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Abstract. In this paper, a class of high order numerical schemes is proposed to solve
the nonlinear parabolic equations with variable coefficients. This method is based on
our previous work [11] for convection-diffusion equations, which relies on a special
kernel-based formulation of the solutions and successive convolution. However, dis-
advantages appear when we extend the previous method to our equations, such as in-
efficient choice of parameters and unprovable stability for high-dimensional problems.
To overcome these difficulties, a new kernel-based formulation is designed to approach
the spatial derivatives. It maintains the good properties of the original one, includ-
ing the high order accuracy and unconditionally stable for one-dimensional problems,
hence allowing much larger time step evolution compared with other explicit schemes.
In additional, without extra computational cost, the proposed scheme can enlarge the
available interval of the special parameter in the formulation, leading to less errors
and higher efficiency. Moreover, theoretical investigations indicate that it is uncondi-
tionally stable for multi-dimensional problems as well. We present numerical tests for
one- and two-dimensional scalar and system, demonstrating the designed high order
accuracy and unconditionally stable property of the scheme.
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1 Introduction
In this work, we want to solve the nonlinear parabolic equations
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o (x,t) = V- (A(u,x,t) V) +B(u,xt) T Vu+C(u,xt), (1.1)

on the domain x € 3 C R” with initial and boundary conditions. Here, A(u,x,t) =
(Ajj(u,xt)) € R™" and B(u,x,t) = (Bi(u,x,t)) € R". In particular, Eq. (1.1) is parabolic
if there exists a constant 8 >0 such that

n n
Y Ayigi>0Y ¢, V(&) ERN
ij=1 i=1

For such a time-dependent partial differential equation (PDE) (1.1), one common method
is splitting the equation into a system with an auxiliary variable w € IR" at first,

(1.2)

O (x,t) =V - (A(u,x,t)w) +B(u,x,t)TVu+C(u,xt),
w=Vu.

And then solve the two equations at the same time level. There is a large amount of
numerical methods for this problem. Most of these schemes discretize the spatial vari-
ables at first with finite volume / difference methods, finite element methods, or spectral
methods, generating a large coupled system of ordinary differential equations (ODEs).
And then apply an initial value ODE solver in time. This approach is commonly referred
to as the Method of Lines (MOL) and interested readers are referred to [29] for further
discussions. Classical methods for this time evolution include multi-step, multi-stage, or
multi-derivative methods, as well as a combination of these approaches. For instance,
the Runge-Kutta method and the Taylor series methods. Note that efficiency is a main
concern of these schemes. For example, the explicit methods solving (1.2) does restrict
the time step At oc Ax? due to the stability requirement, where Ax is the spatial mesh size.
Using Implicit-Explicit (IMEX) or fully implicit time discretization techniques [23,28] can
allow larger time step, but usually we need to solve a system of (nonlinear) equations
for each step. The algorithm would be expensive when the system size becomes bigger.
Besides the classical ones, other high order time discretization techniques were also de-
veloped, e.g., the spectral deferred correction (SDC) method [15,19,26], the exponential
time differencing method [14,22], the integration factor methods [2,14,21,25,27], and the
hybrid methods of SDC and high order Runge-Kutta schemes [12].

Another framework named the Method of Lines Transpose (MOLT) has been ex-
ploited in the literature for solving the linear time-dependent PDEs. In such a frame-
work, the temporal variable is first discretized, resulting in a set of linear boundary value
problems (BVPs) at discrete time levels. Furthermore, each BVP can be inverted ana-
lytically in an integral formulation based on a kernel function and then the numerical
solution is updated accordingly. As a notable advantage, the MOL” approach is able
to use an implicit method but avoid solving linear systems at each time step, see [5].
Moreover, a fast convolution algorithm is developed to ensure the computational com-
plexity of the scheme is O(N) [1,7,18], where N is the number of discrete mesh points.
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Over the past several years, the MOLT methods have been developed for solving the heat
equation [4, 6,20,24], Maxwell’s equations [8], the advection equation and Vlasov equa-
tion [9], among others. This methodology can be generalized to solving some nonlinear
problems, such as the Cahn-Hilliard equation [4]. However, it rarely applied to general
nonlinear problems, mainly because efficient fast algorithms of inverting nonlinear BVPs
are lacking and hence the advantage of the MOL is compromised.

More recently, following the MOLT philosophy, authors found that the first order
and second order derivatives can be represented as infinite series of the kernel based
integral [11]. Therefore, in numerical simulations, we can truncate the series and use
the corresponding partial sum to approximate the spatial derivatives. This method was
presented to solve the nonlinear degenerate parabolic equations in [11],

”t+f(”)x:8(”)xxr (1.3)

which is a special case of (1.1) with A(u,x,t) = ¢'(u). The major distinction between
the kernel based scheme and the MOLT works is that this scheme is still in the MOL
framework with an the classic explicit strong-stability-preserving Runge-Kutta (SSP RK)
scheme in time discretization [16, 17, 30], which is stable, efficient and accurate. Even
though the scheme is explicit, it was proved to be unconditionally stable up to third
order accuracy, with the help of the careful choice of a parameter § in it. After that,
the scheme has been extended to the Hamilton-Jacobi equations [10], and applied on the
ideal magnetohydrodynamics equations [3]. We have tried to employ the scheme to solve
(1.2) directly. Unfortunately, the numerical scheme is less efficient, because the available
interval for B is pretty small, which would result larger errors. Even worse, for the two-
dimensional problems, the unconditional stability is absent. Details would be shown
later.

In this paper, we will propose a numerical scheme to discretize (1.1) or (1.2), with
a novel kernel-based representation of the spatial derivatives. Again, the scheme is in
the MOL framework, coupled with the classic SSP RK method in time discretization. We
want the scheme can maintain the good properties of unconditional stability and high or-
der accuracy. In additional, comparing with the original method [11], the novel scheme
can enlarge the available interval for B, enhancing greater efficiency. Moreover, the un-
conditionally stable property for high dimensional problems can be proved theoretically.
For ease of use in the following parts, we list the formulation of the SSP RK scheme here,
up to third order accuracy. To advance the solution of the ODE u; = H[u] at time level ",
denoted by u", to next time level =" L At the first order scheme is the forward Euler
scheme,

u™ =y AFH [u"]. (1.4)
The second order scheme is
u =" AH [u"],
(1.5)

u"tl = %u”—k% <u(1)+At”H [u(l)]) .



240 K. Wang et al. / Commun. Comput. Phys., 29 (2021), pp. 237-264

And the third order scheme is

uM ="+ ArH [u"),

1, 3

u?=1y +Z(u<1>+Am[u<1>]), (1.6)
2 1

ntl_< n (.2 (2)

u = 2wt 2 (u® A ®)).

The rest of this paper is organized as follows. In Section 2, we will review how the
original kernel based formula works on (1.3). Then we will fix the method and discuss the
properties of the new one, including accuracy and stability, in Section 3. Section 4 will
introduce the two-dimensional approach. After that, we will present some numerical
tests in Section 5 to verify the performance of our scheme, and finally, draw conclusions
in Section 6.

2 Representation of differential operators

In this section, we will review the representations of the first spatial derivative d, given
in [11]. Such representations serve as the key building block of the proposed schemes.
Below, we will introduce operator £ and the corresponding operator D at first. Then,
the differential operator d; can be represented by an infinite series of D. We will also
investigate the approximation accuracy when the infinite series is truncated by a partial
sum.

2.1 The first derivative J,

In order to represent the first order derivative d,, we start with two operators defined on
a closed interval x € [a,b],

EL::I—F%G,C and ER::I—%E)X, 2.1)

where 7 is the identity operator and a >0 is a constant. Then, we can invert the operators
analytically

Lt =TI va)(x)+Ae ™, Lx'=IRo,a](x)+Bre "™, (2.2)

where

It [v,a](x):a/xe’“(x’y)v(y)dy, Rv,a](x) :zx/be“(yx)v(y)dy (2.3)

a X

are the left/right biased integral, respectively. And A; and Br are constants deter-
mined by the boundary conditions. For instance, if £;' and L' are periodic, that
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is £;1(a) = L;'(b) and L;'(a) = L'(b), then A = IL%‘;[@) and Bg = IR%‘;(”) with

U= e~%(b=a) Furthermore, the first order derivative 9, can be represented as
y=a(Lr—T)=aLl(Z-L;)=a(I-Dy) 'Dr=xa iD”,
p=1
dy=—a(Lr—TI)=—aLlr(ZT—Lz")=—a(T—-Dgr) 'Dr=—a iD”,
p=1
with
Dy=I-L;', and Dr=I-Ly" (2.4)

In numerical simulations, we have to truncate the series and only compute the corre-
sponding partial sums:

axv%aZDE[v,tx], or 0,0~ —«
r=1 p=1

k k

DR [v,a]. (2.5)
In particular, in the case of periodic boundary condition considered in this work, it is
natural to require the boundary treatment D} (a) =D} (b) and Dy (a) = D§(b) for p> 1.
Furthermore, [11] showed the following theorem, which provided the expressions of the
operators D, and the error estimates of the corresponding k-th partial sums. The proof
relies on integration by parts, and details can be found in [11].

Theorem 2.1. Suppose v(x) € C¥*1([a,b]) is a periodic function. If we employ the operator D,
with Dy (a) =D, (b), where x can be L and R.

1. The operator D, have the following expressions,

Dilv,a](x)=— i <—%> pafzv(x)—k (—%)Hlﬁ[l[a’;“v,a](x), (2.6a)
r=1
k 1 p 1 k+1
v,|(x)=— =) o)== Lt afflv,tx X). .
Difo.] (x) pz() ®-(3) LB a0 (2:60)

2. Error between the partial sum and the first derivative can be bounded,

k k
1
dx0—a ) D} [o,a] SC<;) 19510, (2.72)
p=1 °°
k k
1
axv+a21>§[v,a]H §C<E> 185710 oo, (2.7b)
p=1 ~

where the constant C only depends on k.
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Figure 1. Errors between the first derivative and the partial sum (2.5) with u =sinx. Top: |[oxu—
tlel‘,:lDz[u,zx}Hw; bottom: Haxu—&—azll{,:ng[u,a]Hw.

Next, we look at the convergence performance of the partial sums (2.5). Here, we
test with a special choice that # =sinx, and plot the Lo, norm of errors in Fig. 1. It is
obvious that the errors are always monotone decreasing with «, indicating the uniform
convergence of the partial sum (2.5).

Hence, we can use the partial sum (2.5) to approximate the transport term B(u,x,t) 1y,

1 1
B(u,x,t)uy ~ EB(u,x,t) (uy +uyi)+ 57 (uf—uy), (2.8)

with r=max |B(u,x,t)| in the relevant range, and u; are the approximations to the deriva-
tive u, obtained by left-biased and right-biased methods, respectively,

k k
uy =ap Yy Difuar](x), and uf=-—ag) Diluar](x). (2.9)
p=1 p=1
In particular, we take a; = ag = B/ (rAt), where At denotes the time step and § is a
prescribed constant independent of At. Hence, the scheme (2.8) has an error O(AtF).
Moreover, [11] studied the stability of the semi-discrete scheme for scalar linear func-
tion uy = Bu,, coupling (2.8) with exact integral and the classic explicit k-th order SSP RK
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methods in time. The scheme can be proved to be A-stable and hence allows large time
step if B in (2.9) is appropriately chosen.

Theorem 2.2. For linear function uy=Bu, with periodic boundary conditions, we use the classic
explicit k-th order SSP RK methods for time evolution.

1. For k=1,2, if we use (2.8) and (2.9) to approximate the spacial derivative u;f, then the
scheme is k-th order in time. Moreover, there exists constant Bq i max > 0, such that the
scheme is A-stable provided 0 < B < B1 k max-

2. For k=3, we use (2.8) and a modified approximation to u,

Uy =« i Dl [u,a](x) — % (DL+Dgr)*D3 [u,a](x), (2.10a)
p=1
ul =—u ; D [u,a](x)+ % (DL +Dgr)*Di[u,a](x). (2.10b)
p=1

Then the scheme is third order in time. Moreover, there exists constant 13 max >0, such
that the scheme is A-stable provided 0 < 8 < 1,3 max-

And the constant By i max for k=1,2,3 are summarized in Table 1.

Table 1: 1k max in Theorem 2.2 for k=1,2,3.

Kk 1 2 3
Brimx 2 1 1243

Moreover, [11] showed that combining the semi-discrete scheme (2.8) with suitable
spatial approximation to the integral (2.3), the fully discrete scheme can be uncondition-
ally stable, even though the scheme is in MOL framework with explicit time discretiza-
tion. Before going further, lets give a brief intuition for why this can be achieved. If we
simply apply forward Euler in time and the first order finite difference in space (FTBS
scheme) on linear advection equation u;+cu, =0, c>0, we have

n+l_n ut—y"
j Joyod 7l
At Ax

u

0, (2.11)

where At is the time step, Ax is the spatial step and u}' is the numerical approximation to
u(x;j,t"). Figs. 2(a) and 2(b) are the stencils for this method when cAt < Ax and cAt > Ax,
respectively. The loss of stability in almost all explicit methods can be thought of as a lack
of information to carry out the reconstruction, which is depicted in Fig. 2(b) where the
green dashed lines show the footprint of the stencil. However, different from the local
method (2.11), the kernel based approach, when combined with forward Euler in time,
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Figure 2: Stencil used for the linear advection equation u;+cuy =0, ¢ >0, with forward Euler in time.

is a “global” method and has a stencil as depicted in Fig. 2(c), where the green dashed
lines indicate the spatial points used in the update. That is to say, for any size time step of
the explicit method using the kernel based approximation to the derivative, the method
has access to sufficient information. With a few careful choices, this is validated in the
analysis latter part of this paper and in our previous work.

Thanks to the well designed scheme for the transport part, in the following parts, we
will focus on the function (1.1) with diffusion term only, that is

u(x,t)=V-(A(u,x,t)Vu). (2.12)

Consequently, the system (1.2) in one dimension turns to

up=0y (A(u,x,t)w),
{ 0=, (2.13)

2.2 Insufficiency of the original method

Considering the 1D system (2.13), it is straightforward that we can use the partial sums
(2.5) to approach d,. For instance,

2k
(A'Z,U)x ~ K Z Df [Aw,[x] = Hllc [M/A/a]/

= (2.14)

2%
w=uy~—a)_ Dhlual.
q=1

The operator H¥[u, A,a] has a truncation error O(1/42F). Considering the linear function
up=Auy, with A>0, the scheme that employs (2.14) and k-th order SSP RK method can be
proved to be A-stable, if we take a =+/B/(AAt) and 0 < g < Bx. However, we found that
the A-stable interval (0,8x) was pretty narrow, e.g., B3 =2/9. As a consequence, schemes
general large error 1/a% = (AAt/B)* > (AAt/By)E.
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Figure 3: [|(sinx)xx — HA[sinx,1,a]||oo, with H& given in (2.14).
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Figure 4: ||(sin2x)x —HX[sin2x,1,a]||co, with H¥ given in (2.14).

Besides that, the schemes show another disadvantage. As an example, we look at a
special case that u =sinx, A(u,x) =1 and the interval [a,b] =[0,27]. Then approximation
(2.14) would be

Hi[u, A,a)(x ( ZD>*<aZDq> sinx, a].

In Fig. 3, we plot the error ||(sinx)y,—HX[sinx,1,a] for k=1,2,3. It is observed that
the error is not a monotone decreasing function of «, indicating that the scheme cannot
converge uniformly. Consequently, refining meshes, or increasing « equivalently, could
result in larger error. Furthermore, changing the function to 1 =sin(2x), the error lines
in Fig. 4 tell us that the monotone decreasing interval of each scheme would change at
the same time. This means we can not find a uniform monotone interval for all smooth
functions.

Alternatively, it is naturally to use the average %axf,kzl(l?f —Dk) to approach 9, in
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Figure 5: ||(sinx)xy—HX[sinx, 1,a]||co, with H5 given in (2.15).
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Figure 6: || (sin2x) yx — H5[sin2x,1,a] |0, with H5 given in (2.15).
(2.13), that is
R p k
(Aw), ~ > Y (D] [Aw,a] — DR [Aw,a]) =:H5[u,A,a],
r=1
« 2k

W=Uy R =

* Y (D] ~Dhlue)),

g=1

(2.15)

with a truncation error O(1/ ocZk). However, it has the same problem as scheme (2.14),
learning from Figs. 5 and 6 with

lek

5[ (), L) () = <§

) (DI—Dy)

p=1

taking u(x) =sin(x) and u(x)=sin(2x), respectively.

)

2

2k

) (Di-Dg)

g=1

) [1,a],
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3 New representation of differential operators

In this section, we will introduce a new representation of the first order differential op-
erator dy, and further use it to solve (2.13). We require that the proposed scheme can
maintain the high order accuracy and the A-stable property. Moreover, it can overcome
the disadvantages of the schemes (2.14) and (2.15), so that the error converges uniformly
for a, and the A-stable interval is relatively larger.

3.1 Construction of a new representation

We have showed that the scheme (2.15) with 2k =2 has a truncation error O(1/4?). In
fact, based on Theorem 2.1, we can obtain that

m 2p—2 2m
20Dl =1 (1) 0 et (1) (- LR ol )

AN o

_3.0(x)+ G)Zaiv(x) —% (%)4@1 LMPoa(x). (1)

This demonstrates that the operator 5 (DL Dr), i.e., (2.15) with 2k=1, approximates the
first order derivative with error (’)(1 /a?) as well. Therefore, we can achieve the same
order of accuracy with less computational cost. Moreover, if we define H1[u, A, a](x) as

ng[u,A,a](x):%(DL—DR)[Aw,a](x), and w:%(DL—DR)[u,a](x). (3.2)

Then, the error ||(sinx)yy—H}[sinx,1,a]||« is @ monotone decreasing function of a, see
Fig. 7(a). Hence, we will start from (3.1) and construct new higher order approximations
of d,, by “removing” the higher order derivatives.

To eliminate the main error term in (3.1), i.e., (1/a)?93v(x), we introduce another
operation Dy here,

Do[o,a] (x) :=5 (DL+Dr)[0,a](x) = (L~ Ly ) [0,a] (x)

1\ _2p N2
—_ Z <E> 0y v(x) — <E> L5102+ 20,a](x), (3.3)
p=1

I\JIH

where

1 3 R —a(x-a) | g p-u(b—3)
£5 ol (x) =5 [ e Vo(y)dy-+ Age~ ) 4 Boe =),

a

and the coefficients Ag= Pl “}f ) and By= r [v “]( ) for periodic boundary conditions. The
last equality in (3.3) is given in [11]. Consequently, we can easily prove that

Do [%(DL—DR)] +%(DL—DR) = % (Z+Dy) (DL—Dg) =3, — <%>4a§+0 (%) ,
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reducing error from O(1/a?) to O(1/a*). Repeat this process to eliminate the higher
order derivatives in turn, and we can have a general form of the scheme with error
O(1/42F), which is showed in the following theorem.

Theorem 3.1. Suppose v(x) € C**1([a,b]) is a periodic function. Consider the operators D.
with the periodic boundary treatment D, (a) =D, (b), where  can be 0, L or R. Then, we have

k 2k
o) -5 0§ (Do -Dloal(0)_<c(3) 180, G
p=1

where C is a constant only depending on k.

Proof. Using the definition of £; !, it is easy to deduce that
0+ Ly o,a](x) =av(x) —aZ/ o(y)e W dy— e A [v,a]
=av(x)—al; o,a](x) =aDr[v,a](x).
Hence,
0xDp[v,a](x) =0rv(x)—aDy[v,a](x).

On the other hand, using integration by parts, we can obtain that

Dy [v,a](x)
x L
:U(x)_,x/a e*“(x*y)v(y)d _I[%‘X]V(b) —a(x—a)
= PP UL ZL O

= ;E[l [0xv,a](x)= Eaxv(x) — EDL [0v,a](x),
or equivalently,
Dy [0xv,a] =09xv(x) —aDy[v,a](x).
Therefore,
axDL [Z),IX] :DL [a 4 Dé].

Similarly, 9, Dr[v,a] = Dr[0xv,a] and 0y Do[v,a] = Dy [0, &].
Next, let we consider operator %DO(DL Dr). Note that there is a general form of
(8.3) for0<p<k:

S k 1\ 2(m=p) 1\ 2(k=p+1)
Dol va)(x)=— ) <—> aim_lv(x)—<—> Ly 0% ,a](x).

m=p+1 a a
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Hence, we can obtain that

%DO(DL_DR)

A 2p—1 11\ —1 —1y32k—1

L (7)) ¥ emw-3(3)  Doler - LR toalalx)
p=1

= u 1\ s 1\ 2y 2k+1
:M(;) —;(—) Rl (1) R o)

1 1 2k+1
+3(3) LN LB )
2p—1 B 2k+1
) a?fwx)—"—l(l) (L' L)% o0 (x)
L

=2 o 2 \«u
1 1 2k+1
+3(3) LM e o)
Therefore,
1 1
E(DL—DR)JFEDO(DL—DR)
1 k N2l 13 2+
—o@- L2 (3) @ (3) Qabaltr,
w = ® w
where
k—1, . B -~ 1, _ _
Q2[U/‘X](x):T(ﬁLl_ﬁRl)[aazck 10/“](x)—§ﬁo1(£Ll—ﬁRl)[aazckHU/“](x)]~

Repeat the process, and we finally obtain

N —

k
Zl D) (DL —Dr)[v,4](x)
e

:%axv(x) + (_Tl)k <%> ! (ﬁo—l)k—l (Efl _ Eﬁl) [aik“v,lx] (x).

Note that for any w(x) € C([a,b]), we can find a constant C independent of w and «, such
that || £ [w,a](x)]|ec < C||w||e, where * can be 0, L and R. Hence, there is a constant C
that only depends on k satisfying

1 1 k p—1
Yac(x) -y L0 (D= Defoua) ()

1 2k+1 .
<c(3) 1ol
p=1

[ee]

And the theorem is proved. O



250 K. Wang et al. / Commun. Comput. Phys., 29 (2021), pp. 237-264

5 5 5
2 2 2
@ @ @
8 8 8
- - -
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
o o o
@) k=1 (b) k=2 () k=3

Figure 7: || (sinx)yxy — HA[sinx,1,a] ||, with H% given in (3.5).

Then we get the novel approximation of (A (u,x)uy)y,

k
(A(u,x)uy)y =~ % ) Dgil (DL —Dg)[Aw,&](x) = HE[u, A,a](x),

= (3.5)

k
N _
w:ux%EE D} (DL —Dr)[v,a](x),
p=1

and the Lo, error has the order of (1/a)%*. Again, we test this operation H% with the spe-
cific case that u=sinx, A=1and [a,b]=10,27], and concern about the monotonicity of the
L errors with respect to a. Fig. 7 indicates the monotonicity and uniform convergence
of the novel scheme. And for the function u =sin(2x), we have the similar conclusion,
which will not be presented any more.

On the other hand, we want to remark that computational complexity of H% (3.5) is
the same as 'H’l‘ (2.14), and only half of that of H'ﬁ (2.15), when they have the same order
of accuracy. This is another advantage of this novel scheme.

Therefore, in this work, we will employ HX to approach the diffusion term. Moreover,
we choose the parameter

N ith c—
a=A with c—rrb}ix|A(u,x,t)|. (3.6)

Therefore,

HA[u, Al (x) =D

o D! (DL —Dg)

™=

S - B, B
A1W1@r®mmwaﬂdaJm

p_

p=1
(1, %))+ O(ALF). (3.7)

4c
:(A
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3.2 Stability

In this section, we will analyze the linear stability for the 1D equation (2.12), using H%
(3.7) for spatial derivative and the classic explicit SSP RK methods to advance u" to u"*!.
Even though the explicit method is used for time integration, we will show that the semi-
discrete schemes can be A-stable and hence allowing for large time step evolution if g in
(3.7) is appropriately chosen.

To achieve k-th order accuracy in time, we should employ the k-th order SSP RK
method as well as the k-th partial sum in H’g . Note that high order SSP RK method (1.5)
and (1.6) are linear combination of the first order forward Euler (1.4). Hence, here we
only establish linear stability of the schemes H% with first order forward Euler, which is
given in the following theorem.

Theorem 3.2. Consider the linear equation uy= Auyy, A>0, with periodic boundary conditions.
When the Euler forward time discretization coupling with the partial sum HY in (3.7), the scheme
can be A-stable if B satisfies 0 < B < Bokmax- Here, Pokmax IS a positive constant which only
depends on k. The constant By k max for k=1,2,3 are summarized in Table 2.

Proof. Suppose the solution is enough smooth, then
u(x,t)=n(t)e"”.

We can obtain the amplification factor Q using Von Neumann analysis. Plugging the
above formula in the definition of £; and D;, we have

1 ' u
Ll =(T+ 2c)u= (14T )i and Difual=(T- L1 ua)= 50

o

_ iz

For brevity, let z= g, and then we have Dy [u,a] = T U- Similarly, we can obtain that

z2 y
14227

iz
——u
142277

1z

1
Drlwa]==3—5u 3

(DL —Dg)[u,a] = Dolu,a] =

Note that the scheme is given as

2
2 k
u”“zu”JrAtA% <ZD§1(DL—DR)> "] (x).
p=1

Hence, with the sum formula of infinite sequence, the amplification factor can be written
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as
2 NP1 2
A ’ z iz
Q=1+ At(;<1+zz> 1+z2>
2 \*
:1+ﬁ<zz<1_<l+zz) ))
2 K\ 2
a1 221 Z
=1-pBz <1 <1+zz>>
Define

Sk(z) =2 <1— (1fzz>k>2,

so that Q=1—BS(z). The scheme is stable when |Q| <1, which means 8S;(z) <2 for any
zeR.

It is easy to find that S(z) is an even function with respect to z. So we only need to
consider z>0. We divide Sy into two terms, z (1— (11—222)") and (1—(3 _Z:zz )¥). Then, study
the monotonicity or upper bound of those two factors respectively. Note that

2 \ Kk k 2 p
2(q_(_% — o
: <1 <1+z2> ) p;<1+z2> ’

d / 22\ 2pz 2\
—_— p— > f > .
dz<1+z2> (1+z2)2<1—|—z2> 20, tor z20

Hence, we have that z% (1— (5 fzz )¥) is nonnegative and monotone increasing of z, and the
upper bound is

k 72 p k 72 P
ZETOO;<1—|—ZZ> ZPZZETOO<1+ZZ> =k.

p= =1

and

s . k. . .
On the other hand, it is obviously that 1— (lfr—zzz) is monotone decreasing of z and tending
to zero. Therefore we have 0 < Sp < M where M is a positive constant which only

depends on k. Consequently, the scheme is A-stable if g < Mlk =12 k max- O

Remark 3.1. We want to remark that in [11], we found that the second order derivative
dxx can be represented by the infinity series of Dy, and the heat equation u; = Au,, can be

simulated as
2
/ B A/ p k
Allyy = ( t) pE 1Dg [Au, t] +O(At ) (3.8)



K. Wang et al. / Commun. Comput. Phys., 29 (2021), pp. 237-264 253

Table 2: 5k max in Theorem 3.2 for k=1,2,3.

k 1 2 3
Bokmax 8 32275 1.9800

It was proved that the scheme is A-stable when employing the k-th order SSP RK method
and the k-th partial sum with g in a given interval. However, the upper bounds of p are
much smaller than those in Table 2. For instance, when k=1, Bmax =2, which is only
quarter of that of the new scheme. Hence, the proposed scheme has smaller errors and is
more efficient. The comparison will be showed in numerical simulation.

Remark 3.2. Consider the parabolic problem u; = (A(u,x,t)uy)+B(u,x,t)u,, where
A(x,t) >0. Then, we approximate the spatial derivatives by scheme

2 k k
Hk[u](x):% Y D) (DL—Dr) | A(u,x,t) Y. DI (DL —Dr)u,a0],a0 | (x)
p=1 g=1
+%B(u,x,t) (uy +ui) +%r(uf{—u;), (3.9)

with ui are given in (2.9) and the parameters
p1
o =agr=-——, r=max|B(u,x,t)|,
L=ag=bL B(w 1)

B
cAt’

(3.10)
ny= c=max|A(u,x,t)|.
Then, H*[u] (x)=(A(u,x,t)uy ) x+B(u,x,t)ur+O(At*). Moreover, consider the linear func-
tion, where A and B are both constants. The scheme is A-stable if we employs the k-th
order SSP RK method and the k-th partial sum with 1 < % B1kmax and Ba < % B2k max, for
k=1,2,3.

Remark 3.3. Unfortunately, (3.9) would fail to achieve the high order accuracy for non
periodic problems. Our previous work [10] showed that to approximate the first order
derivative d,u with non periodic boundary condition, a modified partial sum is necessary
to achieve high order accuracy, in which derivatives at boundaries 0%'u(a) and 0% u(b)
(m >1) are needed. Similarly, we can extend the newly designed scheme (3.9) to non
periodic problems with a modification. However, it is not easy to obtain the boundary
values such that scheme can maintain high order accuracy and A-stable property at the
same time. We will focus on the non periodic boundary problems in our future work.

3.3 Space discretization

In the previous sections, we always consider the partial sum with exact integration. Here,
we present the details about the spatial discretization of H*[u] in (3.9). Suppose the do-
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main [a,b] is divided by N+ 1 uniformly distributed grid points

a=xp<x1<--<xny_1<xy=Db,

with mesh size Ax= h—g,” Denote u! as the numerical solution at spatial location x; at time

level t". On each grid point x;, we further denote L*[v,a](x;) as L¥, where * can be 0, L
and R. Note that the convolution integrals I' and IR satisfy a recursive relation

IF=1F e 4k, i=1,---,N, I}=0,

3.11
If=18 e ™48, i=0,--,N—1, I{=0, G4y

respectively, where

Xit1

Xi
e ey, e [ Mo e e
Xi—1

Xi

Therefore, once we have computed | ZL and | lR for all i, we then can obtain IZ-L and Il-R via
the recursive relation. In addition, note that the convolution integral I°[v,a](x) can be
split into I*[v,a](x) and IR[v,a](x),

1?:%(1}+IF), i=0,---,N.
Thus, IlQ can be evaluated in the same way as IiL and IZ-R.

For the parabolic equation, the solution is smooth in space. Hence, here we employ
the interpolatory quadrature. We take the quadrature rule for J* with six points as an ex-
ample. Suppose p(x) is the unique polynomial of degree at most five which interpolates
vat{xj_3,-+,xi12}. Then,

Xi 5
JE~ zx/x p(y)e 5 dy=Y"C_ 5, 10i 3, (3.13a)

i—1 j=0

where the coefficients C_3, ; depend on « and the cell size Ax, but not on v. These coeffi-
cients would be given out in Appendix A. The process to obtain JR is mirror-symmetric
to that of J* with respect to point x;

5
IR~ Y CogsDiva-j. (3.13b)
j=0

We want to remark that when the solution has discontinuities or sharp fronts, for
instance, the solution of degenerate parabolic equations, the weighted essentially non-
oscillatory (WENO) integration and a nonlinear filter can be used to control the spurious
oscillation near shock and achieve high order accuracy in smooth regions. Details can be
found in [10,11].
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Consider the fully discrete scheme (3.9) with k-th order SSP RK scheme and the
quadrature rule (3.13), the linear stability property can be obtained by the Fourier anal-
ysis under the assumption that u;? = 1"e™™i, Again, we only consider the linear diffusion
equation u; = uy,, since the analysis for linear advection equation u; =1, is given in [11].
It is straightforward to check that the amplification factor A for the linear diffusion equa-
tion depends on B, kAx and At/Ax?. Moreover, we can verify that, if 0 < < B2k max, for
k=1,2,3, then |A| <1 for any kAx € [0,271], At and Ax, indicating the fully discrete scheme
is unconditionally stable.

4 Two-dimensional implementation

In this section, we will consider the two-dimensional problem

up=(Aq1 (1,2, )ty ) x + (A2 (11,2, )1ty )y + (A1 (1, 2,y )1ty )y + (A1 (1, x,,£) 11y )
+ By (u,x,y,t)ux+Ba(u,x,y,t)uy,+C(u,x,y,t). 4.1)

Let (x;,y;) be the node of a 2D orthogonal grid. Here, we use uniform grid in each direc-
tion, with mesh sizes Ax=x;—x; 1 and Ay =y;—y; 1. Each term in (4.1) can be directly
approximated by the proposed 1D formulation in a dimension-by-dimension fashion,
namely, approximating dy for fixed y; and approximating d, for fixed x;. More specifi-
cally, for the transport parts,

1 _ 1 B
Butte| (s, 5 Bty 8) (0 1) o (0 =), .
1 B 1 B :
BZ”y’ (x; y] 2B2(u1x1y/t) (uy ‘|‘1/l;) +§7’y (M;—I/ly ),

where,

”;’(xi y;) — XLx ZDLx /y]) ar x](xZ) ﬂ (xiy) = T XRx ZDRX /y]) aR,x] (Xi),
=1 p=

wy | () =Ly Z;DZy[”(xi/')/“L,y](yj)/ Uy |(x,) = “RyZDRy (xi,-) ry) (y)),
p:

or with a modified term for k=3, and parameters

“L,x:“R,x:ﬁl/(rxAt)/ rx:ryfl;(’Bl(”/x/y/t”/

wpy =Ry =pP1/ (ryAt), 1y :rbjl[}g? |Ba(u,x,y,t)|.
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And for the diffusion terms,

Q

k
X0, x

(Ar1tx)x () g ZD(’)’xl(DLx Dr)[A1 (u(-yt),yj,t)wi(,yit),a0x] (xi),

p:

Ty Z Dp ! (Dry—Dry)[An(u(xi,-t), X, t) w2 (x5, 1) ,00,] (Vi)

[y

k
-

Q

(Azzuy)y’(xiryj)

Q
-

Q

(Alzux)y’(xi,yj) >

oy ZDP 1(DL,]/_DR,]/)[Alz(u(xil'lt)/xi/'/t) w1 (xi/'/t)/fXO,y] (y])/
p_

. (4.3)

u -1
(Aztty)sl ()~ 5% Yo D (D= Do) [An (u(y ), w2 () 02) (31),
=1

w1|(xi,y]-) (x; y] ZD DLx DR,x)[u('/yjrt)/‘xo,x](xi)/
20,y &
w2|(x,',y]-) :”y’(x,-,yj) ~ T Z DL]/ DR y)[ (xi/‘/t)/lxo,y] (yl)/
where

wox =1/ P2/ (cxAt), cxzrlp%!Au(u,x,y)l,

Koy = ﬁz/(CyAt)/ Cy:rl][n?;(’Azz(u’x’y)"

Similarly, in the two-dimensional case, we can choose the parameters 81 and 8, care-
fully such that the scheme is A-stable. In particular, considering the diffusion terms only,
we have the following theorem.

Theorem 4.1. Consider the linear parabolic equation with periodic boundary
U= Antiax+ (A + A )ulxy + Apttyy,  (x,y) € [0,277]?, (4.4)

where the coefficients A;; are constants. Suppose the scheme is constructed by the partial sums
(4.3) with k terms and combined with the forward Euler:

1. If A1p= A2 =0, the scheme is A-stable when we take 0 < B < By max = % B2 kmax-
2. Otherwise, the scheme is A-stable if we take 0 < < By max = 7 ,32 kmax-

Proof. Here, we only give the proof of the second case, which is more general. Suppose
u is smooth enough that can be written as u(x,y,t) = (t)e’***"1¥. Similar to the proof of
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Theorem 3.2, we can use the Von Neumann analysis and obtain the amplification factor

Q
k Z2]:7—1 2 k Zqul 2

)=1— Ay a3 At L | —Apad At 2

© Hiox (Z (1+z§)p> 250y Z(1+z2)q

p=1 q=1 2
(A1p+ Ag1) o xg At i Z%p_l Zk: quil
R V=1 (R AV=TIE =
where z1 =¢/agx and zo =1/agy. Let
k 2p—1 k 2q—1
z z
Ry=Y —1——, R=) 2.
=Ly MLy

Note that the function is parabolic if there exists a constant 6 >0 such that

Al A\ (&
@ e (50 40 (8)zeE8), vew.
This means A1 >0, Ay >0 and %%2' <2. Then, we have

Q=1—A1105 , AtRS — Ay ARy — (A1p+ A g xito,y AtRy R,
Ap+Ay

—1-BRZ—BRZ— ==
PR PRy VA11AR

BRyR,.
Note that
Q<1—Bmin((Ry—Ry)? (Ry+R;)?) <1.

I—kllence, the scheme is A-stable if Q> —1. Since R2< My and Rﬁ <M. We take < % B2,k max
then

Q>1—pBmax ((Rc—Ry)? (Ry+Ry)?) >1—B(4My)
1
21 - 152,k,max4Mk =1- ,32,k,maka =-1
Namely, the scheme is A-stable. O
Remark 4.1. Mathematically, the linear equation (4.4) can be transformed to
1
U= (A11A22—Z(A12+A21)2)(ugg+u,7,7), (45)

with

4A11An—(Ap+An)? Ap+Ay
—x , g=—xtltin A
g \/ 1AL, T 2/A, vV an

It seems that the restriction Ajp=A; =0 can be removed and we can always take B max=

B2k max- However, the solution u is not periodic in 77-direction anymore, bringing on a
difficulty in obtaining the kernel based formulation.
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Remark 4.2. We want to remark that, the methods (2.14) and (2.15) can also be used to
solve the 2D problem based on a dimension-by-dimension approach. However, we can-
not prove the A-stable property of either method when Aj; #0 or Ay #0. The provable
A-stable property is one main advantage of the new proposed scheme.

Remark 4.3. Consider the function (4.1) with both diffusion terms and transport terms.
Suppose the scheme employs the k-th order SSP RK method and the k-th partial sum.
Then, the scheme is unconditional stability if 0 < 1 < %ﬁllk,max and 0< B, < %,BZ,k,maw

5 Numerical results

In this section, we show the results of our numerical experiments for the schemes to
demonstrate their efficiency and efficacy. We take the time step as

At=CFL-Ax,
for one-dimensional problems, and
At=CFL-min(Ax,Ay),

for two-dimensional problems. Note that time step At is chosen in a form similar to a
standard MOL type method. It will enable us to conveniently test accuracy and compare
the scheme with other methods. We remark that the CFL number can be chosen arbitrar-
ily large due to the unconditional stability. Because all solutions are smooth here, the six
points quadrature formula (3.13) without WENO is used to compute ]Z-L and | lR And we
always choose 8 = Bi max for each scheme in numerical simulations.

Example 5.1. Firstly, we consider the one-dimensional heat equation

{ ur=1uyy, 0<x<2m, 5.)

u(x,0) =sinx,

with the 27r-periodic boundary condition. This problem has the exact solution u(x,t) =
e 'sinx. Here, we want to compare the efficiency of the new proposed scheme (denoted
as “new”) and the original scheme (3.8) in [11] (denoted as “old”), that is

k
ue~—a? Y Diu,a], with a=\/Box/(cAt). (5.2)
p=0

Bk max for the “new” scheme are taken from Table 2, while those of the “old” scheme are
given in Table 3. In Fig. 8, we plot the CPU cost versus L« errors at time T =1, and
provide such a comparison for k=1,2,3. CFL=11is used for all schemes. It is obvious that
to achieve the same error, the new scheme always cost less CPU time, which indicates the
efficient of our new method. This is caused by the larger § used in the proposed scheme.
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Table 3: By14kmax in (5.2) for k=1,2,3.

k 1]2 3
,Bold,k,max 2|11 0.8375

Iogl(err)
Iog'(err)
log(err)

o
@) k=1 (b) k=2 () k=3

logt) - * ®log@n °

Figure 8: Example 5.1: Comparison of CPU time against L error for one-dimensional heat equation between
our scheme and the scheme in [11].

Example 5.2. Then we consider the nonlinear parabolic equation with the 27t-periodic
boundary condition,

{ up = (Utly)y —uy+1u—1-025c0s(2x—2t), 0<x<2rm, (53)

u(x,0) =1+0.5sinx.

And the exact solution is u(x,t) =1+0.5sin(x—t). In Table 4, we list the errors of schemes
and the associated orders of accuracy at T =1, with k=1,2,3. Three CFLs including 0.5,
1 and 2 are used to demonstrate the performance. It is observed that the scheme can

achieve the designed order. In particular, the scheme allows for large CFL numbers due
to its unconditionally stability.

Example 5.3. We use the following 2D nonlinear parabolic equation on (x,y) € [0,277]?

up= (i) x4 (uity )y — ity —uiy —u?+ f (x,y,t),
u(x,y,0)=1+0.5sin(x+y),

with
f(x,y,t) =1.125—0.625c0s (2x 42y —2t) +0.25sin (2x +2y — 2t)
+0.5cos(x+y—t)+2sin(x+y—t).
The 27-periodic boundary is considered in each direction. It is easy to verify that
u(x,y,t) =1+0.5sin(x+y—t) is the exact solution. We show the Ly errors and the or-

ders of accuracy with k=3 in Table 5. Again, the scheme can achieve the designed order
of accuracy, even with pretty large time step.



260

Example 5.4. (Schnakenberg model) In this example, we want to show that the scheme
can also be used to solve system. The Schnakenberg system [13] has been used to model
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Table 4: Example 5.2: L errors and orders of accuracy at T=1.

CFL | N, k=1 k=2 k=3
error order error order error order
20 | 0.76E-01 - 0.40E-01 - 0.77E-02 -
40 | 0.38E-01 099 | 0.13E-01 1.63 | 0.21E-02 1.90
05 80 | 0.19E-01 1.00 | 0.37E-02 1.80 | 0.43E-03 2.29
160 | 0.95E-02 1.00 | 0.10E-02 1.84 | 0.72E-04 2.56
320 | 0.47E-02 1.00 | 0.27E-03 193 | 0.10E-04 2.79
640 | 0.24E-02 1.00 | 0.70E-04 1.96 | 0.14E-05 2.89
20 | 0.14E+00 - 0.95E-01 - 0.30E-01 -
40 | 0.76E-01  0.88 | 0.40E-01 1.25 | 0.77E-02 1.98
1 80 | 0.38E-01 098 | 0.13E-01 1.63 | 0.21E-02 1.89
160 | 0.19E-01 1.01 | 0.37E-02 1.80 | 0.43E-03 2.29
320 | 0.95E-02 1.00 | 0.10E-02 1.84 | 0.72E-04 2.56
640 | 0.47E-02 1.00 | 0.27E-03 193 | 0.10E-04 2.79
40 | 0.14E+00 - 0.97E-01 - 0.30E-01 -
80 | 0.76E-01  0.88 | 0.40E-01 1.28 | 0.78E-02 1.97
2 160 | 0.38E-01 0.98 | 0.13E-01 1.63 | 0.21E-02 1.89
320 | 0.19E-01 1.01 | 0.37E-02 1.80 | 0.43E-03 2.30
640 | 0.95E-02 1.00 | 0.10E-02 1.84 | 0.72E-04 256
Table 5: Example 5.3: L errors and orders of k=3 at T=1.
N.&N, CFL=05 CFL=1 CFL=2
error order error order error order
80 0.59E-02 - 0.47E-01 - 0.11E+00 -
160 0.12E-03 5.64 | 0.80E-03 5.87 | 046E-01 1.24
320 0.17E-04 2.83 | 0.12E-03 2.77 | 0.80E-03 5.84
640 0.22E-05 2.88 | 0.17E-04 2.83 | 0.12E-03 2.77
1280 0.30E-06 2.92 | 0.22E-05 2.88 | 0.17E-04 2.83

the spatial distribution of a morphogen, which has the following form

ot
aC;

or

D2V2Ci+x(b— CL%CZ-).

=D V2C,+x(a—Cy+C2Cy),
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Figure 9: Example 5.4: C, figure at different time.

Here, C, and C; represent the concentrations of activator and inhibitor, with D; and D,
as the diffusion coefficients respectively. x, a and b are rate constants of biochemical
reactions. Following the setup in [13], we take the initial conditions as

Ca(x,y,0) — a4+ b4+103e7100((x=5)+(y=2)%)
b
(a+b)?"

Ci(x,y,0)=

And the parameters are
x=100, a=0.1305, b=0.7695, D1=0.05, and D,=1.

We test the problem with k=3 and 300 x 300 grid points. CFL =1 is taken here. C, at
different times are showed in Fig. 9, which have the similar patterns as those in [13].

Example 5.5. Finally, we show the result for equation with cross derivative terms

Up=tyx+iyy+ilyy, (x,y)€(0,27)%,
u(x,y,0)=sin(x+y),

and exact solution is u(x,y,t) =e3'sin(x+y). L errors and orders of accuracy with k=3
are showed in Table 6, indicating the high order of accuracy and the unconditionally
stable property of our scheme.

6 Conclusion

In this paper, we proposed a novel numerical scheme to solve the nonlinear parabolic
equations with variable coefficients. The development of the schemes was based on our
previous work [11], in which the spatial derivatives of a function were represented as a
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Table 6: Example 5.5: Lo errors and orders at T=1, with k=3 and $=0.49.

FL=0. FL=1 FL=2
NL&N, C 0.5 C C
error order error order error order
40 0.67E-03 - 0.29E-02 - 0.73E-02 -

80 0.11E-03 2.65 | 0.67E-03 211 | 0.29E-02 1.34
160 0.16E-04 2.76 | 0.11E-03 2.65 | 0.67E-03 2.11
320 0.21E-05 291 | 0.16E-04 276 | 0.11E-03 2.65
640 0.27E-06 295 | 0.21E-05 291 | 0.16E-04 2.76
1280 | 0.34E-07 298 | 0.27E-06 295 | 0.21E-05 291

special kernel-based formulation. Here, we designed a new kernel-based approach of the
spatial derivatives, which can maintain the good properties of the original one, such as
the high order accuracy and unconditionally stable for one-dimensional problems when
coupling with the high order explicit strong-stability-preserving Runge-Kutta method
in time. Hence, it allowed much larger time step evolution compared with other ex-
plicit schemes. In additional, without extra computational cost comparing with the old
methods, the available interval of the special parameter § in the formula is much larger,
resulting in less errors and higher efficiency. Theoretical investigations indicated that
the proposed scheme is unconditionally stable for multi-dimensional problems, which
cannot be established with the previous methods. A collection of numerical tests veri-
fied the performance of the proposed scheme, demonstrating both high order accuracy
and efficiency. In the future, we plan to extend our schemes to solve the time-dependent
problems with general boundary conditions. And other time discretization would be
considered as well.
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A Coefficients in quadrature

Here, we list the coefficients in quadrature with fifth order accuracy (3.13)

Xi
C—3+j:A li—3+j(x)dxl ]‘:01'.'/5/

i—1
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where ;3 j(x) is the Lagrange basis polynomial. Since we work on uniform mesh, C_3;
would be independent of i. Denote v=aAx. Then, we have

 60—150% +2v* — (60+60v+ 150> —50° —3v* )e ™"

€= 6015 ’
c . 120+24v —42v% =203 - 6v* — (120 +144v + 4212 — 1203 — 8yt )e ™
-2 2415 '
c _ 120448y —42v% —16v° +12v* — (120+168v+ 66v> — 141v° —12v*)e "
- 1215 '
co 120v+132v2 42613
0 1205 '
o 1204-96v+ 612 —3213 —12v* — (120 +216v+ 15012 + 300> — 26v% 4241 )e ™V
! 2415 ’
Co 60-+60v+15v2 —5v° —3v* — (60+120v +105v% +501° + 1204 eV
2 6015 '
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