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Abstract. Spectral and spectral collocation methods for tempered fractional diffusion
equations on the real line R are developed. Applying the Fourier transform to the prob-
lem under consideration, we reduce it to systems of algebraic equations. Since Hermite
functions are the eigenfunctions of the Fourier transform, they are used in the construc-
tion of spectral and spectral collocation methods for the algebraic equations obtained.
The stability and convergence of the methods are studied. Numerical examples demon-
strate the efficiency of the algorithms and confirm theoretical findings.
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1. Introduction

Fractional integrals and derivatives are widely used to model anomalous phenomena
arising in physics [1, 10, 12,25, 32-34], finance [19, 29, 37], biology [3, 21], and hydrol-
ogy [2,13,17,31]. A prominent example of such applications is given by the anomalous
diffusion equation

3P p(x,t) = 3%p(x, 1),

where p(x,t) is the probability density function and 0 < # < 1, 0 < a < 2 [32]. Since
the spatial fractional derivative causes the asymptotic decay |x|™'~% of the solution, the
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moment conditions of the traditional diffusion equation are violated. There are various
approaches to fix the problem — cf. [8, 22, 23, 26, 27, 39, 44], including the use of the
exponential tempering factor e X!, > 0 in the particle jump density function. This leads
to the tempered fractional diffusion equation, which finds numerous applications [4-6, 15,
30,35, 36].

In order to find the solution of a tempered fractional diffusion equation, numerical
methods based on local operations have been developed recently. In particular, Li and
Deng [24] considered a high order difference scheme for equations on bounded domains,
Sabzikar et al. [36] introduced a finite difference method on truncated domains, Baeumera
and Meerschaert [4] provided finite difference and particle tracking methods, Cartea and
del-Castillo-Negrete [6] constructed a finite difference scheme for a Black-Merton-Scholes
model with tempered fractional derivatives, Sun et al. [40] applied different methods to
spatial operators in the time-space tempered fractional Fokker-Planck equation on a finite
domain, Deng and Zhang [16] designed finite difference and finite element schemes to
simulate the backward time tempered fractional Feynman-Kac equation, Dehghan and Ab-
baszadeh [14] employed finite element methods to the space fractional tempered diffusion-
wave equation, Chen and Deng [9] developed an unconditionally stable second-order fi-
nite difference scheme for the space-time tempered fractional diffusion-wave equation, Ce-
lik and Duman [7] proposed a Galerkin finite element method for symmetric tempered
fractional diffusion equations. Nevertheless, since the tempered derivative operators are
global, the spectral methods using global bases are well-suited for solving tempered frac-
tional diffusion equations. Hanert and Piret [20] employed a pseudospectral method based
on the Chebyshev polynomial expansion for solving space and time tempered fractional
diffusion equation. Zayernouri et al. [43] defined tempered Jacobi poly-fractonomials and
used them to simulate tempered fractional differential operators. All the above mentioned
numerical methods are applied to tempered fractional derivatives in the bounded domain.
However, since there are many problems with tempered fractional derivatives related to
random walks on the whole line, it is important to study the corresponding equations on
unbounded domains. Nevertheless, there are only a few works devoted to such problems.

In this paper, we consider the following space tempered fractional diffusion equation
on the real line — cf. [5,36]: Foru e (k—1,k), k=1,2,

du(x, t) + (—1)k1 (paf,’j +q8_“,’j) u(x,t)=f(x,t), x€R, 0<t<T,

u(x,0) =up(x),

where p+q =1, p,q >0, and 0 f 3 , ai{ j are the tempered fractional derivatives defined
by (2.5)-(2.6). Chen et al. [11] developed an efficient spectral method for solving this
equation. Thus they introduced a family of generalised Laguerre functions and derived
useful formulas for tempered fractional integrals and derivatives. However, the numerical
implementation of their method requires substantial efforts because of the complicated
definition of the tempered fractional derivatives. Recently, Mao and Shen [28] showed that
the Hermite functions are the eigenfunction of the Fourier transform operator — Lemma 2.3
below. This can be used to reduce complicated non-local fractional problem to simple
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equations in the frequency space. In particular, the above tempered fractional diffusion
equation is equivalent to the equation

0 F ]+ (1) {p BEH(E) + 9B (O)} Zu) = Z[f),
where Z[u] is the Fourier transform of u, and

%M( _J(axidH =2k, O<u<l,

" (8):= A +iEW — A —iEuAr ™l 1<p<2.

We note that Mao and Shen [28] employed three recurrent formulas in numerical integra-
tion of the function |£|? arising in Fourier transform of the classical fractional Laplacian
(—A). In our case, the Hermite quadrature formula can be directly used in order to com-
pute the inner product involving tempered fractional derivatives. More precisely, we can
accurately approximate (%ﬁ’l(i VT [ul, Z[v]) = (aﬁ j u,v) by the Hermite quadrature for-
mula since for A > 0 the function |A £i&|* is smooth. Moreover, this approach has several
remarkable advantages — viz.

1. By transforming the original problem into an equivalent problem in the frequency
space, we can avoid the complicated tempered fractional derivatives, so that the
method can be easily implemented.

2. Using the Hermite functions for the approximation of the tempered fractional diffu-
sion equation on the whole line simplifies theoretical analysis.

3. In contrast to the fractional Laplacian [41, 42], the tempered fractional derivative
leads to an exponential asymptotic behavior [36]. Hence, for smooth sources with
exponential decay the methods based on the Hermite functions may yield a spectral
convergence.

4. Numerical and theoretical technique discussed in this paper can be applied to other
problems involving tempered fractional derivatives.

The remainder of the paper is organised as follows. In Section 2, we recall the defini-
tion and the properties of Hermite functions, tempered fractional derivatives and related
approximation results. Section 3 introduces a Galerkin spectral method with Hermite func-
tions. We prove the stability of the method and its convergence. Numerical examples con-
firm the theoretical analysis and validate the expected behavior of the tempered fractional
diffusion. In Section 4, we consider a Hermite collocation method for tempered fractional
differential equations and present numerical results, which demonstrate the efficiency of
the method. The final section contains concluding remarks.
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2. Preliminaries

Let N and R be the sets of positive integers and real numbers, respectively. For real f
and g, the inner product and norm are defined by

(f, 8o ::J fl)g)w(x)dx,  Iflly ==V (o
R

and the subscript w is omitted if «w = 1. Let ¢ be a positive constant independent of any
functions. We also write A < B if A < ¢B.

2.1. Hermite functions and fractional derivatives

Let H,(x) denote the classical Hermite polynomial of degree n. Considering the corre-
sponding Hermite functions 1,,(x) defined by

1
ml/44/2nnl

we note their following properties:

2
Y, (x) = e X/ZHn(x), n=0,1,2,..., x€R, 2.1

1. The functions v, (x) are mutually orthonormal — i.e.

f Y ()P (x)dx = &,
R

where 6, is the Kronecker delta.

2. Y ,(x) is the n-th eigenfunction of the singular Sturm-Liouville problem

/23, (e_xz ax(eXZ/zu(x))) +2,u(x)=0, A,=2n.

3. The Hermite functions are generated by three-term recurrence relation

wo(x) — 71_1/46_x2/2,
Y1(0) = m V42w,
2

(n+ 1)m’b"(x) —\| =P (x), n>1.

wn+1(x)= (n+1)

We next introduce a Hermite projection operator. Let w(x) = e and Py be the set of
polynomials of degree at most N. The Li-orthogonal projection Il : Li(]R) — Py is
defined by

{yu—u}()vy(x)w(x)dx =0 forall vy € Py.
R
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Consider the space
Zy(R) = span{z/)n(x) :0<n< N}

and the orthogonal projections Iy : L2(R) — @y defined by
Oyu(x) := e_xz/ZHN (u(x)exz/z). (2.2)
It is easily seen that for any v, € P, one has

(u — Ty, ¢n) — (uex2/2 _ HN(uexz/Z), wnexz/z)

In order to evaluate the approximation error, we also consider the Sobolev space

w

B,(R):={u:3*uel*R),0<k<r},
where r € N and 5,( =0, +x.
Lemma 2.1 (cf. Shen et al. [38, Theorem 7.14]). For any u € Er(R) and2<r<N+1,
|6 (Fiyu—w)| s NCP2|3ru], 1=0,1,2.

Let {x;, coj}j.vzo be the Hermite-Gauss nodes and weights. Denote by {Xx;, c’Jj}ﬁ.VZO the
Gauss quadrature nodes and weights of the Hermite function interpolation. It follows from

=2
(2.1) that X; = xj,w; = e’ wj. Let Iy : C(R) — Py be the interpolation operator corre-

sponding to the Hermite-Gauss nodes. The interpolation .#y : C(R) — % associated with
the Hermite functions can be defined by

FIyu = e_xz/ZIN (uexz/z). (2.3)

Lemma 2.2 (cf. Shen et al. [38, Theorem 7.18]). For any u € C(R) and 5xmu € L?(R) with
fixed m > 1, we have

||5f(u¢Nu—u)|| < N1/6+(k_m)/2||5xmu||, 0<k<m

with the differentiation operator d, = 0, + X.

We also employ the Fourier and inverse Fourier transforms — i.e.
1 oo
FulE)=—=| ulx)e ™ dx,
V2T )_oo

_ g1 __1 = i£x
u(x) =7 [Zul(E)](x) mj_oog[u](g)e dg,

and the Parseval’s identity

(u,v) = f u(x)v(x)dx = f Ful(&) ZvI(E) d&, (2.4)

—0Q

where v(x) is the complex conjugate of the function v(x) [18].
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Lemma 2.3. The Hermite functions 1, n = 0,1,... are the eigenfunctions of the Fourier
operator & corresponding the eigenvalues (—i)", i.e.

FP, 1) = (=)&), i=+v—1.

We next consider the tempered fractional derivatives. According to [36], the left and
right tempered fractional derivatives of a function u(x) of order u are defined in the fol-
lowing way:

1. f0 < u<1,then

oo
8f’ju(x) = F(lu ) f (u(x) —u(x— t))e_“t_“_ldt,
’ — U
. %0 (2.5)
" u(x) = u(x) —u(x +t))e e+ 1de.
Fu(x) m_u)Jo (uC0) —uCx + 1)
2. If1 <u<2,then
(w—1) (%
&f’ju(x) S i (u(x — ) —ul(x) + tu’(x))e_“t_“_ldt,
’ F(z_.u) 0
ey (2.6)
of u(x)y =282 u(x + ) —u(x) — e/ (x))e M e 1de.
Rt =Fa s | e -ue) - ')
Applying the Fourier transform to the tempered fractional derivatives above yields
AL —AH 0 1
o] < {((-F =), <w<l o
: (A £i8) — A FigpAr ) Z[u)(E), 1<p<2.

Lemma 2.4. Let p+q=1, p,gq=>0and u € (k—1,k),k =1,2. For any u # 0, the tempered
fractional derivatives (2.5)-(2.6) satisfy the relations

(@ttuu)>o0, attu=(1)*"(pafl +qo u 2.8)
Proof. For notational simplicity, we set
98{,‘,’;(5) = (=1)k+! {p%_‘:’l(f) + q%f’l(g)} , (2.9)
where
v (A £ =A%, o<u<l,
B =1 """ .
AL — A —(£iEur* ), 1<u<2.

The Parseval identity (2.4) and representations (2.7) give
A _ A
(801 F ], Flu]) = (" u,u).

Moreover, the equations

Zu](§) = Zul(=€), |Z[ul&)? = |Zu](-E)
yield:
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1. f 0 <u <1, then

(2072 u), 21))
0

+00
= J B (ENZ[ul(E)PdE +J BN [ul(E)PdE
0 [e3s}

+00
= J [P(A +iE) +q(A — i) = A*] | Z[ul(§)*dE
0

0
+J [P(A +i&) +q(A— i) =AM Z [u](&)*dE

—0Q0

+00
= J [(A+ig) + (A —ig) —2A"]|Z [u](E)]Pde.
0

2. If 1 <u<2,then

(2e7E)Z ), #10))
0

+00
= J BN [ul(E)PdE +J BN [ul(E)PdE
0 oo

+00
= —J [P(A +i&) +q(A—i&) — (p — QiEuA* ™! =AM [u](E)I*dE
0

0
—J [P(A +iE) +q(A -1 — (p — QigpA ™ =AM F[u](9)*dE

—0Q

+00
= J [2A% — (A +iE) —(A—i&)*)Z[u](E)PdE.
0

Therefore,

+oo

(ﬂf;fzfu, U) = J (DA A+ + (A —iE) — 21| Z[u](§)IdE > 0,
0

since Z[u](&) # 0 and (—1)*[(A +iE)* + (A —i&)* —2A%] > O for £ # 0. The latter
inequality can be proved similar to the proof of [11, theorem 5.1]. O

2.2. Tempered fractional Hilbert space

Using the positivity of the inner product (&fp’f ;;lu, u), we can consider the fractional
Hilbert space

HAR)={v e I2R): (@2 v,v) < oo}, se(0,1),
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and equip it with the following norm and semi-norm:

— 25,4 _ 2s,A
||v||H;,’2—\/(v,v)+(£7p,q ) Wl =y () (2.10)

Lemma 2.5 (Interpolation Inequality). For any aiv € L%(R),1 =0, 1, we have

Vllz < A/ IVIEA=D(R20VIE + 11, vI12) +(1+ 22 v]12

where 0 <s < 1.
Proof. Using the Holder inequality and the identities
IZVIE)P =12 [vI=E)I%,

+oo

+00
|I3xVI|2=f EZIQ[VJ(€)|2d€=2J g2 ZvI(E)IPdE,

—00 0

we obtain
+00
J [(A+iE)* + (A —i&)* |2 [v](E)IPdE
0
+00
< zJ (A2 +&2) |2 [vI(E)IPdE
0

+00 1—s +00 s
< (ZJ Iﬂ[V](E)Isz) (ZJ (12+€2)|9[VJ(€)|2d5)
0 0

2s
= VI (V22IvIR + 12,vI2) .

The proof can be completed by using the relation

VI, = 0 + (@2, v) = IR+ (821E)Zv], Z V)
+00
= lvI*+ J (DA +i8)> + (A —i8)* —22* ]| Z[VI(E)1dE,
0
where %;fél(g ) is defined in (2.9). O

Theorem 2.1. Let s € (0,1). For any v € B,(R) and 1 < r < N + 1, the following inequality
holds:
||HNv — v|

(s—1r)/2||Ar
s SN0,
where 5x = 3, + x and 11 is the projection operator (2.2).

Proof. The proof follows from Lemmas 2.1 and 2.5. O
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Theorem 2.2. Let u €[0,2]. Forany v € E(R) and 2 <r <N +1, we have

|-z {Tiyv —v}| S N3]y

3

where ,aflff ;1/1 is the operator defined in (2.8).

Proof. Let ©(&) € (—m/2, /2) be the argument of A +i&, i.e.

2 if 0
o) - arccos ﬁ , if £€>0,
—arccos (ﬁ), if £<0.

Since the cases 0 < u < 1 and 1 < u < 2 are similar, we only consider the later one. It
follows from (2.9) that for 1 < u < 2 one has

BUHE) =2 — (&% + 12)“/2 cos(u®) +i(p —q) ((52 + AZ)“/Z sin(u®) + &Mu—l) ,
and
(2 = (22 +22)" cos(u@)) <222 +2(£2 +22)",
[0 —a) (22 +22)" sin(ue) + £ur) | < (p—)?(2(22 + 22)" + 2622222,
The above formulas, the Parseval identity and the Holder inequality give

1Ay |2 = ( BEHEF V], BEHE)FV]) = fR | BEA(0)| | Z V1) PdE

<22l +2(1+(p —q)z)J (£2+22)" |2 [vI©)NPdE

R
+2(p — @)’ A% f g4 ZIvIE)IPdE
R
< 2% |VIP + 4P (A2 1P + 18, v 117" + 2u* A% 210, (2.11)

Combining (2.11) and Lemma 2.1 finishes the proof. O

3. Hermite Spectral Methods

In this section, we construct an efficient Hermite Galerkin spectral method for the tem-
pered fractional diffusion equation

duu(x, t) + (—1) (pald + 98" Ju(x, t) = £ (x, 1),

u(x,0) =up(x), limyi0ulx,t)=0, x€R, 0<t<T.

(3.1)



52 T.T. Cui, S. Chen and Y.J. Jiao
3.1. Weak formulation and spectral scheme

The weak formulation for (3.1) is to find u(-,t) € H%z’l(R), 0 <t < T such that

(BuC-, ), v) + (ﬁpﬁalu(-, £),v)=(fC,1),v),

3.2
(u(-,0),v) = (ug,v) forall VGHI‘)‘,{IZ’A(R). (3-2)

The well-posedness of the problem (3.1) can be checked by choosing v = 2u. In fact, the
inequality
O lluC, O)II? +2[u(, t)lfqu,z,l < If G O + lluC, )l (3.3)

pq

holds with |u(-, t)| /2 defined in (2.10). Setting
psq

t
E(u, t) = [lu(, 0l + ZJ [u(,8)2 ) ds, (3.4
0

pq

and using (3.3)-(3.4), we obtain
SE(u, t) < If G, Ol + llul, O < If G O + E(u, ©).

This yields the inequality
o[eE@w O] < et If G0l

and its integral version

E(u,t)<e' {lluoll-i-J e_sllf(',S)llzdS}- (3.5)
0

The Galerkin method for the problem (3.2) consists in finding uy(-,t) € Py, 0<t < T

such that
(atuN(" t)’ VN) + ("dﬁaluN(" t)’ VN) = (ny() t)) VN))

~ - (3.6)
(uN(~,O), vN) = (HNuO,vN) forall vy € 2.
Following the considerations in (3.3)-(3.5), one obtains
t
E(uy,t) <e' (”HNUOH +f e_SIIﬂNf(-,S)IIZdS)- (3.7)
0

3.2. Numerical implementation
For a fixed t € (0, T], the approximate solution uy is sought in the form

N

uy (x, £) = iy () (x).

[=0



Efficient Hermite Spectral Methods for Space Tempered Fractional Diffusion Equations 53

Substituting uy and vy = ,,(x),m =0,1,...,N into (3.6) leads to the system of the first
order ordinary differential equations

MU, (t) + SU(t) = F(¢t) (3.8)
with the vectors
U(t) = (do(0), -+, an (D), F6) = ((Af (O,%0), -+, (Af (), y))"
and the matrices

M= (aml): Ay = (1.01, wm) = 5ml5

<m,l<N.
S=(bp). b=t n) = (BEF Y] F[Wn]).
According to Lemma 2.3, the entries b,,; can be calculated as
by = (B F L), Z[4p]) = (1) -(?i)mj B (EW1(EVPm(E)dE

. . N ~ ~ ~ N —~
~ () (™ 5 Bl R (R (R85,
where {X; };.V:O and {; };.V:O are, respectively, Gauss quadrature nodes and weights of the
Hermite function interpolation and 985, ’; (&) are defined in (2.9).

Remark 3.1. Recently, Mao and Shen [28] employed Hermite functions to approximate
the fractional Laplacian (—A)*,0 < s < 1 on unbounded domains. In particular, they used
a three recurrence formula to compute the entries

Sim = J |E1% (8D (£)dE

of the corresponding stiffness matrix. In tempered fractional diffusion equation, the inte-

2, . . .
grand 935, ’C;l (£)e=¢" is smooth rather than the singular term |£|%. So the stiffness matrix S
in (3.8) can be directly computed by traditional Hermite-Gauss quadratures.

We note that the system of the first order ordinary differential equations (3.8) can
be solved by various numerical methods, including Euler, Runge-Kutta or Crank-Nicolson
method.

3.3. Convergence analysis

Using the notation Uy, = Myu, we rewrite (3.2) as
(8.5 v ) + (@2ug, vy ) = (Fn) + (8 {uy —ub oo ) + (@22 {Us —ud v ). 3.9)

For notational simplicity, we further denote &y = Uy, —uy, fy=f—9f,and
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F(uf,Uy)=f +8,{Uy —u} + & {U}; —u} .
Subtracting (3.6) from (3.9) yields
(atéN,vN)-i_("dp‘f;]kéN,vN):(F (u,fN,U;:]),VN), (éN,VN):O for all VNE%.

Choosing vy = 2é, and using (3.7), we obtain

t
By, <! J = | (s f, U3 s, (3.10)
0

and the triangle inequality implies
1 o G5 < 1 =1+ 2 (05 =)+ o (55— |
Theorem 3.1. Let u and uy be the solutions of (3.2) and (3.6), respectively. If f €

L%(0,T;B,,(R)) and u € H'(0,T;L*(R)) N H(0, T;B,(R)) N L%(0, T;B,(R)) for a given
A > 0, then the estimate

t
lu(-, ) —un (-, O S VNI 4 No—T (et J

0

e_SVm’r{u(-,s)}ds) (3.11)

holds with

Vi a0 = V[ CO] + 32, 0+ 3puc. o
Proof. Applying Lemmas 2.1 and 2.2 with k = 0 gives

I = sl swemr

12 Uy, =) s N2 9; 2.
The term ||.«7%;" (U}, —u)|| can be estimated by Theorem 2.2, so that

||t (Uy —u) || S N®=72||31ul|. (3.12)
The estimate (3.11) is now follows from (3.10)-(3.12) and the triangle inequality

lu—uyll < |ju—Ug || + lewll < lu—Us ||+ VEGy, 0). O

3.4. Numerical examples

In the forthcoming examples, the Crank-Nicolson scheme is used to solve the system
of first order ordinary differential equations (3.8). In order to compute M, S and F, the
Hermite Gauss quadrature with the degree of freedom N + 1 is employed.
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Example 3.1. In the Eq. (3.1) we choose the parameters p = q = 1/2,A = 5/2, forcing
term f(x,t) = cos(t)e_x2 and the initial distribution uy = 10",

With fixed time step T = 0.001 and T = 1, we plot the L*°-error m)?x(|u1f,(x, T)—
u(x, T)|) on the left of Fig. 1, and for fixed u = 1.7 we draw the errors with distinct 7
on the right of Fig. 1. Since the exact solution of the problem is not known, the term
u=uy(x,T),T= 1074, N = 150 is used as the reference solution in both cases. Numer-
ical results demonstrate the efficiency of the method in the approximation of tempered
fractional diffusion equations.

~6-r1=0.01

2t =& 1=0.001
7=0.0001
-3r o
B | \;~
S S
i i
. 5
=3 =3 ;
o o
o g 4 -
=T
-8
-7 : : : : -9 : : : . : : |
20 40 60 80 100 10 20 30 40 50 60 70 80
N N

Figure 1: Left: u=0.8,1.7 with T =0.001. Right: u=1.7 with distinct 7.

Example 3.2. Consider the tempered fractional diffusion (3.1) with uy = 10e~* and
f(x, t) = 0. We simulate the diffusion process for understanding the roles of the parameters
p,q and A.

Fig. 2 demonstrates the solution profile at different time with p = 1/4,q =3/4, u =
0.9, A =2 (left) and p = 3/4,q = 1/4, u = 0.9, A = 2 (right), respectively. The case
p = q = 1/2 is presented in Fig. 3. We note that for p > g the particles tend to jump to
the right, and for p < g they tend to jump to the left. If p = q the probabilities of particles
jumping are equal. In order to make comparison with usual fractional diffusion equation,
i.e. if A = 0, on the right of Fig. 3 we plot the corresponding distributions at time t = 10. It
shows that for large | x| the tail of the tempered fractional diffusion behaves as |x| ™~ 1e=*!
and the usual fractional diffusion behaves as |x|™7L.

4. Hermite Spectral Collocation Methods

Considering the images of the Hermite functions under Fourier transform, one can de-
velop an efficient Hermite collocation method for tempered fractional differential equa-
tions. Let us first consider the steady tempered fractional differential equation

u(x) + (1) {palf + "7 ful) = f(x), pe(k—1,k), k=12 &1
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Figure 3: Left: p=q=1/2, A=2. Right: p=gq with A=1 and 2 =0, respectively.

where p,q are nonnegative constants such that p+q =1, f € L2(R), and A > 0 is a tem-
pered parameter. Applying the Fourier transform (2.7), we reduce the problem (4.1) to the
following equation:

Zu)(&) + BLHEZ (&) = Z[f1E),

where
BEA(E) = (D {p Bl (©) + g8 ()}
and
uA oy J(AEIE)—AK, o<p<l,
%i (5) T {(Aiig)“—l“—iiéul“_l, 1 <u < 2.
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Therefore, the solution can be found by applying the inverse Fourier transform to the term

e = 2L
1+ 3B, (&)

Let {&; = X; }ﬁ.\’:o be the set of Hermite-Gauss nodes. The Hermite collocation method

consists in finding uy € @y such that

FIfIE))

F )= , (4.2)
[uy1(E;) A

where ¢y is the interpolation operator (2.3).
The numerical solution uy and uy(X;), 0 < j < N can be determined by the following
four steps:

1. Perform the forward discrete Hermite transform to obtain f;,0 < [ < N such that
N .
If) =2 fipy(x). (4.3)
2. Apply the Fourier transform to (4.3) and use Lemma 2.3 to obtain
N o
FLAFAE) =D, Fi=0)n(E). (4.4

3. Determine Z[uy](&;),0 < j < N in (4.2) and perform the forward Hermite trans-
form to obtain ii;,0 <! < N such that

N ~
Fluy)(E) =D, api(&). (4.5)
4. Apply the inverse Fourier transform to (4.5) and obtain

uy(x) =D iy (). 4.6)

4.1. Application to steady tempered fractional diffusion equations

Consider the steady tempered fractional diffusion equation (4.1) with fixed parameters
p=q=1/2and A = 5/2. Applying (4.3)-(4.6) to (4.2), we can derive the numerical
solution uy.

Let f(x) =01+ x)e_xz. On the left of Fig. 4, we plot the error curves in L°-norm
with u = 1.5 and py = 0.8, respectively. We note that the numerical solutions obtained
by the proposed Hermite collocation method converge exponentially. We also consider
algebraically decaying forcing function f(x) = 1/(1 + x2)? and numerical results displayed
on the right of Fig. 4 demonstrate the algebraic convergence rate. Both numerical results
verified the approximation theory of Hermite collocation method. Since the exact solutions
are not known, we take uy, N = 200 as the reference solution in both cases.
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4.2. Application to tempered fractional diffusion equations

Using the same approach, we can numerically solve the tempered fractional diffusion
equation (3.1). In fact, the application of the Fourier transform leads to the following
equation:

Z[o.ul(E, 1) + BLHEZ[UIE, 1) = Z[f1E, 1),
Fu](€,0) = Fu1(&).

The spectral collocation scheme is to solve N + 1 ordinary differential equations

FLouy (&, ) + %ﬁ’ql(fj)g[uN](fj, t)=Z[f1&;, 1),
9[11]\[](5],0):9[110](5)), J:O,]-,sN

Analogously, we use the Crank-Nicolson scheme to solve the ordinary differential equations
and derive the numerical solution & [uy ](&, t) for fixed t = T. Then, following (4.3)-(4.6),
we can determine the solution uy (x, T) in the physical space.

e Consider the problem (3.1) with the exponentially decaying forcing term f(x,t) =
cos(t)e_x2 and the initial distribution uy = 10e~+". On the left of Fig. 5, with fixed
p=q=1/2,A=5/2,T =1 and time step T = 0.001, we show the errors in L°-
norm with u = 0.8 and y = 1.7, respectively. We observe that numerical solutions
exponentially converge in the range of the time error 72. In order to demonstrate the
high-efficiency of the collocation method, distinct 7, are chosen and the correspond-
ing numerical results are presented on the right of Fig. 5. Since the exact solution is
not known, we take u = uy,, N = 150, 7 = 0.0001 as the reference solution.

e Analogously to the steady case, the tempered fractional diffusion equation with al-
gebraically decaying forcing term f (x, t) is also considered. Keeping all sets of the
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Figure 5: Collocation method for tempered fractional diffusion equation, f(x,t) = cos(t)e™, Uy =
10e™** p=q=1/2, A =5/2.
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Figure 6: Collocation method for tempered fractional diffusion equation, f(x,t) = cos(t)/(1 + x2)?,
Uy =10e ", p=q=1/2, A =5/2.

above case but taking f(x,t) = cos(t)/(1 + x2)?, we plot the error curves in Fig. 6.
The numerical results are consistent with theoretical findings. Numerical solutions
converge with algebraic convergence rate.

5. Conclusion

Considering tempered fractional diffusion equations on the whole line, we develop
spectral and spectral collocation methods based on the fact that Hermite functions are the
eigenfunctions of the Fourier transform. Applying the Fourier transform to the underlying
problem, we approximate the resulting equations by Hermite functions. The convergence
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and stability of such methods are analysed. Numerical examples demonstrate the efficiency
of the algorithms and confirm theoretical findings. The approach is simple, efficient and
accurate. It can be applied to more general problems with tempered fractional integrals
and derivatives, including Riemann-Liouville tempered fractional integrals and derivatives
defined in [36].
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