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A P,-P; PARTIALLY PENALIZED IMMERSED FINITE
ELEMENT METHOD FOR STOKES INTERFACE PROBLEMS

YUAN CHEN AND XU ZHANG

Abstract. In this article, we develop a Taylor-Hood immersed finite element (IFE) method to
solve two-dimensional Stokes interface problems. The P2-P; local IFE spaces are constructed
using the least-squares approximation on an enlarged fictitious element. The partially penalized
IFE method with ghost penalty is employed for solving Stoke interface problems. Penalty terms
are imposed on both interface edges and the actual interface curves. Ghost penalty terms are
enforced to enhance the stability of the numerical scheme, especially for the pressure approxima-
tion. Optimal convergences are observed in various numerical experiments with different interface
shapes and coefficient configurations. The effects of the ghost penalty and the fictitious element
are also examined through numerical experiments.
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1. Introduction

In this paper, we consider the steady-state Stokes interface problem in the two-
dimensional case. Let Q C R? be an open bounded domain that is separated into
Q7T and Q™ by a smooth interface curve I'. Consider the following Stokes equation
in the velocity-pressure-stress form

(1a) ~V-.o(u,p) = f, on QTUQ,
(1b) V-u =0 on QtuQ,
(1c) u = 0, on 0.

Here, f is given body force. u represents flow velocity field of an incompressible
fluid motion, and p denotes the pressure. o(u,p) is the stress tensor defined by

(1d) o(u,p) = 2ve(u) — pI
where the strain tensor €(u) = 3 (Vu+(Vu)*). Across the interface I', the viscosity

coefficient v(x) is discontinuous. Without loss of generality, we assume that v is a
piecewise constant function as follows:

+ +
(1e) V{V, in QF,

v—, in Q.
Across the interface I', the following jump conditions are enforced:
(1f) [ulp = 0, on T,
(1g) [o(u,p)n]. = 0, on T,
where the jump [w(x)] = wT(x)|r — w™ (x)|r, and n is the unit normal vector

on I' pointing from Q~ to Q.
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The Stokes equation is a linearization of the well-known Navier-Stokes equation.
Stokes interface problems often describe multiphase flow with jumps in velocity,
pressure, and physical parameters. Simulations of multiphase flow are widely ap-
plied in fields of fluid dynamics and biology. Examples of these applications include
water-oil flow, bubble column reactors, drug delivery, treatment of lung diseases,
and polymer blending and polymer electrolyte membrane fuel cell [28], etc.

PDE Interface problems, including aforementioned Stokes interface problem,
have attracted great attention among mathematicians, computational scientists and
engineers in the past decades. A wide variety of numerical methods, particularly fi-
nite element method (FEM), have been developed and matured for solving interface
problems. There are roughly two classes of FEM when it comes to interface prob-
lems, namely the fitted-mesh FEM and the unfitted-mesh FEM. The fitted-mesh
method, such as the conventional FEM, requires the solution mesh to be aligned
with the interface; otherwise, the convergence of the numerical method could be
compromised. However, this body-fitting restriction limits its applicability from
problems involving a moving interface, as the solution mesh needs to be regener-
ated at each time level. On the contrast, unfitted-mesh methods usually alleviate
or even eliminate the restriction on mesh. Structured meshes, such as Cartesian
meshes, are usually adopted to solve interface problems with nontrivial interface
shape. See Figure 0 for an illustration of a comparison of an unfitted Cartesian
mesh and a fitted-mesh with a circular interface. This property is particularly ad-
vantageous for moving interface problems [6, 27, B0]. Numerical methods falling to
this class include generalized FEM [17], extended FEM (XFEM) [i5], CutFEM [23]
and immersed FEM (IFEM) [34], to name only a few.

FIGURE 1. Non-body fitting (left) and body-fitting (right) meshes.

The idea of immersed finite element method [34] is to locally modify the standard
FEM basis functions around the interface to satisfiy specific interface jump condi-
tions from the physical laws. Piecewise polynomials are developed as new basis
functions on all elements intersected by interfaces. Several literatures [, 02, 28,
277, 81, B8, @4] expand this idea to multi-dimensional elliptic interface problems and
higher-order approximation. Due to the discontinuity of IFE functions across the el-
ement boundaries, a partially penalized immersed finite element method (PPIFEM)
was proposed in [36] as an improvement of classical IFEM. The authors added
penalty terms on interface-intersected edges to the IFE scheme to enhance its sta-
bility. Many research papers on IFEM follow this idea in the recent years. For
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example, the PPIFEM has been applied to the elasticity equation [I9], interface
problems with triple-junction points [I3], higher-order approximations [B, I7], the
Helmholtz equation [20, B7] and the three-dimensional interface problems [, 27,
parabolic interface problems [39] and hyperbolic interface problems [AR]. An im-
proved a priori error estimation with lower regularity requirement was reported in
[20] and the a posteriori error estimation was developed in [Z4].

There are a few unfitted-mesh methods developed for Stokes interface problems,
such as CutFEM [24], Nitsche’s Extended FEM [45], Extended FEM [16], Fictitious
domain FEM [A0, &7], immersed interface method [35]. Within the IFE framework,
[@] proposed an immersed discontinuous Galerkin method based on broken Q;-
Qo element pair and applied the method in Stokes moving interface problem [5].
Recently [29] introduced a nonconforming IFE method based on broken CR-Pg
and rotated Q1-Qp pairs. A mixed conforming-nonconforming P; IFE method for
unsteady moving-interface Stokes interface problems was introduced in [B0].

So far, to the best of our knowledge, all the IFEMs for the Stokes interface prob-
lem focused on low-order approximations, i.e., P; or Q1 approximation for velocity
and Py approximation for pressure. Classical Taylor-Hood P-Pj_1 finite element
(k > 1) [4, 3] has not been explored in the immersed finite element framework.
The major obstacle is to construct a broken high-order immersed finite element
space based on actual interface curve together with interface conditions involving
both velocity and pressure on actual interface. For high-order IFE approximations,
most attempts focus on elliptic interface problems. Some early work explored qua-
dratic and higher order method on linear [2] and quadratic interface [8]. In [3],
the authors enforced interface conditions using the L? inner product defined on the
actual interface curve. Theoretical work of this method has not been developed
including existence of basis functions. In [I'7], the authors proposed a high-order
IFE space for elliptic interface problem constructed by locally solving a Cauchy
problem. To handle the heavily coupled interface conditions of Stokes interface
problem, we adopt the idea from least-squares high-order IFEM [B, 49] which en-
forces interface conditions on basis functions in a least-squares sense. The existence
of the IFE shape functions is guaranteed by the nature of least squares.

Another concern in Stokes interface problems is the ill-conditioning of the linear
system of the saddle-point problem. To overcome this issue, we follow the idea
of ghost penalty [I0] which is applied in XFEM [33, B2], Nitsche’s method [48],
CwtFEM |14, 74, @1 for solving Stokes interface problems. The technique is also
a necessary ingredient in theoretically estabilishing the inf-sup conditions of the
aforementioned methods. The basic idea is to add extra stabilization terms on edges
cut by the interface or boundary in order to control the jump of discrete polynomials
in a least-squares sense. We include ghost penalty terms of both velocity and
pressure in our weak formulation. Numerical examples are provided to demonstrate
the necessity of these terms.

In this paper, we propose a high-order Taylor-Hood IFE method. The method
uses piecewise Po approximation for the velocity and piecewise P; approximation for
the pressure. A least-squares technique is defined on actual interface to weakly en-
force the coupled interface jump conditions and incompressibility conditions. Prop-
erties of the Taylor-Hood IFE basis functions, such as the existence of the basis
functions, and the their approximation capability are analyzed. The IFE functions
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are used in a partially penalized IFE scheme with ghost penalty for solving the
Stokes interface problems.

The rest of this paper is organized as follows. In Section B, we construct the
vector-valued IFE spaces based on least-squares and investigate some basic prop-
erties of the new IFE spaces. In Section B, we present the partially penalized IFE
method with ghost penalty for solving Stokes interface problems. In Section B, we
provide several numerical examples to demonstrate the performance of this method.
A brief conclusion is given in Section H.

2. Immersed Taylor-Hood Finite Element Spaces

In this section, we first introduce some basic notations and assumptions, and
then construct the Py-P; IFE space based on the least-squares framework.

2.1. Notations and Preliminaries. Assume from now on that €2 is a polygonal
domain, and 7}, is a regular triangulation independent of the location of the inter-
face. Denote by NV}, and &, the set of nodes and edges of the mesh 7Ty, respectively.
Let 7' = {T € T, : TNT # 0} be the collection of interface elements. The col-
lection of non-interface elements are denoted by 7, = T\ 7;'. Similarly, we define
& ={e € &,enT # 0} and EF = E,\E}, to be the set of interface edges and
non-interface edges, respectively. The set of interior edges and boundary edges are
denoted by &, and 5}7“ respectively. Regarding the regularity of the interface and
mesh requirement, we employ similar hypotheses as stated in [G]:

(H1) The interface I' cannot intersect an edge of any element at more than two
points unless the edge is part of T".

(H2) If T intersects the boundary of an element at two points, these intersection
points must be on different edges of this element.

(H3) The interface I is a piecewise C? function, and the mesh 7y, is formed such
that on every interface element 7' € T}, T NT is C2.

Associated with each edge e € &, a unit normal vector n, is assigned. For each
internal edge e € éa’h shared by two elements, denoted by 7T, ; and 7, 2, the normal
n, is pointing from T¢ ; to T, 2. For a scalar function w or a vector-valued function
w defined on T¢ 1 UT, 2, we define the jump and average to be

o], = whr.., — vl fwh, = @l +wlr.)
)

1
[[Wﬂe = W|Te,1 - W|Te,27 {{W}}e = §(W|Te,1 + WlTe,z)'

For each boundary edge e € 82, the normal n. is the unit outward normal vector.
The definitions of the jump and the average are carried over as follows

(3) [w], = {w}, =w, [w],={w}, =w, Vee 82.

For simplicity, we sometimes omit the subscript from the notations of jump and
average if there were no confusion on where these jump and average are defined.
For each interface element T € ’Ef, we denote v = ' N T. The collection of these
curved segments of the interface I' is denoted by F; = {yr : T € 7,'}. The union
of interface edges and interface segments in denoted by Mi = & U Fj.
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On a subdomain Q C Q, let W*?(Q) be the standard Sobolev space with the
associated norm denoted by [| - [|yyr.p (). If QNI # 0, we denote Q° := QNQ°, s =

+, —. The broken Sobolev spaces on § for k > 2 are defined by
(4) PWEP(Q) = {veWhP(Q): v|ge € [WhP(QF)},
(5) PWHP(Q) = {ve W' (Q):v|ge € WHP(QF)),

equipped the norms

(6)

p
||’UHPWk‘p(Q)

When p = 2, the spaces PW*2(Q) and PWk’Z(Q) are simplified to be PH*(Q) and
PH" (€2), respectively. Moreover, we define the following space that incorporates
the Stokes interface jump conditions () - (Ig)

(7)  UQ) ={(v,q) € PH*(Q) x PH'(Q) : [Vlpng =0, [0(v,¢)n]p~g = 0}

= llolI; +olly o Ivle = VI +vIIg

Wk.p(Q+) Wkp( PWFP(Q) Wk (Qt) Wkp(Q-)

When Q = Q, we define a subspace of U(Q) by
Q (@) = {(v.0) () [ aix =0},

2.2. Fictitious Elements. The extension of P-Py_1 Taylor-Hood FEM to inter-
face elements requires the construction of high-order IFE shape functions. Unlike
the low-order IFE approximations, such as P; or Q1 elements, the higher-order IFE
approximation is more sensitive to the relative location of the interface within an
element, meaning the interface cannot be too close to a vertex or one piece cannot
be too small comparing to the other piece; otherwise the linear system for determin-
ing the coefficient of the shape functions will be ill-conditioned. This phenomenon
has been reported in [, B, 7, @7, @9] for elliptic equations. An effective remedy is
to enlarge the physical interface element and construct the IFE shape function on
the new fictitious element, as shown in Figure B. We adopt the fictitious element
idea in the construction of Stokes IFE functions.

"

FIGURE 2. An illustration of a fictitious element.

Given a bounded connected subset K C R?, we let

Kr={XeR?:3Y € K such that OX = (1 + \)OY}
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be the homothetic image of K with respect to the homothetic center O and the
scaling constant A. For each triangular interface element T € ’Thi, we set this
homothetic center to be its centroid and denote the homothetic image of element T
with respect to centroid with a scaling factor A as T). Then the extended interface
segment is denoted by 75 = I' N Ty. We will use this fictitious element T to
generate IFE basis functions. See Figure B for an illustration, in which AA; A A3
is a regular triangle element, and AA7 A3 A3 is the fictitious element. The curve

DE is ~r, and curve DAE? is 'y% in this case. Furthermore, we state two additional
assumptions for the mesh 7p:

(H4) The mesh is generated such that the interface can only intersect each in-
terface element T € ’7;: and its fictitious element T at two distinct points
which locate on two different edges of T and T
(H5) There exists a fixed integer N such that for each K € 7Ty, the number of
elements in the set {T' € 7' : K NT\ # 0} is bounded by N.
It has been shown that the smaller subelement of a fictitious element will not be too
small and the ratio over the larger subelement is bounded below by some positive
constant. More precisely, the following lemma holds.

Lemma 2.1. [49] For a mesh fine enough and a generic interface curve, given any
interface element T and its fictitious element T\, A < 1.5, there exists a positive
constant C' independent of the interface location such that

4N?
9) r(Ty) > m -

where r(Ty) = )I_n_si_n_{\Tf|/|T)\|} with T = Th N Q°.

Ch

This feature enables us to construct the high-order IFE shape functions on each
fictitious element T instead of the physical interface element 1" € 7. More dis-
cussion and comparisons will be provided in Section H.

2.3. Least-Squares P»-P; IFE Functions. In this subsection, we construct the
IFE basis functions for the Stokes interface problem (). The construction is per-
formed on the fictitious element as described above. Let T' € Tp, be a triangular
element with the vertices Ay, As, As. Denote the midpoints of three edges of T' by
A4, A5, and A6.

First, we recall the standard P,-P; Lagrange vector-valued shape functions.
Let A\; 7 be the barycentric coordinate of triangle T' such that \; 7(4;) = 05,
i,7 = 1,2,3 where 6;; is the Kronecker delta function. Let 1; 7 be the quadratic
Lagrange nodal basis functions on T such that ¢; v(4;) = di;, ¢, = 1,---,6.
Then the vector-valued P2-P; Taylor-Hood finite element shape functions ; 7,
1 <7 <15 can be written as

i 0
(10) ’(,bi’T = 0 ) 1 S { é 67 fd’i,T = wi—G,T ) 7 S 1 é 127
0 0
and
0
(11) Vi = 0 L 13<i<15
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To simplify the notations for further discussion, we define the nodes V;, 1 < j <15
counting multiplicity as follows

N;j=A;, V1<j<6, Nj=A;_¢ V7<j<12, N;=A;_ 15, V13<j<15.
It can be easily verified that for 1 < i < 15:
¥ r(N;) = (6i,0,0), 1 < j <6,
(12) i r(N;) = (0,60;5,0), 7<j <12,
i r(N;) =(0,0,6;5), 13 < j < 15.
Let Z = {1,2,---,15} be the index set, and define the polynomial space P(T') :=

[Po(T)]? x P1(T). The vector-value finite element space P(T) can also be written
as

(13) P(T) =span{ep; v : i € I}.

Now we construct the IFE function space on each interface triangle T' € 7, where
TH:=TNOQ" and T~ := TN Q. The vector-valued IFE space is a subspace of

(14) P(T) = {(v,9) : (v,q)|p+ € P(TT) and (v.q)|,- € P(T7)}

which incorporates the interface jump conditions () - (Ig). To do this, we split

the index set Z into Z* := {i € Z,N; € T*} and I~ := {i € Z,N; € T™ }. Define
the tensor product space S(T') := P(T') x P(T) and its basis functions &; 7, m; 1
where
(15)  &ir= { ($ir,0), ifieZr { (0,4,7), if i € T+,

" (0.%ir), ifiel, o (ir,0), ifieZ™.

Apparently, the piecewise polynomial space 75(T) is isomorphic to the tensor-
product space S(T') due to the following one-to-one mapping Hy : S(T') — P(T):

wy, on T+

w, on T—, "W w2) € S(T).

(16) ’HT(wl,'wg) = {
Then we let Vy = span{&; 1,1 € Z}, Vo = span{n; r,% € Z}. The tensor product
function ¢ € S(T') can be written as

(17) ¢r = Z vi&ir + Z Cimi T
i€T ieT

where v; is nodal value at N;, i € Z. It is easy to see the shape function (I(7) is
constructed by two parts: &; 7 contribute to nodal values, and 1; 1 are constructed
to fit interface conditions as we state in the following.

We enforce the interface conditions in constructing our local IFE shape function
in a weak sense. Define a bilinear functional Jx: S(T') x S(T) — R to measure
local basis function’s fitness of Stokes interface condition as follows

(18)
F(up), (v,0) = wo [ [l [vlds+wih® [ [V-u][V-v]ds

YT

ot [ fotupnl lofv.qnlds

+ wsht IV-o(a,p)][V-o(v,q)]ds + wsh? / [p] [q] ds.

2

N>
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Here, w; > 0,¢=0,1,2,3,4 are weights of the least-squares functional. The scaling
factor A in each term is to balance these weights. It can be seen that the bilinear
form Jy is symmetric and positive semi-definite. We define |¢| 7, = /Tr (¢, ¢) to
be a semi-norm on S(7T).

We consider function space

(19) Vy = {(u,p) € S(T), TA((w,p),(v,q)) =0, ¥(v,q) € V2}

which is the orthogonal complement of V5 in sense of Jy. Elements in Vs are
enforced with interface conditions in the least-squares sense.

Following this idea, the calculation of the unknown vector ¢ = (e, ¢z, -+ ,¢j7)) is
by expressing every ¢pr € S(T') in the form of (), then we obtain a linear system
for solving ¢ by the definition of Vs :

(20) Ac=-Bv

where
(21)
Aij = (In(jrmir)); jer € RIFXIL By = (T (&7, Mir)); jer € RIZIXIZI,

Finally, we construct the Lagrange IFE local basis functions ¢;r, i € Z on
T e 77; by letting v be the the canonical vector e;, 1 <14 < |Z|:

(22) ¢i,T - 7'[T((bT ei,ci)7

here c; is solved by Ac; = —Be;.

A comparison of a standard P»-P; Taylor-Hood finite element shape function
37 and our Py-P; IFE shape function ¢s3 1 is provided in Figure B. We can
see that the second velocity component and the pressure component of the IFE
basis function are not entirely zero as in the standard Taylor-Hood basis. This
is due to the stress jump condition ([[g) in which the velocity and pressure terms
are coupled together. Similar features have been observed in other vector-valued
IFE functions for Stokes equation [d, 29, BO] and the elasticity equation [T9, B8].
Moreover, we notice that the IFE basis functions are generally discontinuous even
though each shape function is constructed to satisfy the continuous jump conditions
in the least-squares sense [G].

The local FE/IFE space on T € T, can be formed as

span{v; r,i € Z} if T € T,

23 Sh(T) = :
(23) n(T) {Span{¢i7T,i€I} itT eT,.
The global IFE space S;,(Q) is defined by

(24)

Sh(Q) = {(u,p) € [L*(Q)]? : (u,p) satisfies the following conditions (C1)-(C4)} .
(C1): (u,p)|r € Sp(T), for all T € T
(C2): (u,p) is continuous on every non-interface edge e € &'
(C3): wu is continuous at all vertices and midpoints of T € T,
(C4): p is continuous at all vertices of T' € T,
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F1GURE 3. Top (from left): Standard FE shape function 3 p for
u1, ug and p. Bottom (from left): the IFE shape function ¢s 1 for
u1, uz and p with the coefficients (u*, ™) = (10,1).

Then local interpolation operator I, 7 : U(T') — Sp(T') is defined by:

6

(25) Inr(up) =y uil 1/w+Zu2 DT + Z D, i T € T,
i=1 i=13
6

(26) Inr(u,p)= Z ¢zT+ZU2 i + Z @i, fT € 7;L
=1 =13

The global interpolation operator Ip, : U(2) — S;(Q) is:
(27) Ih(uyp)‘T = Ih,T(u7p)a VT e 7;L

2.4. Properties of IFE Spaces. In this section, we introduce some properties
of the new IFE space. First we prove the existence of the IFE function for any
configuration of interface location and coefficients.

Theorem 2.1 (Existence of IFE Function). On each interface element T € T,
there exists at least one solution to the linear system (20).

Proof. To prove the linear system (B0) has at least a solution is equivalent to prove
Ker(A) C Ker(B). This is to say Bm = 0 whenever Am = 0 for any vector v.
Suppose this is not true, then there exists a vector mg such that Amg = 0 but
Bmg # 0. Let ng to be a vector such that ng” Bmg < 0, set @0,7 = Pleng,mo
where € is a constant larger than 0. We have

Ix(¢o,1, Po,r) =(eng)” C(eng) + 2(eng)" Bmg + mp” Amg

28
(28) =e’ny?’ Cng + 2eng’ Bmyg.

Here C;; = (Jx (giaT7£ij))ij€I € RIEFXITI Let € < —2ne"Bmg/ne” Cng, then
we obtain J(¢o,r, ¢o,r) < 0 which contradicts with the semi-positive definiteness

of j)\(,) O
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Theorem 2.2 (Least-Squares Best Approximation). On each interface element
T €7, the local IFE function ¢ = &r+nr minimizes the least squares functional
(R), ie.,

(29) [€r +nrlg = min €7+ Crlg, -
CTEV2

Proof. Note that every local IFE function can be written as following form:

(30) or =&r +<¢r

where €7 € V1, {r € V5. Then following a standard procedure, we have

\&r + Crl%, — [ér +mrl%,
(31) =|&r + Cr +nr — nrl, — ér + 7|y,
=|¢r — nrl5, + 275\ (&r + 07, $r — 07).

Since {7 — N € Vo, &7 +n1 € V5, so Ta(ér + 17, ¢ — ) = 0. So we obtain

(32) l&r + Crl%, — [ér +mrl%, = ¢ — nrl5, > 0.

O

The above theorem shows that our choice of ¢ is the optimal choice for |¢r|7,
for given nodal values v, gauged by the semi-norm | - |7, that measures the fitness
of interface conditions.

The approximation capability of the new IFE space is investigated numerically
in Section B through the interpolation error analysis. Let

ur1 = (In(ua, p))1, ur2 = (In(u,p))2, pr = (In(u,p))s.

We observe that the interpolation errors obey

(33) s, — wl|z2@) + hlure — wgl i) < OR®), k=1,2,
and
(34) llpr = pllr2) + hlpr — pla @) < O(h?).

3. PPIFEM with Ghost Penalty

We propose the partially penalized IFE method with ghost penalty for Stokes
interface problem as follows. Find (up,pp) € Sp(€2) such that
A(uap,vh) + B (Va,pr) + Ju(un, ve) = L (Vi)
35 ’ ’ ’ ’ Y (v, € Sr(),
(35) { B (ap, qn) — Jp(pn,qn) =0, (Vi an) € Sn(2)



130 Y. CHEN AND X. ZHANG

where the bilinear forms A(-,-), B(:,-) and the linear form L(-) are defined by

A(u,v) :/QQVe( v)dx — > /{{21/6 n} - [v] ds

ecE}
+ €0 {2ve(v)n} - [u]
egg:; /
Z / v]ds — Z / {2ve(u)n} - [v] ds
(36) ec&} TeT;i 77T
+e Z {21/6 Jnj}-[ —|— = Z /
TET;: T rery
B(v,p) = pV - vdx + {on} [v] ds + {pn} [v] ds,
-, 2;/ g;/

v):/f~vdx.
Q

The ghost penalty terms in (BH) are defined as:

(u,v) Z Zaujhzjl/{{y}}aj : [04v] ds,

eEMl 1<5<k

Z Z Op,j 2J+1/{{V}} [ q] ds.

eGM" 0<j<k

(37)

In (BB)-(B2), 0Y, 0}, 0u; and o, ; are penalty parameters. The integer k in ghost
penalty terms refers to the order of polynomials (e.g. for the Ps-P; element, k = 2
in Jy and k =1 in J,). The parameter ¢y may take the value —1 or 0 or 1 which
refers to the symmetric, incomplete and non-symmetric partially penalized IFEM,
respectively [36].

In A(u,v), we add partially penalized terms on both interface edges and the
interface itself. Approximating functions are not guaranteed to be continuous across
interface elements. The aim of adding penalty terms is to impose the continuity of
approximation and ensure that the coercivity [36]. Several research of IFEM have
verified effectiveness of this technique, including immersed DG method for Stokes
interface problem [d, 5]. Apart from the edge penalty, we add penalty terms on
interface as well, since continuity of basis function inside the element cannot be
guaranteed in our least-squares approximation space. This idea has been employed
in [0, B, 7). In the numerical examples, we take corresponding parameters of
penalty on edges same as parameters of penalty on interface. Similar weak forms
are also proposed for imposing continuity within the interface elements for high-
order PPIFE for the elliptic equations [1, I'7].

In our numerical scheme, the ghost penalty terms Jy(up,vy) and J,(pr,qn)
are added for stabilization. Similar to partially penalized terms, the objective of
adding these terms is to control discontinuous polynomials around the interface.
The operators defined in (B7) try to minimize the inter-element normal derivative
jumps dpu and Onp. Different orders are weighted with a proper scaling of h for
consistency. Moreover, several methods for Stokes interface problems mention that
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Jp(Ph,qn) is necessary for proving inf-sup stability such as XFEM [82], Nitsche’s
method [26] and Cut-FEM [I4, 24, 41]. The term Jy(uy,, vy) will serve for improving
the coercivity when the interface cuts the boundary of the domain [P4]. Although
the set of edges we stabilize is slightly different from methods above, we believe
these terms would achieve similar effect which could be also revealed from our
numerical examples in the following section.

4. Numerical Experiments

In this section, we provide three classes of numerical experiments. The first
one (Examples 4.1 and 4.2) is a convergence test of both interpolations and IFE
solutions in two different interface shapes. The second test (Example 4.3) focuses
on the effect of the ghost penalty for IFE schemes. The third test (Example 4.4)
demonstrate the advantages of the fictitious element over the actual element when
the interface is close to vertices.

In our numerical experiments, we use a family of Cartesian triangular meshes
{Tn} of Q. These meshes are generated by first partitioning €2 into N x N standard
uniform squares, and then each square is further partitioned by its diagonal with
negative slope. The mesh size h is defined to be 2/N. To compute the least-squares
IFE basis functions, we set wy = max(vT,v7), w1 = 1, wy = 1, w3 = 1, wy =
100 max (v, v ™) for weights of bilinear form (IX). The interface cut each interface
triangle into two curved polygons. Numerical quadratures on curve segments and
on curved polygons are performed by a proper mapping into line segment and
standard triangles. The numerical quadratures on curves and curved domains has
been reported in [B].

Example 4.1. In this ezample, we test accuracy and convergence of the PPIFE
method with ghost penalty. We first consider the straight line interface ' = {(x,y) €
Q: 224 y— c =0} which separates the domain Q = (—=1,1) x (=1,1) into QF =
{(z,y) €eQ:2x+y—c>0} and Q™ ={(z,y) € Q: 2z +y — c < 0}. Here we let
¢ = /2. The ezact solution u and p are defined as follows

2z +y—c)*/(2v")
—Qz+y—cPt )7
2z +y—c)?/(2v7)
—@rty—otfr )

in QF,
mn Q7

and
p=e” —¢eY.

The interpolation error is shown in Tables Il and B. The data obey the expected
convergence rates (B3)-(Bd). We also notice that the interpolation functions are
identical regardless the coefficient values for w;,7 = 0,1, 2, 3,4 for this linear inter-
face case. For the PPIFE method, we use the symmetric weak formulation. We
take ol = 0% = 1500, 0,1 =0, 00 = 0p1 = 1 in our experiments. Computational
results for IFE solutions are listed in Table B and B. We test convergence perfor-
mance of the IFE method for both small and large jumps, i.e., (v*,v7) is set to be
(10,1) and (1000, 1), respectively. All data indicate that IFE solutions obey

(38) ||uh7k — uk||L2(Q) + h|uh,k — uk|H1(Q) § O(hs), ]{3 = 1,2,
and

(39) lpn = pllr2(9) + hlpn — Pl @) < O(R?).
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An illustration of IFE solution with both jumps is given in Figure @. In the dia-
grams, the background is a contour plot of pressure values. The stream lines are
curves tangent to the velocity vector, the line thickness reflects the magnitude of
velocity vectors.

TABLE 1. Interpolation error of Example B0 with (10,1) at A = 1.0.

A N lura —wui|lpz order |jus2 — usg||fz order |pr—pllrz order

10 9.15x107* 1.83 x 1073 8.36 x 1073

20 1.14x107* 3.00 2.28x10"* 3.00 210x10% 1.99
40 143 x107% 299 285x107° 3.00 5.25x107% 2.00
80 1.79x10°% 3.00 357x10"% 3.00 1.31x10"* 2.00
160 223x1077  3.00 4.47x1077 3.00 3.28x107° 2.00

1.0 N Juri—w|gr order |urg—ug|gr order |p;r —p|gr order

10 4.84 x 1072 9.68 x 1072 2.19 x 107!

20 121 x1072 2.00 242x1072 200 1.10x10"' 0.99
40  3.03x1073  2.00 6.06x 107 2.00 5.50x10"2 1.00
80 7.59x107*  2.00 1.52x107°% 200 2.75x1072 1.00
160 1.90x10~* 2.00 3.80x107* 200 137x10°2 1.01

TABLE 2. Interpolation error of Example B0 with (1000, 1) at A = 1.0.

A N lurp —wui|lpz order |jurz —wusglr2 order |pr—pllrz order

10 9.06 x 1074 1.81 x 1073 8.36 x 1073

20 1.14x107* 299 227x107* 3.00 210x10% 1.99
40 142x107° 3.01 285x107° 299 525x10"* 2.00
80 1.78x107% 3.00 357x107% 3.00 1.31x10"% 2.00
160 223x10°7  3.00 4.46x10~7 3.00 3.28x107° 2.00

1.0 N Juri—ui|gr order |urg—us|gr order |p;r—p|gr order

10 4.82x 1072 9.64 x 1072 2.19 x 1071

20 1.21x1072 199 242x1072 1.99 1.10x10"! 0.99
40  3.03x107% 2.00 6.05x1073 2.00 5.50x10"%2 1.00
80 7.58x107% 2,00 1.52x107% 1.99 2.75x1072 1.00
160 1.90x107% 2.00 3.79x10"* 2.00 1.37x107%2 1.01

Example 4.2. In this example, we test a curved interface, which has been used in
[@, 29, BO]. The domain Q = (—1,1)? is split into QT and Q= by circular interface
I'={(z,y) € Q:2%+y>—1r%2 =0}, where QT = {(z,y) € Q: 2% +4?> — 72 > 0}
and Q= {(z,y) € Q: 2? + y*> — r? < 0} with r* = 0.3. The ezact solution to this
Stokes equation is

y(z® +y° _7"2)/V+ o OF
D et A A
= )

AL GO

—x(x?+y2—r?)v™ )7
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TABLE 3. SPPIFE error of Example B0 with (10,1) at A = 1.0.
A N lup1 — w2 order ||upo —uslzz order |pp —p|2 order
10 9.64 x 1074 1.86 x 1073 4.85 x 1072
20 1.17 x 10~* 3.04 2.31 x 10~* 3.01 790x107% 2.62
40 1.45 x 107° 3.01 2.87 x 1075 3.01 127x1073 264
80 1.81 x 1076 3.00 3.59 x 10~6 3.00 2.14x10~* 257
160 2.24x1077  3.01 447x1077 3.01 2.71x107° 2098
1.0 N |upi—wuilgr order |up2—uslgr order |py —p|lgr  order
10 4.85x 1072 9.66 x 1072 8.72 x 107!
20 1.21 x 102 2.00 242 x 1072 2.00 2.71x10"' 1.69
40 3.03x 1073 2.00 6.06 x 1073 2.00 9.27x1072 1.55
80 7.59x107* 200 1.52x1073 2.00 3.63x1072 1.35
160 1.90 x 10~ 2.00 3.80 x 10~* 2.00 1.44x107%2 1.33
TABLE 4. SPPIFE Error of Example B0 with (1000,1) at A = 1.0.
A N Jupa —ui|lgz order |lupo —wug| 2 order |pn —pllrz order
10 9.54 x 1074 1.83 x 1073 5.73 x 1072
20 1.16 x 10~* 3.04 2.29 x 10~ 3.00 1.13x1072 234
40 1.44 x 107° 3.01 2.86 x 1075 3.00 2.19x1073 2.37
80 1.79 x 106 3.01 3.58 x 10~6 3.00 3.18x107* 2.78
160 2.23x 1077 3.00 4.46 x 10~7 3.00 7.19x107°% 2.14
1.0 N |upi—ui|lgr order |upo—us|gr order |p, —p|lgr  order
10 4.83x 1072 9.62 x 1072 9.80 x 1071
20 1.21 x 102 2.00 2.42 x 1072 1.99 3.65x 107t 1.42
40 3.03 x 1073 2.00 6.06 x 1073 2.00 1.38x10"t 1.40
80 7.59 x 1074 2.00 1.52 x 1073 2.00 4.48x 1072 1.62
160 1.90 x 10~ ¢ 2.00 3.79 x 10~ 2.00 1.74x1072 1.36
FIGURE 4. Stream Line of Example 2, Left: contrast (10,1), Right:
contrast (1000,1).
and

p:

L - ),

10
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=69 =100, 0,0 = 1 and 0,1 = 0 in the weak form. The

We take 0,1 = 0, =
IFE solution errors are listed in Table [@ and B. Similar with linear interface case,
both small and large jumps are tested for this interface problem. An illustration
of curved interface case numerical results with small and large jump is shown in
Figure B. As before, the interpolation and IFE solution converge optimally in both

L? and H'! norms.

TABLE 5. Interpolation error of Example B2 with (10,1) at A = 1.0.

A N Jurg —w|pz order |lure —usllpz order |pr —pl|lpz order

10 3.38x 1074 3.38 x 1074 3.56 x 10~3

20 3.81x107® 315 3.81x107° 3.15 894x10"* 1.99
40 4.82x107% 298 4.82x107% 298 224x107* 2.00
80 597x1077 3.01 597x1077 3.01 5.64x10°° 1.99
160 7.45x1078% 3.00 7.45x10"% 3.00 1.44x10"® 1.97

1.0 N Juri—ui|gr order |urg—us|gr order |p;r—p|gr order

10 1.28x 1072 1.28 x 1072 5.63 x 1072

20 3.08x1073 2.06 3.08x107% 206 2.83x1072 0.99
40 7.65x107* 201 765 x107%* 201 142x107% 0.99
80 1.91x107* 2.00 191x10"* 200 7.15x10"% 0.99
160 4.81x107% 1.99 481x107° 199 3.66x10~% 0.97

TABLE 6. Interpolation error of Example B2 with (1000, 1) at A = 1.0.

A N Juri —wi|pz order |luro —usllpz order |pr —p|lpz order

10 3.27x107* 3.27 x 1074 3.56 x 1073

20 4.03x107° 3.02 4.03x107° 3.02 893x10"* 2.00
40 469x107% 310 4.69x107% 310 224x10"* 2.00
80 5.85x1077 3.00 583x1077 3.00 5.59x107° 2.00
160 7.31x10"®% 3.00 7.31x10"% 3.00 1.40x10"° 2.00

1.0 N Juri—ui|gr order |uro—us|gr order |p;r—p|gr order

10 127 x1072 1.27 x 1072 5.63 x 1072

20 3.22x107%  1.98 322x107% 198 283 x1072 0.99
40 7.46x107* 211 746x107* 211 1.41x1072 1.01
80 1.89x107* 198 1.89x107* 1.98 7.07x107% 1.00
160 4.73x107°  2.00 4.73x107° 2.00 3.54x107% 1.00

Example 4.3. In this example, we test the effect of the ghost penalty terms to the
IFE solution, especially for the pressure. We set the pressure to be 0 (a simpler
case than Example f-1) and test the scheme with and without the ghost penalty.
Here we use the straight line interface as in Example G-1. The exact solution can
be written as:
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TABLE 7. SPPIFE error of Example B2 with (10,1) at A = 1.0.

135

A N lup1 — w2 order ||upo —uslzz order |pp —p|2 order
10 5.94x107* 5.94 x 1074 3.68 x 1072
20 5.43 x 107° 3.45 5.43 x 1075 345 4.62x 1073 2.99
40 6.55 x 10~ 3.05 6.55 x 1076 3.05 848 x10~% 245
80 6.56 x 10~7 3.32 6.56 x 10~7 332 1.11x107% 293
160 7.63x107% 310 763x107% 310 1.67x107° 2.73
1.0 N |upi—wuilgr order |up2—uslgr order |py —p|lgr  order
10 1.37x 1072 1.37 x 1072 4.47 x 1071
20 3.18 x 1073 2.11 3.18 x 1073 211 1.39x10"Y 1.69
40 8.15 x 10~¢ 1.96 8.15 x 10~ 1.96 5.67x 1072 1.29
80 1.94 x 10~* 2.07 1.94 x 10~* 2.07 150x 1072 1.92
160 4.78 x 107° 2.02 4.78 x 1075 2.02 5.21x10~2% 1.53
TABLE 8. SPPIFE error of Example B2 with (1000, 1) at A = 1.0.
A N Jupy—wui|lpz order ||lupgz —wuo|pz order |pn—pllrz order
10 8.88x 1074 8.88 x 1074 1.48 x 1071
20  519%x107° 410 519x107° 410 6.31x1072 1.23
40  781x107% 273  781x107% 273 7.98x107% 298
80 7.28 x 1077 3.42 7.28 x 10~7 342 143 x1073 2.48
160 7.78 x 10~8 3.23 7.78 x 1078 323 282x107% 234
1.0 N |upi—wi|gr order |upe—uslygr order |pp —p|lgr  order

10  1.63x 1072 1.63 x 1072 2.39 x 1010
20 335x107% 228 335x107% 228 1.76 x 1070
40 9.09x107* 1.8 9.09x107* 1.88 4.81 x 107!
80 2.02x107* 217 202x107* 217 2.02x 1071
160 4.81x107° 2.07 4.81x10~° 207 7.39x10°2

0.44
1.87
1.25
1.45

“

FIGURE 5. Stream Line of Example 1, Left: contrast (10,1), Right:
contrast (1000,1).
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p=0.

We present symmetric PPIFE results for this example with coefficients (10, 1) and
its flipped coefficients (1,10) in Tables 8, M, [0 and I2.

TABLE 9. SPPIFE Error of Example B23 with (10,1) at A = 1.0

with Ghost Penalty.

A N Jupi —ugllrz order |lup2 —ugllpz order ||pn, —pl|lLz order
10 9.62x 1074 1.84 x 1073 3.55 x 1072
20 1.16x107* 3.05 2.29x10~* 3.01 4.49x1073 2.98
40 143 x107° 3.02 2.86x107° 3.00 5.55x107* 3.02
80 1.79x107% 3.00 3.58x10°% 3.00 6.81x107° 3.03
160 2.24x 1077  3.00 447x10°7 3.00 9.15x107% 2.90
1.0 N |upi—ui|lgr order |upo—us|gr order |p, —p|lgr  order
10  4.85x 1072 9.66 x 10~2 7.25 x 107!
20 121x1072 2.00 242x1072 200 1.80x10~' 201
40  3.03x1073 2.00 6.06x10°3 2.00 4.49x 1072 2.00
80 759 x107% 200 1.52x1073%  2.00 1.12x1072 2.00
160 1.90x10~* 2.00 3.80x10~* 2.00 299x10~3 1.91

TABLE 10. SPPIFE Error of Example B3 with (10,1) at A = 1.0
without Ghost Penalty.

A N lup1 —uillg2 order ||upo —uszlr2z order |pp—p|2 order
10  9.51 x 1074 1.85 x 1073 4.84 x 1072
20 1.16x107%* 3.04 2290x107% 3.01 6.36x1073 2.93
40 143 x107°  3.02 2.8 x107° 3.00 7.97x10"* 3.00
80 1.81x107% 298 3.58x10°% 3.00 4.34x10~* 0.88
160 2.24x 1077 3.01 447x1077 3.00 2.08x107° 4.38
1.0 N |up1—wuilgr order |up2—uslgr order |py —p|lgr order
10 4.85x 1072 9.66 x 1072 9.25 x 1071
20 1.21x1072 2.00 242x1072 200 242x10~! 1.93
40  3.03x1073 2.00 6.06x1073% 2.00 6.76x 1072 1.84
80 7.60x10"* 2.00 1.52x1073% 2.00 9.82x1072 -0.54
160 1.90x10"* 2.00 3.80x10~* 200 6.43x10"3 3.93

In this simple case p = 0, we observed a super-convergence phenomena similar
to standard Taylor-Hood finite element method. The IFE scheme without ghost
penalty performs unstably. Tables [ and I2 provide two typical results. In Table
[ with coeflicients set to be (10,1), the convergence seems to be stable on coarse
grids, however, it deteriorates as meshes become finer. For coefficients set to be
(1,10) in Table [, numerical results of pressure are extremely unstable even at

coarse meshes.
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TaBLE 11. SPPIFE Error of Example B3 with (1,10) at A = 1.0
with Ghost Penalty.

A N lup1 — w2 order ||upo —uslr2 order |pp—p|L2 order

10 4.90 x 1074 8.45 x 1074 3.70 x 1072

20 531x107° 321 1.03x107* 3.04 4.46x1073 3.05
40 650x 1076  3.03 1.27x107° 3.02 5.64x10"% 298
80 7.92x1077 3.04 1.58x107% 301 7.59x107° 2.89
160 1.00x 1077 299 1.99x10~7 299 1.18x107° 2.69

1.0 N |upi—wui|gs order |up2—uslgr order |pp —p|lgr  order

10 219 x 1072 4.26 x 10~2 7.16 x 1071

20 539x1073% 202 1.07x1072 199 1.78x10°' 201
40 1.34x1073 2.0l 267x1073% 2.00 447x1072 1.99
80 3.34x107* 200 6.68x10"* 200 1.13x10"2 1.98
160 841x107® 199 1.68x10™%* 1.99 3.23x1073 1.81

TABLE 12. SPPIFE Error of Example B3 with (1,10) at A = 1.0
without Ghost Penalty.

A N lup —u'|zz  order |ui —u?||p= order ||p, —pllzz order

10 5.15x 1074 8.49 x 1074 6.02 x 1072

20 867x107* -0.75 9.61x107* -0.18 394x10"' -2.71
40 1.01x107° 6.42 1.50x10"° 6.00 6.05x 1073 6.03
80 6.22x107% 070 4.66x107% 169 1.04x10"%2 -0.78
160 1.00x10~7 596 1.99x 107 455 3.79x10°° 8.10

1.0 N Jupi —ui|lgr order |upgo —ug|gr order |pp —p|lyr order

10 2.20 x 1072 4.24 x 1072 1.35 x 1079

20 2.26x1072 -0.04 3.72x1072 0.19 2.19x10t! -4.02
40 146 x107% 395 280x107° 3.73 6.33x10"' 5.11
80 143 x10=2 0.03 1.03x1073 144 262x10T0 -2.05
160 841 %107 4.09 168x107* 262 137x107%2 7.58

Example 4.4. In this example, we revisit the Example I3 to examine the perfor-
mance of fictitious element mentioned in Section Z3. A triangular element with the
size h = 0.1 is intersected by a circular interface with varying radiuses which are
illustrated in Figure @. When the interface intersects elements with small segments,
the condition number of A, denoted as ka, blows up, as reported in Table T3. This
phenomenon can be alleviated by introducing the fictitious elements, see Table I3
and [I4 for comparisons.

From the results, we find that when the interface segment within an element
is small, the magnitude of condition number of A could be as large as 106 at
moderate contrast (10,1). The magnitude becomes even larger in higher contrast
case (1000, 1), which reaches a magnitude of 10%°. When we use fictitious elements
by setting A = 0.5,1.0,1.5, the condition number k4 decreases significantly to a
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—e— Original Element —e— Original Element
—— A=05 - —— A=05
—— A=1.0 —— A=1.0

A=15 A=15

—e— Original Element —e— Original Element
—— A=05 e —— A=05
—— A=1.0 —— A=1.0

A=15 A=15

FIGURE 6. From Left to Right: First Line: Elements intersected
by circular interface with r? = 0.24,0.245, Second Line: Elements
intersected by circular interface with 2 = 0.249, 0.2495.

TaBLE 13. Condition Numbers for A with coefficients (10, 1) and
varying A in Example B-4.

KA
A=0 A=0.5 A=1.0 A=15
2=0.2400 5.9227E+10 4.2231E+08 4.1618E+07 8.1810E+06
2=10.2450 1.3704E+12 1.1654E+09 8.7194E+07 1.5400E+07
2
0
2=0

2490 1.1470E+15 2.8519E+09 1.6133E+08 2.5920E+07
2495 1.9027E+16 3.2097E4-09 1.7448E408 2.7679E-+07

magnitude of 10° when the contrast being (10,1), and 10! for the contrast being
(1000, 1).

5. Conclusion

In this article, we develop a high-order numerical scheme to solve Stokes interface
problems on interface-unfitted meshes. An immersed P»-P; Taylor-Hood finite
element space is developed based on least square construction on fictitious elements.
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TABLE 14. Condition Numbers for A with coefficients (1000, 1)
and varying A in Example B

KA
A=0 A=0.5 A=1.0 A=15
7?2 =0.2400 2.2326E+14 1.6353E+12 2.0103E+11 6.4952E+10
r? =0.2450 6.2710E+15 5.3336E+12 4.1596E+11 1.0124E+11
2
2

r© =0.2490 5.9345E+18 1.4701E+13 8.3261E+411 1.5309E+11
r© =0.2495 9.9791E+19 1.6768E+13 9.1080E+411 1.6218E411

The proposed IFE method contains penalties on both interface edges and the actual
interface. Ghost penalty terms are also enforced to enhance the stability of the
numerical scheme. Numerical results indicate optimal convergence rate of our new
IFE method.
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