x) = 1 =z +0( |x||2|)' FA=7 (49
AX; 1 . 3
Etome) A>3
In addition, if we further assume that fori = 1,2,
/ yiK dx =0, (1.10)
then we have better estimates for A > 3 as follows,
Axi 1 . 3
O () e (32)
Ax; In|x ,
Diu(x) = T ‘; +o(|||3|), if A =2, (1.11)
AX; .
- ‘2+o(‘ ’3) if A >2.

Remark 1.1. (1.8) is already proved in [3] under essentially weaker conditions, and the
proof is very technical. The new ingredient in our theorem above is that under more
convenient but natural assumptions (1.3b) and (1.4), we have established more precise
asymptotic behaviors of u and D;u for various ranges of A.

As a consequence of Theorem 1.1, we state an answer to Questions 1.1, 1.2 as follows.
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Theorem 1.2. Assume u and K satisfy (1.1), (1.3a) and (1.3b), and we also assume that K is a
Holder continuous function and satisfies

K(x) = C+0O(|x|™P) forsome B € (0,1). (1.12)
Then (IR?,e*'8) can be completed as a C*>* closed (compact) surface.

We also study radial solutions to (1.1). First, we show that

Theorem 1.3. Let u be a radial solution to (1.1), and we also assume (1.3b) and (1.4), then for
any A > 1, when r = |x| is large, we have that

A 1
and that
A 1
tyy — 5 = o(m) (1.14)
If K further satisfies (1.3c), then
lim 2! (u + &> exists and is finite (1.15a)
r—00 r r ! ’
lim r** AN exists and is finit 1.15b
lim 7 (urr — r—2> exists and is finite. (1.15b)

As a consequence of Theorem 1.3, it turns out that the answer to Question 1.2 for
radial solutions is positive, without (1.12) being assumed.

Corollary 1.1. If u is a radial solution to (1.1), then (IR?,e*'8) can be completed at oo such that
it becomes a C? compact Riemannian surface, if and only if (1.3a)-(1.3c) are satisfied.

We organize the notes as follows. In Section 2, we prove Theorem 1.1 and Theorem
1.2. In Section 3, we prove Theorem 1.3 and Corollary 1.1.

2 Asymptotic behavior of general solutions to (1.1)

In this section, we study asymptotic behavior of solutions to (1.1), and we will prove
Theorem 1.1 and Theorem 1.2.

Proof of Theorem 1.1. Let

w(x) = 5 [ (nlx =yl — In[yK(p)e ) dy. @
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Then as in [2], Aw(x) = K(x)e?*(¥), and

wix) 1
In|x| 27

/2 K(y)ezu(y) dy = A uniformly as |x| — oo.
R

By [1], (1.3b) and (1.4) imply that u is bounded from above. Then by the argument of [2],
we have that u + w = C for some constant C.
Let

o(x) = u(ﬁ) ~ Aln|x],
then v(x) satisfies
Av+K(x)e** =0 in By(0)\ {0}, (2.2)

where
X 1

R(x) = K<W)W

Since u + w = C, and by the asymptotic behavior of w, we have that for any € > 0,

> =o(gh)

in some ball Bs, where § = 6(¢) > 0. Hence if e < A — 3, we have

.. 1
2
Ke™ = O(Wzme) € L1(By),

where

1 . 3
q6(2,ﬁ>, lf§<)\<2,
q:OO, lfAZZ-

A standard argument as in the proof of [3, Theorem 1.1] implies that v € L®(B;(0)),
and hence 0 is a removable singularity of v. Hence by the theory of second order elliptic
equations, v € C* forany a € (0,1 A (24 —3)) if A > 3.

In particular, if A > %, then near 0 we have

v(x) = Co+ A-x+0O(|x|'T), (2.3)

where C is a constant, A is a constant vector, and « € (0,1 A (2A — 3)). Hence if |x| is
large, we have

A-x 1
u(x) = —Aln x| +C+ o5+ O(W) 2.4)
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Similarly, for general A > 1, we have v € C*(B1(0)) for any &« € (0,1 A (2A —2)) if
A € (1, 3], and thus (1.8) is immediate.
Next, we will prove (1.6). Let

f=—

x p—
x>

X
72

and in the following, we will use C to denote various constants, possibly depending on
A and || K||co-
By the differential property of Newtonian potential, we have

g 1 Xi —Yi 2u
Qw@)zznAaw_yPK@k ) dy.

Since u 4 w is a constant, for i = 1, 2, by the definition of A we have
Dju(x) = —Djw(X) = —Ax; + A;(X), (2.5)

where A; is given by

- Xi Xi —Yi u
Ai(%) =/]R< . )K(y)e2 Way.

22 [£—y?

Now in order to figure out the constant vector A in (2.3), we compute

X5 o\ —2X1X Ax
Uy () =(—Ax1 + Al(x))W + (—Ax2 + Az(x))Tiz - ﬁ
x5 — xi —2x1x
=A1(%) 2 + Ax(%) r41 2
= % — f}_yl) B-8 +(r2;z - ’Zf_yz) 2% % >1< ) g
1RZ<( ! 1% —y|? (%2 1) 2 T —yP2 ( 1%2) ) y
> N—Y,0 2 Xo—1Y2 o . y
= - <—X1 - ‘Jz—y|2(x2 _xl) + |£ —y|2(2x1x2)> K(y)e u(y)dy

Since

nlZP —mlyl? 2 (® ) (B2 +y) (2 —y2) + Y5 — F1)

% —yl? % —y|?
it follows that

12 = 2 I~ 2
1|7 x12|y| < Pyl +yl® (2.6)
%~y % =yl
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By (2.6), and since from (2.4) we have

C C -
K(y)eZu(y) < W < HE, when y € B%I (%),
it follows that
1|2 — &y 2u(y) 1 20-3
2 K(y)e*Wdy = O — =0O(r i (2.7)
I g ToyE KW (jgps) =00")
Since
P =&yl _ #P 0 = %) + 2%+ DR = D) I3yl + 17
% —y|? % —y|? I P ]
we have
1|2 — & y[? 2u(y) i 2u(y)
2 K(y)e*V¥Wdy < C|x K(y)es*\Yd
L%uwmgm T |‘ma>(w !
v v 2
_ 1 (203

where we have used

X N - . = c
|2| <|¥—y| and ’g’ <|®—y| if ye B (X)NBy(0).
2 2
Also, since as A > %,
8,0 0 222 k()| < iyl IK() ) € 1R 299)
XB%(O)W_:VP ye = =Y Y ’ :
2 112
X, 0 ;“_'y;zK(y)eZ“(”\ < 20yl [K(y)|e* ) € L'(R?), (2.9)
A

vi| % — x|y )?

F 3P K(y)e" W) = y1K(y)e*V), (2.9¢)

by Dominated Convergence Theorem we have

lim vy, (x) = lim MK(y)eZu(y)dy :/ le(y)e2u(y)dy_ (2.10)
E{E=Y) 70 B (0) XY R
2
Hence
vy, (0) = le(y)ezu(y)dy. (2.11)

R2
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Similarly,
0(0) = [ y2K(y)e* Wy, (2.12)
Therefore, we have explicitly computed the constant vector A in (2.3) and (2.4), namely
A=(Cy,C): / yiK(y)e Wy, / y2K(y)e* Wdy ). (2.13)

This proves (1.6). Now we consider

. _An 1 MY X 2u(y)
Djw(x) |x[2 T on /]RZ <]x —y2 \x]2> K(y)e dy

Yi Xi 2u(y)
K ¥d
“om (/Bx +/ +/ mB ) (Ix—ylz |x|2> w)e Y

=:1+4+I1I+1IL

Since

K < (1A ).

and wheny € B, (x), |y| > %, we have
2

1 C
I < d
] C/ <rx y||x|2“\x||xw> VS e

Also, since when

X X
v By NBL(), ly—a> 50 and iz,

we have

1 1

C
11| < C K(y)e?Wdy < C / d
< C o W <C |y Gy < T

It remains to estimate

1/ ( 2x -y ly[? Yi > 2u(y)
_ Xi— i - K(y)ed
27 Jo,y 0 \ = yPRE™ o= yPeE™ =P ) dy

:111—12—13.

Since

VPRI < C(1 )
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and that when y € By (0), |x —y| > ., we have
2

C
bl < [, WKy
[x]

v

C 1
S P .
~ )3 ( Bl (0)\By |y|*~2 y)

%l
1 1 .
C<ww+uw*>'ﬁA*Z
<
c(l +mho, if A =2

EENEE

Using that |x - y| < |x||y|, we similarly have that

C
Ig——/ K(y)|e2 W g
| |X|ZB§(0)ry||<y>\ y

1 1
A
|x|2 ( Bl (0)\By |y[*A1 y)

va

Similarly,

1 1
C(z+u1>fﬁA¢
e R

- 1 In |x| .
il £ A=
CQW+|W>' A

Based on the estimates on I, I11, I, I, I3 above, we therefore have

7

C
Ig—/ K(y)|e" )4
| 3| |x’2 BM(O) |yH (y)| y

NIW N W

¢ Ax; 1 , 3
MP+OQMM1) ﬁAe(Lﬁ,
) Axg In |x| e, 3
Dyw(x) = e —H‘)( 2 ), if A= ok
AX; 1 . 3
— — fA>-.
MP+OQMJ’ HA=5

This proves (1.9).
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Next, if K further satisfies (1.10), then I, I1I and I, still bear the same estimates as
above, while I; and I3 can enjoy better estimates when A > % In fact,

1 i 5
I :7/ K uy) 4
’ 3| 277 B%(o) |X—y|2 (y)e y
1 Yi Yi > 2u(y) 1 / Vi (o)
s -5 K WWidy — — K uly) g
27 /Bx (0) <’x _]/’2 ‘x’2 (y)e y 7 ) ‘XP (y)e v
? e

1 2x -y — |yl 2u(y)

- 2TV K (y) e Wdy + 0

27T/Bx<o> [x[2x — y[2” w)e v (
v

1
|x’2)\—1>'
Using |x - y| < |x|ly], |[x —y| > %' and |y| < %‘ fory € B%(O),we have

i 2 2u(y) #
8= ) W PIKOIE Oy +0 ().
2

Using the exact estimate of |I;| above, we have

C( ! +1>, if/\>§ and A #2,

1< | C R z
- 1 In|x| ,
— f A=2.
(it e )
Also, since
2 2xix; Y
Il — 7]/ %K(y)ezu(y)dy’
Lo o, o) Fr— g2

2
by the same estimate of I3 as above, we have

C<1+1>, if/\>% and A #2,

Cim+ ), A=2

[xP 2P
Therefore, combing above, we have

_ M
|x[?

C<1+1_>, if)\>§ and A #2,

‘Diw(x)

< |L| + || + || + |II| + |II1|

2
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(O<\x]21)‘—1)' e1e (32)

_ o(h‘“’;'), if A =2,

\w?

o( ) i A> 2.

x[3
This implies (1.11). O
Proof of Theorem 1.2. We rewrite (1.5) as

h(x) = ezl‘(ﬁ)*/‘ln|x‘|x|%—4 _ eZv(x)‘x|2A—4,

where v(x) is defined in the proof of Theorem 1.1. In Theorem 1.1, we have shown that
v is C(By(0)) if A > 3. If we further assume (1.12), then by Holder estimates, v €
C2*(B1(0)). Hence

h € C*(B1(0)) when A =2.

Since h(0) > 0, the proof is completed. O

Remark 2.1. From the proof above one can see that 1 is not C1 if A € (3,2) U (2,3), and
his C! but not C2 when A € (3,3), and his C2 when A >3 or A = 2.

Also from Theorem 1.1, we have

Corollary 2.1. Let u be a solution to (1.1), A > 2 and (1.3b) holds. Moreover, if K is Holder
continuous and satisfies (1.12), then

Cix1 + Coxo 2 Cijxixj 1
= O , 2.14
s Pl () B

where C;, i = 1,2 are constants given by (1.7) and C;; are also constants.

u(x) = —Aln|x| + Co +

i=1
Remark 2.2. One can see from above that under the assumptions of Corollary 2.1, and if
(1.10) is assumed, then
1
u(x) = —Aln x| +CO+O(W), (2.15)

which is sharp in the sense that standard bubble solutions do have such asymptotic be-
havior.



70 C.E Guiand Q. F. Li / Anal. Theory Appl., 37 (2021), pp. 59-73

3 Radial solutions to (1.1)

In this section, we study radial solutions to (1.1) and we will prove Theorem 1.3 and
Corollary 1.1.

When K(x) is radially symmetric, under certain conditions it can be shown that a
solution to (1.1) is also radially symmetric (see, e.g., [3] Theorem 1.7 and [7] Theorem
5.2).

Before giving the proofs, we remark that by [4, Corollary 1.4 and Corollary 1.5], there
always exists a C? radial solution to (1.1) if K(x) is Hlder continuous, radial, nonpositive
near 0, and nonpositive near infinity (this last condition can be dropped if K further
satisfies (1.12)). Therefore, one should not worry about the existence of solutions to (1.1)
within our assumptions.

Proof of Theorem 1.3. 1f u is a radial solution to (1.1), then integrating (1.1) over B,, and by
the divergence theorem, we have

Ke*tdx = / —upds = —27ru,.
B, 3B,

Hence

A 1
U+ — =— < —Ke*dx +/ KeZ”dx>
r  2mr \Js, R2

:i / Ke*“dx
27tr JR2\B,

1 C C
<— d .
S5 /1112\8, = 2

A\

This proves (1.13). Moreover, (1.14) follows from (1.13) and Eq. (1.1), since

u A 1
uy = K =20 = 5 0( ).

If (1.3c) is further satisfied, then it is easy to see from the above computations that (1.15a)
and (1.15b) hold, since

F2A=2 K..¢2Co
li Ke*dx = 5=,
e 277 /]Rz\B, CH T2
where Cj is the coefficient in (1.8). O

Proof of Corollary 1.1. We simply write u(x) = u(|x|). The corollary follows from the
better regularity theory for radial functions. Here we show the assertion directly. Note
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that by checking the proof of Theorem 1.1, we know that (1.15a) and (1.15b) are true if K
satisfies (1.3a) and (1.3c). Hence asr — 0,

) = Agrt +o(rY), (3.1a)
u’(%) = 2+ AP +o(r), (3.1b)
u (%) =22 + Ayt + 0(1*4), (3.1¢)
1\ 12
(N7 Z 4,2 4 4
{u (1/)} =4r° + Azr* +o(r*), (3.1d)

where A;,i = 0,1,2,3 are constants. Since u is radial,

Hence

By direct computation,

1 (r) =) (2”/(1>(_r12)r14—f5>

2u(l) <4r—2Alr3+o(r3) 4)
= r —
/6 /5

_ 3 3 214(%)
_ —2(Arr +g(r ))e — o).
r

Hence lim,_,o /' (r) = 0, and thus L-Hospital’s Rule implies

1 (0) := lim hr) = 1O) _ lim K/ (r) = 0.

r—0 r r—0

Hence h(r) is C! at r = 0. Also, applying (3.1a)-(3.1d), we have

= (e Q)] b v ()3 () 120 () 1+ 2)

-+
r
4A5r* + 8rAir3 + 2Axr* + 12rArr® + o(r4)
= <A01’4 + 0(7’4)) < /8

:A0(4A3 +20A1 + 2A2) + O(l)

Hence
lim#h' (r) = Ag(4A3 +20A; +2A,).

r—0
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Again, L-Hospital’s rule implies that

. i (r) — ' (0)

' (0) = lim =1limh" (0) = Ao(4A3 +20A; + 24,).
r—0 r r—0
Hence h(r)is C? atr = 0. O

Example 3.1. Let u = In lf—rz be the standard bubble solution to (1.1) with K = 1, then by
direct computation,

4 1y 1
2u — L2u(y) = I
S e A

Also, one can check that Ag = 4, Ay =2, Ay = —6, A3 = —8,and hence Ag(4A3 +20A; +
2A;) = —16 = 1" (0).

Example 3.2. Let u = In A__A>1,A # 2. Then u is a solution to (1.1) with K = r*~2.

In this case,
2127214

1
T (14+r)2

~ =

h(r) = e24()

has a singularity at r = 0. Indeed, h(r) — o0 asr — 07 when A < 2, while #(0) = 0
is degenerate when A > 2. Furthermore, h(r) is not C! if 2 < A < 5/2 and is not C?
if 2 < A < 3. The metrics correspond to the so-called conformal metrics with conical
singularities on S2.

The reader is referred to [8,9] for detailed discussions about surfaces with conical
singularities.

Remark 3.1. Recently Dong Ye informed the authors that the answer to Question 1.2
should be negative, and a counter example can be constructed using the classic example
of the nonexistence of a C? solution of the Poisson equation in the unit disc for a contin-
uous but not C* data (see, e.g., [5, Exercise 4.9]). Indeed, one can choose a solution v to
Av = finC?(B;\ {0})NC¥"(B;),0 < a < 1butv & C?*(B;), and extend v to C*(R?\ {0})
so that v(x) = —2In |x| for |x| sufficiently large. Define

u(x) =ov(x/|x|?) — 2In|x|,

then u € C?(R?). Let
K(x) = —e *Au,

it can be verified that (1.3a)-(1.3c) hold. However, the completion of the surface is only
C* but not C2.
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