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Abstract

Eigenvectors and eigenvalues of discrete Laplacians are often used for manifold learn-
ing and nonlinear dimensionality reduction. Graph Laplacian is one widely used discrete
laplacian on point cloud. It was previously proved by Belkin and Niyogithat the eigenvec-
tors and eigenvalues of the graph Laplacian converge to the eigenfunctions and eigenval-
ues of the Laplace-Beltrami operator of the manifold in the limit of infinitely many data
points sampled independently from the uniform distribution over the manifold. Recently,
we introduced Point Integral method (PIM) to solve elliptic equations and corresponding
eigenvalue problem on point clouds. In this paper, we prove that the eigenvectors and
eigenvalues obtained by PIM converge in the limit of infinitely many random samples.
Moreover, estimation of the convergence rate is also given.

Mathematics subject classification: 62G20, 656N25, 60D05.
Key words: Graph Laplacian, Laplacian spectra, Random samples, Spectral convergence.

1. Introduction

In the past decade, data science plays more and more important role in sciences, engi-
neering and our daily lives. Among varieties of data analysis methods and models, manifold
model attracts more and more attentions. In the manifold model, data is represented as a
point cloud, which is defined as a collection of points that are embedded in a high dimensional
Euclidean space. It is assumed that the point cloud samples a smooth manifold. Thus, the
structure of the manifold are very useful to understand the data. On the other hand, research
in mathematics shows that the Laplace-Beltrami operator is one of the most important object
associated to Riemannian manifolds. Its eigenvalue and eigenfunctions encode all intrinsic ge-
ometry of the manifolds. To reveal the structure of the underlying manifold sampled by the
data, many discrete counterparts of LBO are developed. The eigenvalues and eigenvectors
of the discrete Laplace-Beltrami operators are widely used in many fields, including machine
learning, data analysis, computer graphics and computer vision, and geometric modeling and
processing [2,6,16,18]. Then, one question is that if the eigenvalues and eigenvectors of these
discrete operators converge to the eigenvalues and eigenfunctions of their continuous counter-
part, Laplace-Beltrami operator as the point cloud converges to the manifold. This is essential
to understand these discrete operators and algorithms associated to them.

The convergence between the graph Laplacian and the Laplace-Beltrami operator has been
studied extensively in the literature [3,4,7-9,13,21,23]. In the presence of no boundary and
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the sample points are uniformly distributed, Belkin and Niyogi [4] showed that the spectra of
the normalized graph Laplacian converges to the spectra of Laplace-Beltrami operator. When
there is a boundary, it was observed in [5] and [13] that the integral Laplace operator L; is
dominated by the first order derivative and thus fails to be true Laplacian near the boundary.
Recently, Singer and Wu [22] showed the spectral convergence in the presence of the Neumann
boundary. In this paper, we study this problem from another point of view. We study the
solution operators of graph Laplacian and Laplace-Beltrami operator. Based on the convergence
between the solutions operators, we get more delicate estimate of the convergence, include the
convergence rate.

In this paper, we assume that the data points, X,, = {x1,---,X,}, are sampled indepen-
dently over the manifold M from a probability distribution p(x). On the sample points, we
consider following discrete eigenvalue problem.

ZR< |xi — Xg|2) )‘ZR ( |xi — Xj” ) (1.1)

where R : RT — R* is a kernel function satisfies some conditions (see Assumption 3.1),
+oo
r) = fT R(s)ds
The purpose of this paper is to study the behavior of discrete eigenvalue problem (1.1) as
n — oo and t — 0. We show that when n — oo and t — 0, the spectral of (1.1) converge to
the spectra of the following Laplace-Beltrami operator,

{ —% div (p?(x)Vu(x)) = Au(x), X €M,

1.2
9 (x) = 0, x € OM. (1.2)

where n is the out normal vector of M.

Remark 1.1. The eigenvalue problem we consider here is a little different as the traditional
graph Laplacian. Graph Laplacian L is given by L = I — D7'W. Here weight matrix W
has expression W, ; = R(||z; — x;||?/4t), D is a diagonal matrix whose elements are the row
sums of W and I is the identity matrix. In traditional graph Laplacian framwork, the discrete
eigenvalue problem is

1 & lx; —x ~ x; — x4]|2
S CEISTREIN I

j=1
which is different from (1.1) in the right hand side.

Tha analysis in this paper is based on the point integral method [15] The main idea of the
point integral method is to approximate the Poisson equation via an integral equation:

-/, Apuly)Ry(x, y)dpy
1 _ ou
ot [ Ryt —uty)diy =2 [ ey G ). (1.3)

t

where n is the out normal of M, M is a smooth k-dimensional manifold embedded in R?,
OM is the boundary of M. R;(x,y) and R;(x,y) are kernel functions same as those in (1.1).
Ap = div(V) is the Laplace-Beltrami operator (LBO) on M.
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However in this paper, the original point integral method does not apply directly since the
points is not uniformly distributed in the manifold. In this case, we have to consider the effect
of the distribution such that the integral approximation becomes [14]

_ /M <1div(p2(y)vu(y))> Ry(x,y)p(y)duy

P*(y)
z% /M Re(%,y) (u(x) — u(y))p(y)duy
—2 g—u(y)Rt(x, y)p(y)dry, (14)
om on

Using this integral approximation, we can transfer eigenvalue problem (1.2) to an integral
eigenvalue problem:

; / f (W) (u(x) = u(y))p(y)dy

tJm
2
= /\/ R (m) u(y)p(y)dy, xe M. (1.5)
M
The convergence between the integral operator, (1.5), and graph Laplacian (1.1) has been well
studied in different settings [10-12,19,24,25]. Under the assumption of smoothness of the kernel
function R, the integral operator becomes a compact operator in some suitable space. Then,
with the help of the perturbation theory of compact operator, the spectral convergence can be
proved. In this paper, we also use this approach. First, the convergence between the integral
operator and graph Laplacian is obtained by using standard estimate in the empirical process
theory. Then, perturbation theory of compact operator is invoked to prove the convergence
of spectra. The second convergence, from integral operator to Laplace-Beltrami operator, is
more involved. Laplace-Beltrami operator is not compact, so we consider the solution operator
(inverse operator of Laplace-Beltrami in some sense) which is known to be compact. The
convergence between the solutions operators is more difficult. Fortunately, the convergence
between the solution operators in H' has been proved in our previous paper. With the help of
this strong convergence, we can even get the rate of the spectral convergence.

The contribution of this paper is of two fold. First, we prove the convergence for general
compact manifolds, with or without boundary. Previous studies mainly focus on the manifolds
without boundary. Our analysis works for general compact manifolds. Secondly, we get the rate
of spectral convergence, although may not be optimal. The rate comes from the convergence
of the solution operators in H', which allows us to do more delicate estimate.

The rest of the paper is organized as follows. We define some necessary notations and
operators in Section 2. In Sections 3 and 4, the main theorem is stated and proved respectively.
Some technical results are proved in Section 5. Finally, conclusions and remarks are given in
Section 6.

2. Notations and Preliminaries

We start with defining three solution operators, T', T}, T} , under the assumption that M €
C> is a compact k-dimensional manifold isometrically embedded in R? with the standard
Euclidean metric and k < d. And we also assume M has boundary, the boundary, M is also
C* smooth manifold.
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o T: LQ(M) — H?(M) is the solution operator of the problem (2.1), i.e., u = T(f) with

[ u MU x)dx = 0 is the solution of the following problem:
2(x) div ( ( )VU(X)) = f(X) - .ﬁ X € M» (21)
%( ) =0, x € OM.

where n is the out normal vector of M, f is a constant such that [, (f(x)—f)p?(x)dx = 0.
Here, we further assume that p(x) € C'(M) and minge v p(x) > 0, maxxe s p(x) < 00.

o T, : L*(M) — L?*(M) is the solution operator of following integral equation (2.2), i.e
u=Ty(f) with [, u(x)p(x)dx = 0 solves the following integral equation

1

+ [ By —umity = [ RGPy 22

where

_ 1 Ix -yl 5 _ 1 S x—yl?
Rt(xay) - (47Tt)k/2R( At ’ Rt(xay) - (47Tt)k/2R At .

R € C? and f; is a constant such that

| [ Ry ) - Fopepty)ayax = o.
M JIM

o T, : C(M)— C(M) is defined as follows.

Ty (f)(x) py—e ZRt (%, %, )u; + —e ER X, %) (f(xj) = fen), (2.3)
where wy ,(x) = %Z;’:l Ri(x,x;) and u = (u1,- - ,uy,)" with 31" | u; = 0 solves follow-
ing linear system,

1 n 1 n B B
- D Rilxi,x;) (i —uy) = - > Ri(xi, %) (f(%5) = fen), (2.4)
j=1 j=1

fi.n is the constant that satisfies

S Rolxis %) (F(%5) = fon) =0

ij=1

Using the definition of 7,7} and T} ., it is easy to show that the eigen problems T'u = Au,
Ti n(u) = Au is equivalent to the eigen problems (1.2) and (1.1) respectively. Namely their
eigenvalues are reciprocal to each other and they share the same eigenspaces.

Proposition 2.1. Let 6(u) denote the restriction of u to the sample points P, i.e., O(u) =

(u(x1), - u(xn))"

1. If a function u is an eigenfunction of Ty, with the eigenvalue A, then the vector 6(u) is
an eigenvector of the eigenproblem (1.1) with eigenvalue 1/\.
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2. If a vector u is an eigenvector of the eigenproblem (1.1) with the eigenvalue X # 0, then
Ix(u) is an eigenfunction of Ty ,, with eigenvalue 1/, where

> Ru(x,x5)u; + At Y Rt(x,xj)uj
p;EP p;EP

Z Rt(x7 Xj)

pjEP

H(u)(x) =

3. A function u is the eigenfunction of the eigenproblem (1.2) with the eigenvalue A # 0 if
and only if the function u is an eigenfunction of T with the eigenvalue 1/\.

This proposition is easy to check and similar result can be also found in [24].

Using the above proposition, we only need to prove the eigenvalues and the eigenfunctions
of T}, converge to the eigenvalues and the eigenfunctions of 7. The advantage of using the
solution operators is that they are all compact operators.

Proposition 2.2.

1. For any t >0, n > 0, T, T} are compact operators on H*(M) into H*(M); T}, T, are
compact operators on C1(M) into C1(M).

2. All eigenvalues of T, Ty, Ty, are real numbers. All generalized eigenvectors of T, T, Ty p,
are eigenvectors.

Proof. First, it is well known that 7" is compact operator. T;,, is actually finite dimensional
operator, so it is also compact. To show the compactness of T}, we need the following formula,

Tyu = ﬁx) /M Ri(x,y)Tru(y)dy + ﬁ /M Ri(x,y)u(y)dy, Yue HY(M).
In this paper, we assume that the kernel function R € C2. Then, direct calculation gives that
that Tyu € C2. This implies the compactness of T; both in H' and C?.
For the operator T, the conclusion (2) is well known. The proof of T, and T}, are very
similar, so here we only present the proof for T;.
Let A be an eigenvalue of T; and u is corresponding eigenfunction, then

LtTtU = )\Ltu,
where
1
LS00 =7 [ Rixy)(69 = 1))y (25)
It is easy to see that
LT = [ Ruly)utyp(y)iy. (26)

Then, we get

_ fM fM Rt(x, y)u* (x)u(y)dxdy

A T L) xdx
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where u* is the complex conjugate of u. From the symmetry of L; and R(x,y), it is easy to
show that A € R.

Now, we turn to study the eigenfunctions. Let u be a generalized eigenfunction of T} with
multiplicity m > 1 associate with eigenvalue A. Let v = (T} — A\)™ tu, w = (T — A\)™ 2u, then
v is an eigenfunction of T; and

Tiw=M, (T1—MNw=w.
By applying L; on both sides of above two equations, we have
ALw = LilT) = [ Rilx,y)o(y)dy.
M

Liv = Li(Thw) — ALyw = / Ri(x,y)w(y)dy — AL;w.
M

Using above two equations and the fact that L; is symmetric, we get

0= <w’ ALy — /M Rt(X,Y)U(Y)dY>

M
= (M [ Reyuly)v.o)

2
= (Liv,0) p = Cllolly,

M

which implies that (T; —\)™ 'u = v = 0. This proves that u is a generalized eigenfunction of T}
with multiplicity m — 1. Repeating this process, we can show that w is actually an eigenfunction
of Tt- Il

3. The Main Result

Before stating the main theorem, we summarize the assumptions in this paper as follows:
Assumption 3.1.

o Assumptions on the manifold: M is k-dimensional compact and C* smooth manifold
isometrically embedded in a Fuclidean space R®.

o Assumptions on the sample points: X = {x1, -+ ,x,} are sampled independently over the
manifold M distribution p(x) € C1(M) and mingepq p(x) > 0, maxyepm p(x) < o0.

o Assumptions on the kernel function R(r):
(a) R € C*RY);
(b) R(r) >0 and R(r) =0 for Vr > 1;
(c) 360 > 0 so that R(r) > &g for 0 <r < 1.
The main result in this paper is stated with the help of the Riesz spectral projection. Let
X be a complex Banach space and L : X — X be a compact linear operator. The resolvent set

p(L) is given by the complex numbers z € C such that z — L is bijective. The spectrum of L is
o(L) = C\p(L). Tt is well known that o(L) is a countable set with no limit points other than
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zero. All non-zero value s in o(L) are eigenvalues. If A is a nonzero eigenvalue of L, the ascent
multiplicity o of A — L is the smallest integer such that ker(A — L)* = ker(A — L)*T1.

Given a closed smooth curve I' C p(L) which encloses the eigenvalue A and no other elements
of o(L), the Riesz spectral projection associated with A is defined by

EOL) = —— /F(z L) lds, (3.1)

2mi
where ¢ = 4/—1 is the unit imaginary.

Theorem 3.1. Under the assumptions in Assumption 3.1, let \; be the ith largest eigenvalue
of T (same eigenvalue is repeated according to its multiplicity) with multiplicity o; and ¥,k =
1, , ay be the linear independent eigenfunctions corresponding to \;. Let )\E’" be the ith largest
eigenvalue of Ty ,. With probability at least 1 — 1/n, there exists a constant C; > 0,Cy > 0
depend on M, kernel function R, distribution p and spectra of T, such that

1 logt| +1
i a0 o 1)

tk+3\/ﬁ

and

" logn + |logt| + 1
16 — B(0™™ T1)68 1 any < Co (t1/2+ gn + |log | )

tk+2\/ﬁ

as long as n large enough. Here o/ = {)\zn €o(Tin):je i} and I; ={j e N: X\j = \;}.

Remark 3.1. Noting that

1 _
E(O’Z’n,Tmn) = % /F(Z — Tt,n) 1dZ

is a projection operator to the eigenspace of T}, associate to eigenvalue a,tc’". Denote the
eigenspace of T' corresponding to A; ,eigenspace of T}, corresponding to /\z’" as V(\,T) and
V(AP™ T,.,) respectively. Using the fact that dimension of V/(A,T) and V(A" T, ,,) are same
and for any bounded eigenfunction qbf eV(NT),

E(o;", Tyn)ot € VNI, Ty ),

3

the results in Theorem 3.1 implies the convergence of the eigenvectors in the sense of the
eigenspace converge to each other.

Remark 3.2. In above theorem, v/# and y/n seem to be optimal. However, the factor multiply
v, t*72 and t*+3 are not optimal. We believe that it can be improved by obtaining better
a prior estimate of the integral equation (1.5). Now, we only get L? estimate. In the spectra
convergence analysis, we need C! estimate. In this paper, the regularity is lifted by using the
regularity of the kernel function. The trade off is that a factor t %/ emerges which reduces the
rate of convergence. If we can get a prior estimate of the integral equation in C, t=%/4 can be
removed.

Remark 3.3. The theorem is proved with homogeneous Neumann boundary condition. The
result applies directly to the closed manifold without boundary, since the homogeneous Neu-
mann boundary condition vanishes automatically in the integral approximation.
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4. Proof of the Main Theorem (Theorem 3.1)

The proof of Theorem 3.1 consists of three parts, which are given in Sections 4.1, 4,2
and 4.3 respectively. The first part is to establish the connection between the difference of
the eigenvalues and eigenfunctions and the difference of solution operators ||T' — Ti||g1 and
1Tt — Ti nllcr (Theorem 4.3). This is achieved by using the results in the perturbation theory
of compact operators.

In the second part, we estimate the difference of operators T'— T} and T}y — T}, in H L and
C' norm respectively, Theorems 4.4 and 4.5. This is the most difficult part. Comparing with
the pointwise convergence which was proved in previous works, convergence in H' or C! is
stronger, hence more difficult to prove.

Finally, we use the theory of the Glivenko-Cantelli class in statistical learning to estimate
the error in the Monte-Carlo integration. The key ingredient in this part is to estimate the
covering number of some function classes.

Here, we list some notations which will be used in the proof. Some of them have been
defined in previous sections. We also list them here for the convenience of readers.

e k: dimension of the underlying manifold; d: dimension of the ambient Euclidean space;
n: number of sample points.

e (' positive constant independent on ¢ and sample points X,,. We abuse the notation to
denote all the constants independent on ¢ and sample points X,, by C. It may be different
in different places.

o (4 = W is the normalize constant of kernel function R.

e p(x): probability distribution function.

e R: kernel function. R(r) = [ R(s)ds.

* Ri(x,y) = Gy R (leZtyHQ) . Rixy) = bR (sztynz) _

o Lif(x)=1[, R(xy)(f(x)— f(¥)p(y)dy.

o Lunf(x) = & S Rulx,x,) () = F(x,).

o wi(x) = [y Re(x,y)p(Y)dy,  wen(x) = s D R (%) .

® Whin, Wmax! Wmin = inf min w;(x), Wmax = sup max wi(x). Under the assumption in
>0 xEM >0 XEM

Assumption 3.1, we can show that 0 < wpin, Wnax < 00.
o p(f) = [ FX)p()dx,  pu(f) = £ 20 f(x0).
e R {R(2E) ixead, R {R(EE) ixem).

ODt:{VxR<%>:XGM}.

o« Re Kin={aieR (B20) R (E3LE) ix e M, s e M},

wt,n(y)

o« Ry Ko = { ot B (B35 ) R (2525 ix e M, 2 e M}

Wt n (Y)
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=
—

=) ix e M, ze M}

{mw ()
o Do Kon = {5l B (P55 VR (2325) i x e M, e M
{wor ()

VZR(lzjglz) 1x EM, ZEM}.

e D;-Kiy = {w\/f R(%) VZR(lzZ?'F) ix €M, ZEM}.

4.1. Perturbation results of Solution Operators

First, we need two theorems in [1] regarding the perturbation of the compact operators.

Theorem 4.1 ([1]). Let (X,| - ||x) be an arbitrary Banach space. Let S and T be compact
linear operators on X into X. Let z € p(T'). Assume

2|
T-9S5|x < —FF——. 4.1
I~ $)8llx < o (1)
Then z € p(S) and (z — S)~! has the bound
- L+ ]IS —7)!

2l = Iz = T) I (T = 8)S|Ix

Theorem 4.2 ([1]). Let (X,| - ||x) be an arbitrary Banach space. Let S and T be compact
linear operators on X into X. Let zg € C, z9 # 0 and let € > 0 be less than |zo|, denote the
circumference |z — zo| = € by T' and assume T' C p(T). Denote the interior of T' by U. Let
or=UNo(T)#0. os =UN0o(S). Let E(os,S) and E(or,T) be the corresponding spectral
projections of S for og and T for or, i.e.

_ 1 _ooy-1 _ 1 -1
E(os,S) = 57 /F(z S)~*dz, E(or,T)= 32 /F(z T) 'da. (4.3)
Assume

(T~ $)S]x < min (4.4)

Tz =T)"x
Then, we have

(1) Dimension E(cg,S)X = E(or,T)X, thereby os is nonempty and of the same multiplicity
as or.

(2) For every x € X,
Me
|B(r, Ty~ E(os, S)allx < = (1T = S)zllx +lallx|(T — $)S]1x ).

where M = max.er ||(z — T) Y| x, co = min,er |2].

To apply above two theorems, we need some estimates of 7" and T; which are summarized
in three lemmas below.
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Lemma 4.1. Let T be the solution operator of the Neumann problem (2.1) and z € p(T), then

1
7)1 <

)

where {\p tnen is the set of eigenvalues of T.

Proof. Suppose ¢;, j € N be the normalized eigenfunction of T corresponding to A;, j € N.
Then it is well known that {¢;};en is a orthonormal basis of H'(M). For any x € H' (M),
z € p(T), first we can expand x over {¢;};jen to obtain

T = ch¢j' (45)
j=1

Then, we have

(oo} (oo}
Iz = Dallm = D iz =T)ds|| =D cilz— X))o,
j=1 H! Jj=1 H!
1/2 1/2
= Zc?|z—)\j|2 21516111\11|zf)\n| Zcf
j=1 j=1
— min |z = Anlllell . 4
min [z = An|[[2]| 1 (4.6)
This completes the proof of Lemma 4.1. O

Lemma 4.2. Let Ty be the solution operator of the integral equation (2.2). For any z €
C\ UneN B(Ap,ro) with rg > || T — Ti|| g1, then

_ 2| M| . b
1(z = T5)Hlen Smax{wmm (mIHIZ—AnI—IIT—Ttm) 7|Z}-

neN

Proof. For any x € H'(M),

Iz = Tl = 1z = Dl — (T - Tl

> (mig s =l = 17 = Tl ) el (47)
Then (z — T;) ™! exists and
—1
1= < (sminls = Al = 17~ Til ) (18)
For any u € C*(M),
1
1=l < (gl =Ml = 1T~ Tl ) (Ml (19)

where |M]| is the volume of the manifold M.
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On the other hand, let v = (2 — T;) ~'u which means v = (u + T;v)/z

1

lller < o (luller + [ Tevller)

1 _
< = (luller +¢~®274 o]l )

1 M [ -
s|z|<w (1migle = Mol =T =Tl ) +1) e,

which proves that

_ 2|M| . -2
—T) e < — — | = |IT - T, ,— . 4.10
[(z = T:)" '[ler < max <|Z|t(k+2)/4 <{Lnel§|z = tHl) B (4.10)
This completes the proof of the lemma. O

Lemma 4.3. Let T; be the solution operator of the integral equation (2.2) and A, be eigenvalues
of T, then

o(Ty) C U B (A, 2T = Till o)) -
neN

Proof. Let ro = ||T — Tt (m), A = C\U, ey B(An,210). For any z € A, using Lemma
4.1, we have

1 1
-7)! < R
Gz =)™ Ml (aay < max FESWEE
which implies that
1
(z=T) Hmr vy

1T = Tillr (rmy) =10 < 2

Then using Theorem 4.1, we have z € p(T}).
Since z is arbitrary in A, we get A C p(7%). This means that

o(Ty) = C\p(Ty) € C\A = | J B, 2|IT = Tell i1 (an))-

neN 0

Now, we get the main theorem in this subsection.
Theorem 4.3. Let )\, be the mth largest eigenvalue of T with multiplicity o, and @&  k =
1, ,apm be the eigenfunctions corresponding to \p,. Let A\b™ be the mth largest eigenvalue of

Tin. Let v, =  min IA\j — Ajt1| and assume
J<m A # X1

V(T — TTy s < min 4 £, 2?52 il =2 /3)200 0 . (] =0 /3)°
t,n t)Ltnllcr = 2, 21 , D , 5 7

TYm
T-1T, < —
| o = 45
1 Ym
I =TTl v < 5 (Il = 2.
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Then there exists a constant C1,Cs depend on M, the kernel function R, vy, and Ay, such that

|>‘ff1n - )‘m| < Tt,n - Tt)Tt,n”cl =+ ”T - Tt”Hl(M)

2
m”(

and
6, — E(05" Ten) bl 111 ()

<c (I = T)ék lm + (T = T)Tillar )

C
a7 (1@ = T dhllor + (T = L) Tiallen ).

+
Here ol = {/\3" €o(Tipn):jelnt and I, ={j e N: \; =\, }.

Proof. Let r1 = gravar (T — To) Tl + 1T = Till gy A = C\[Upew B, 1) U B
(0, t'/2)]. For any z € A, using Lemma 4.2, we have

- 2| M| . o
Iz =T)) " Hen < [2[kT2)7a (glé§|z — Anl — |T_Tt||H1>
2|M -1
= Jk/atl (r1 =T = Tl 1)
t1/2|./\/(|

||(Tt,n - Tt)Tt,anl '

Due to z/|M| € p(T;/|M|) and the inequalities above, we have

1((z = T)/IMD) " Hler = IMIII(z = T) " len
t1/2|M|2
" T = T) Tl o
$1/2
(Tt = T0)/IMDTin /Ml e

so z/|M[ € p(Tin/IM]) or

2
|2

Vi B 2
H(Tt,n - Tt)Tt,nncl o ”(Tt,n - Tt)Tt,n”Cl ’

Here, we use the assumption that |[(T%,, — T¢)Ttnllo < t/2.
Combining the above two inequalies gives that

I(z=T) Hlor < 5 < 55 <

2
e

B
|(Tor = T Tonll oy < —
o S ) e

Then using Theorem 4.2, we have z € p(T} ).
Since z is arbitrary in A, A C p(T},,). This means that

0(Tin) = C\p(Tr.n) C C\A = ] B(An,m1) | B(0,¢'73). (4.11)
neN
Moreover, using Lemma 4.3 and the definition of r;, we have

o(Ty) € | B(An,2r). (4.12)
neN
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For any fixed eigenvalue A, € o(T), let v, = xriin |A; — Aj41|. Using the structure of o(T), we
jsm
know that 7,, > 0. Notice that

2 < Im

Tm
izaraz | Ten = T)Tenllen < 15

1T — Tell g omy < 12

which gives r1 < v, /6.
Let T'; ={z € C: |z — \;| =;/3}, U; be the area enclosed by I';. Let

Ot,j = O'(Tt)ﬂUj, Otn,j = O'(Tt,n)ﬂUj.
Using the definition of I';, we know that for any j <m, I'; C p(T), p(T}) and p(T%.,,).

In order to apply Theorem 4.2, we need to verify the conditioning

. z
I(T =TT < min 12 (4.13)

i 1z =T) "

(T, — Ty Timllcr < min 2]

- 4.14
zel; |[(z = Ty) 7o (4.14)

Using Lemma 4.1 and the choice of I';, we have

2| min.er,, ||

z€ly,

(z =T)" e — maxzer,, [[(z = T)~*{|an

Oxm|—f¥?> min |2 — Ap|

z€l, ,neN

Y Y
=2 (a] — ).
5 (- %)

Then, using the assumption that |[(T" — T3) T || g1 a1y < (| Am| = Ym/3)7m /3, condition (4.13) is
true.

Y

Using Lemma 4.2, we have

2| min.er,, |7|

min
2€ln [(z = Ty)"YHler — maxeer,, [[(z — Tr) "o

(Al = f3)2008 424 (

> 5 min |z—)\m|—||T—Tt||H1>

z€l, ,neN
|)‘m| - 7m/3)2t(k+2)/4’}’m

>( ,
- 12

(4.15)

or

|| miner,, || (Aml = ¥m/3)

(z=Tt) e — 2 (4.16)

min
z€l, ||(Z _Tt)_:lHCl T maXger

To get the last inequality of (4.15), we use the assumption that

2 . Ym
T-T, <= — = —,
1T~ Tillw <5, in = Anl =5

P‘?n ‘ —Ym /3)2t(k+2>/47'm
12 ’

Using the assumption that ||(T—1} )T} n||c1 (M) < ming ( (‘)"”‘727’”/3)2 1

condition (4.14) is satisfied.



Convergence of Laplacian Spectra from Random Samples 965
Then using Theorem 4.2, we have
Am(EAm, T)X) = dim(E (0, T1)X) = dim(E (0 p.m, Tr.n) X). (4.17)

It follows from (4.11) that

" 2
At = Al <11 = izazays [(Ten = T)Tenllon + T = Tell mr any- (4.18)
The convergence of eigenspace is also given by Theorem 4.2. For any z € E(\,,,T), with
[zllcr =1,
|z — E(ot,m, Tt)|
maxer,, ||(z =T “YNgrvm/3
ety N 1)Ll (0 - s 4T~ TOT3 s ol ).
minger,, |2|

Using Lemma 4.1, we know that

Si

1 3
max [|(z = 7)™l < max o

JEN |z — A
and min.er,, |z| = [Am| — ¥m /3. This implies that from Theorems 4.2,
o = E@tm Tl < C (T = Tzl + (T = TOTulm 2l ) (4.19)
Regarding the convergence from 7T} ,, to T, using Theorem 4.2 again, we have

I E(0tm, Tt)® — E(0tn,m, Ten)x| o

— 7)1
Tm ZﬂelléfiH(z 1) o

(1T = Ti)aller + (T = Tun)Tonller ). (4.20)

3minger,, |2

m

Using Lemma 4.2, we know that

—1
2 2
—T) e < — = (minlz—X\;| = ||T =T, =
max [|(z —T3)" [|or < max { 2 |t+2)/4 (I;IGII{HZ il = |l t||H1> ) |z|}

z€lp, zel'y,

< 12 2 (4.21)
max , . .
- Y (| A _'Ym/3)t(k+2)/4 A = Ym /3

To get the last inequality, we use that | T—T¢| g1 < ¥ /6 and |z—Am| = Ym/3, |2] = | Am—7m/3]
for z € T'y,.
Then the proof is completed by using (4.18)—(4.21). O

4.2. Convergence of Solution Operators

Now, we estimate ||T' — Ti||g1 and ||T; — T3 ]| respectively. The uniform bound of | T —
T:|| g1 has been obtained in [14].

Theorem 4.4 ([14]). Under the assumptions in Assumption 3.1, there exists a constant C' > 0
only depends on M and the kernel function R, such that

|T = Tyl g2 < CtY2, || T < C.
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Regarding || Ty — Ti.n|lc1, we have following upper bound.

Theorem 4.5. Under the assumptions in Assumption 3.1 and

G s Ip(f) = pal(f)] < wy min, (122)
FERURURs:
52
C - < 4.23
‘ fE/Ct/,,LLSJI)éIt)/’nJCt/’n |p(f) pn(f)| -2 max{wmax + wmin/27 2/wmin} ’ ( )
where § = M”%,t’ = t/18. There exists a constant C' only depends on M and kernel

function R, such that

Chy Ch(f)
[(Ten = Te)Temllcr < $3k/4+3/2° [(Ten = Te) fller < 13k/4+3/2°
where
ho= sup  |pa(g) —p(g)| +1 sup Ipn(9) — p(9)]
9ER K¢ nURy GEDUK 0 ReUK ¢, Re UKy n-Dy
+t* sup  |pa(9) —p(9)l +t°  sup  [pa(9) — p(9)l; (4.24)
g€, n Dy gE’Ct,n'Dt
h(f)=  sup  |pn(g) —p(9)|+1 sup Ipn(9) — p(9)]
GER K, nURs QEDth'ﬁtUK:t,n 'ﬁtU’Ct,n'Dt
+t2 sup  |pa(9) —p(9)l +¢°  sup  [pa(9) — p(9)l- (4.25)
gEKt,n Dy gEKt n Dy

The proof of this theorem can be found in Section 5.

4.3. Entropy bound

In this subsection, we will verify the assumptions (4.22), (4.23) in Theorem 4.5 and give
upper bounds of hy and h(f) defined in (4.24) and (4.25). To achieve these goals, we invoke a
powerful theorem in empirical process theory.

Theorem 4.6 (Theorem 2.3 in [17]). Let F be a class of functions from M to [-1,1] and
set p to be a probability measure on M. Let (x;)$2, be independent random variables distributed
according to u. For every e > 0 and any n > 8/¢2,

1 n
P (;gg MO /M Fx)u(x)dx| > )
< 8E,[N(e/8, F, L1(un))] exp(—ne®/128) (4.26)

In above theorem, N (e, F, L,(u,) denotes the covering numbers of F' at scale € with respect to
the L, (uty,) norm. w, is the empirical measure supported on one sample of (x;):2;. Let (Y, d) be
a metric space and set F' C Y. For every € > 0, denote by N (¢, F, d) the minimal number of open
balls (with respect to the metric d) needed to cover F. That is, the minimal cardinality of the
set {y1, -+ ,ym} C Y with the property that every f € F has some y; such that d(f,y;) < e.
The set {y1, - ,ym} is called an e-cover of F . The logarithm of the covering numbers is
called the entropy of the set. For every sample {z1, -+ ,z,} let u, be the empirical measure
supported on that sample. For 1 < p < oo and a function f, [|f|lz,(u) = (2 >0y |f(:vl-)|p)1/p
and || floo = maxi<i<n |f(24)]-
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Notice that

where || f||lr.. = maxxeam | f(x)]. We get one immediate corollary of Theorem 4.6.

Corollary 4.1. Let F be a class of functions from M to [—1,1] and set u to be a probability
measure on M. Let (x;)2, be independent random variables distributed according to p. For
every € > 0 and any n > 8/€2,

1 n

P (sup |ﬁ Z f(x;) — / f(x)p(x)dx| > e) < 8N(¢/8, F, Lo ) exp(—ne®/128), (4.27)
fer M M

where N (e, F, Loo) be the covering numbers of F at scale € with respect to the Lo, norm

Then, we get an upper bound of supcp [+ Y7 | f(xi) — [, f(x)p(x)dx].

Corollary 4.2. Let F' be a class of functions from M to [—1,1]. Let (x;)2, be independent
random variables distributed according to p, where p is the probability distribution in Assumption
3.1. Then with probability at least 1 — 6,

sup [p(f) — pu(f)] < 1| = (mzv(\/?, F,L..)+In i)
feF n

n

where
1
o) = [ S, pa(h) = D 1. (4.29)

Proof. Using Corollary 4.1, with probability at least 1 — 4§,

sup ‘p(f) _pn(f)| < €,
feFr

where €5 is determined by

12
€5 = \/n8 (lnN(65/8,F,LOO) +1n§).

128 2
662 — =38 )
n n

N(es/8, F, Log) < N( 2/n, F, Loo).

Obviously,

which gives that

Then, we have

o < \/128 <lnN( z/n,F,Loo)+1n§),
n
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which proves the corollary. O

If the entropy bound of F' is known, the upper bound of sup s¢ g [p(f) — pn(f)] follows from
Corollary 4.2. Now, the key point left becomes bounding the entropy of some given function
class F.

Let us start from the function class R;. The functions in R; are bounded uniformly, and the
bound only depends on the kernel function R. To apply above corollary, we need to normalize
R: to make it lie in [—1,1]. Here we also use R; to denote the normalized function class and
absorb the bound of R; into the generic constant C'. We do same normalize procedure for all
function classes defined in Section 4.

Since the kernel R € C?(M) and M € C*°, we have for any x,y € M

This gives an easy bound of N(e, R, L),

N(e, Ry, Loc) < (fﬁ)k (4.29)

Using Corollary 4.2, with probability at least 1 — 1/(2n),

sup  [p(f) = pal(f)] € —= (Inn —Int +1)"/2. (4.30)

FERIUR, URs: n

sl

This gives that

Corollary 4.3. With probability at least 1 —1/(2n),

1
sup ‘p(f) - pn(f)' < gwmina
fER{UR,,URs:

as long as n is large enough such that the right hand side of (4.30) is less than wmin/2.

To get the covering number of Ky ,,, we need the assumption that sup ez, [p(f) — pn(f)] <

%wmin. Notice that
L[ (=P (2=
wyn(Y) 4t 4t

2 ||x—y||2 ||Z_}’||2 C
< — _ < —|x — v/
- wmin|R< 4t R 4t < \/{|x |

The first inequality comes from the fact that min,e pq Wy n(2) > Wmin/2 which is guaranteed by

the assumption that supeg, [P(f) — pn(f)] < *5t=. This gives a bound

2

N(e, Kty Loo) < (&)k (4.31)

Similarly, we can get

C 2k
N(G, ICt,n . ’Ct,n; Loo) S <€\/E> . (432)
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Using Corollary 4.2, if supcg, [p(f) — pa(f)] < #35i=, then

C
sup p(f) = pu(f)] < —= (lnn —Int + 1)"/? (4.33)
fEICt,nUK:t,n"Ct.n \/ﬁ

with probability at least 1—1/(2n). Moreover, from Corollary 4.3, the assumption sup ;e , [p(f)
—pn(f)] < *= holds with probability at least 1 —1/(2n). By integrating these results together,
we obtain

Corollary 4.4. With probability at least 1 — 1/n,

62
su — Pn <
feK:t,nUK:pt,n'K:t,n ‘p(f) b (f)| Qmax{wmax + wmin/2» 2/wmin}

lon n s large enough. Here § = —%min___ |
as long as n is large enoug ere § To e —

Using similar techniques, we can get the estimate of hg and h(f) in (4.24) and (4.25).
Putting all bounds in Theorem 4.4, we get

Theorem 4.7. Let ¢ be an eigenfunction of T. With probability at least 1 —1/n,

C 1/2

||(Tt — Tt,n)Tt,nHCl < (lnn —Int + ].) 5

— t3k/4+3/2\/ﬁ

I(Ty = Thn)llcr < (nn—Int+1)"?%,

¢
t3K/4+3/2

as long as n is large enough. Here Cy is a constant depends on M, kernel function R, distri-
bution p and eigenfunction ¢.

The main theorem, Theorem 3.1, is an easy corollary of Theorems 4.3 and 4.7.

5. Proof of Theorem 4.5

To prove Theorem 4.5, first we prove the convergence in L? and then lift the convergence
from L? to C! by using the regularity of the kernel function. The calculus is a little tedious.
However, the method is rather standard.

In L?(M) space, we have

Theorem 5.1. Under the assumptions in Assumption 3.1. Let f € C(M) in both problems,
then there exists constants C > 0, so that

(Tt — Te)Ten fll 220

C
< izl sup  |pn(g) —p(g)l+t  sup  |palg) —p(9)| |,
JERUR:-Ki,n GEKt,n ReUK:, n R
I(Te. — Tt) fll L2 (M)
C
< gz flleo sup  |pa(g) —p(g)] +1t sup  |pa(9) —p(9)] |
JERIUR K n gEK n ReUSF- Ry

as long as t small enough and (4.22), (4.23) are satisfied.
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To prove Theorem 5.1, we need two theorems regarding the a prior estimate of the discrete
solution and the stability of the integral operator L.

Theorem 5.2. Suppose u = (u1,--- ,up)" with > u; = 0 solves the problem (2.4) and
f € C(M). Then there exists a constant C' > 0 only depends on M and kernel function R,

such that
Lo 1/2 Lo 1/2
(n Zuf) <C (n Zf(xi>2> < C flloos
=1 i=1

as long as (4.22), (4.23) are satisfied.

Theorem 5.3 ([14]). Under the assumptions in Assumption 3.1, assume u(x) solves the fol-
lowing equation

—Liu=r, (5.1)

where

x — 2
zo= [ (B2 w6 - uimiay. (5.2)

Then, there exist constants C > 0,Ty > 0 independent on t, such that

ullLzay < CllrllLz o, (5.3)
as long ast < Ty.

Theorem 5.3 has been proved in [14]. Theorem 5.2 is an easy corollary of following theorem
which is proved in the appendix.

Theorem 5.4. Under the assumption in Assumption 3.1 and assume (4.22), (4.23) hold. There
exist a constant C' > 0 only depends on M and kernel function R, so that for any u =
(g, ,up)t € R with S u; =0,

C n
n2t Z R (i, x5) (ui = uj)* > = > Juf. (5.4)
i=1

i,j=1

Now we can give the proof of Theorem 5.1.

5.1. Proof of Theorem 5.1

First, denote

nwtn

U (X) =T nf = Z (x,x;5)u; — tZRt(x, x)fi | (5.5)
i=1 j=1

where u = (u1, -+ ,uy,)" with Y | u; = 0 solves the problem (2.4), f; = f(x;) and w; ,(x) =
% E?:l R (x,x;). And denote

Ut7n(X) = Ttmutm = ZRt X X] — tZRt X Xj , (56)

nwtn
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where v = (v, ,v,)" with 7" | v; = 0 solves
1 1 o~ -
—— > " Ru(xi,x))(v; = ﬁZR X, XU (5.7)

It follows from Theorem 5.2 that there exists a constant C' > 0 independent on ¢ and n such
that

Lo 1/2
(n Zu?) < Ol flle: (5.84)
i=1
" 1/2 n 1/2
1 2 1 2
- 2 < - - < oo .8b
<n§”> _C<n§u> <Cllfl (5.8D)

The idea to prove the theorem is using Theorem 5.3. Then we need to estimate ||Li(T},, —
Ti)Tiw fll2 and || Ls(T3,, — Tt) f||2 for any f € C(M).
For any f € C(M),

Lt(Tt,n - Tt>Tt,nf
= (LiTynTinf — LinTinTin f) + (LinTenTin f — LiTy T f)
= (Lyven — Lipvin) + (LenTentn — LiTiug ) - (5.9)

Next, we estimate two terms of right hand side of (5.9) separately. For convenience, we split
Vt,n = Qt,n + bt,n and

agn(x) = ZRt X, X )5, (5.10)

nwtn

by n(x) = ZRt X, X )U (5.11)

nwt n
FOI' ||Ltbt,n — Lt,nbt,n”27 we have
|(Ltbt,n - Lt,nbt,n) (X)|

_ 1‘ /M Ru(%,9) (bt (%) = bin(3) ) p(y)dy — % zn: Ru(36,3%7) (b1 (%) = bua(x))) ’

j=1

|btn ‘/ Ri(x,y)p dy—fZRtxx]

\ /\

1
+t‘ /M Ri(%,y)bi,n(y)p(y)dy — - Z Ry (%, %) bt n (%) (5.12)
j=1
The first term of (5.12) can be bounded as following:
by (x / Ri(x,y)p dy——ZRtxxJ)
L2
< CillbrnllL> sup [pa(g) — p(9) (5.13)

gER:
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and

2
2 1 L
[be,nll72 = E/M (wtn(x) ZRt(Xv Xj)uj) p(x)dx

<N (4 [ Abexpio)

Jj=1

PR R 5.14
< S < 0 (5.14)

Jj=1

where last inequality comes from (3.8).
For the second term of (5.12),

\ [ Rk 3 )p3ay = 1 3 Rl ()

=1
t Ri(x,y) R (x,x;)
=— Ri(y,xp)u | p(y)dy — — )  ———%= Ry (x5, X1 )up,
M Wen(y (xze:P ) n; win(%;) xkze:P ’
Ry(x Y) 1 o Ri(x,%x5) 5
g— v, xi)p(y)dy — — —— L Ry (x5, %Xg)|- 5.15
Zi | [ S Ry xe)pty) 2 e e ) (515)
Let
1 x—yP\ 5 (Ixi— vl
A= R R{—— d
Cy ) ( o ) P)dy
G~ ] R(lx_xj|2>1§<|xi_xj|2>. (5.16)
n = Wy n (%) 4t 4t
We have
|Al < Ct  sup_ |pa(g) —p(9)l- (5.17)
gERt, n Ry
In addition, notice that only when |x — x;|? < 16t is A # 0, which implies
1 Ix — x;|?
Al < —]A —_— . 5.18
A< 5 |R< 321 (5.18)

Using these properties of A, we obtain

[ By b nly )y = &Y R )
M =

Ct = Ix — x5 |?
ke Yl (2

k=1

IN

IN

Ct — Ix — Xk‘z
n T 39¢ n - . 1
0 EC’AUHR( 397 Cy  sup  |pa(g) —p(9)| (5.19)

QGKt,n'ﬁt
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It follows that

[ R ¥ b 90y = 5 Rl ()

=1 ,
9 1/2
1 <& X — X |2
<ol [ (thmm (SQt)) peodx | o sup_palg) -~ plo)
M n k=1 QGKt,n'Rt
Lo 1/2
<Ct| =Y up| Ci sup |pa(9) —plg)|
< Ct]|fll«Ct  sup _ [pn(g) —p(g)l- (5.20)
gERt n Ry

To get the second inequality, we use the condition that Cysupger,, < Wmin /2.
Now we have complete upper bound of || Lib; ,, — Lt by || 1, using (5.12), (5.13) and (5.20)
and Cy =

1
(4ﬂ.t)k/2 )

C
[ Ltbt,n = LinbenllL2(m) < WHfHoo ( sup  |pa(9) —p(9)|> ~ (5.21)
GERUK: n- R

Mimicking the derivation of (5.21), we have

C
1Leatn = Lenatnl 2o < apg 1l <9€R£1’1Cr:’”_m IPn(9) —p(g)l> - (5.22)
And consequently,

HLtUt,n - Lt,nvt,nHL2(M)
< HLta't,n - Lt,nat,n”LQ(M) + HLtbt,n - Lt,nbt,n”LZ(M)

A

< sl ( S [pal) ~plo)| +t sup |pn<g>—p<g>|>. (523)

ER:UKt,n Ry gEK,nRe
The second term of (5.9) can be bounded as following,

Lt(TtUt,n) - Lt,n(Tt,nUt,n)

< [ Rbeyun(pr)dy - 13 Rilxxg)ug

j=1

1 Rtxx]
Sﬁ;wtnxj (ZRt Xj, Xk Uk—tZRt X, X)) )
1 R b4
—*/ wt 22 (ZRt Y, Xk Uk_tZRt Y, Xk) > p(y)dy
M tn

= IS [ DS TR g ) / Bl Y) by, x)p(y)dy

— win(X;) wen ()

g T R ) - [ Ry sy | 529
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Using the similar derivation from (5.15) to (5.21), we get

||Lt (Ttut,n) - Lt,n(Tt,nutﬁn) HL2

1/2
1,
<c|=Y_w2| C sup |pu(g) = p(9)l + CtllfllC:  sup  |pnlg) —p(g)|
n 7j=1 gEK: n-Re gEK: n-Re
C
< gallfllse | sup_ Ipul9) —p(9)l +t sup_ |pa(9) —p(9)l | - (5.25)
¢ 9EK R 9K R,

The complete estimate follows from Equation (5.23) and (5.24).

| Le(Ttn — T) T fll 2 ()

C
< —=lf sup pn(g) — p(g
TYPES] [l flloo (gemmt.’cm n(9) — p(9)]

+t sup  |pa(g) —p(9)|+ 1> sup  |pn(g) —p(9) | - (5.26)
GEK:n Ry 9EK L n Ry

Similarly, we can also get

1 Le(Teon — T2) )l L2 (M)

C
<tk/2+1||f||oo< sup — |pn(g) = p(9)|

JERUR:- Ky n

+t sup_ [pa(g) — p(9)| +1* sup |palg) — p(a)l) : (5.27)
gER: n R gef-Re
The theorem is proved by using Theorem 5.3 and above two estimates (5.26), (5.27). O

Now, we can prove Theorem 4.5 after one techinical lemma.

Lemma 5.1. Under the assumption in Assumption 3.1 and assume (4.22), (4.23) hold. Then,
there exist constants C > 0 only depends on M and kernel function R, such that for any

fecM),
ITenflloo < CEF 4 flloos | Thnfllre < Cllflloo-

Proof. From the definition of T} ,,, we have for any f € C(M)

Gy - Ix — x;|? 4 tC, " Ix — x;)? 4
Tint = nwy p(X) ZR ( 4t Ui nwe p (X) ZR 4t Fxi),

i=1 : i=1
where (u1, - ,u,) satisfies the equation
C: — Ix; — x;|? C: — Ix; — x;|?
Cosr (B0 —uy) = S R (D) iy,
) (P - = & Sor (B ) o)

Using Theorem 5.4, it is easy to get that

Lo 1/2
(Zu2> < Ol fllees
i
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where C' > 0 is a constant only depends on M and kernel function R. Then

T < Cy R |x — x;|? 2 " R Ix — x| v
ot = (e 28 (B50)) (mom on (Bt

i=1 z:l
n

tCy |xfxl-|2
_ 7t N (2R -
s SR (EE )

i=1

1/2
<nwm ZR(IX xll)ui> + ]l

=1

20 1 1 n 1/2
(22 ) <n Zug> e < Cll e
=1

IN

<
wmln
and
Tt flI 2 <2/ LZR beoxily Tp(x)dx + 262 fI3,
bz = M MWy (X) — 4t
1 n
<C (nZU? +t2|f||§o> < Ol fl%.
i=1
Finally, we get fully prepared to prove Theorem 4.5. g

5.2. Proof of Theorem 4.5

For any f € C'Y(M), let ur,, = Tipnf and v; = Ty pupn(x;), @ = 1,---,n. Using the
definition of T} and T} ,,, Tius,, and Ty ,ue,, have following representations

1 t _
T n = R s T n d N R ’ n d )
tn = 5 /M (06 y) T n(¥)p(y)dy + - = /M (%, y)uen(y)p(y)dy
1 t L
T n n — R 7 7 R 9 Kq 7. 5.28
b, nwtn Z ¢ (X, %) nwtn( >; (x,x;)u (5.28)
where u; = Uy n(x;), 9 =1,--- ,n. We know that (uq,---,u,) and (v1, - -, v,) satisfy following
equations respectively
J 1<
72 (i, %) (wi — uy) = EZRt(Xz',Xj)f(Xj),
j=1 i=1
J 1«
72 Xuxj ’U]):EZRt(X'L,XJ)U

Using Theorem 5.2, we have

Lo 1/2
(n Zu2> < Ol flloos (5.29a)
i=1
n 1/2 n 1/2
1 2 1 2
l 2 < = 2 < o 2
(n ;) <C (n ;u> <Clifl (5.29b)
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Denote
1 t _
Tlunzi/Rx, Tiug n d+7/Rx,un dy,
e = 2 £(%, ) Tiue o (y)p(y)dy o (%, ¥)ur o (y)p(y)dy
1 —
T2un:7/Rx, Ti nuen dy + /vaun dv.
e = 2 t(%, ¥)Tentten (y)p(y)dy o9 S (%, y)ue,n(y)p(y)dy

We will prove the theorem by upper bound Tyuy ,, —Tt1 Ut s Tt1 Ut —Tfutm and Tfutm — Ty nten
separately.
First, let us see Tyut ,, — T g p.

1
|Ttut,n - Tt ut,n‘

1 1
Wi (x)  wi(x)

(| mx B mmian| +¢ \ [ Ay sy

<2 qup (Ipu(a) p<g>|>(\ [ s y)Ttut,n<y>p<y>dy‘

Winin geR:

+ t‘ /M R(x, Y)Ut,n(.Y)p(.Y)dyD

C
Si( Tu,n 2+tu,n 2) sup (|pn{g9) — P\g
wanya Tl + tluenlls geRt(| (9) —p(9)])

C
<——|Utp su " _
<garzalluenllze sup (lpalg) = pl9))

C
SWHflloo gseugt(Ipn(g) —p(g)])-

Similarly, we have

c

IV (Tit = T szl s (nulo) = plo)).
which proves that
|Ttein — Thugl| o < oo N fllee sup (1pal) — p(g)) (5.30)
tUt,n t Utn|lcr S 1(3k+2)/4 Ooge%liBDt Pnlg pig)i)- .

Secondly, using Theorem 5.1 we have
|Tt1ut,n — thut,n|
1
[ Rey) Tt (3) = Tl ) ()

We,n (%)
< Cct=k/4 | Ty, — Tt,nut,nHLZ

tUR: Kt n

_ C
= Ct™ ™ |(Ty = Ton) Ton fl 2 < t:3k/4—0—1||f|°°( sup  |pn(g) — p(9)]
g

+t sup  |pa(g) —p(9)|+t° sup  |pu(9) —p(9)l |
QEKt,n‘ﬁt gezt,n'ﬁt
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and
|V (Ttlut,n - Tt2ut7n)|

_ ‘vx (e [ Rus) (Tutn6) = Tui ) p3)0 ) \

wt,n(x)
< Ctk/A+1/2 | Tywen — Tt,nut,n”L2

C
k/4+1/2 o~ _
=Ct™ (T} — Tyn)Ten fl 2 < ryrEEYD | £l oo (gemsut;glcm Ipn(9) — p(g)l

+t sup  |pu(g) —p(g)| +°  sup Ipn(g)—p(9)|>-
gEKt,n'ﬁt gezt,n'Rt

This implies that

c
T e = Tusnllen < 7z [ flle (geRtit;gm Pa(g) — p(9)] (5.31)

+t o sup  [pa(9) —p(9)| +°  sup Ipn(g)p(g)|>-
9€’Ct,n'§t gEKt n R

Now, we turn to estimate Ty nut ., — TPus 5. Using (5.28), we have

2
Ttnutn_Tutn

= wf ( ZRt X, X;)V; /M R (x, y)Tt,nut,n(}’)p(Y)dY>

wm < ZRxxz u; /MR(X,y)Ut,n(Y)p(y)dY>-

Using (5.28) again, the first term becomes

1 n
L3 Ruxxi)oi - / Ry(5,3)Th it (¥)p(y)dy
ni4 M

1 n n t n
> 5;Rt(x,xi) nwtn XZ g Xz;XJ ’UJ m; xj)uj
1 - t .
- Ry (x, — > Ry, xj)v; +——= > Ri(y—xj)u d
[ el |y SRy ) L =) | )ty

IN

. l - M X X)) — Rt(xvy) <.
ZU] (nz wt,n(xi) B (i, J) /M wm(y) B (y, j)p(y)dy>

=1

* %Z ( Zii:; ¢ (i, %) — /MRt(X’y)Rt(y,xj)p(y)dy>-

wt,n(Y)
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Using the similar techniques from (5.15) to (5.21), we get

ZRt (%, %;)v; / Ry(x, )Ty nuen(y)p(y)dy

1/2
1 & 2
- C o (g) —
< W) G ) plo)
1/2
C 1 —
toa o oou | G suw pa(e) — plo)l
j=1 9EL: n R
C
< wyallflo | sup_Ipalg) = plg)l +¢  sup_ Ipalg) —plg)l |-
9ER L n R 9EK: n Ry

The second term can be bounded similarly,

1o = _
=57 Rk, xi)ui — / R(%, y)ue.n(y)p(y)dy
n i—1 M
1/2
C (1<
<o fz Cy sup_ [pa(9) — p(9)]
n j=1 gGEKt n R
1/2

¢ (L S Ct  sup _ |pu(g) —p(9)|

+tk/4—1 n J
j=1 9ER: n R

Sﬁfﬂllflloo< sup _ |pn(9) —p(9)| +1  sup Ipn(g)p(g)|>~ (5.32)

gERK: n Rt gE’Ct n Rt

Now, we have

C
|Tt,nut,n - TtZUt,n| < t3k/4||f||°°< sup |pn(g) _p(g)|

geEKt n- Rt

+t sup  |pu(g) —p(9)l +¢ sup  |palg) —p(9)| |-
gEK:,n-Re 9EK  n R

Using the similar method, we can get

t,n &t

C
V(T ntten = Tiwen)| < sz | flloo (g sup - pn(9) = p(9)]

+t sup  |pa(9) —p(9)| + ¢ sup_ |pa(9) —p(9)l |-
g€, n Dy gE’Ct n-Di

Ty )T 0|l in Theorem 4.5 is proved.
—Tin)fllcr for any f € C(M) which complete
O

The estimate of ||(T}; —
Similarly, we can obtain the estimate of ||(7}

the proof.
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6. Conclusions

In this paper, we proved that the spectra of the normalized graph Laplacian (1.1) will
converge to the spectral of Isotropic elliptic operators with Neumann boundary condition (1.2)
as t — 0 and the number of sample points goes to infinity. The samples points are assumed
to be drawn on a smooth manifold according to some probability distribution p. Moreover, we
also give an estimate of the convergence rate. However, the estimate of the convergence rate in
this paper is far from optimal. In the analysis, we believe that a prior estimate of the integral
equation (1.5) can be improved. Now, we only get L? estimate. In the spectra convergence
analysis, we need C* estimate. In this paper, the regularity is lifted by using the regularity of
the kernel function. The trade off is that a large factor ¢t—%/4 emerges which reduces the rate
of convergence.

Appendix A: Proof of Theorem 5.4

Proposition A.1 ([20]). Assume both M and OM are C? smooth. There are constants
Wiin > 0, Wmax < 00 and Ty > 0 depending only on the geometry of M, so that

Wmin S ’U)t(X) - / Rt(XQ’)dy S Wmax
M

as long as t < Tp.

We have the following lemma about the function wy .

Lemma A.1. Under the assumptions in Assumption 3.1, if Cy sup |p(f) — pn(f)] < Wmin/2,
fER:

1
wmin/2 S Wi n (X) S Wmax + §wmin'

This lemma is a direct consequence of Proposition A.1 and the fact that

o2
‘wt,n(X) -G /M R (|X4ty> P(Y)dY‘ <Cy fseug Ip(f) = pa(f)]-

Lemma A.2 ([14,20]). For any function u € L?*(M), there exists a constant C > 0 only
depends on M, such that

/ / Ry(x,y)(u(x) — u(y))*p(0)p(y)dxdy > C / ju(x) — ap(x)dx, (A1)
MIM M

where

7= /M u()p(x)dx.

Now, we can prove Theorem 5.4.
First, we introduce a smooth function u that approximates u at the samples X,,:

=1

where wy ,(x) = S+ 3" R (‘X_X‘F) and t’ = t/18.

n % 4t’
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Then, we have

/ / Ru(%,y) (u(x) — u(y))? p(x)p(y)dxdy (A.3)
MIM

2
/ / Ry (x,y) (nwtl ZR:" X, X )Ui— 0y ZRN X5, Y ) p(x)p(y)dxdy

131

2
- /M /M Fr(6,3) <n2wt/,n(i>wt, D R0 (35, ) 0 - uj)) p(x)p(y)dxdy

: i) L (X w; — u;i)?p(x X
- /M /M Rf’("’”n?wt/,n(x)wt,,n(y) D Bt 6 Re ) — 1, Ppl)ply ey

ij=1

(/ /M wr ey Xi)Rt'(vaY)Rt/(x,y)p(X)p(y)dxdy) (i — uy)?.

Denote

1
T e S A Ay
ok o w6 X0 Ber (5, 9) Ber (6, y)p(x)p(y ) dxdy

and then notice only when |x; — x;|? < 36t' is A # 0. For |x; — x;|? < 36t/, we have

s —x; 2\ |x;—x;|?
s [ Retoxre oy reonr (B000) R (P20 ) peopyaxdy
_cc xi — x5
< t/ / Ry (%, %) Ry (%, )R<| m,]' )p(X)p(y)dxdy

< CCy /M /M Ry (x,xi) Ry (x;,y)R (lx_xj|2> p(x)p(y)dxdy

L 12
< CC.R (W) . (A.4)

Combining Equation (A.4), (A.4) and Lemma A.2, we obtain

CcC, X; — X _
i > (' it ) (i = uy)? > /M<u<x> — )*p(x)dx. (A.5)
1,7=1
We now lower bound the RHS of the above equation using £ > =1 u?.
_ 1 « Cy |x —x |2) )
= u(x — Uj R . x)dx || . A6
‘/M n ; ( ! /M Wi, n(X) ( 4t! pix) (8.9

Notice that

Ct |X—Xj ‘2 1 Ct |Xi —X; |2
/M W) ( )Py s B

< C; sup |p(f) —pu(f)]
fery n
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Thus we have

_ |x; — Xj2> 1 <&
u| < R wil + | — U; su — Dn AT
[l 797§:1wﬂ _ ( W 7124|3| () = plf) (A7)
<11 w3 () — pulf)]
~|— u\X; u sup p — Pn
n =1 n j=1 ! fEICt’,n

IN
| =
Nk
S
=
T
%
W
~
RS
.
T
N————
—
<
<
\
£
+
3|
<
o
)
=
il
=3
~
—
—
\
s
3
—
=

i,j=1 i=1 feRy ,
1/2 1/2
2 Ct - |XZ — XJ|2 9 1 < )
= o \ 72 2R ( w ) (522 sup [p(f) = pn(/)|
3,j=1 j=1 feX, n

Denote

4 /M wt/C(X) (|X 4:1-2) R <|X 4;l|2> p(x)dx

1 n
Oy

Ix; — x;|? R Ix; — x|?
ot 7o (X5 4t/ 4t/ ’

Then |A] < C sup Ip(f) — pn(f)]. At the same time, notice that only when |x; —x;|? <
FERy Kyt

16t" is A # 0. Thus we have

1 Ix; — x|
Al < —|A — ).
Al < AR

Then

Cy - Ix; —x1]?
<= — CiR
_.ngj?%yJMﬂ minl 3 ( BN
Cy <|XZ x| )
< = sup CiR u;
n2 feK:t’,n‘K:t’,n | ’lel t 72t/
1 n
< (wmax + wmin/Q)Ct sup |p(f U . (A8)
fe’ct’,n"ct’,n n i=1

In the last inequality, we use the condition that Cysup g, Ip(f) = Pn(f)] < Winin/2.
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Now combining (A.5), (A.7) and (A.8), we have for small ¢
I~ o
n ; u” (%)

= /M u? (x)p(x)dx + (Wiax + Wimin/2)Ct sup Ip(f) = pn(f)] (:L Z U?)

FERKy Ky p

<2 /M (’U,(X)—ﬂ)Qp(X)dX + 217*2 + (wmax + wmin/2)ct sup |p(f) — Pn (f)| ( Z u?)

FERy Ky
CCt ~ ‘Xi — Xj‘z 2
S ZR( AL (s = ;)

i,j=1

e+ Wnin/2, 2/ w0} Cr sup zxf>pnuv|(1§:¢ﬁ>.

fEICt/,n'}Ct/,nUICt’,n n =1
min ‘52
Let § = %:im If % Z?:l U2(Xi) 2 Iy ZIL 1’LL,L, and
52
max{wmax + wmin/27 2/wmin}ct sup |p(f) - pn(f)| S 5

fEKt/,n'Kt/,nUK:t’

,n

Then we have completed the proof. Otherwise, we have

%Z(u —u(xy)) Zu + = Z u(x;) —quz u(x;) > ( nd) Zu? (A.9)

i=1 i=1

This enables us to prove the theorem in the case of L %"  w?(x;) < % S u? as follows.

Cr x; — %2
—t R (|4t’J|) (ui — uj)?

n? £
zy*l

2C X; — X |?
- =t Z R(| 4t/j| >ul(uzuj)

i,j=1

= fzuz u; — u(X;))wer 5 (%)

= 25— ) P i) = 3 ) (i — ulxi) ()
2 1;1 1_11 ) 1/2 1 i 1/2
> = Z(u —u(x;)) 2w (%) — 2 (n Z uz(xi)wt/,n(xi)> (n Z(u - u(xi))th,n(Xi)>
> % Z(’lh - ’U,(Xi))2 — 2(wmax =+ wmin/2) (n Z u2(xi)) <’n, Z(UZ — ’u,(xl))2>
- z—/2 Lo . 1/2
> (Wmin(1 = 8) — 2(Wmax + Wmin/2)9) ( Zu ) (n (u; — U(Xz))2>
=1
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This completes the proof of Theorem 5.4. g
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