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Abstract. The main interests here are to study the relationship between card(X) and
card(P(X)) and the connection between the separability of a space X and cardinality
of some function space on it. We will convert the calculation of card(P(X)) to the
calculation of card(F(X — Q)). The main tool we used here is Zorn Lemma.
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1 Introduction

Let X be a set. If X is a finite set, we call the number of elements of X the cardinality
of X, and denote it by card(X). For two infinite sets X and Y, we can use this notion to
compare the “number” of two sets X and Y. The following expressions are well-known:

(i) card(X) < card(Y) if there exists an injective map ¢ : X — Y;
(ii) card(X) > card(Y) if there exists a surjective map ¢ : X — Y;
(iii) card(X) = card(Y) if there exists a bijective map ¢ : X — Y.

Let X and Y be two sets. We recall the following theorems in [1-3].

Theorem 1.1. card(X) = card(Y) if and only if card(X) < card(Y) and card(X) > card(Y)
both hold.

Theorem 1.2. Either card(X) < card(Y) or card(Y) < card(X) or card(X) = card(Y).

Theorem 1.3. card(X) < card(P(X)).
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In this paper, weuse N, Z, Q, R and C to denote the set of positive integers, integers,
rational numbers, real numbers and complex numbers respectively. The number filed F
mentioned here is a subfield of C, thus Q is the minimal number field and F D Q. Given
two sets X and Y, we denote

FX—=Y)={mapf: X —Y}. (1.1)

Especially, there is a natural algebra structure on F(X — F) if F is a field. As usual,
we use (X, p) to denote a metric space with a metric map p : X x X — [0, +0), which
satisfies

(i) p(x1,x2) = 0if and only if x; = x;

(ii) p(x1,x2) = p(x2,x1);
(iil) p(x1,x3) < p(x1,x2) + p(x2, x3), where x1, xp, x3 are arbitrary points of X.

We use (X, M, u) to denote a measure space, where M is a o-algebra on X, and y is a
measure, i.e., it : M — [0, 4+o0] isa map, satisfying

@) u(e) =0;

(ii) ‘u(U;"’ZlE]) = Z]-i_:oi y(E]), where E] € M and E]'I N E]‘2 =Q, (]1 75 ]2)
We denote card(IN) = cp, which is the minimal cardinality of all infinite sets. Denote
card(R) = ¢, which is called “cardinality of the continuum”.

Let X and Y be two sets and &« = card(X), p = card(Y). We have the following
definitions,

Definition 1.1. If XNY = @, we definea + = card( X UY).
Definition 1.2. Define o - f = card(X x Y).
Definition 1.3. Define p* = card(F(X — Y)).

We verify that these three definitions are well-defined. Suppose two sets X; and Y;
satisfy card(Xq) = card(X), card(Y1) = card(Y) and X; NY; = @ (in Definition 1.1).
Then, we have bijective maps ¢ : X — Xj and ¢ : Y — Y;. We construct three maps w, 0,
1 as follows:

.
w:XUY = XY, “"Z>:{mﬁ ;22;55 (1.2a)
0:XxY—=X;xYr: 0(x,y) = (¢(x),¥(y)), (1.2b)

wherex € X,y €Y.
ﬂ:?(X%Y)—)H’(XléYl): q(f):lpofoq)*l, (1.3)

where f € F(X — Y), “o” represents the composition of maps. It is easy to verify that
w, 0,11 are bijective. Thus these definitions are well-defined.
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Remark 1.1. (1) Note that in Definition 1.1, if 8 = «, we have a + a = card(X x {0,1}),
where « = card(X). (2) In some literature, 2* = card(P(X)) where a = card(X). We will
see that this coincides with the Definition 1.3, which will be explained in the Theorem
1.8.

We state the theorems about the cardinal computation as follows and leave the dis-
cussion about cardinality and the separability of a space X in Section 3.

Theorem 1.4. If a1, ap, B are cardinal numbers of three nonempty sets, then p*1 - p*2 = pr1toz,
Theorem 1.5. If «, B1, B are cardinal numbers of three nonempty sets, then p§ - B5 = (B1 - B2)".

Theorem 1.6. Given two cardinal numbers , B, if at least one of them is the cardinal number of
an infinite set, then « + p = max(«, B). Especially, & + o = o when w is the cardinal number of
an infinite set.

Theorem 1.7. If a, B are cardinal numbers of two nonempty sets and at least one of them is
infinite, then « - B = max(a, B). Especially, o -« = « when « is the cardinal number of an
infinite set.

Theorem 1.8. Suppose two cardinal numbers «, p satisfy « > p > 2, and & > co. Then
Bt =2% = card(P(X)),
where & = card(X).

Theorem 1.9. Suppose V is an infinite-dimensional linear space over the field F with a basis E.
Then, card(V) = max(card(E), card(F)). Especially, card(V) = card(E) when F = Q.

Example 1.1. Let V = R, F = Q. We know that

|
=0 n:

is a transcendental number, so {¢F}%° ; is a linear independent set over Q, thus R is an
infinite-dimensional linear space over Q. If E is a basis of R over Q, then card(E) =
card(R) = c.

Theorem 1.10. For any two infinite sets X and Y, card(X) = card(Y) ifand only if card(P(X)) =
card(P(Y)) and there exists an algebra isomorphism ¥ : F(X — Q) — F(Y — Q).

This paper is organized as follows. In Section 2, we prove Theorems 1.4-1.10. In
Section 3, we discuss the connection between separability of a space X and the cardinality
of some function space on it and prove several related results. Finally, several unsolved
questions are raised in the context.
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2 Proof of Theorems 1.4-1.10

Proof of Theorem 1.4. Suppose Xj, X5, Y are nonempty sets satisfying card(X;) = ay,
card(Xy) = ap and card(Y) = B, without loss of generality, we can assume that X1 N X, =
@. According to Definition 1.3,

Bt =card(F(Xy = Y)), B2 =card(F (X2 = Y)),
B B2 =card(F(X; = Y) X F(X2 = Y))
={(fi,fo): map f1: X; = Y, map fo: Xp = Y}.

Since X1 N X, = @, (fi(x1), f2(x2)), x1 € Xy, x2 € Xp, corresponds bijectively to map
f:X;7UXp; = Y, where

f(x) _ { fl(xl), if x= X1 € Xl, (2‘1)

fz(x2), if x=ux € X,.

Therefore, F(X; — Y) x F(Xo — Y) = F(X3 U X, — Y). By Definition 1.1 and Definition
1.3, we have

B B2 =card(F (X1 UXp = Y)) = ’Bcard(Xluxz) _ gt
Thus, we complete the proof. -

Proof of Theorem 1.5. Suppose X, Y;, Y, are nonempty sets satisfying card(X) = a,
card(Y1) = Bi1 and card(Y2) = B. By Definition 1.3, B = card(F(X — Y1)), B5 =
card(F(X — Y»)). By Definition 1.2, B - B5 = card(F(X — Y1) x F(X — Y3)). Besides
FX=Y)xFX—=>Y)={mapf: X =Y xYo} =F(X = Y; xY3). By Definition
1.2, card(Y1 X Y2) = B1 - B2 It follows that

:Bli(.B% = card(&“(X — Y1 X Yz)) = (Cﬂ?’d(Yl X Yz))curd(X) = (‘31 : ,32)“,
the second ”=" follows by Definition 1.2. O

Proof of Theorem 1.6. We first consider the case when a + a = «, where a is the cardinal
number of an infinite set. The proof of this case can be seen in [3, Page 30].
To prove the general result, we divide the situation into two cases:

(i) B > a and «a is the cardinal number of an infinite set. Suppose X, Y satisfy X NY = @,
card(X) = a and card(Y) = B. Since B > «, there is a proper subset Y; of Y s.t. card(Y7) =
card(X) = awand Y1 N X = @. Because « + « = &, we obtain card (X UYy) = card (Y1) = a.
So there is a bijective map ¢ : X UY; — Y;. We constructamap ¢ : XUY = (XU Y;) U
(Y\Y1) = Yt

$(z), if ze XUY;,

Plz) = { 2, ifzeY\Y. (2.2)
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Then ¢ is trivially bijective, thus card(X UY) = card(Y), which indicates a + p = =
max(«a, B).

(ii) B > «, where a is the cardinal number of a finite set, 8 is the cardinal number of an
infinite set. Suppose X = {x1,---,x¢}, Y is an infinite set, § = card(Y) and XNY = Q.
Select a sequence {y;}7*, in Y. Thus,

XUY = ({yj}j‘;l U{xy,- - ,xk}) U (Y\ {yj}}?il) :

As any infinite countable set has card co, there exists bijection 77: {y;}%2; U{x1,- -+, x} —
{y; 21 Letw : XUY — Y be defined as

_J on(z), i ze Ay Ul g,

w(z) = { z, if ze€ Y\ {y; ;?‘;l. (2.3)

It is easy to see that w is bijective, so card(X UY) = card(Y). We conclude that « + g =
B = max(a, B). ]

Remark 2.1. Applying the principal of induction, the special case in Theorem 1.6 « +a =
« can be extended to

O+ ta=uq,
N————
k

where k € IN, a is the cardinal number of an infinite set.

Proof of Theorem 1.7. We first consider the case when « - @ = «, where « is the cardinal of
an infinite set. Suppose X satisfies card(X) = a. Define

X ={(A, ¢):AC Xsatisfies card(A x A) = card(A), ¢ : A — A x Abijective}. (2.4)

Since X is infinite, it has countably infinite subset Ay = {xj}]?"):1 C X and we have bijec-
tion ¢ : Ag — Ag X Ag. Thus, X is nonempty. We can define the order relation in X:
(A1,¢1) < (A2, ¢2) & A1 C Az and |4, = ¢1. Suppose X is a totally ordered subset of
X.Let A = Usex, A, then

Ax A= UAGf)Cl,BGDCl(A X B) = UAEDC1<A X A)
Construct themap ¢ : A — A x A, where ¢(x) = ¢(x),if x € A € X1. So (A,P) € X and

(A, $) is an upper bound for X; in X. By Zorn Lemma, X has maximal element (A*, ¢*).
Here are three cases as follows:

(i) X\A*=Q,ie, X =A*" Thena-a = a.
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(i) card(X \ A*) < card(A*). Let B = X \ A*, then card(B) < card(A*), X = A*UB
and A* N B = @. By Theorem 1.6,

a = card(X) = card(A* U B) = max(card(A*),card(B)) = card(A™).
So (A*,¢*) € X, card(A*) = card(A* x A*). It follows that & - & = a.

(iii) card(X \ A*) > card(A*). This case cannot occur because of the reason that: If
card(X \ A*) > card(A*), then X has proper subset B C X \ A* such that card(B) =
card(A*), i.e., there exists a bijection from B to A*, so card(A* x B) = card(B x
A*) = card(B x B) = card(A* x A*). Since BN A* = @, any two of the four
product sets in the above equation do not intersect. Note the following equality:

(A*UB) x (A"UB) = (A" x A")U{(A" xB)U(Bx A")U(BxB)}. (2.5)
Applying Theorem 1.6 and the result in Remark 2.1, we obtain following equality:

card({(A* x B)U (B x A*)U (B x B)})
=card(A* x A*) = card(A*) = card(B). (2.6)

Thus, there is a bijection 7 : B — {(A* x B) U (B x A*) U (B x B)}. We construct
the map w : A*UB — (A*UB) x (A* U B) as follows:

[ ¢9*(2), if z€ A%,
w(z) = { n(z), 1if z € B. @7)

Then w is bijective and w| 4+ = ¢*. Therefore, (A* UB,w) € X and (A* UB,w) >
(A*,¢*). This contradicts that (A*, ¢*) is a maximal element for X, it follows that
X-a=a.

Now we turn to the general case. Suppose f > «, X, Y satisfy card(X) = a, card(Y) = B,
where B is the cardinal number of an infinite set. Without loss of generality, assume
XNY = @. Since X is nonempty, 3x; € X,soa-p =card(X xY) > card({x1} xY) =
card(Y) = B. On the other hand, because p > a, 3 proper subset Y; of Y and a bijection
Pp: X — Y. Let X3 = XU(Y\Yy), then X; D X and we can construct a bijection
0: X7 — Y, where
[ y(x), fz=x€eX,
9(2)_{2, if zeY\ Y.
Since p-p=pBa-p=card(XxY) <card(Xy xY) = B-p=pB. Thus,a-p =B =
max(«a, B). O

Remark 2.2. Suppose « is the cardinal number of an infinite set. Applying the principal of
induction, the special case in Theorem 1.7 a - & = « can be extended to =n-a-a=ua
k € IN. Applying Theorem 1.7, the result in Remark 2.1 can be extended to con = a + a +
<o a4 - = max(cg, ) = a.
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Question 2.1. Whether o = a can be extended to a® = a for any & > co? If not, for
which kind of &, a°© = « holds?

When a = ¢p, g = ¢ > cg; if & = ¢, then ¢ = ¢, the proof of which can be found
in Theorem 3.2 in the Section 3. For a more common case, suppose 7y = ¢, ¥, = 271,
ke N.Ifa € {y0,71, -, Yn, - - - }, then a® = a holds. The more general case remains to
be answered.

Before giving the proof of Theorem 1.8, we give some explanations. Theorem 1.8
means that given an infinite set X, then for any set Y satisfying card(X) > card(Y) > 2,
we have card(P(X)) = card(F(X — Y)). Especially, letY = {0,1}, then F(X — {0,1}) =
{characteristic map xr : E € P(X)}. Therefore, card(P(X)) = card(F(X — Y)), when
computing the cardinal number of P(X), the choice of Y is flexible to a certain extend.

Proof of Theorem 1.8. Since card(Y) > 2, without loss of generality, assume {0,1} C Y.
Then card(F(X — Y)) > card({xe : E € P(X)}) = card(P(X)). On the other hand, each
f € F(X — Y)hasagraph {(x, f(x)) : x € X} € P(X xY). Thus card(F(X — Y)) <
card(P(X x Y)) = 204rd(XxY); according to Theorem 1.7 and card(X) > card(Y) > 2,
card(X x Y) = card(X); so card(F(X — Y)) < 20(X) = card(P(X)). In a word, by
Theorem 1.1 we get card(F(X — Y)) = card(P(X)). O

Proof of Theorem 1.9. Suppose V is an infinite-dimensional linear space over the field F
with abasis E. Any element x € V can be written as x = } i ; Aj¢; in a unique way, where
Aj € F ej € E, e;, # e}, (j1 # j2). Leta = card(E), since V is infinite-dimensional, & > co.
Let X = {(e1, €2, ,en; A, -, An) : ej € E,Aj € F,n € IN}. For each n € N fixed, the
number of the selections of choosing n different vectors from E is & = a (by Theorem
1.7). After choosing n different vectors, each e¢; multiplies A; € F, p" = p possibilities
in total, where B = card(F). Thus, the cardinal number of the set consisting of all the
linear compositions of n vectors from E is a - B. It follows that card(V) < card(X) =
(-B)+(a-B)+---+(a-B)+--- =co(a-B) = a-B = max(a, B) (applying the result
of Remark 2.2, note that & > ¢).

On the other hand, because V O Eand V D {Ae; : A € F}, it follows that card(V) >
card(E) and card(V') > card(F). As a result, card(V) = max(card(E), card(F)). O

Proof the Theorem 1.10. "=" suppose X,Y are two infinite sets satisfying card(X) =
card(Y). Then, there exists a bijection ¢ : X — Y. ¢ induces the map ® : P(X) — P(Y) :
P(E) = ¢(E) = {¢(x),x € E} € P(Y), where E € P(x). Clearly, ® is bijective, so
card(P(X)) = card(P(Y)). And ¢ can also induce themap ¥ : F(X - Q) — F(Y - Q) :
f = Y(f) = fo¢!. Itis easy to check that ¥ is an algebra isomorphism from F(X — Q)
to F(Y — Q).

” < " In Introduction, we have pointed out that F(X — Q) is an algebra, now denote
it by A. Consider a special ideal family of A, denote it by S-type: An ideal J of A belongs
to S-type <> J satisfies the following conditions:

o ()T #Q,T+A;
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e (ii) Jis a principal ideal, i.e., I = {fo-g: fo € Jis a fixed element, Vg € A};
e (iii) In the family of principal ideals, J is a maximal element.
It is not hard to prove that all S-type ideals are {J, : x € X}, where
Jx = {function f : X — Q; f(x) = 0}.
Similarly, all S-type ideals of (Y — Q) are {J, : y € Y}, where
Jy = {functionh : Y — Q; h(y) = 0}.
Since ¥ : (X — Q) — F(Y — Q) is algebra isomorphism, {¥(I) : x € X} C {J,:y €

Y}. So card(X) < card(Y); and because {¥1(J,) : y € Y} C {J, : x € X}, it follows that
card(Y) < card(X). In a word, we obtain the result

card(X) = card(Y)
by Theorem 1.1. U

Remark 2.3. It seems that the requirement in Theorem 1.10 is isomorphism “¥ : F(X —
Q) — F(Y — Q)” is not important. We concern about whether this requirement can be
removed. We make following hypothesis.

Hypothesis 2.1. Suppose X, Y are two sets. Then card(X) = card(Y) < card(P(X)) =
card(P(Y)).

This hypothesis holds in the following three cases: (1) X and Y are finite sets. (2)
the cardinal numbers of X and Y are from a special sequence {ag, &1, -+ , &y, - - - }, where
ag = card(S), o = 21,k € N, and S is an arbitrary infinitely set. (3) If we accept the
”continuum hypothesis”, then the hypothesis holds when max(card(X), card(Y)) < c.

3 Cardinality and separability of the space

In this section, we discuss the relationship between the cardinality and the separability
of the space. A metric space is called separable if it has a countable dense subset.

Theorem 3.1. If (X, p) is a separable metric space, then card(X) < c.

Proof. Suppose {x,};>_; is a countable dense subset of X. Then, for each x € X, there
exists a subsequence {x,, }>, converges to x, i.e., p(xp, x) — 0, k — co. Such sequence

{xn, }22 is not unique, but if x; # xy, it holds that {x,%)} + {x,(i)}, where x,%) — X1,
x,(i) — Xx». Let
X = {{xn, }32 : {nx} is a subsequence of N} .
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Each {x;, } corresponds to a real number t = }7° ; 5 € [0, 1], where

e — 1, n=mny,
"1 0, n#mn

Thus, card(X) < card(X) = card(]0,1]) = c. O

The separability of (X, p) does not contribute to the separability of C(X, p). For ex-
ample, Let X = R" and p is the Euclidean metric. Then

C.(R") = {f € C(R") : f has compact support},
Co(R") = {f € C(R") : f vanishes at infinity }.

It is well-known that C.(R") and Cy(IR") are separable. However, C(R") is not separable.
The computation of card(C(X, p)) needs further argument.

Theorem 3.2. Suppose (X, p) is a separable metric space, C(X, p) is the set of all continuous
functions with respect to p. Then, card(C(X,p)) = c.

Proof. For each r > 0, construct a function f, € C(X, p) as follow,

[ r—p(x,x0), if p(x,x0) <,
fi‘(x) - { 0, 0 lf p(x, xg) > 7’, (31)

where xq is a fixed point in X. So card(C(X, p)) > card((0,+o0)) = c. On the other hand,
since (X, p) is separable, it has a countable dense subset {x, }° ; C X. Each f € C(X, p),
since f is continuous, f is uniquely determined by {f(x,)} . Let

X={{An}1: A €C, neN},

then card(C(X,p)) < card(X) = c®.
To complete the proof of Theorem 3.2, we have to prove ¢ = c. Let

P= {1 A €C neNand Y [Aif? < +oo
n=1

be a separable Hilbert space, by Theorem 3.1, card(I?) = c. I consists of Hilbert cubes
H={{M}T :AmeCand Ay €L, =[5, ) n E N} =L XL X oo XL X+,
where card(I,) = c. It follows that ¢ = card(I?) > card(3) = c%. And trivially ¢ > c.
Therefore, c®* = c. O

Remark 3.1. For the equation ¢ = ¢, we might have such simpler explanation: since
c = 2%, ¢ = (29)% = 2%0%% = 2% = ¢. However, does (2%)% = 2% holds? Note that
2% is not the usual exponential function! In view of this and Theorem 1.4, Theorem 1.5,
we pose the following question:
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Question 3.1. Given arbitrary three cardinal numbers «1, a, f of nonempty sets, whether
the equation (p*1)* = B*1*%2 holds?

Consider the space L?, which consists of functions defined on a measure space
(X, M, ). pis called a complete measure < if E € M and y(E) = 0, then u(F) = 0
for any subset F € M of E. There exists a equivalence relation in M "~": E; ~ Ey &
#((E1 \ E2) U (E2 \ E1)) = 0. Given this equivalence relation, M becomes [M]. All p-
measurable functions on X is denoted by M(X), define the equivalence relation ”~":
fi~ fa & fi— fo =0, y-a.e.. The quotient space M(X)/ ~ is denoted by [M(X)]. For
0<p<Hoo,let

LX) = {F € OO Il = ([ 17Pan) " < oo

Define the metric p, as follow: for any f, f> € L7,

[ fi-fll i 0<p<t,
W%””‘{Hﬁ—ﬁm 1< < too (62)

Then LP(X, i) becomes a linear metric space, 0 < p < 4oo. L®(X, ) is the set of -
measurable essentially bounded functions. L®(X, it) can be a metric space with the met-
ric induced by the essential supremum || f|| .

Theorem 3.3. Suppose (X, M, i) is a measure space with the complete measure y. Identify-
ing the elements in M differ by a set of measure zero, we get [M]. If card([M]) > co, then
card(LP (X, 1)) < (card([M]))%, where 0 < p < 4-o0.

Proof. Let

po(X, u) = {Z(r]- +ir))xg 1,7 € QE € M, n € IN} :
j=1

It is clear that ¢g(X, i) is dense in LP(X, ), 0 < p < +oo (see [1, pp. 200]). Thus,
for each f € LP(X, ), there is a sequence of functions {f,}5 ; C ¢q(X, u) satisfying
|| fu = fllp = 0, such {f,};>_; is not unique. But if f # g, it must hold that {f,} # {gx},
where [|g, — gl|, — 0. It follows that card (LP (X, u)) < (card(pg(X, u)))<.

And since ¢ (X, u) is a linear space over Q +iQ, {xr : E € [M]} = & is its basis,
trivially card (&) = card([M]), by Theorem 1.7,

card(pq(X, 1)) = max(card(&), card(Q + iQ)) = max(card([M]), card(Q + iQ)).
And because card([M]) > ¢y = card(Q) = card(Q x {0,1}) = card(Q + iQ), it follows

that card(@q (X, u)) = card([M]). Therefore, we get the result that card(LF(X,pu)) <
(card([M]))%, where 0 < p < +o0. O



478 W. T. Dai, M. Wang and L. M. Sun / Anal. Theory Appl., 36 (2020), pp. 468-481

Remark 3.2. For general measure space (X, M, 1), whether ¢q (X, y¢) is dense in L* (X, i)
is not sure. We must make an assumption of yu. For example, if u(X) < +oo, then
$o(X, u) is dense in L*(X, ), so the result of Theorem 3.3 also holds for the case when
p = +oo.

Theorem 3.4. Suppose (X,p) is a separable metric space, (X, M, u) is a measure space. If
C(X,p) is dense in LP (X, u), then card(LF (X, u)) < c, where 0 < p < o0,

Proof. (X,p) is separable, so card(C(X,p)) = ¢ by Theorem 3.2. If C(X,p) is dense in
LP(X, u), then using a similar argument to the proof of Theorem 3.3, we can show that

card(LP (X, u)) < (card(C(X,p)))® = c® =c.

Now we consider how to make C(X, p) dense in LP(X, 11)? Use B(xo, r) to denote the
open ball in X of radius r centering at xo. Bx is the Borel algebra generated by open sets
in X. Suppose (X, M, i) is a measure space, where M O Bx and y has the following
regular properties: (i) 3xg € X s.t. u(B(xo,7)) < 400, Vr € [0,00); (ii) VE € M, u(E) =
inf{u(V) : openset V> E} =sup{u(U) : closed set U C E}. O

Theorem 3.5. (X, p) is a metric space and (X, M, ) is a measure space. If y is regular, then
C(X,p) isdensein LP(X, u), where 0 < p < +o0.

Proof. In the proof of Theorem 3.3, we have shown that ¢q(X, ) is dense in L¥ (X, i)
(0 < p < 4+o0). Now we consider using continuous functions to approach xr (E € [M]).
For any fixed € > 0, by the regularity of y, there exists a closed set U, and an open V,
such that U C E C Ve and (Ve \ Ue) < €. Let

_ d(x, X\ Ve)
felx) = d(x, X\ Vo) +d(x, Uc)’

where d(x, W) = inf{p(x,y) : y € W} is the distance between x and W. By the axiom
(iii) of p, d(x, W) is continuous function of x. It follows that f. € C(X,p),0 < fo < 1and

Xue S fe S XVE' SO

[ Jxe = felPdu < p(Ve\Ue) <&, (0 < p < o).

Thus, C(X, p) is dense in L¥ (X, it), where 0 < p < oo. O
Combining Theorem 3.4 and Theorem 3.5, we get the following corollary.

Corollary 3.1. Suppose C(X, p) is a separable metric space, (X, M, u) is a measure space with
regular measure p. Then, card(LF (X, u)) < ¢, where 0 < p < +-o0.

Corollary 3.2. Suppose u is a o-finite measure of (X, M, u) and card([M]) > c. Then, LP (X, u)
is not separable, where 0 < p < +o0.
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Proof. First, we assume that y is a finite measure, i.e., jt(X) < 4o0. Then, any set E € [M]
corresponds to a characteristic function xg € LP(X, #)(0 < p < +00). Since card([M]) >
c, card(LP(X,u)) > card([M]) > c. Therefore, L¥ (X, u) is not separable. Otherwise, if
LP(X, u) is separable, by Theorem 3.1, card(LP (X, 1t)) < c. A contradiction!

When y is a o-finite measure, we can get the result by using the result of the finite
measure case, we leave out the details here. O

Question 3.2. For general metric space (X, M, ), when card([M]) = ¢, whether L? (X, u)
is separable?

We only consider the Euclidean space below. Let X = R", y = yp is the Lebesgue
measure. Denote the Lesbesgue measure space by M. After the process of completion,
we get [Mp]. The set of all Lebesgue measurable functions is denoted by M (R"), given
the equivalence relation as before, we get [M(R")]. C(R") represents the set of all con-
tinuous functions with respect to Euclidean topology on R", the dual space of Schwartz
space S(R") is the tempered distribution space S’(R").

Theorem 3.6. card(C(R")), card(LP(R")), card([M(R")]), card(S'(R")) =c.

Proof. (i) For R" is separable, by Theorem 3.2, card(C(R")) = c.

(ii) For any r > 0, corresponds to a function xp(, € LF(R"), so card(LP(R")) >
card((0,4+o0)) = c. On the other hand, since C(R") is dense in L (IR") (by Theorem 3.5),
where 0 < p < +oo. It follows that card(LP(R")) = c holds when 0 < p < +o0. The
computation of card(L*(IR")) is consisted in the case (iii).

(iii) Let Xp = {f - X{k—1<xj<i} * f € L®(R")}. Then f € L®(R") can be written
as f = Y421 fr, where f; € X; has compact support. Clearly, X; € LP(R")(0 < p <
o), so card(Xy) < card(LF(R")) = c. It follows that card(L®(R")) < card(Xy x --- X
Xp x --+) < ¢ = ¢; and since xp(,) € L*(R"), card(L®(R")) > card((0,+o0)) = c.
Therefore, we get the result that card(L*(R")) = c.

Since L*(R") C [M(R")], card([M(R")]) > card(L®(IR")) = c. On the other hand,
each g € [M(IR")] can be written as ¢ = };” | g, where gx = X (xk—1<[g(x)|<k} € LT(R").
Therefore,

card([M(R")]) < (card(L*(R")))%° = ¢ = c.

(iv) The computation of S'(IR") is rather complicated, we give an outline of the proof
as below: each u € §'(IR") corresponds to a sequence of {1y}, where uy € S'(R"), k € N,
where

S'(R")x ={u € S (R") : supp(u) C B(0,k+1) ={x e R": |x] <k+1}}.

It follows that each S’'(IR"); is a subset of tempered distribution with fixed compact sup-
port. We define uy : ui(f) = u(Qxf), Vf € S(R"),

(%) = wellx]) = we (/23 +- - +3)
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and wy is an one-variable function:

1, if 0<t<k,
wr(t) =1 wo(t—k), if k<t<k+1,
0, if t>k+1,

wo(t) =1 — Ag /Ot exp(—1/s(1 —s))ds,

where
-1

Ao = </01 exp(—1/s(1 —s)) ds)
Then wy € C*([0,1]), and
wo(0) =1, wo(1)=0, w®(0)=w®(1)=0, (keN).

Thus Q) has special property: ||0*Q||cc < Cq, the constant C, is independent with k. We
can show that u; weakly converges to u, i.e., for any f € S(R"), limy_,o ux(f) = u(f). It
follows that card(S'(R")) < [Ty card(S'(R")y).

The tempered distribution with compact support u; has Fourier transform i, €
C®(R") (see [1, pp. 291-296]). So card(S'(R")x) < card(C®(R")) = c. It follows that
card(S'(R")) < c. On the other hand,

card(S'(R™)) > card(L®(R")) = c.
Therefore, card(S'(R")) = c. O

Remark 3.3. the cardinal number of the Cantor set in IR of zero measure is ¢, and because
Lebesgue measure is complete, the cardinal number of the set of all sets of zero measure
in R is = 2° Since the union of a non-measurable set and a measurable set is non-
measurable if they do not intersect, the cardinal number of the set of all non-measurable
sets is = 2°.

Question 3.3. Suppose M|, is the set of all Lesbesgue measurable sets in R”, then all non-
measurable sets = P(IR") \ M, after adding the equivalence relation (identifying the sets

differ by a set of measure zero), denote it by [P(R") \ M|, then what is card([P(R") \
Mp])? This is what we will consider next.
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