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Abstract. In this paper, we study a new finite element method for poroelasticity prob-
lem with homogeneous boundary conditions. The finite element discretization method
is based on a three-variable weak form with mixed finite element for the linear elas-
ticity, i.e., the stress tensor, displacement and pressure are unknown variables in the
weak form. For the linear elasticity formula, we use a conforming finite element pro-
posed in [11] for the mixed form of the linear elasticity and piecewise continuous finite
element for the pressure of the fluid flow. We will show that the newly proposed finite
element method maintains optimal convergence order.
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1 Introduction

General theory describing the consolidation of a porous elastic soil is very important in
application, for example, predicting the behavior of foundation resting on a saturated
clay is an important problem in foundation engineering. The foundation allows for the
occurrence of finite geometry changes and finite elastic strains during the consolidation
process. This theory of poroelasticity addresses the time-dependent coupled process be-
tween the deformation of porous materials and the fluid flow inside. The governing
equations have been cast in a rate form and laws which determine deformation and pore
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fluid flow are Hookes’s law and Darcy’s law. The theoretical basis of consolidation was
established by Terzaghi [27], then, Biot generalized the theory to three dimensional tran-
sient consolidation [5,6]. Since then, poroelastic theory has been used in a diverse range
of science and engineering application, for instance, CO, sequestration in environmen-
tal engineering [15,16] are important applications of poroelasticity. Recently, research in
poroelasticity has been a surge in activity, not only because of the application described
above, but also due to emerging applications in biomechanics engineering such as bio-
logical soft tissue modeling including arterial walls, skin, cardiac muscle and articular
cartilage [13,17,25,28].

There is an extensive literature on numerical methods for poroelasticity. The most
commonly used numerical discretization are based on the two-fields model problem,
i.e., displacement u and fluid pressure p as its unknown variables. Standard centered
finite difference methods are studied for both one and two dimensional of the model
problem [8,9]. Also, continuous finite element methods, such as Taylor Hood element
and Mini element are employed for the displacement and pressure, see [14, 18] as exam-
ples. However, it is well known that the approximation by centered difference method
and some Galerkin finite element method often exhibit nonphysical oscillation in the
pressure of the fluid flow. Therefore, for the two-field model problem, finite difference
based on staggered grids [9], cell-centered finite volumn discretization [3,19] are stud-
ied and proved to be the stable discretization. For the two-field model problem with
classical stable finite element methods (such as Mini, stabilized P; — P; element etc.), the
approximate pressure variable still appears nonphysical oscillation under the condition
of low permeability or small time step size. Authors in [23] claim that the well known
inf-sup stable pair spaces does not necessary provide oscillation-free solution and sta-
bilized term is added to guarantee the monotonicity of the solution to eliminate oscil-
lation. Finite element methods based on classical three-fields model problem, i.e., dis-
placement, fluid flux, pore pressure, are also studied trying to solve the nonphysical
oscillations of the fluid pressure. Based on the analysis of locking reason in pure linear
elasticity problem, Phillips and Wheeler make arguments that under certain conditions,
nonphysical oscillation of fluid pressure may be produced by locking in the solid elas-
ticity. Therefore, nonconforming finite element methods with couple continuous and
discontinuous Galerkin (DG) methods for the displacement and a mixed finite element
method for the flow variables are investigated, see [20-22]. Stabilized term with face
bubble is added in [24] for the finite element (with linear P; element for u# and lowest
Raviart Thomas element for fluid flux and pressure) to guarantee uniform error bounds.
Other three-field based finite element methods are also studied, we refer [26,30] as well
as the references therein for further investigation. Four fields formulations for the poroe-
lasticity problem are also investigated. Least squares mixed finite element methods for
the stress tensor/displacement/fluid velocity/fluid pressure four-field formulation have
been proposed by Korsawe and Starke [12] and Tchonkova et al. [26]. Yi [29] devel-
oped a four-field discretization method with displacement, stress tensor in solid subprob-
lem satisfying Hellinger-Reissner variational principle (using Arnold-Winther element)
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and using mixed form for the pressure and flux in flow subproblem (using Raviart-
Thomas element). Theoretical analysis in [29] shows the optimal convergence for the
Arnold-Winther and Raviart-Thomas element pairs but numerical experiment shows lose
of some convergence order in stress tensor, pressure and flux variables. In recent stud-
ies [4,10], the authors also use the Hellinger-Reissner variation for the elasticity of the
system and impose weakly the symmetry of the stress tensor resulting in a saddle point
problem with stress tensor, displacement, pressure and Lagrange multiplier. The authors
prove that the parameter-robust stability of this resulting four-field formulation. The dif-
ficulty of the four-field problem is that the solid subproblem does not lend itself trivially
to mixed finite element.

Motivated by the finite element exterior calculus theory developed by Douglas
Arnold [1,2] and thanks for the distinguished work for linear elasticity by Hu [11], in
this paper, we will investigate the finite element method for the poroelasticity with dis-
placement and stress tensor variables satisfy the subcomplex of the elasticity complex
in [2]. We mainly consider the Biot consolidation model problem in two dimensional
(2D) spaces with homogeneous boundary condition and solving the Biot consolidation
problem with the total stress tensor &, the displacement # and the pore pressure p as its
unknown variables. We choose the finite element for &, u that by solving the classical
Helliger-Reissner mixed problem of the elasticity equations with conforming finite ele-
ment discretization proposed in [11]. Piecewise continuous finite element method are
used for the pore pressure of the model problem. We proved the existence and unique-
ness of the solution of this weak form and also make a convergence analysis to the finite
discretization of the all the pore pressure, displacement and the tenor stress variables.
Theoretical analysis show that the finite element methods maintain optimal convergence
order. Several numerical experiments are implemented and verify theoretical analysis.

The outline of the paper is as follows. In Section 2, we will introduce the model prob-
lem as well as the weak form and the finite element method. Convergence analysis will
be given for the model problem in Section 3. In Section 4, we implement two examples
and show the performance of the finite element method numerically.

2 Model problem and finite element method

Mechanical processes in poroelasticity mainly contain two basic elements: fluid flow and
deformation of elasticity body. Mathematical model for the poroelasticity are derived
from physical principles, i.e., the mass conservation and momentum balance for both
fluid flow and elasticity body. The momentum balance for the solid phase is given as the
following well known equilibrium conditions for the total stress tensor field &:

dive =—Ff, 2.1)
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where f is the body force per unit volume of the bulk material. From the poroelasticity
theory, the effective stress ¢ is defined as

oc=0+cyppl, (2.2)

with ¢, being a positive coefficient and assumption of incompressible fluid implies ¢, =
1. pis afluid pressure and I is the identity matrix. Let # denote the displacement variable
and e(u) be the strain tensor, the classical strain-displacement relation is defined as

1
e(u)zE(Vu—i—(Vu)T). (2.3)
One of the constitutive relationship of the model system is presented as follows
o =2pe(u)+Atr(e(u))I—cyppl, (2.4)

with A, u being Lame coefficients and tr being the trace operator.
Let 0 denote the increment of fluid volume per unit volume of soil, another con-
stituent equation of the system is presented as:

0=cpydivu+cppp, (2.5)

with physical parameter c,, measuring the ratio of fluid volume that squeezed out to the
volume of soil change and c,, measures the amount of fluid that can be forced into the
soil under pressure while the volume of the soil is kept constant.

The momentum balance of fluid flow satisfies the Darcy law

q9=—KVp, (2.6)

with g being specific discharge and K being the permeability coefficient. The mass con-
servative law of the incompressible fluid is presented as following continuity equation

a0 .

where Sy representing the rate of injected volume due to the external fluid source.
From (2.5)-(2.7), we have the following equation
d(cpudivu)  9(cppp)
ot ot

+div(—KVp)= Sf. (2.8)
Since

div(p-I)=gradp, tr(e(u))=divu,
div[(divu)-I|=graddivu, div(gradu)” = graddivu,
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and suppose all the physical parameters A, 1, cup, ¢pu, ¢pp, K are constants, then, we have

dive=—fediv(e—cypp-I)=—f
& —div(ue+Atre-I)+c,pgradp=f
& —2udive—Adiv(tr(e)-I)+cypgradp=f
<:>—‘udivgradu—‘udiv(gradu)T—/\graddivu—f—cupgradp:f
& —pdivgradu— (A+p)graddivu+c,p,gradp = f.

Together with the mass conservative of fluid, poroelasticity model problem can be also
described as following system with displacenent u and pore pressure p as its unknowns,

i 29
d(cpudivu)  9(cppp) T div(—KVp) =S5, (2.9)

{ —udivgradu — (A+u)graddivu+c,pgradp = —f,

ot ot

For simplicity, we concern the following homogeneous boundary condition
p=0, u=0 on dQx{t>0},

and initial condition
p(0)=p° u(0)=u’ in Q.

In this paper, we just study the case with physical parameters c¢,, = cpy =cpp =1 in the
model problem.

We first introduce some notations and spaces that used in this study. We denote (-,-)
as the inner product in L?(Q)) and W™ as standard Sobolev space with norm |||/,
given by

HvH%J’:Z\a\gm HDaszp(Q)'

For p=2, we let H™"(Q) = W"2(Q), ||‘[lm = || lm2 and ||| = |lo2- We denote C as a
constant that may take different values in different places.

In this paper, we mainly study the Biot consolidation model problem with total stress
tensor &, displacement # and pore pressure of fluid p as the unknown variables. Notice
that

o=2ue(u)+Atr(e(u))-I—p-I

[ A 1

tr((T)—i—Lp-I.

divu= e

1
2(A+p)
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Then, the system can be represented as

1 (. A . 1

dive=—f, (2.10b)
~ 1 :

2] (tr(0))e+ (W—H) pi—div(KVp) =Sy. (2.10c)

Let

. 011 012 .

H(div,0,5):= € H(div,Q)|opp =091 ¢,

(v 08)={ (71 72) e H(div, )z =om
L2(OQR?):={ (u1,u2)"|wi € L2 ), i=1,2},
Hy(QUR):={peL*(Q)|Vpe[L2(Q), plan=0},

and suppose the domain () is subdivided by a family of quasi-uniform triangular grids

Tn and T € T), denotes any element with three edges {E;}%,. Let {n;}?_, be the corre-

sponding unit normal vectors of {E;}? . Finite element spaces for stress tensor & and

displacement u are denotes as X, V;, which are chosen as in [11] with polynomial order
denoting as k; (ki >3), i.e., the displacement space is the full C"! — Py, _; space

Vi, ={vel*(Q,R?)| v|r€ P, 1(T,R?), forall T€T,},

where P, is used as the space of polynomials with degree no more than k;. The stress
approximate space %, is the full C’— P, space enriched by (k; —1)H(div) edge bubble
functions on each edge

Y, ={t€H(div,Q,S8), T=1.+T), T € H! (Q,S),
T.|1r € P (T,5), T |1 €Xorp, VT E T},
where
Zorp= span{rEl./j, i=0,1,2,j=1,---, k1 —1},
with tg, ; = ¢g, jTg, (i=0,1,2, j=1,---,k1—1), and ¢, ; € P, (T,R) being its associated

. . T
nodal basis function of the Lagrange element of order ky and Tg, =n; n; .

The finite element space of pressure p is defined as
Py={q € Holqlr € P, (T), ka =1},

where P, (T) representing the space of polynomials with degree less or equal to k».
Since VT € H(div,(),S), the following equations hold,

(tr(0)-L7t)=(tr(0),tr(7)), (pLT)=(ptr(7)),
(e(u),T)=—(u,divt)+(u,t-n)y0q,
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then, the weak form of the system is to find (&(t),u(t),p(t)) € H(div,Q,S) x (L*(Q))? x
H{(Q) for t >0 such that the following relation holds

() (25 )

+(KVp,Vq)=(S59), Vge H (Q), (2.11a)
1. 5 :
2 (cr,r)—m(tr((r),tr(r))+(u,dlvr)

+ <2(/\1+y)p,tr(7)) =0, VT € H(div,Q,S), (2.11b)
(dive,v)=—(f,v), Yo e (L (Q))>% (2.11c)

The semidiscrete weak formula of the system is to find (&, (t),uy(t),pn(t)) € Xy x Vi, x Py,
with t >0 such that the following system holds

<2(/\1+y) (tr(ffh))t/fl> + <<7\‘1FV +1> ph,tr”/>

+(KVpp,Vq)= (Sf,q), VqelPy, (2.12a)
35 (90, 0) = Tt oy (00 A(0))-+ 1, div)
1
+ <2(A+y)ph,tr(r)> =0, Vtel, (2.12b)
(divay,v)=—(f,v0), Yo eV, (2.12¢)

In the following, we will analyze the existence and uniqueness of the semidiscrete prob-
lems.
Let

0= (05 (), w= L u(Oh(x), pu= Y pi(9h(x),
j=1 j=1 j=1
then, the system can be written as

0 _ _ 0. =

Cﬁ-pﬁ+C5-5-5'+Cguﬁ:0,
Cﬁ'u&:f:/

which can be written as the differential algebraic equations (DAEs) as follows

X (t)

E8t

+HX(t)=L(#), (2.13)
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Cpp Cgp 0
E=1 0 0 0],
0 0 0

) 4
x(=|éw) ], Lin=1{0|.
i(t) f

From the theory of DAEs [7], if the matrix kE+4 H is nonsingular for some k # 0, then,
system (2.13) has a solution. For the case when k=1, we have

Cpp+Kpp Cz, O A BT
E+H= Cop Css CL, :(B 0).
0 Cou 0

From theory of [31], if ker(A)Nker(B) ={0} and ker(B') ={0}, E+H is nonsingular. To
verify these relations, we first define the following linear functional

a((pn o), (9,7))
= (Mtr(&hm) + <(Aiy+1)m,q> +(KVpi,Vq)

1. A N 1
+ o (op:T)— AT (tr(ap),tr(T))+ <2(A+y)ph,tr(r)> , (2.14)

where

and

¥5((pn,01),0) = (divéy,v).
Then, we have the following results.

Lemma 2.1. For ¢4, we have

o N 1, .
Ya((Proon), (Prsn)) ZCHPhH%JrﬁH(Fh)leZf

where C is determined by permeability coefficient K and

~ :<(5'h)11 (&h)u)'

7h (0n)12 (on)2

Proof. Let q=py, T=07 in (2.14), then, we have
wa((pn,&n), (Pr, 1))

1 8 1
= (2()\4—"1,[) trO'thh> + <(/\—|—]/l+1) Ph:Ph) —|—(KVph,vPh>

+i(~ ~)—7A (tray, tréy,) + 1w
2}1 0,0y 4]/1()\4—]4) roy,troy 2()\+}l)ph/ roy |.
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Notice that

1,
7(071/071) -

2 (tréy, tray,) >

A _ 1, .
Pl (W) (@)l 1@)2l?)+ @l

(0@ 1) 2 =5 [ I+ 5 U@ P+ 1@l |

At

Then, we have the following estimation

1 1
5 ~ >—— 11 2 1/2 2 YA 2
BbA((ph/U'h)/(ph/‘Th))_(Z(A il )IIth HIKEV Rl @0

1.
ECHPhHﬂ;H(%)uH-

Thus, we complete the proof. O

Then, we have
ker(i) =0=-ker(p,)Nker(yp)=0

For ker (), we need to find v, such that VT €X, (vy,divt)=0. Because of the choice
of X, V},, we have for v, € Vj,, there exists T* € ¥, such that divt* =79, which results in
(op,divT*) = (vp,,v;) =0=1;,=0. Then, we get ker (pr) =

Next, we will discuss the uniqueness of the equation. Suppose (p),oput), (p2,62,us)
are two solutions satisfying Eqs. (2.12). Let (ep,es,€4) = (ph ph,ah Uﬁ,u}z u%) then, we

have the following system

1 de 1 86[7

(<W+1> - ,q> (KVe,,Vq)+ ( Tk E%’q) —0, (2.15a)

- <2(/\1+y)€p,tr1’> _<A€5—,T)_(€u,divr) :0, (215b)

(dives,v) =0, (2.15¢)
where . N

Arzﬂ [7_2(/\"_.”) tr-rI] .
First, we have the following results
Lemma 2.2.
le 1% =: (Aeze5) < F” epll*.

Proof. Let T=es, v=e¢, in (2.15b), (2.15c) and add the two equations together to get

1
(Wep,treﬁ-> —+ (Ae&-,eg—) =0

=(Aeg,e5)=— ep treg).

1
2(/\+y)(
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Notice (A7, 7)=||t|%, then, from definition of A7, it is easy to verify
1 2 2 1 2
——TlI* < |Itl|a < =7l
e L B LR L
Since ||tr(T)|*> <2||7||?, we have
1 1
leo < 557 e I+ gy o)

1 2, 1 2
<
()\+ )H PH ()\—I— )H !TH
1 2,
< -
<o+ zleele
which results in the conclusion in Lemma 2.2. O

Now, for the uniqueness of the system, we have the following results
Lemma 2.3. ¢,(t), ex(t), ex(t) satisfying Eq. (2.15), then,
ep(t)=0, ex(t)=0, eu(t)=0.

Proof. Let

deq
ot’

in (2.15a), (2.15b), (2.15c) and add them together to get the following results

1 d 2 9 —
()H—y —|—1) (atep,ep) +||KVep||=— <Ae(~,,ate(~,> =0.

d d 2
P | = oot Hep

>\ 9, o
(Aeorgpe0 ) = 53z ol

which results in the following relation

g=ep, T= v=ey,

Notice that

4

10

1 1 0 2 2__
<A+74+ >at“ep(t)]| +[IKVep (D12 =3 5 lleal%,

integrate on both side of the last equation on (0,t) and because of ¢,,(0) =0, e5(0) =0, we
finally get

1 1 5 t 2o 1 ) )
(300 ) len @I+ [ IKSpIPds = Hleo (0]
1 ¢
&5 llep(®)IP+ [ IKVey(t)|Pds <0

sep(t) =0,
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then, from Lemma 2.2, we get
ex(t)=0.
Then, from (2.15b), we have
(ey(t),divt)=0, VTex,.

Fixed t, because of the choice of X}, V), there exists T such that divT =e,,, which results in
ex(t) =0 and we get the results in Lemma 2.3. O

For the existence and uniqueness of the fully discretization formula

(a0rs

; (o) ) (1) pin ) + 8 (KVp V)

2(A+

:< ) ((1+1) n-1 >+(s ) VgeP (2.16a)
/\+V ’q A"‘V Py, 4 f’q ’ q hr .
1
2 (7 4ymm<tr<~;:>,tr<r>>+<uz,divr>
1

+ (wpﬁ,tr(r)> =0, VTeL, (2.16b)

(divey,v)=—(f,v), YoeWV, (2.16¢)

we have the matrix form as follows

CX"=L"(t), (2.17)
where

Cpp+AtKy, CL, 0

C= Cop Cse CL, |,
0 Cou O

Ph St+Coppyy ' +Capo™ !
X'=\|a ]|, L'(t)= 0 .

iy, f

At each time step, the existence and uniqueness of the system is equivalent to the invert-
ibility of the matrix C which can be proved in the similar way as for the semidiscrete
case.

3 Convergence analysis

In this section, we will make a convergence analysis of the finite element methods for
Biot consolidation problems. In order to make a theoretical analysis of the finite element
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method, we first define the projection operators RZ :Hé (Q,R) =Py, R]‘;’ :H(div,Q,S) =X,
R¥:L2(Q),R?) — V}, for any t >0 such that the following equations hold

1 1
p _ ~
(KVR,p,Vq)= <Sf (A+M+1)pt (A+y)trat,q>, VgePy,
1 p 0 ~ u : —
(2(A+y) th,tr'r> +(ARj 7,7)+ (Rju,divt) =0, Vteyy,
(div(R7&),0) = (f,v), VoeV,

then, we have
(KV(p—R},p),Vq)=0, VgeP,, (3.la)
1 = 0~ u : _
(2(“#)(? Rp), trr>+(A(cr—Rho),r)+(u Riudivt)=0, Vtex, (3.1b)
(div(6—R{&),v)=0, YoeV,. (3.1¢)

From (3.1a) and (3.1c), we can easily have the following results for the projection

Ilp—R)p| < CH M pl|y1,
|6 —RE || < CH (|| [y 14|V & [y 1)

In order to get the error estimation of # — R¥u, we need to define the L? projection of u as
follows

(u—Quu,v)=0, YveV,.

Then, since divt € V},, from (3.1b), we have

1 5 Do Rt i
(Z(A—i—y)(p R)'p), trT>—|—(A(U'—Rh0'),T)+(Qhu Riu,divt)=0, VtelX,.

There exists T* € Xy, such that divt* = Quu—Rjju and ||7*||; < ||Quu—Rjul|. Then, we
have the following results

| Quu— RhMH2 (Quu—Rju,divt™)
1 _
_< ()Hry)(p Ryp), trf*)—(A(&—R;‘fff),T*)

<C(llp=Rppl+lle—R7a) DIl
<C(llp—Rjpll+lle—Ria) )| Quue— Rijull,

which results in

|Quu—Riul <C(llp—Rjpll+ e —Rya)|)).
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Therefore, we have
o — Rijul| < [ — Que| + | Quue — Ritu|| < C(H 1 241,
It is also easy to get the following results

|pe—R) pi|| < CHF2H,
|6 —RE 64| < CHA L,
[y — Ripuy || < C(HFH 1ot

3.1 Convergence analysis of semidiscrete problem

We have the following results for the semidiscrete solution.

Theorem 3.1. Let py, 07, uy, be the semidiscrete numerical solutions satisfying (2.12) and p, &,
u be the exact solutions, then, we have the following results

t
Ip=pall+ [ K29 (p—py) [Pds < COR0H 42040,

with C depends on Lime constants A, y and the reqularity of the solutions p, & of the problem but
independent of discretization parameters.

Proof. We have the following error equations

((1+1)(pt—pm),q)+(I<V(p—ph),Vq)+(M(trm—trfm),q)=0, (3.22)

Atu
- (M (p— Ph)ftrf) —(A(6—63),7)— (u—uy,divr) =0, (3.2b)
(div(g—ay,),0)=0. (3.2¢)

By using the definition of the projection R}, RZ, R¥, denote &,(t) =R p—py, &s(t) =
R,‘;’&— 04, Gu(t) = Rjju—uy, with t >0, then, we have the following relation

<< 1 +1)8(P—RZP+5P),q>+(1<V§p,w)

A+p ot
1 A0—RIT+3Es) |
* (2(A+ 0) t 5 /67) =0, (3.3a)
1 .
B (wﬁp,trr) —(AZs,7) = (Cu,divT) =0, (3.3b)

(divis,v) =0. (3.3¢0)
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Choose 4=y, T=_Cs;, v=_y in the equations and add the equations together to get the
following results

1 1\ o 2 1/2 2
(zem 3 ) Sl +IK298,)

1 . F ~
=— (W(U}—Rh U't)/(:p) +(A€l~7/(§f7)f)

() o 2y).

Notice
d
(G, (Eo)i) =5 ol

and by choosing T =_s#,v =¢, in (3.3b), we can get the following estimation

18212 ||<";'p||2 (3.4)

Then, integrate on (0,f) on both side of the equation, and since ,(0) =0, {+(0) =0 and
also the property of the projection, by using the Young’s inequality, we finally get the
following estimation

t
16 (1P + [ K2, s
<CEEH D) (1], 1+ IV -Gl 2+ el 0)-
Together with property of projection R, we finally get the results. O

From (3.4) and the relation

1
2(A+u)

1
2 - 2 12
[kl —HTHA—zyHTH .

we can also derive the error estimation of || — 7| 4, i-e.,

1o —&ulla<lo—RFF|at Hé'p||<C(hk]+1 Hett), (3.5)

1
A+
where C depends on A,y and regularity of exact solutions but independent of .

For the estimation of displacement u, we first need to introduce the projection opera-
tor I, : H(div,Q),S) — X, that defined as follows

(div(t—1I1,7),0)=0, YveV,
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and the stability
Izl <[zl

We first estimate ¢, = R}'u—u;,. Recall that there exist 7* € H(div,(),S) such that —divt* =
¢y and || T*||1 < CJ|E4]|, then, from (3.3b), we have

[Cu ||2 =(—=Cu,divt™) = —(,,divII,T")

=(A(d—ap),IT,T5)+ (w(p—ph),tr(ﬂhr*))
<C(llo—=anll+lp—pul) 1Tyt
<C(le—=anll+lp—pul)lgull,

then, we have

||”—uh|| S C(hk1+1 —|—hk2+1).

3.2 Convergence analysis of fully discrete problems

In this subsection, we will make a convergence analysis of the fully discrete formula of
the Biot consolidation problems. We have the following main results.

Theorem 3.2. Let p", ", u™ be the solution satisfying Eq. (2.11) at t=t,, and p}., &/, uj; are the
fully discrete solution satisfying Eq. (2.16), if A+u > 1, then, for m >1, we have

m
[P P+ Y- AHIKM2V " [2 (Af)2 1) 20,
n=1
Proof. Subtract Egs. (2.16) from (2.11) at t =¢, to get the following relation

(s @ =)+ ( (1) 0 =i ) + (KV (=), V) =0,

1

<2(A+V) (p"— pZ),trT) +(A(d"—a7),T)+ " —uy,divt) =0,
(div(e—ay),v)=0.

By using the definition of projectors RZ, R7, R¥, and denote & :RZ pt—p}, CL=RIG"—07],

¢y =Ryu" —uy, then, we have the following results

<2(A1+y)attr(€g)'q> + <<1+1>8t§;,q> +(KV¢Ep, Va)

At+u
= (tr(9,0" — 67— 0 (6" —R{[0")),q) + (ep" —p} —0:(p"—Rjp").0),  (3.6a)
1 n n n :
_ <2(/\+y)§’p,trr) —(AZL,t)— (&, divt) =0, (3.6b)

(div{%,v) =0. (3.6¢)
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First, by choosing T=¢7, v=¢}; in (3.6b) and (3.6c) it is easy to verify the following result
n 2
1 7

Notice that (3.6¢) also holds at t=t,_1, then, choose T:Cg_l in (3.6b) and v=¢}!, we have
the following relation

(A3 t(2571) =~ (AJFP[)(CPI (G5 )-

By Young’s inequality and (3.7), we have the following estimation
_ € 1 _
(& tr(G5 ) < SIE I+ llee(E5 DI

€ 2 AFH 12 € 2, bou12
< Iep ™+ =—=lI8s I < S IEp I+ liep 1%

then, we have the following estimation

(Ag3.C57 1) = /\+y HCPHZ (AJFF)HC 2. (3:8)

Now, choose q=¢7}, T=0;C%, v=_}, in (3.6a), (3.6b), (3.6c), respectively and add the three
equations together to get the following relation

1
(s +1) @)+ (KVEL VD)~ (Ackact)

=(tr(3;6" — 7' —9,(5" — R} 6")),&p) + (Aip" — pi — 3 (p" — R}, p"),&p).
Notice that

L 1 1 n n—
() 0 2 0 (1) QIR+ 1) 39)

and by using the relation (3.8), (3.9), we finally have the following relation

(5 +1) @b e+ (KVER VER) -~ (AT 21
e [5]  wr  A

4At(A ) P 2eAt(A4p) T

For the right hand side, we have the following estimation
(tr(9:6" = 67'),&p) <2017 — 7|1+ e |G|

1 i
— t,_q1—t)opdt
At/t,,_l(n 1 )tTtt

(tr(:(0" =R 0™)),5;) <ClI9e(¢" =R &") |1* +e2l|E |1

<CPE &4 L +eallEh)

_ 1
HP+ (K2 VER 2. (3.10)

2
< +ell|gplIP <C(an?+er| gl

<c|
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Similarly, we can also bound term related to p as follows

|(pi —3ep",2p)| <C(A1) +es|EH 1%
@ (p" =R "), G SCAE I p |y +eal| 5
From all the estimation on the left and right hand side, we multiply At on both side of the

inequality, choose €1 +€2+€3+€4 <€ and sum from n =1 to m. Notice (;"2 =0, we finally
get the following estimation

G 1P +C Y AHIKY2V P | S (A4 12k ) ikt ),
k=1

Together with the property of projection R!, we finally get the results in the theorem. [J

Similar as the convergence analysis of semidiscrete case, we can also prove the con-
vergence of ||6" — &7} || and ||u" —ul|.

4 Numerical experiments

In this section, we will implement the finite element method proposed in Section 2 for the
Biot consolidation problem. We test two examples with homogeneous Dirichlet bound-
ary conditions and mixed boundary conditions respectively. We will consider the follow-
ing system:

1 [ A . 1 .
o [U—Wtr(a)‘l] —e(u)+mp-lzo in {t>0}xQ, (4.1a)
dive=f in {{>0}xQ, (4.1b)

1 1 .
W(t( 7))+ <7\+V+1> pi—div(KVp) =S in {t>0}xQ, (4.1¢)

with Q= [0,1]? and physical parameters in the implement are chosen as: A =1, K=1,
u=0.5. The initial condition are chosen as po =0, u"=0.

In order to see the convergence order in the physical space, we fixed time step size
At such that errors in physical space dominate. In the numerical experiments, we mainly
show the convergence order of ", u", p" in relative error to different mesh sizes and
different degrees of polynomial order at nAt (we choose the data of 7 =3 in the tables).

Example 4.1. In the first example, we verify the convergence order of finite element
method for the poroelasticity problem with homogenous Dirichlet boundary conditions,
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Table 1: k1 =3, k=2, At=0.001.

e —anllo [div(e—a4)[o Tu—uilo Tp—pull;
% el [dively [ ey
error order error order error order error order
2 | 2.2229e-2 - 2.7304e-2 - 3.4461e-2 - 2.0699%e-2 -

4 | 2.8644e-3 295 | 3.6303e-3 291 | 4.2007e-3 3.04 | 5.7468e-2 1.85
8 | 3.4950e-4 3.04 | 4.6085e-4 298 | 4.9245e-4 3.09 | 1.4908e-3 1.95
Table 2: k; =3, ky =3, At=0.001.

[e—aull Mdiv(e—a4)Tl lu—upl lp—pnlly
% lelly [[divelg [ l[plly
error order error order error order error order
2 | 1.5977e-2 - 2.7304e-2 - 2.9628e-2 - 4.6950e-2 -
4 | 79767¢-3  3.79 | 3.6303e-3 291 3.7283e-3 294 | 6.1560e-3 2.93
8 | 5.0558e-5 398 | 4.6085e-4 298 | 4.76160e-4 298 | 8.4300e-4 2.87

i.e., the exact solutions u, p satisfies p=0, u=0 on 9Q). Explicit data are chosen as follows:

() () st

duq duy Juy  Oduy
(gl eagt (G 5)  fon—cpp  om
’ (aﬂJra&) (A+2 )%Hx% ' ‘T—< 712 ‘722_%777)'
dy  ox K ay ox
f:—v-&:@): o, sf:%(cupv.uH%(cppp)—v-(Kvp).
ox Ty

In the numerical experiments, we utilize two different kinds of finite elements. We first
use p3 (polynomials with degree less or equal to 3) finite elements for variable & and
piecewise discontinuous quadratic element for displacement u#. For pressure p, we use
the piecewise continuous quadratic finite element which corresponding to k1 =3, kp =2
in the main result of Theorem 3.2. From the numerical results in Table 1, we can see
pressure variable p has optimal convergence order in both L? and energy norm and &, u
has one order lower, which is consistent with the theoretical results in Theorem 3.2 since
the convergence order of & is constrained by polynomial degree k> of pressure variable
p. We also test the example with k; =3 for & and k, =3 for the pressure p and numerical
results are shown in Table 2 in which the both &, u, p have the optimal convergence order
and the numerical implementation is consistent with the theoretical results.

Example 4.2. In this second experiment, we will test the finite element method for the
poroelasticity problem with mixed boundary condition. We choose the function f(t,x),
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Table 3: Example 4.2: k1 =3, kp =2, At=107°.

le—anlly [div (o —a4)[o lu—uylo lp—pully
% [ [divello [0 Iplla
error order | error order error order | error order
2 0.0265 - 0.0917 - 0.0527 - 0.2198 -

4 0.0031 3.09 | 0.0128 284 0.0067 2.97 | 0.0598 1.88
8 | 41743e-4 290 | 0.0017 295 | 85900e-4 297 | 0.0153 1.97
Table 4: Example 4.2: k; =3, ko =3, At=107°.

e —aullo div(e—a&4)[o Tu—uy o Tp—pully
% (eI [divelo [EAI el
error order | error order error order | error order
2 0.0023 - 0.0917 - 0.0509 - 0.0599 -
4 0.0017 3.77 | 0.0728 2.84 0.0067 293 | 0.0082 2.88
8 | 1.0640e-4 398 | 0.0017 295 | 85700e-4 296 | 0.0011 2.95

S¢(t,x) such that the exact solutions of the model problem are
_ (w\ _ (tsinmxsin®ty o .
u—< > = (tsinmcsinrty)' p=m(A+2u)tsintxcosy,

5 (A++2p) tcos xsin® rry —2urtsinwxcosty  prrt(sinsrxsin27ty 4-cos asinry)
N urtt(sintxsin27ty +cos mxsinty) Arttcosxsin® ity ’

which satisfy the following mixed boundary conditions
p=0 on {x=0,x=1}, kVp-n=0 on {y=0,y=1},
u=0 on {x=0,x=1}, &-n=0 on {y=0,y=1}.
Then, the closed form of f, S fis

f=V.o= —(A++2u) 2 tsinrxsin® 7ty
(A+2p) mtcos rxsin27ty — prtttsinrxsinrry )7

0 0
Sp= 3 (cupV-u)+ 5 (cppp) =V -(KVp).

We use finite elements with k; =3, k, =2 as well as k; =k, =3 for this mixed boundary
model problem. We fixed At = 10~% and choose h=1/2,1/4,1/8 to see the convergence
order of . From Tables 3 and 4, we can see that all the variables ¢", ", p" have optimal
convergence order with respect to mesh size h.

5 Conclusions

In this paper, we mainly study using the finite element methods for the poroelasticity
problem. Mixed finite element method with three variables: total stress tensor, displace-
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ment and pore pressure of the model problem are studied. Conforming finite element
method with strong symmetric element for the stress tensor and piecewise discontinu-
ous finite element for the displacement [11] are used for the linear elasticity subproblem.
For the pore pressure of the fluid, we use the piecewise continuous Lagrange finite el-
ement method. Theoretical analysis shows that the finite element method has optimal
convergence order. Numerical experiments are implemented to verify the theoretical re-
sults. In our future work, we will consider the fast solver for the discrete linear algebraic
system based on this finite element methods.
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