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1. Introduction

Differential equations with piecewise continuous arguments (EPCAs) have the fol-
lowing form
dz(t) = a(z(t), z(u(t)))dt, (1.1)

where the argument u(¢) has the intervals of constancy, such as u(t) = [t], [t—n], t —n][t].
EPCAs have plenty of useful applications in the stabilization of hybrid control systems
with feedback discrete controller [9,17,25,28]. Note that [¢] is a discontinuous function
and the solutions are determined by a finite set of initial data, rather than an initial
function. Moreover, EPCAs represent a hybrid of continuous and discrete dynamical
systems and combine the properties of both differential and difference equations [27].
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However, [21] pointed out that substantial theories of functional differential equations
did not exist for differential equations with piecewise constant or piecewise continu-
ous arguments. Therefore, it is necessary to extend the theory of delay differential or
functional differential equations with continuous arguments to equations with discon-
tinuous arguments.

Actually, the effects of noise are not negligible for some systems [22]. Therefore,
the stochastic differential equations with piecewise continuous arguments (SDEPCAs)
are used to describe many practical problems. It has been widely used in the neural
networks, control theory and so on [11,23,28]. Since there is, in general, no explicit
solutions to SDEPCAs, numerical solutions are required in practice. The convergence
and stability of numerical methods are the central properties in numerical analysis,
and it is well studied for SDEPCAs under global Lipschitz and linear growth conditions,
such as [20]. However, many systems do not satisfy the global Lipschitz or the linear
growth conditions. Song et al. [24] investigated the convergence of the tamed Euler
method for SDEPCAs under non-global Lipschitz continuous coefficients.

According to [7], the classical explicit Euler method diverges when the coefficients
of stochastic differential equations (SDEs) are super-linearly growing. To overcome
this difficulty, some scholars turn to use implicit Euler methods, such as the semi-
implicit Euler-Maruyama method, the backward Euler-Maruyama method and the split-
step theta (SST) method [2, 4, 6, 19]. However, compared with explicit methods,
implicit methods require more additional computational efforts and cost much more
time. Therefore, many scholars pay attention to find an explicit method which will
converge in the strong sense when the coefficients of SDEs satisfy the super-linear
growth condition. At present, there are some effective methods, such as the stopped
Euler method [12], the tamed Euler method [1, 8, 26], the truncated Euler-Maruyama
method [5,16, 18], the partially truncated Euler-Maruyama method [3] and the mod-
ified truncated Fuler-Maruyama method [10]. In this paper, we develop the truncated
Euler-Maruyama (EM) method for SDEPCAs, and consider the strong convergence the-
ory under the local Lipschitz condition plus the Khasminskii-type condition. The order
of convergence is obtained.

Guo et al. [3] investigated the mean square exponential stability of the partially
truncated Euler-Maruyama method for SDEs. Later, Lan and Xia [10] gave the ex-
ponential stability of the modified truncated Euler-Maruyama method for SDEs. Hu
et al. [5] obtained the asymptotic stability of the truncated Fuler-Maruyama method
for SDEs. In this paper, we show that the truncated Euler-Maruyama method preserves
the exponential mean square stability of the SDEPCAs.

The rest of this article is organized as follows. Section 2 introduces some basic as-
sumptions, definitions and properties of the exact solution. We construct the truncated
Euler-Maruyama method in Section 3. The p-th moment boundedness of the numerical
solutions and the convergence theorem are presented in Section 4. Section 5 obtains
the convergence order and Section 6 shows the exponential stabilities of both the SDE-
PCAs and the numerical solutions. Numerical simulations are provided to verify the
analytical theory in Section 7.
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2. Analysis of exact solutions

Throughout this paper, unless otherwise specified, we will use the following nota-
tions. If A is a vector or matrix, its transpose is denoted by AT. If 2 € R", then |z| is
the Euclidean norm. If A is a matrix, we let |A| = y/trace(ATA) be its trace norm. For
two real numbers a and b, we use a VV b and a A b to denote max(a, b) and min(a, b), re-
spectively. If D is a set, its indicator function is denoted by Ip. Moreover, let (2, F,P)
be a complete probability space with a filtration {¥; };>( satisfying the usual conditions
(that is, it is right continuous and increasing while F, contains all P-null sets), and
let E denote the expectation corresponding to P. Denote £P([0,T];R"*¢) by the fam-
ily of R"*4-valued F;-adapted processes {f(t)}o<i<r such that fOT |f(t)[Pdt < o0, a.s..
Denote £P([0,00), R"*?) by the family of the processes {f(t)}+>o such that for every
T > 0, {f(t)}o<t<r € LP([0,T];R™?). Let B(t) be a d-dimensional Brownian motion
defined on the space. Consider the n-dimensional SDEPCAs

du(t) = f(2(t), z([t]))dt + g(x(t), z([t]))dB(t) 2.1)

on ¢t > 0 with the initial value 2(0) = zy € R", where f : R" xR®* - R", g : R" xR" —
R™*¢ are measurable functions and [t] denotes the greatest-integer part of ¢. Eq. (2.1)
is equivalent to the following stochastic integral equation:

x(t) = xo —i—/o f(:v(s),x([s]))d5+/0 g(:ﬂ(s),x([s]))dB(s), Vt>0. (2.2)

Moreover, we also require that the coefficients f and ¢ are sufficiently smooth. To
guarantee the existence of the global solution, we present the following assumptions.

Assumption 2.1. (The local Lipschitz condition.) For every integer R > 0, there
exists a positive constant L, such that

[f(z,y) = £(@,9)| VIg(z,y) — 9 9)| < Lr(Jz —Z[ + [y — 7l) (2.3)
forall z,z,y,5 € R™, |z| V|y| V |Z| V |y| < R.

Assumption 2.2. (Khasminskii-type condition.) There are two constants K > 0 and
p > 2, such that

e f) + L ot ) < K (14 [+ Jof?) 2.4)

for all z,y € R™.
The definition of the exact solution of (2.1) is given in the following.

Definition 2.1. ([24]) An R"-valued stochastic process {z(t)} is called a solution of
Eq. (2.1) on [0, o) if it has the following properties:
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(1) {z(t)} is continuous on [0, c0) and F;-adapted;
(@) {f(a(t),2([t)} € £([0,00),R") and {g(x(), z([t)))} € £2([0,00),R"™?);

(3) Eq. (2.2) is satisfied on each interval [n,n + 1) C [0, 00) with integer end-points
almost surely.

A solution {x(t)} is said to be unique if any other solution {z(¢)} is indistinguishable
from {z(t)}, that is
P{z(t) = z(t),t € [0,00)} = 1.

We state a known result in [24] as a lemma for the use of this paper.

Lemma 2.1. Under Assumptions 2.1 and 2.2, the SDEPCAs (2.1) have a unique global
solution x(t). Moreover,
sup Elz(t)]P <oo, VT >0. (2.5)

0<t<T
Lemma 2.2. Let Assumptions 2.1 and 2.2 hold. Define the stopping time
TR =inf {t > 0: |z(t)| > R},

where throughout this paper we set inf (} = co. Then for any R > |x¢|, we have

Pra < T} < o 2.6)

where C stands for a generic positive real constant dependent on T', K, x(, but independent
of R and its value may change between occurrences.

Proof. By the Ito formula and Assumption 2.2, we obtain

Elz (t A p)|? gym0\2+E/0 T2 (14 [ () 4 [ (s])P) ds

¢
<|wo|* +2KT +4K | sup E|z(uAg)l*ds, VO<t<T.

0 0<u<s
For any 0 < ¢t < T, we have
T
sup Elz(t ATr)|> < |wo|* +2KT + 4K sup El|z(u A 7R)|%ds.
0<t<T 0 0<u<s

Applying the Gronwall inequality, we get
Elz (T A7R)]> < C.

This implies
RP{rr <T}<C

and the assertion follows. O
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3. The truncated Euler-Maruyama method

To define the truncated Euler-Maruyama numerical solutions, we choose a strictly
increasing continuous function y : [1,00) — Ry such that u(r) — oo as r — oo and

sup  (|f(z,y)| Vg(z,y)|) < p(r), Vr>1. (3.1
lz|V]y|<r

The inverse function of 1 is denoted by ;,~! and we see that ;! is a strictly increas-
ing continuous function. We also choose a constant 4 > 1 and a strictly decreasing
function A : (0,1] — (1), 00) such that

lim h(A) = 0o, ATh(A)<h, Ae€(0,1]. (3.2)
A—0

It follows from h(A) > u(1) that p=1(R(A)) > 1.
For a given step size A € (0, 1], define the mapping 7a : R — R" by

_ X
ma@) = (Jal Au! (&) )
where we set ﬁ = 0 when z = 0. We then define the truncated functions

fal@,y) = f(ra(@),7a®)), ga(z,y) = g(7a(z),7a(y)), Va,y eR".  (3.3)
It is easy to see that
[fa@, )|V lgalz, y)| < M(M_l(h(A))) =h(A), Vz,yeR" (3.4

The following lemma shows that these truncated functions preserve the Khasmin-
skii-type condition (2.4) for all A € (0, 1].

Lemma 3.1. Let Assumption 2.2 hold. Then for all A € (0, 1], we have
-1
mTfA(mvy)—i_p?’gA(mvy)lz S3K(1+‘Z”2+’y‘2>7 T,y €R". (35)

Proof. Case 1. If x € R" with |z| < u~!(h(A)), then wa(x) = x. Moreover, for any
y € R", we have

rat)l = | (I An o) | <
Therefore
7 fale,) + P lga eyl
= L) 7 (na (), mal) + Lo g (ma(a), ma(y))
<K (1+|ma@)P +Iraw)?)

<K (1+ | + y?).
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Case 2. If z € R" with |z| > ! (h(A)) > 1, then

T

ma(@) = (lel A p™ (A(A)) ) T = 17 (A(A))

o]
For any y € R", we have
zt falz,y) + p%llgA(:v,y)IQ
= L(2) (ma (@), ma(w) + 25 g (ma @), ma(y)
+ (2= 7a(@) " f(ra(@), ma))

gK(l + |7a(2)]? + \WA(?/)\Q)

By Assumption 2.2, we obtain

7R @)f (rale) ma(v)) < K(1+ ma @) +|ra()?).

Thus
zt falz,y) + p%llfm(:ﬂ,y)l2
&
< @y (L ma@P + s )F)
< K (Ja| +|al? + [ally])
< 3K<1 + o) + \y!2>.

The proof is completed.
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O

Let A = L be a given step size with integer m > 0. Let T = NA, N € NT and the
grid points ¢, can be defined by ¢, = kA, k =0,..., N — 1. Since for each k, there exist
s € Nand!l € {0,...,m — 1} such that ¥ = sm + [. The truncated Euler-Maruyama

method is given by

XA (tstrlJrl) :XA (tstrl) + fA (XA (tsm+l)7 XA (tsm)) A

+9a (XA (tsm+l)7 XA (tsm))ABstrh

(3.6)

where Xa(0) = 29, ABgsmii = B(tsmait1) — B(tsmei) and Xa(tsmyq) is the approxi-

mation to x(t) at t = tgp4-

The two types of continuous-time truncated Euler-Maruyama solutions are defined

as follows. For any ¢ > 0,
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[e.9]

EA (t) = Z XA (tsm+l)l[tsm+lvtsm+l+1)(t)7 (3'7)
sm~+1=0

HUA(t):ﬂUo-i-/O fA(xA(s),xA([s]))ds—F/o ga(za(s), za([s]))dB(s). (3.8)

4. Convergence of the truncated Euler-Maruyama method

In this section, we will show that the truncated Euler-Maruyama method converges
to the exact solution of Eq. (2.1). In order to get our conclusions, we need some useful
lemmas. The first lemma shows that xa(¢) and Za(t) are arbitrarily closed to each
other.

Lemma 4.1. Assume that Assumptions 2.1,2.2 and (3.2) hold. For any A € (0,1], we
have

Elza (t) — Za ()P < CAZ (R(A))P, V>0, (4.1)

where C' is a positive constant that depends only on p, but is independent of A and its
value may change between occurrences. Consequently,

lim Elza (t) — Za ()P =0, V¢>0. (4.2)
A—0

Proof. For any fixed A € (0,1] and ¢ € [tsm1, tsmiir1), We have Za(t) = Xa(tsmai)
and

xA(t) — .i'A(t)

:/ fA(:EA(s),a_cA([s]))d5+/ gA(a_cA(s),a_cA([s]))dB(s). (4.3)

tsm-H tsm+l

By the properties of the Ité integral, Holder inequality, Theorem 1.7.1 in [15] and (3.4),
we then obtain

Elza(t) —2a()

<o IAP-IE / Fa (2a(s), 2a(ls) [Pds

tsm«H

Lol (%)AE / " oa(zals), zalls) [ Pds

tsm«H

<CA3 (h(A))?, (4.4)

where

Q
Il
)
3
—
VY
—_
+
/N
=
—
]
N
—_
S~—
S~
[SIiS]
~
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Moreover, by (3.2), we have
Elza(t) — 2a(t)]P < CAZ (R(A))? < ChPAL. (4.5)
We obtain (4.2) from (4.5) as A — 0. O
Before giving the p-th moment boundedness of za (t), we define the stopping time
pr=inf {t > 0:|za(t)| > R} (4.6)
and present the following lemma.

Lemma 4.2. Assume that Assumptions 2.1,2.2 and (3.2) hold. For any R > |zy| and
A € (0, 1], we have

P{pr <T} < ¢

2k 4.7)

where C' is a constant independent of R and A.

Proof. By the Ito formula, we have
Elza(t A pr)l®

ol + 28 [ (o601 (2 (6024 (0) + 5 s (m(6), 2 (D) ) ds
“haof? + 28 [ (#0612 (6) 24 (D) + 5 s ma(s). 2a(5)) ) ds

+2E/0 PR <(CUA(S) —fA(S))TfA(fA(S),fA([s]))>ds. (4.8)

Using Lemma 3.1, we have
tApR
2 | <xg(s)fA(xA(s),xA([s])) v |gA(m(s),m([s]))\2> s

<ok | T (L 2al6) P + laa(e) ) ds

t

<6KT + 12K sup E|Za(u A pr)|ds. (4.9)
0 0<u<ls

By (3.4) and Lemma 4.1, the third term of (4.8) yields

tAPR ~
2E/ ((mA(s) - :EA(S))TfA(:EA(s),jA([s])))ds < 2TChH2. (4.10)
0
Combining (4.9) and (4.10), we have

Elza(t A pr)l®
t

< |zol? 4+ 6KT +2TCh% + 12K [ sup E|Za(u A pg)|?ds. (4.11)
0 0<u<s
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For any 0 < ¢t < T, applying the Gronwall inequality, we obtain

sup Elza(t A pr)*> < C. (4.12)
0<t<T

Then E|za(T A pr)|?> < C, which implies that R?P{pr < T} < C. We complete the
proof. O

Lemma 4.3. Assume that Assumptions 2.1 and 2.2 hold, then there exists a positive con-
stant C related to p, T, xy but independent of A such that

sup sup El|za(t)|P <C. (4.13)
0<A<10<t<T

Proof. For any fixed A € (0, 1], by the It6 formula, Holder inequality, Lemma 4.1,
(3.4) and (3.2), we derive

Elza(t) <lzol” + pE /0 wa ()P 2[eX () fa (7a(s), 7a((5])
+ p%l |gA(fA(s),i“A([s])) {Q]ds
<[zol? + 2pKE /0 a2 (14 [za() 2 + [2a([s)I ) ds

+pE/O lza ()P 2lzals) — zals)l|fa(zals), za([s))|ds
<|zolP +T <CB + 2§“K)

t
+ (0 —2) (14+2K) + 257K / sup E|za(u)lPds. (4.14)
0

0<u<s

Applying the Gronwall inequality, we obtain

sup Elza(t)]P < C. (4.15)
0<t<T

Since (4.15) holds for any A € (0, 1] and C is independent of A, we obtain the required
assertion (4.13). O

Theorem 4.1. Let Assumptions 2.1 and 2.2 hold. Then for any q € [2,p), we obtain

iiinoE‘xA(T) —z(T)|?=0. (4.16)

Proof. Let 7 and pp be the same as before. Set

Or =Tr Apr, ea(T)=x(T)—za(T).
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Using the Young inequality, we derive that for any ¢ > 0,

Elea(T)|? = E (lea(D)|Igp>1y) + E (lea(T) Iigp<ry)

<E (\eA(T)\qI{9R>T}) + %E]eA(T)]p + pz;% P{6r < T}.
By Lemmas 2.1 and 4.3, we obtain
Elea(T)|P < C.
Applying Lemmas 2.2 and 4.2, we have
C

P{r < T} < P{ra < T} +P{pr < T} < 7.
By basic inequalities, we have

Elea(t A Or)|?

== | [ (10060 0(0D) - 2 23(6) 2 D) )as

q

tAOR
w [ (otalo)alls) - 9a a2 D) )aB(s)
<Ji + Ja,

where .
J1 = (2T)q_1E/O |f(x(s AOR), z([s A ORg]))

— fA(i'A(S A\ HR),EA([S A QR])) ‘qu,

Jp = 9a—1pg-1 <Q(q - 1)>%E/Ot Ug(a:(s NOR),z([s A 93]))

— ga(zals A Or), 25 (s A 0R)) || ds.
Applying basic inequalities, we have
Ji < (6T) (i + Jiz2 + Ji3),

where

Ji =E /0 |f (@(s A Or), z([s A Or])) — f (wa(s A Or), za([s A Or]))|"ds,

Jio = E/Ot |f(mA(s ANOR),xA([s /\HR])) — f(QEA(s NOR),ZA([s A QR]))‘qu,

Jiz3 = E/Ot |f(fA(S A QR),EA([S /\HR])) — fA(fA(S A QR),EA([S /\HR])quS.
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4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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By the local Lipschitz condition and basic inequalities, we have
t
T < quL;g/O [E|(s A 0r) = (s A 0g)|" + E[a([s A Or]) — za(ls A 0r])||ds

t
< (2LR)q/ sup E|z(u A 0g) — za(uAOg)|"ds. (4.24)
0

0<u<s

Similarly to J11, applying Lemma 4.1, we derive

Jiy < 20714, /OtEUxA(s AOR) — Za(s AOR)|" + E|za((s A0g]) — Za([s A equ] ds

t

< (QLR)q/ sup E|$A(u NOR) —za(u A QR)‘qu
0 0<u<s

< (2Lp)ICTA? (h(A))? < ChILLAT. (4.25)

By local Lipschitz condition, Holder inequality, Chebyshev’s inequality and Lemma 4.3,
we have

t
Jiz < (2LR)q/ sup E{:EA(U/\HR) —WA(:EA(U/\HR))|qd5
0 0<u<s

t
< (QLR)q/O sup E(IEA(u/\HR)]q I{a’cA(u/\GR)>u*1(h(A))}) ds

0<u<s
t q p—q
< (2LR)q/ sup (E[@A(u A 93)\”) g <IF’{9EA(u NOR) > ,u_l(h(A))}) P ds
0 0<u<s
t T p
< C(QLR)q/ sup Elza(un HR)’_ ds
0 0<u<s \ [p~t(h(A)) "
CeLr" (4.26)
[t () [
Combining the Egs. (4.22) and (4.24)-(4.26), we obtain
¢
Jp < (67)771 (2LR)‘1/ sup E|z(uA0g) — za(uAOg)|"ds
0 0<u<s
. . q
oy 7RN i) pq] (4.27)
=t (h(A)]

Similarly to J;, we have

q
— 1)\ 2 t
Jy < 6771731 (%) ’ [(QLR)Q/ sup E‘x(u ANOR) —za(u A GR){qu
0 0<u<s

~ q
+ ChILEAT + ¢@Lx) ] (4.28)

[ ()7 )
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Hence,

Elea(t A 6g)|?

< <<6T>q—1 rrpt (1020) )

x | (2LR)4 /t sup Ele(u A 0g)|*ds + ChILY At 4 ¢@Lp)" (4.29)
0 0<u<s i |t (h(A)) [P
By the Gronwall inequality, we have
1 q
Elea(t A Og)|" < CLY, (A% + — ) e“Lr, (4.30)
|t (h(2)) [
Submitting Eq. (4.30) into Eq. (4.17), we obtain
Elea(T)? < CL% [ AT + ! = eClh + cad + Cl —i) (4.31)
Lu*l (h(A)) ‘ p pR2§ =0
For any € > 0, we can choose § > 0 such that % < £. Then we choose R sufficiently
large for
Clr—a) _c (4.32)
pR2To 3
Finally, we can choose A > 0 sufficiently small for
L <A% + ! ) S (4.33)
R - : . .
|t (R(A) [T 3
This implies (4.16) as desired. O

5. Convergence rate

Assumption 5.1. Assume that there is a pair of constants ¢ > 2 and K7 > 0 such that

-1
(1 — 362)T(f(9017y1) - f(902,y2)) + qng(xhyl) — g(z2,y2)[?
<K (’951 — 29 + |y1 — y2\2) (5.1)

for all x1,T2,Y1,Y2 € R".

Assumption 5.2. Assume that there is a pair of positive constants r» and K5 such that

[f(@1,1) = fx2,92)|2 V 1g(@1, 1) — gla2, y2) [
< Ko(1+ ol + ool + ol + fool”) (Jor = 2o + [0 —2P)  (5:2)

for all 1, z2,y1,y2 € R™.
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Remark 5.1. According to Assumption 5.2, we can define the function p as
w(R) = CRY2, (5.3)
where the constant C is related to K, but independent of R.

Theorem 5.1. Let Assumptions 2.1,2.2,5.1 and 5.2 hold. Assume that ¢ € [2,q) and
q(2 + 1) < 2p, then, for any A € (0,1], we have

Elz(T) — aa(T)|7 < C ((Mfl(h(A)))*@*‘”*% + A (h(a)"). (5.4)

Proof. Let e(t) = x(t) — xa(t) for t > 0. For each integer R > |x¢|, define the
stopping time 8z = 7r A pr. By the Ito formula, for any 0 < ¢t < T', we have

Ele(t A 0|7
tABR .
<E [ el [T @)-a(ls)  fa(@a(e).aa(15)
+ L2 g (w(s).2(15D) — 9 (@a(s),7a([5D) ] ds
tAOR .
<B [ e[ (e (5D) — feal)aal()))

+ (1 + 23] [a(a().([s)) — g(aa(s). 2a((sD) ] ds

t
Ele(t A Or)|7 < qu/ sup Ele(u A 0g)|%ds + J3, (5.6)
0

0<u<s

+ qg 1 (1 + Z:é) |g(za(s), za([s])) _QA(fA(S),fA([S])){Q}dS. (5.7)

Rearranging /3, we obtain
Js < J31 + Js2, (5.8)
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where

tAOR )
T =B [ ale() 2 [T (6) (£ (wa(9).a (D) — fa(ra(s)malls))

DD s o) (5D) - g (oa(s) s (BD) s, 5.9
tAOR B
Jyp =E /0 ale()"2[¢7() (Ja (zals),2a(s]) — fa(@a(s), 7a(s)))
+ OE D=0 (o) () — 98 (o) 2 (D) Jas. (510

By the Young inequality a7 2b < %aq + %bg,Va, b > 0, we obtain

tAOR )
g < [ a2 1T O + g1 alhaalbD) - faleale)oaleh)

(Q_U@_1Nﬂ

L wA(S),l‘A([S]))—gA(wA(S),wA([S]))|2]d8
tAOR T(_ o\(m _ 1)2 ) _
<k [ [%rew 1 (zals).as) — falzals)hzals))|
+ 2D (o (5) e (1) = 9 (s (). () \q] ds
SC/OtOqu Ele(u A 0g)|%ds + Js11, (5.11)
where
C:max{<q—2><q—1>2 1 2<q—1><q—1>}
q—q q—1q ’
and

tN\OR _

T = CE [ [|f(ea(e)aall)) - faleats)a (D)
+|g(xals), zalls)) —gA(xA(s),xA([s]))ﬂ ds.  (5.12)

Applying Assumption 5.2, we get
tAOR q
J311 < 20K2E/0 <1 +|za(s)]" + lza([sD]" + |7a(za(s))|” + \WA(OCA([S]))IT) ?
x (lea(s) = ma(ea(s)? + lza(ls) = ma@a(ls])?)
q tAOR g g g g
<103CKE [ (14 foa (o)l + o) + maea(o)| ¥ +[ma(aalls))I¥)
0

x (lzas) = ma(za(s)I? + [za(ls) = ma@a([s)I7)ds
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)

|3,

_ t
< 10810, / E (14 [rals A0R)| ¥ + lealls A 9a)
0

X (m(s AOR) — Ta(za(s AOR))|
+lza (s A Og]) —WA(xA([sAHR]))]q)ds. (5.13)

Applying Holder inequality, we have
q'r
hin <€ [ (B0 + Il AR+ aals A o)) )

X (E(\xA(s NOR) — ma(za(s A 03))]23%

2p—qr
2p

+\m([sAeR])—m(m([m%w%)) s

t
gC/ <1+ sup E\xA(u/\HR)]p> ”
0

0<u<s

2p—qgr
X ( sup E|$A(u/\93)—WA(CCA(U/\HR))P;E%T) T ds, (5.149)

0<u<s
By Lemma 4.3 and Holder inequality, we derive

2p—qr

t _
J311 SC/ ( sup E’xA(u/\HR)—WA(J'A(U/\HR))‘QEP?ZT> i ds

0<u<s

2p

2p—gr
= C/ ( sup E (Joa ()| WI{xA(uAGR)IM‘I(h(A))})) *

0<u<s

-
<C/ sup (Elza(uAbg)P) -

0<u<s

2p—qr

m 2p
2p—qr_ 2p—qr
x <E (I{Im(u/\GR)\>;r1(h(A))}) 2(17Q)qr> ) ds
2p—qr
2p=@)=ar\ 2p
<C/ ( sup ]P’{‘-TJA(U/\HR)‘ >,U/71(h(A))}> p—qr ) s
0<u<s
2(;;,@_,@ QPQ;qT
p p—qr
<c / sup M .
0<u<s ,u (h(A)))

<C(n ! (n(a)) . (5.15)
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Substituting (5.15) into (5.11), we get

t B g(Z+1)—
J31 < C sup E|e(u/\93)|qu—i—0(,u1(h(A))>q(2 ) g (5.16)
0 0<u<s
Similarly, we can show
t . _
Jzo <C [ sup Ele(u Afg)|%ds + CA% (h(A))7 (5.17)

0 0<u<ls
Combining (5.6), (5.8), (5.16) and (5.17), we obtain

Ele(t A Or)|?
<O [ sup Ele(uAbp)|ids + C ((ul (h(A)))q(%H)_p N (h(A))q> . (5.18)
0 0<u<s

By Gronwall inequality, we have
Ele(T A 0R)|7 < C ((u‘l(h<A)))q(2H)p + A (h<A))q> L (519)

Using the well-known Fatou lemma, the required assertion (5.4) follows from R —
00. |

Remark 5.2. (1) Assumption 5.1 implies Assumption 2.2 for any p > 2. In fact,

—1

2" f(,y) + Loy
<z’ (flz,y) = £(0,0)) + 7 £(0,0)

-1 -1
+ E—lg(@.y) = 9(0.0)2 + E—lg(0,0)
1 1 -1

< K1 (ol + ) + 51l + 510,012 + E=1g(0,0)
< K(1+ e +1y), (5.20)

where

11 -1
K = max { K+ 3. 370,02 + 25 90,0 |

(2) We may define
h(A) =A"* (5.21)

for some ¢ € (0, 1]. Hence, (5.4) can be rewritten as
Elz(T) — za(T)|

<C <As[2(p2—+£72—£7r] N Aq(%_5)> < CA(s@(pZ—fi—qr)A(q(%e))). (5.22)
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If we choose p sufficiently large for

-9 —qr) _ (1
T, ZQ<§—€>, (5.23)
we can get
E|z(T) — za(T)|7 < CA%z2). (5.24)

This remark shows that the order of convergence could be close to 3 arbitrarily.

6. Stability analysis
In this section, we set f(0,0) = 0 and ¢(0,0) = 0. By Assumption 2.1, we have

sup |f(z,y)| <2rL,. (6.1)
|z|V]y|<r

In the following, we define
p(r) = 2rL,, (6.2)

where L, is the local Lipschitz coefficient in Assumption 2.1. This operation links the
local Lipschitz coefficients L, to the truncation function u(r), ensuring that the upper
bound of the step size can be finally obtained, which is clear and easy to verify.

Definition 6.1. The SDEPCAs (2.1) is said to be exponentially stable in mean square if
there exists a pair of positive constants A and M such that for any initial value z

E|z(t)]> < M|zo|?e™™, Vit >0, (6.3)
where ) is the rate constant and M is the growth constant.

Definition 6.2. For a given step size A > 0, the truncated Euler-Maruyama method is
said to be exponentially stable in mean square if there exists a pair of positive constants
~ and H such that for any initial value

E| XA (temgr)|? < Hlxol?e Y5mHDA (6.4)
forall s e N,I =0,...,m—1, where ~ is the rate constant and H is the growth constant.

Assumption 6.1. Assume that there are positive constants A\; > Ay > 0, such that f
and g satisfy

1
2 fl,y) + §|9(90,y)|2 < =Mz + Aaly?, Va,y R (6.5)

Under Assumption 6.1, the exponential stability of SDEPCAs (2.1) has been ob-
tained in [13].
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Lemma 6.1. Assume that Assumption 6.1 holds. Then, for all A € (0, 1), we have

1 A A
' falz,y) + 5loalz, ) < (—Al + f) |z? + f\ylz, Va,y €R", (6.6)
where \1 and \s are the same as Assumption 6.1.

The proof is similar to Lemma 3.1, so we omit it. In the following, we firstly state
two conclusions obtained in [13] as lemmas for the use of this paper.

Lemma 6.2. Let zg,,; be a sequence of numbers, s € N,l = 0,...,m — 1. If there are
constants « > 3 > 0 such that 1 — aA > 0 and

Zsmtl+l S (1 - OZA)Zsm—H + BAzsm, (6.7)
then
Zsmirl < (g - (1 - g) e—a<l+l>A> Zm. (6.8)

Lemma 6.3. Assume that «, 3 are two positive constants. If a > f3, then for all t > 0 we
have

0< p + (1 — é) e < 1. (6.9

o [0

For simplicity of presentation, we set
r(l+1) = b + <1 - é) e~ o(H1A
«

(6%
where [ = 0,...,m — 1. The main theorem of this section is given below.

Theorem 6.1. Let Assumptions 2.1 and 6.1 hold. Then for every 0 < A < A* =
2
4()‘1}};4)‘2)} and any initial value xoy € R", the truncated Euler-Maruyama method
(3.6) is exponentially stable in mean square with rate constant y = — log r(m) and growth
1

constant H = ——.
r(m)

min{ﬁ,

Proof. By Assumption 2.1, Lemma 6.1 and the property of Brownian motion, we
have

E|XA(tsmtir1)]”
< E|XA(tomst)” + 2Li—1(h(A))A2 (E|XA(tsm+l)|2 + E|XA(tsm)|2)

A
#28 (<M + 32 ) LX)+ AaABL X 1)

= (1 — aA)E|XA(tomit)|? + BAE|X A (tom)]?. (6.10)
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By (6.2), we have
. hA)

HHHA) = 3T (A 6.11)

Recalling that h(A) > (1), we have ~!(h(A)) > 1. Applying (3.2) and A < 4(/\1;%2)2,
we obtain

2

Hencea > 5> 0. By A < ﬁ, we have

2\ —
2\

alA =2\ —pPA < < 1. (6.13)

Applying Lemma 6.2, we have
E‘XA(tstrlJrl)’Q < (1 - QA)E’XA(tstrl)‘Q + /BAE’XA(tsm)‘Q
< (é + (1 _ é) 6cu(lJrl)A> E|XA(tsm)|2
[0

(0%

=7l + DE|XAa(tem)]?. (6.14)

By Lemma 6.3, we have 0 < r(I + 1) < 1. If [ = m — 1, the above equation can be
written as

E|Xa(ts1ym)2 < r(m)E[Xa(tan)? < -+ < (r(m)* ool (6.15)

Submitting (6.15) into (6.14), we can obtain

E| XA (tsmai1)]?

s 2 _ T(l + 1) 2 _(sm+Il+1)Alog(r(m
<r(l+ 1Dr(m)’lxgl” = W|xo| el )A log(r(m))
< Le(strlJrl)Alog(r(m))|x0|2 — Heffy(sm+l+1)A|x0|2’ (6.16)
r(m)
where H = s and v = —log(r(m)) > 0. O

7. Numerical simulation

This section gives some examples to illustrate the results above. The convergence
theory is tested by the first two examples. The third example verifies the stability.

Example 7.1. We consider the following scalar SDEPCAs
da(t) = (= 2*(t) + a([t) ) dt + (ja(®)|* + (1)) dB(2) 7.1)

with initial value z(0) = 1,¢ € [0, 2].
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Mean square error of TEM
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eference fine with order=0.4

. . . . . . . . . 102 .
o 02 04 06 08 1 12 14 16 18 2 003 02

t At

Figure 1. One path of the exact solution and the Figure 2: Convergence order at T' = 2.
numerical solution for one dimension.

Let A = %, then the split-step theta (SST) method for (7.1) is as follows.

-i'strl = Tsm+l + A (_ -i'g’erl + xsm)a (72)

N N 3
Tomtl+1 = Tsmtl + A<_ Cﬂz’mﬂ + xsm) + <|x5m—|—l|2 + xsm) ABsm—f—l- (7.3)

According to [14], the SST method with 6 € [%,1] is strongly convergent to SDE-
PCAs. We use the SST method with step size A = 27* and § = 1 as the "exact
solution”. The coefficients of (7.1) satisfy Assumptions 2.1, 2.2, 5.1 and 5.2 with
q=3,§ =27 =4and p = 30. Moreover, let u(r) = 2r® and h(A) = (1421—5)A*1_10.
Fig. 1 shows that the truncated EM method is convergent to the exact solution. We
take 100 samples and choose A = 278, Table 1 shows the number of truncation ap-
plied in each sample. We also compute the numerical solutions using different step
sizes A = 279,278 277 276 975 on the same Brownian path and obtain corresponding
errors. We take M = 5000.

Let € denote the error in mean square, then by the law of large numbers, at the final

Table 1: The number of truncation applied in each sample.

512 448 512 509 512 508 507 496 512 499
490 512 490 507 431 499 493 511 512 512
465 511 455 512 475 512 510 506 508 512
499 492 512 512 504 462 511 512 510 485
512 397 459 480 507 512 499 489 475 482
477 512 512 512 500 512 486 504 512 512
512 487 512 499 491 512 512 512 512 509
511 498 509 512 512 507 511 512 493 495
510 486 512 489 512 509 511 512 502 512
512 492 511 511 509 512 512 512 512 508
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Table 2: The Monte Carlo errors for (7.1).

1000 2000 3000 4000 5000

279 0.00310153 0.00248716 0.00193821 0.00160219 0.00144283
278 0.00380181 0.00312375 0.00244000 0.00205428 0.00193796
277 0.00504908 0.00403356 0.00322514 0.00274647 0.00261020
276 0.00783951 0.00554820 0.00464228 0.00391444 0.00364825
275 0.01303230 0.00953383 0.00758430 0.00639328 0.00568892

integer time T, e satisfies

2

1 M
e(T) = <IE|:::(T) - XA(T)F) ? x (% 3 |#(T,wi) — Xa(T, wi)F) N
=1

The log-log plot of the strong errors against the step sizes is shown in Fig. 2. Compared
with the reference line with order 0.5, it can be verified that the order of the strong
error is close to 0.5.

The Monte Carlo errors with confidence level 1 — « is defined as follows.

Ao
/M,

where )\, and « are one-to-one correspondence, ¢ is the standard deviation of |z(7") —
XA(T)|?. Since o can not be obtained exactly, we use the estimation &.

(7.5)

M M 2
G= %Z‘x(T7wi)_XA(T7wi)|4_ (%Z‘I’(T,TUi)—XA(T,wi)F) . (7.6)
=1 i=1

Table 2 shows the Monte Carlo error with o« = 0.05 and A\, = 1.96.

Example 7.2. Consider the following two dimensional SDEPCA:

{dazl(t) — (=@ (t) — 623(t)) dt + |wa(t)|2dB(2), -

dw(t) = (—a2(t) — 623(t) + 21(t)) dt + |1 ([t])|dB(¢)
with initial data 21(0) = 1.5 and z5(0) = 1.
Let z(t) = (x1(t), 22(t))", y(t) = (21([t]), z2([¢]))" and
filz,y) = =21 — 6af, fa(,y) = —ws — 623 + a7,

gl(x,y) = |9E2|2, 92(5'3,1/) = |y1|,
Fla,y) = (fil@y), folem) ', ge,y) = (91(2,9), 92(,)) "



Convergence and Stability of the Truncated Euler-Maruyama Method for SDEPCAs 215

g L L L L L L L L L 2 L
0 0.2 0.4 06 0.8 1 12 14 16 18 2 10° 102 10t

t At

Figure 3: One path of the exact solution and the nu- Figure 4: Convergence order at T' = 2.
merical solution for multi dimension.

The coefficients of (7.7) satisfy Assumptions 2.1, 2.2, 5.1 and 5.2. Clearly,

sup  (|f(z, )|V |g(z,y)|) < 1473, Vr>1 (7.8)
lz|V]y|<r

Then we choose p(r) = 14r3. Moreover, choose h(A) = 56A~10. We use the split-step
theta method with step size A = 27! as the ”exact solution”. We also compute the
numerical solutions using different step sizes A = 279,278, 277,276 275 on the same
Brownian path and obtain the corresponding errors. We take 5000 sample paths. Fig. 3
shows that the truncated EM method converges to the exact solution. The log-log plot
of the strong errors against the step sizes is shown in Fig. 4. Table 3 shows the Monte
Carlo error with confidence level 0.95.

Table 3: The Monte Carlo errors for (7.7).

At 1000 2000 3000 4000 5000

279 0.00003079 0.00002650 0.00002014 0.00001752 0.00001544
278 0.00007564 0.00007700 0.00005478 0.00004534 0.00003861
277 0.00010589 0.00010254 0.00008480 0.00007772 0.00006680
276 0.00015667 0.00016543 0.00020037 0.00016448 0.00014073
275 0.00046301 0.00032523 0.00027995 0.00024947 0.00022006

Example 7.3. Consider the following SDEPCAs
dz(t) = (—2*(t)2*([t]) — z(t)) dt + (2*(t)z([t]) + 0.4z([t])) dB(t) (7.9)
with initial data z(0) = 8.

The coefficients satisfy both Assumptions 2.1 and 6.1 with A\; = 1,\, = 0.16.
We test the stability of the truncated Euler-Maruyama method with three different
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Figure 5: The mean square exponential stability of the numerical solutions with different step sizes.

step sizes A = 275,273 and 27!. We take 5000 sample paths. The truncated Euler-
Maruyama method is stable if A < 1. The mean square of the numerical solutions is
plotted in Fig. 5.

8. Conclusions

In this paper, we have analyzed the convergence and stability of the truncated Euler-
Maruyama method for SDEPCAs. We obtain that the convergence rate is closed to 0.5
arbitrarily without any restrictions for the step size. Moreover, we have shown that the
truncated Euler-Maruyama method preserves the exponential mean square stability of
the SDEPCAs under some restrictions on the step size.
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