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Abstract. In this article, a Crank-Nicolson/Explicit scheme is designed and analyzed
for the time-dependent natural convection problem with nonsmooth initial data. The
Galerkin finite element method (FEM) with stable MINI element is used for the veloc-
ity and pressure and linear polynomial for the temperature. The time discretization
is based on the Crank-Nicolson scheme. In order to simplify the computations, the
nonlinear terms are treated by the explicit scheme. The advantages of our numerical
scheme can be list as follows: (1) The original problem is split into two linear subprob-
lems, these subproblems can be solved in each time level in parallel and the compu-
tational sizes are smaller than the origin one. (2) A constant coefficient linear discrete
algebraic system is obtained in each subproblem and the computation becomes easy.
The main contributions of this work are the stability and convergence results of nu-
merical solutions with nonsmooth initial data. Finally, some numerical results are pre-
sented to verify the established theoretical results and show the performances of the
developed numerical scheme.
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1 Introduction

In this paper, we consider the following natural convection equations:
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w;—vAu+(u-V)u+Vp=—xv?T+f in Qx(O,TéZjl],

divu=0 in Qx (0,T/"",
T;—Pr-'wAT+u-VT=g in Qx (0,74, (1.1)
u=0, T=0 on a0 x (0,T/ ™),

u(x,0)=uy, T(x,0)=Tp on O x{0},

where u, T, p are the velocity, temperature and the pressure, f and g are the body forces,
() is a bounded convex polygonal domain, the parameters v, x and Pr are the viscos-
ity, Groshoff and Prandtl numbers, j = (O,1)T is the vector of gravitational acceleration,

T{Zggl >0 is the final time.

The natural convection problem is an important system with dissipative nonlinear
terms in atmospheric dynamics (see [4, 25]), it not only inherits all difficulties of the
Navier-Stokes equations, but also contains strong coupling among variables and non-
linear terms. Hence, finding the numerical solutions becomes a difficult task, and several
efficient numerical methods have been developed in recent years, for examples, [5,8,27]
for the discontinuous methods, [24,26] for the lattice Boltzmann method, [7] for the sta-
bilized method, [21,23] for the iterative schemes.

As a classical second order scheme, the Crank-Nicolson scheme has been used to
treat various problems. Here we just refer to [20, 22] for the linear problems, [3] for
the semilinear parabolic problem and the reference therein as the examples. Generally
speaking, the implicit scheme for nonlinear term is unconditionally stable and has op-
timal error estimates, but we need to treat a nonlinear problem at each step and a lot
of computing cost is required. In order to simplify the computations, some variants of
the Crank-Nicolson scheme were developed, for examples, the Crank-Nicolson extrapo-
lation scheme [12,14, 28], the Crank-Nicolson/Newton scheme [9]. The explicit scheme
for nonlinear term is another way to treat the nonlinear term, one of the most impor-
tant advantages is that the discrete algebraic system with a constant coefficient matrix is
obtained at each time level. However, a restriction on the time-step was required. For
examples we can refer to the Crank-Nicolson/Adams-Bashforth scheme [10, 14, 16, 31]
and the references therein.

In this paper, we consider the Crank-Nicolson/Explicit scheme for the natural con-
vection equations with nonsmooth initial data. In this way, the origin problem is split
into two linear subproblems, and these subproblems with the constant coefficient matrix
can be solved easily in each time level. Compared with [32,33], the main contributions
can be list as follows:

(1) Under some restrictions on time step, almost unconditional stability results of nu-
merical solutions in various norms are established with nonsmooth initial data.

(2) By introducing the weight function and using the negative norm technique, un-
der the same time step conditions, we obtain that the Crank-Nicolson/Explicit
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scheme has the same convergence as the Crank-Nicolson extrapolation and Crank-
Nicolson/Adams-Bashforth schemes, but the Crank-Nicolson/Explicit scheme im-
plements easier.

(3) The Crank-Nicolson/Explicit scheme splits the origin problem into two linear sub-
problems and these subproblems can be solved in parallel. Furthermore, the com-
putational size is reduced and the computational cost is saved.

The rest of this article is organized as follows. In Section 2, some basic assumptions
and results of the natural convection problem are presented, the spatial semidiscrete nu-
merical scheme and the corresponding stability and convergence results are also pro-
vided. Section 3 is devoted to develop the Crank-Niconlson/Explicit scheme for the nat-
ural convection equations, the stability results of numerical solutions with nonsmooth
initial data are established. Convergence results of numerical solutions are provided in
Section 4. Finally, Section 5 provides some numerical results to show the performances
of the considered numerical scheme.

2 Preliminaries

2.1 Weak form and some basic results

In this paper, the standard Sobolev spaces and norms are used [1]. For example, the space
L%(0)%, (d=1,2) is associated with the usual L2-scalar product (-) and L?-norm |- ||o. For
convenience, we use the notations

X=H}(Q?, W=H}(Q), M=13(Q)={pel?): [ pax=0},
Z=1%(Q), V={veX:(V-v,q)=0,Yge M},
Y=12(Q)}, H={veY,V-v=0, v-n|yn=0}.

The spaces W and X are equipped with the usual product and norm || Vul|3 = (Vu,Vu).
Set A=—PA, where P is the L?>-orthogonal projection of Z onto W or Y onto H. As-
sume that () is such that of the domain of A is given by (see [12,17,30])

D(A)=H?*(Q)’NV and Q(A)=H?*(Q)NW.
The following assumption about the prescribed data for problem (1.1) is needed.

Assumption 2.1. (A1) The initial data up(x), To(x) and the force £, g satisfy
sup {1+ 1£:(0) o+ £ () o+ g (D) 11+ lIge (D) llo+[lge (1) [0} <C,

final
OStSTtime

|\Vuo||o+ ||VTO||O‘|’HUOHL°°+ ||T0HL°° Sé, up € VﬁLOO(Q)Z, ToEHl(Q)ﬂLOO(Q),
|Vugllo+[|VTollo<C, weV, TyeH!,

where C is a general positive constant.
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Define the bilinear forms a(-,-), @(-,-) and d(-,-) on X x X, W x W and X x M by
a(u,v)=v(Vu,Vv), d(v,q)=(q,divv), a(T,p)=Pr w(VT,Vy),

the trilinear forms b(u,v,w) and b(u,T,{) on X x X x X and X x W x W are
b(u,v,w)=((u-V)v,w) +%((divu)v,w) = %((u-V)v w) —%((u‘V)w v),
b(u,T,9)=((u-V)T, )+ ((dlvu)T p)= 1((u V)T, 1/1)—*((11 V)9, T).

With above notations, for all (v,q,¢) e XX MxW,0<t< Tf;:::l, the weak form of natural
convection equations (1.1) aims to find (u,p,T) € X x M x W, such that

u;,v)+a(u,v)—d(v,p)+d(u,q)+b(uu,v)=(fv)—xv2(jT,v),

(
(T, ) +a(T, ) +b(uw, T,p) = (g,%), 2.1)
u(x,O):uo, T(X,O):TQ, ut‘aQZO, Tt‘aQZO.

The following results can be found in Chapter 5 of Reference [25].

Theorem 2.1. Under the assumption of 9Q) € C> or Q) € R? is a convex polygon and Ty €

cl(o /7.0 Q) with f=0, g=0, problem (2.1) has at least a solution (u,p,T) € L*(0 T/ X)N

/7~ time ’ 7 " time
V) L2(0 Tfmal final |

HY(0, Tt{;:gl, vime + M) X x H'(0, Tie sW). In addition, the solution is unique provided

that v N |VT||342vN||Vullo <2, and the following prior estimate holds

flnal fmul

time time
Jal3HITR+ [ (Il 19T <C [ (1Tl + 19Tl R)es

where

b(u,0,w) < b(u,T, 1)
N= su , N= su .
womex 1V ullo[Vollo[Vawllo ueX,T,zppeW [Vullo[ VT ol Vepllo

2.2 Spatial discrete Galerkin finite element method

Take a positive parameter 1 — 0 and define a decomposition [, = J;,(Q2) be a family of
regular partitioning of triangles K or quadrilaterals K of the domain (). Based on J,, we
construct the conforming finite element spaces of Xj, x M, x W), of X x M x W. Further-
more, some assumptions are made about the spaces X, M, and Wj, (see [2,6,11,29]).

Assumption 2.2. (A2) For eachve D(A) and ¢ € Q(A) and g € H'(Q)NM, there are the
approximations 7t,v € Vj,, uyp € Wy, and pp,g € My, such that

IV(v—mpv)lo<chl[Avllo, [[V(—pnip)llo<chl[A¢llo, [lg—pngllo<chl[Vqllo.
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For each ¢, € Xj, or W, the following inverse inequalities hold

IVenllo<ch™ligullo,  llgnllzs <ch™"Ignllo-
Define the discrete analogue of the space V}, as
Vi={vy€Xy; d(vy,q,) =0, Yq, € M}, },
and set P}:Y =V}, and P?:Z — W), be the L2-orthogonal projections defined by

(Prv,vy) = (v,vy), veY, v, eV,

(Pe, )= (P, pn),  YEZ, PreWs

Assumption 2.3. (A3) There exists a constant >0 such that

iy,
Blaslo< sup 140Vl

, th eM,.
0#£v,€X), Va1

The following properties are classical for i=1,2 (see [11,19])

IVBollo<vIVolo, lo—Pigllo<YhIV(9—Pip)lo, 9€X or W, (2.22)
lo—Pigllo+hlV(9—Pip)llo <yH*[|Apllo, @ €D(A) or Q(A), (2.2b)

for some positive constants 7.

With above notations, for all (vy,qy,,¥,) € X X My x Wy, and 0 <t < Tgi:fl, the Galerkin
finite element method for problem (2.1) is to seek (wy, py, Ty) € Xj, X My, X Wy, such that

(wpe,vi) +a(ay,vy) —d (v, pr) +d (wp, qn) +b(wp,w,vy) = (£,v,) — kv (T, v),
(Tt )+ (T tp) + b (wy, T o) = (8, 9m),

u,(x,0) =ugy, =Pyug, Ty (x,0) =Ty, =P, To,

uplon =0, Tpan=0.

(2.3)

With the help of P, we define the discrete analogue A;, = —PiA;, (i=1,2) and A, by
(=Dupn, 1) = (Vou, NV on), YV, @i € Xj, or Wy, with the “discrete” Sobolev norms || ¢y, || =
HA;{quh |lo for r=—1,0,1,2 and ¢, € X}, or Wj,. Furthermore, it holds

pnllo<vollgnlle, ll¢nllr <vollAingnllo- (2.4)

The following properties of trilinear terms can be found in [12,13,15,18].
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Lemma 2.1. The trilinear forms b(-,-,-) and B(-,-,-) satisfy

b(up,on,wWy) = —b(uy, Wi, o), |b(uy,0n,wy)| < Cllogh|2(|Vuy|lo|| Voullo] willo,

b(uy, T pn) = —b(un, b, Tn),  1b(n, T ipn)| < Cllogh|Y 2|V uy|lo] |V T llol| a0,
\b(uy,, 01, W) | +|b(0p, 0, W) |+ [b(Wh,u,01)|

~ ~

C C
< o w6 loen ol w62 Wl 2+ 5 aen w162 w122 I wnlo” w2,

1B(up, T ) |+ | BTt ) | | B (0, T ) | < Cllaag |16 o 113N Tl o 12 o172,
|\b(up,on, W) |+ | b(0p,u, W) | 4| b(Wy,up,01) |

~ ~

c ) ¢
< 5|\A1hvhHé/2thlﬁ/z\\uh||o/2|\uh!|%/2!|WhHo+5HAlhvh!|(1)/2||vth1)/2!|uhHl||WhHo/

|b(u, Ty, 1) |+ |6 (T, 1) |+ | B (5,10, Ty |
C C
< E||A2hThH(1)/2HTh||%/2||”hH(l)/zHuh\H/ZHl/JhHO‘FE 1A Tulls > N Tlls* o |11 1o,

for all uy,vy,,€ Vy, wy, € Xy, and Ty, Py, € Wy, where C >0 and C >0 are constants.

In order to present the error analysis for time discretization, we recall the following
smooth properties of u, and Tj, and some errors of u—uy, T—Tj, and p—py,. Following
the techniques used in [13-16], we can obtain the following properties.

Theorem 2.2. Under the assumptions (A1)-(A3), for all t € [O,Tf;:::l], then the numerical solu-
tion (uy,Ty,) of problem (2.3) satisfies

o, (£), T () 1§+ Nln (£), T () 1T+ o (#) || A (£), A T (£) |15
t
+A {||Vuh,VTh||%+HAhuh,AhThH%}dsgC, Ul+r(t)||uht,Tht||3§C, 1’:—1,0,1,2,
t
/0{Huhs,Tth%—i—a’(s)Huhs,Tth%}dsgc, r=12,

t
/O (0277 (8) | Ay ttyes, AT 2 Ty |2) VA < C, 1 =0,1,2,

t
UB(t)Huhtt(t)rThtt(t)||%+/0 {(73(5)(HuhssrThss”%+HuhsssrThsssuz—l)}dsgcl
where
o(t)=min{Lt}, |up(t), Tp(t)[lr=[lun ()7 +HITu(DI7  with r=-1,0,1,
| Aty (£), ATy () Jo = || Anaan () |5+ 1| An T (£) [[5-

Theorem 2.3. Under the assumptions (A1)-(A3), for all 0 <t < T/ it holds

time /

o2 (0|l —up, T Tillo<Ch?, o'/ 2(8) [~y T—Tyll1+ ()| p—pullo <Ch.
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Lemma 2.2 (12]). Let C’ and At, ay, by, di be non-negative numbers for integers k > 0. If

n n—1
an+AtY be<At Y dap+C, VYn>r—1.
k=r k=r—1

Then

—1
an+Athk<C’exp<At T d), ¥n>r-1.
=r k=r—1

3 The Crank-Nicolson/Explicit scheme for the natural
convection equations

final
In this section, we denote the time step At = -~ with N is an integer and set t, =nAt.

Let

0 0
u, =uo, = Phug, Th = TOh = Pth.

Firstly, we find (u},p}, T1) € X, x M), x W}, by the Euler-backward scheme with the explicit
scheme to treat the nonlinear terms

(dtullqrvh) +a<u%z/vh) _d(vhrpi) ‘f’d(“},/%) +b(u2/uglvh)
:(f(t1>fvh)_KV2(jT]9/Vh)r (3.1)
(A Ty, ) +a(Ty, n) +b(u), T ) = (8 (t1), ),

for all (vy,qp,1n) € X, X My, x Wy, where d;¢) = ¢" qb can takeuand T.

Based on the numerical solution (u},p},T, ), for all (vi,qn,4n) € Xpx My x Wy, find
(u},p}, T € Xy x My, x Wy, with n=2,---,N by

(dtuZ,vh)—Hz(ﬁZ,vh) d(Vh,pZ)—f—d(ﬁz,qh)—|—b(uZ_1,uZ_l,vh)
= ((tn),vi)— (ﬁg Vi), (3.2)
(de TP ) +a(Th ) 0w T ) = (3(£a), 1)

Here and below, we use the following notations frequently

%_M, Py (tn) = ¢h(t”)+2¢h( = 1), where ¢ can takeu or T.
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From Egs. (3.1) and (3.2), we obtain
(wh,vi) +At |a(ul,vy) =d (v, p}) |
— (ul,v;)+At [(f(tl ) Vi) =KV (T, v, —b(ug,ug,vh)},

(3.3a)
d(uj,qn) =0,
(T )+ AL(TE ) = (T0, ) + At (g (1), ) = B(w), TV, ),
(uy,vy,) +At Ea(u{l’,vh) —d(vh,pﬂ)} = (uZ‘l,vh)
—|—At[(f(tn),vh)—%a(uZ‘l,vh)—sz(jTZ,vh) —b(uy v,
d(w;,41) =0, (3.3b)

(T;;,lph)JrAt%ﬁ(T;;,zph)

= (T3 )+ At | (R (k) ) —

For the given (u%,T,?) € X, x Wy, set
A(Ty n) = (T ) + Ata(Ty, ).

Taking ¢, =T} in A(,-), one finds that

AT ) —b(w LT )|

N| =

ATy, Ty) = I Ty 5+ AtPr = (| VT 15 > al| Ty |13,

where « =min{1,AtPr—'v} and A(:,") is coercive. Hence, the third equation of problem
(3.3a) has a unique solution T,} eW,.
Furthermore, for the given (ug,Tg) € X;, x Wy, denote

B(wy,vi,) = (w,vy) +Ata(wj,vy).
Then the first equation of problem (3.3a) can be rewritten as
B(uj,vi) —Atd(vy,pj) = (uj), vy,) + At [(f(tl)/vh) —xv? (T, Vi) — b(ug,ug,vh)} :
Choosing v, =u} in B(+,-), we obtain
B(uy, wy) = [[w |5+ Atv|| V|5 > & uy 5,

where @ = min{1,vAt} and B(,-) is also coercive. While d(-,-) satisfies the discrete
inf—sup condition (A3), then the first and second equations in problem (3.3a) admit a
unique solution (u},p;) € Xj, x M. As a consequence, problem (3.1) has a unique solu-
tion (u},p}, T}) € X), x My X W,.

By the same analysis, we can establish the existence and uniqueness of numeri-
cal solutions in scheme (3.3b). It means that problem (3.2) admits a unique solution
(up,pl, T) € Xj x My, x W
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Theorem 3.1. Suppose that the assumptions (A1)-(A3) hold and the time step At satisfies

{ C'2At<1, u €VNL®(Q)?, Toe WNL*(Q), (3.4)

|logh|At<1, upeV, ToeW,

where ¢’ >0 is a constant, the numerical solution (u}',T})") (m =1,2) of schemes (3.1)-(3.2)
satisfies

m
a7, T |3 +min{v, Pr=tv} Y [lug, Ty [ TAE < G, (3.5a)
n=1
min{v, Pr v} |, T F-min {2, Pr202} || Ayad, AT R+ I R < (3.5b)

m
min{v?, Pr-2v?}|| Apu)!, Ay T) | 5At+min{v, Pr ' v}AL Y ||deuf), d T[T < Ch, (3.5¢)

n=1

with some positive constants
Co= |l T3, Ci=min{v,Pr- v} |ud, TR and Cy>Cj,

all these constants depend on the data Prl vk Q, /inal uo, To, fand g.

time 7

Proof. For r=0,1, taking v, =2Aj}, ,11At € Vi, Y =2A; TlAt €Wy, g,=01in (3.1) and v, =
AhuhAt € Vi, Yy =24, TzAt € Wh, g, =01n (3.2) with n =2, respectively, we get

(dru),2A ul At)+a(u},2ATul At)+b(u),ul),2AT u} At)

= (f(t),2A7u} At) — V2 (JT) 2 Al uj At),

(di T} 2ALTIAL) +a(TL2A; TIAY) +b(w), TP 2 AL TEAL) = (g (1), 2 A TLAL),
(dp2 2AT W2 At +a (Tl 2A7uAt) +b(u),uf, 2ATu2 At)

— (£(t2) 247 u2At) — k12 (T 2ATW2AE),

(diT2,2A] T2AL) +a(Ti,2A{ZT§At) +b(u}, T} 2A; T2At) = (3(t2), 2A1 T2AL).

Thanks to Lemma 2.2 and the Cauchy inequality, we have

[ (12— [[uf |2+ || dewy || 7 A2 4-2v|Juy |12, At
<v|[ul|2, , At42v 120 |1£(t) 1208 +2Kk203920 || TO| 2 At

—2b(uj,up, Ajuy)At, (3.6a)
||T/1 17 = ITRII7 +11de Ty FA +2Pr v || T |2, At

gEprlv|yT,}||3+1At+zpm1 20771 g (1) |20t —2b(ud, TO, AT TH) AL,
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IIuillz—Hu}zll%rHaltuinAt2 (IluhHrH | ||2, 1) At
y|uh||,+1At+16u—1 2(1-7) ||f(t2)|ygAt+16k2 302070 Th |12t
—Zb(uh,uh,Ahuh)At

1% _ 21 21
g!luhlly+1At+16v L2011 (k) |28t +16K20392 07 || Ty |24t
—2b(u},u},Alu )At+2|b(uh,uh, rul)|At,

p—l (36b)
T2 =Ty P+ Nl de TR |7 A8+ TR 7 = T 17,0 At
Pr 1672077
< HTZHMAHOng(tz)H%At—%(uh,TﬁfA’Tz)A
2(1-7)
P 16 _
< IITZIIMAHPOiIIg(tz)||%At

—2b(uh,T,},Ar T2)At+2|b(ud, TP, Al T?)|At.
For r=0,1and i=1,2, using Lemma 2.2, (2.2a) and (2.4), we obtain
26{)/2(1—7’)
2|b(whup, Ajw, )| A < o Huhll +1At++|10gh\rllu2\|%f/ weV,
2[b(uj,up), Ajuj, )| At
< 2(((0) —wo)- V), Afu)) | At + | (dives) (u) — o), A, ) | At
+2|((ug- V)ul), Al ul)) |At+|(divu) -ug, A} ul )| At
<cllu) —wollolluf 1| Ajw, [l LAt +cl[uo| = w1 | Afu oAt

v oo
< 2w 17 Atc(| Vo [[§+[luolF+) [wp AL, uoe VAL®()?,

OO

2b(wj, wy, Ajui) A< o HuhH bt g < Apub|Bat+clul 3} [{At,
2|b(ul, T, A T) | At
<Crg " Nogh|" 2wy ll1 | TR 11 I Ty |1 At

Pr v C (2)(177)
Pr—lv

T3 741 08+
2|E(uthh/A;zTh)’At
<2|(((uy—wp)- V) T}, AT, | At+ |(divup (T — To), A} Tj,) | At
+2[((up-V) TP, Ay Th) | At+| (divul)- Ty, A} Th) | At
<cllup—wollol| T ll1 | AR T ll LAt +cllwol| = | T 11| A} Th lloAt

Pr_li/ ; oo o
< M7 dt+e (| Vuol[§+ [luo[-) I THITAL - wo€ VAL®(Q)?, Tye WNL(Q),

logh|"|[wiIIITYI3AL (w0, To) €V XW,
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2|b(u}, T}, A T | At
3~ 4 1 1
<SCv Iwllg Il | Awai G TR -2 At

Pr Pr—ly

AT
T

Combining above inequalities with (3.6a) and (3.6b), one finds

< | Away [5AE+clluy 511 Ty 17 AL.

([ 17+ e [FAE2 +v w7, At

<[P +cllf(t)[GAt+cl TR IGA +cMr AL,
1T 17+ e TP AL+ Pr=tul| Ty |17 At
<|ITI+cllg(t)[[5At+cMiAt,

(3.7a)

1%
o 17+ e 172+ i 1744 T
v —
< ey 17+ 5 [ 1720 +vI Anw [T+ [ £(22) G
-2
+e|| TylIgT+cllug 5wyl T+cMiT,

Prly

I+ e T e + =

ITEI7 4T

Pr—ly
ine,

+elg(t2) G +ellw 3l TalliT+eMiT,

<|Tl7+ T+Pr v Ay |[§T

where

— (IVuol[§+[uollz=)llupll?, wo€VNLe(C)?,
[logh|" ||, wev,

M { [logh" [l [T T3 1, (o, To) € VX W,
=

(IVuollF+lluol <) ITRIIE, wo € VNL®(Q)?, Toe WNL(Q),

for r=0,1.
By the assumption (A3), applying Lemma 2.2, (2.4), (3.1) and (3.2), we obtain

IpullAt < c(lldrw 15+v || Ay I§+ | £(t) G+ TR 115+ M)A, (3.8a)
I l5AL < c(lldru |§+v || Apug||§+v || Apwy[[5) At
(| (k) I3+ I Thl3+ 1k 3 lluh 14+ My ) At (3.8b)
Furthermore, by Lemma 2.2, (2.4), (3.1) and (3.2), we deduce that
1 Ty |5t < c(Pr2v? || ATy 5+l (b)) 15+ M7) At
ld: TR 15At < c(Pr=2v?|| A TG+ | An Ty 5+ 1 (b2) 5+ lug G Ta I3 + M) At

As a consequence, under the condition (3.4), we complete these proof. O
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Theorem 3.2. Suppose that the assumptions (A1)-(A3) hold and the time step At satisfies

max{Cs,C3}At <1, weVNL®, THye WNL®, 39)
max{@,@}|logh]At§min{1,C2’2}, u eV, ToeW, '
where 63 = 12827(2)61/*5C1C2(1+C2), Cs :Pr563. Forall 1 <m <N, we have
|, T} 134+ min{v,Pr—v}At Z Huh,Th 13 < Co, (3.10a)
n=1
m
min{v, Pr'w}H[u), Ty [+ At Y (|| dia, i Ty 15+ || i 113
n=1
+min{v?, Pr2v2}|| Apail, Ay Tyl 13) < C, (3.10b)

m
min{v?, Pr 22} Ay}, AL T) At +min{v, Pr WA Y ||dyu), d, T} T < Co,  (3.10c)

n=1

where C; > Cl{, (i=0,1,2) are some constants depending on the data Pr-t v,k Q, Tt{;::l, up, Ty,
f8
Proof. We inductive method to prove (3.10a)-(3.10c). From Theorem 3.1, we know that
(3.10a)-(3.10c) hold with m=1,2. Then we assume that (3.10a)-(3.10c) hold for m=3,---,]—
1. We need to prove that (3.10a)-(3.10c) hold for m=].
Taking ¢, =2T;) Ate W}, v,=0, g, =0 in (3.2), using Lemma 2.2 and the following facts
—n 1 — —n— 1
Oh=Fr iDL Q=201 @h=0) T A+ S AL,
2(dey i) Ot = 193115 — 17 15+ | degpi [13AL,
— v _ _
2a(y, 9i) At =2 (195117 — |93 T +4]1 ¢ )AL, ¢ can take w or T,
prt _
(1T B+l i3ae) - (I

we have
2t)
+|d: T} HOAt2—|—2Pr’1vHThH%At
= (S (tn), 2Ty +d: TP A At+-b(u) 1, T, 24, T AP, (3.11)
Thanks to the Cauchy inequality and Lemma 2.2, one finds
|(3(tn), 2T, +di T) AL)| At

= 1
< Pr M| Ty Eat+ 5 |4 T 1368+ (5 o ) () 3

—_

2b(uy T AT |AR < ;Lc%w:*l)Hu;:*lulummomz

<CG(Ty™) IIHZ_lH?At2+§\|dtTZ7II%At2,
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where G(¢}) :42706”4)2 11| Anej llo, ¢ can take u and T.
Under the inductive assumption with m=1,---,] —1, we get

G(T; At <&oCl| T Y| AnTyloAt
§42P73/21/_3/2'yoGC%/ZCE/ZAtl/Z <prly

Combining above inequalities with (3.11), using the inductive assumption with m =
-,J—1 and summing the inequality from n=3 to n= ], we have

)
HT;{||5+PT_1vAt||TZII%+PY_11/N YT
n=>3

time
o<t<T/ Ml

time

Choosing v, =2up At €V, ¢, =0, g, =01in (3.2), we get that

<2+ P e At (4 o} )T sup [g(F+Cian (12

(dpal},2u) At) +a (@), 2ul At) +b(ul w7 2u) At) = (£(ty), 2ul At) — kv (T, 2u) At).
Thanks to the Cauchy inequality and Lemma 2.2, we arrive at

2|b(u) L uy )| Af=2]b(u) " ult dal)) | AR

1 1
< 3 GH )l oA < CG () [~ [BAR + [ 37,

_ 1 22 _
|(£(tn),2u) +dpuj At) | At < — HuhH At+1|\dtuﬁy|ﬁAt2+(%+At)Hf(tn)H%At,

— _ 1 292 _
V3|20 + draf AL | AL < 2[R0k + 4 | A+ (S04 at) | Ty B,
As a consequence, we obtain
1% _ v _ .
(I 13-+ i 15 ) = (o= 1345 w368 ) vy 3¢
275 - 2y
<(S04at) £t [Fae+ ( °+At)HThuéAt+cc< il AR,
where
Gul YAt <Py Cllul 1|1 || Apul Y oAt < 42032, CCL2Ch 2 A2 <.
Summing above inequalities from 7 =3 to n = ], we deduce that
Tz Vg 112 / _11(2
HuhHo+§lluhII1At+vAtZHuhlh
=3

v 292 I
Slluﬁ||§+§||uill%At+( °+At>Tﬁ"“ sup  [|g(t)]I (3.13)

time
0<t<Tfmal

time



1494 J. Yang, H. Liang and T. Zhang / Adv. Appl. Math. Mech., 12 (2020), pp. 1481-1519

275 LA 2
+ (S04 at) Y IThI3At+Cra (3.14)
n=3

Using Theorem 3.1, (3.9) in (3.12)-(3.13) to obtain (3.10a) with m =].
Secondly, choosing i, =2A, T, At € W, v, =0, g, =0 in (3.2), we get

(d: T 2A, Ty A + (T, 2A, T, A +b(w! L, T, 2A, T, At) = (3(t0),2A, T, A).  (3.15)
Thanks to Lemma 2.2 and the Cauchy inequality, one yields

2| (w; ™ Ty AT |At< ¢ GZ( “OIT R ART oAt
pr

< HAhTZII%AH Guy D ITy[FA

#

32Pr—ly

Pr—ly 1
AT RO+ o 3(t) I3

2| (Z(tn), AnTHAD)| <
Combining above inequalities with (3.15), we obtain

T =T33+ Pr | A Tyll5At
1 1 1 1 2
< Gl ) T A g RO

Summing above inequality from n =3 to n=] and using (3.12), we deduce that

I _
IT I3 +PrtvAt Y | AWTy I3

n==3

1
<—CPrv 4+

<% Tl sup [lg(0)IR+HITER (3.16)

o<t<T/
Thirdly, choosing v, =2A,u;At € Vy, q,=0, ¢, =01in (3.2), we get
(dru) 2A, W AL) +a(u), 2A ) AY) +b(u)! ~ ul Tt 2A U] At)
=(f(t,),2A5T At) — V2 (T}, 2 Ay} At).
With the help of Lemma 2.2 and the Cauchy inequality, one yields
n—1 _n-1 =N 1.1 n—1 n—1 =N
20b(uy w0 Apy) [t < 262 (w0 w1 || A oAt
1 _
AR [5AL+ 25 G (uy ) [ [TAE
_ _ . 4 _
2[(£(ta), AnupAt)[ < 7 HAhu”H%AH*IIf(tn) l5At,

sz%ﬂﬂhnm<nmm%mHﬁﬂmn
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As a consequence, we obtain

e l13 = ey~ 1% + vl Anig [5AL
1

_ _ 4 - -
<y Gl ) Bt () 3+ 4% T R

Summing above inequality from n =3 to n=] and using (3.13), we deduce

J
)3 +vae Y (| A3
n=3
22, €1 | 4 final 2 23]‘112
SH“kHH‘@*‘;TﬁmE sup £ ()1I5+4x>v> Y (| THI[GAL.
OStSTfmul n=3

time

Thanks to (3.9) and (3.10a), using Theorem 3.1 to (3.16) and (3.17), we obtain

/ _
(T IR +min{v,Prv}ae Y (A, ATh3<C, VI<J<N.

n=3
From (3.2), Lemma 2.2 and the assumption (A3), we deduce that
(P 15+ lldru [[5) At
<v?|| Ay |3+ Cof w311 Anwy~ A8+ | Ty A+ (1t [3AL,

e T 58t < Pr=2v?|| Ay Ty |15At+Covgllug IR AR Ty I5AE+ I3 (k) 54,

1495

(3.17)

(3.18)

(3.19a)
(3.19b)

Summing (3.19a) and (3.19b) from n =3 to |, using Lemma 2.1, (3.10a) and (3.18) and the

induction assumption, we obtain (3.10b) with m= .

Finally, choosing ¢, = 2AhdtT[11At2 € Wy, v, =0, q,=01n (3.2) and noting the fact that

¢ —(])Zﬁl =2(¢p, —(,DZ*l), ¢ takes u and T, we get

(di T 2A1d T AP) + (T, 2Adi TEA ) +-b (w1, T L2 A,,d, T AF)

=(3(tn),2A4d: T AL?).
Thanks to Lemma 2.2 and the Cauchy inequality, one finds
2(b(u Tt Apdi TEAR) | < CllAa ol AR Ty Hlolld: Ty 1 A
<5 M RAR+ 2803 A ATy AR,
(B(60) 244y TIAP) | < 2|V TH AL+ 2] 8(0) 347
Combining above inequalities with (3.20), we get

Prv([| ATy 5t = | AR Ty IGAD) + 14, T [FAF
<2Cgll Apuy MG ARTIEAL 2] () [FAL

(3.20)
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Summing above inequality from 7 =3 to | and using (3.10b), we deduce that

J
Pro|| AL T]3At+AR Y |di T2

n=>3

<2T/™ sup  ||g(8) |3A2+Pr || Ay T2|3At+CEPriv 4, (3.21)
ost<T/
Choosing v, = 2AhdtuZAt2 € Vi, ¥,=0, g, =01n (3.2), we obtain
(dru) 2Adial AF?) +a (W], 2Adrul AP) +b(u) w1 2 Ay diull AF)
=(£(tn),2Apdral A?) — V2 (T, 2 Apdrull AL?). (3.22)
Applying Lemma 2.2 and the Cauchy inequality, one yields
1o 1 . -
20b(wy ™ wy ™ Apdru) |AF < | e [FA +2C5 | Ay [0AE,
- 1 ~
2| (£(tn), Andyuy) |AF < || dvy [TAE +4] f(£) 1AL,
g 1 =
2] (T, Anden) | < | drolf R+ 4% [ T RAR
Combing above inequalities with (3.22), we get
v((| Anw |5 — [ Anw; =I5 A+ [ldruj AL
<2C3 )| Apuj DAL +4) f (1) [[FAL +4>v* | T, T8
Summing above inequality from n =3 to | and using (3.9), we arrive at
]
vl Ay FAt+AR Y | dra |13
n=3
final 2742 2 4\ T 2ag s O
T sup ||£(t)||TAS+4x7v Y || Ty || 1At +0 (3.23)

SVHAhu% H%At+4 time
n==3

0<t<Tfinal

— “time

Thanks to (3.9), (3.10b), using Lemma 2.1 to (3.21) and (3.23), we complete the proof of
(3.10c) with m=]. O
We end this section by recalling the following priori estimates provided in [31].

Theorem 3.3. Suppose that the assumptions (A1)-(A3) and (3.9) hold, it holds

I(ewer) Iz +min{v, Pr=rv}|| (e er)llz 1 A < CAFTY, a=-2,-1,0,1,

leyl[f<CAt,
where
1

=0, ey=gu(tn)—9f, @lakesuorT, e=7 |
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4 Error estimates

In this section, we present the errors of the numerical solutions ej; =uy,(t,;) —uj; and el =
Ty(ty) — T} in H'-and L?-norms and the error
ty

=az ), Prs)ds—py
n—1

in L2-norm with nonsmooth initial data. For all ¢ € [0, Tt{;f:l] and 1 <n <N, integrate (2.3)
from t,_; to t,;, we obtain

1 til 1 tn
(dpun () Vi) + 5 / " alugls) sz [ dvipu(s))ds

ty 2 ity
x| v s = [ e mas =5 [ (@ mis,
d(t,(tn),qn) =0, (4.1)
tn tn
ATt 0+ 57 [ AT s+ [ ) Tu(s) s
1 tl’l
= ai ) (8() s

For all ¢ € L?(t,,_1,tn; H?(t,_1,tn)), using the integral formula

Bt [ o= [ 5=t =s)puo)s
Subtracting (3.2) from (4.1), we get
((dseg,vi)+a(ey,vi) —d(vyep)+b(u, " ei "t vy)
+b(en ™ wy(tn1),vn) = (en, V1),
d(ey,qn) =0, (4.2)
(deef, ) +a(@, ) +b(w " ef ™" )
+b(ey ! Th(ta1), ) = (e nrll’h)/

where
1 Iy KV2 t .
(en, V1) :ZAt/tn_l(S_t"1)(tn_s)(f55'vh)ds_2At/tn_l(S_t”1)(t"_s)(]Thss’Vh)ds
1 tn 1 tn
+At/t,,] (S—tnfl)(t ) (uhss,Vh)dS+2N[711 (S_tn*l)bs(uh(S),uh<5),V}l)dS
Lot 2xv? [t
Toar ), (I )bs(uils)w(s) vids === | - (Ti(s),vi)ds
1t

+m - (S_t”—l)(t" _S)bss(uh(s),uh(s),vh)ds,
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tn
( nllph ZAt/n ) by 1)( )(gssll,bh dS+At/ [ 1)(t7’l_s)d(ThSS/lph)ds

tn

+2At/t:nl(s—tn—1)5s(uh( ), Th(s), lPh)derZAt ( n—8)bs (uy(5), Ty (s), ) ds
+21At/t:n1 (S_tn—l)(tn_S)Ess<uh<5),Th(S>,lph)ds

furthermore, we know that

bie (wy, (), ap (£),vi) = b (e (£) uy, (8),vi) + b (ap (t) e (1), vi) +2b (ape, wpe, Vi),

b (i (), Ty (£), 1) = b (e (£), Ty (£),9n) + b (i (), Tue (£),901) +2b (wpg, Tt )
Lemma 4.1 ([31]). Suppose that the assumptions (A1)-(A3) and (3.9) hold, for all 3<m <N,
the errors e, and e}, satisfy

AtY o' (tn)|| A, Pren, A, Prep|[§ < CAET, i=0,1,2,
n=>3

m . .
AtY o (ta) | Ay 2 Puen, Ay P Prel |3 < CAET, i=0,1,2,3,

n=3
m . .
AtY " o' (tn)|| Puen, Prey||§ < CAF, i=0,1,2,3,4,
n=3
mo .
AtY " o' (ta) || Ay *Pren, A}/ *Prel, |3 < CAFTY, i=0,1,2,3,4,
n=3

where
o(ty) <o(ty_1)+At<20(t), o(ty_1)<o(t), t€[ty_1,ta), 2<n<N.
Theorem 4.1. Under the conditions of (A1)-(A3) and (3.9), it holds

m
leit € I3 +min{v, Pr=rv} ey e [z At +At Y (I|dee diet||ZAt

n=1
+min{v,Pr-v}|elet|2, ) <CAt'™%, V1<m<N, a=-1,0,1, (4.3a)
m
l|e™, e ||* , +min{v,Pr~ 1/}Heu,eT||21At+AtZ(Hdteﬁ,dfe'%HZ_zAt
n=1
+min{v,Pr-1v}|[el,e4|?,) <CAL, m=1,2. (4.3b)

Proof. From Theorem 3.3, we know that (4.3b) and (4.3a) hold with m=1.
Taking v, =2AjeqAt € Vy, P, =0 with « =—1,0,1in (4.2), we get

(diell 2A%en At) +a(el,2ALel At)+b(u) 1 el 1, 2A%el At)
+b(eluy (ty_1),2A%0AL) = (e,,2 A%l At).
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Using
egzég—k%dtegm and e(’; e¢ 2dte4,At
where ¢ can take u and T, we obtain
HeﬁHi—Heﬁ’lenLHdtffﬁHiAterK(HeuHm—He” N2 +4llet]lz ) A
+2b(ep uy (ty—1), Afel) At +2b(ay, (ti—1), €, Afel) At—2b(es ! en ™!, Afiell) At

1
— b(dteﬁ’l,Eﬁ’l,Azeﬁ)Atz — b(Eﬁ’l,dteﬁfl,AZeﬁ)Atz — Eb(dteﬁ’l,dteﬁ’l,AZeﬁ)Atg’
v_ 1 _ a1 «
gg||eu||ﬁ+1At+E||dfeﬁ||§At2+81/ YA,Z Puen|[§At+16]| A en||5AL (4.4)
Thanks to Lemma 2.2 and (2.4), we have
2|b(eﬁ_1,uh(tn_1),Aﬁeﬁ)|At+2‘b(uh(tn_l),eﬁ_l,Aﬁeﬁ) At

1 1
:2‘b(eﬁ’l,uh(tn,l),AZEﬁ+EAZdwﬁAt) ‘At—i—z‘b(uh(tn,l),eﬁ’l,AZEﬁ+EAZdwﬁAt) ‘At
sz@youeﬁ*nanthuh( ta1)lol|e a1 A8+ Coollel™ lasa | Anun (tns) el 52

v
< Db A+ g el 28R+l Agu () I3 (el 1242 el 240t A,
2\b(éﬁ*1,éﬁ*1,A )| At

Vo _
< bl 1A+ e e ZAR 4l Aney Bl el 23+ ey e 20 Ar) A,
Ib(dyel e~ 1A AR+ |b(eh ! del 1, Ale) | AP

_16H allzr b+ IIdteullet2+CllAh€” Hallen™ —ea [z +llet ™ —ei2[IZ 1 A1) AL,

*|b(dt€ﬁ_l,dt€n_1,Aaén) |At3

_16H€ [eadt+ Hdten HEar +clley™ —eq 2 lillen ™ —ea 2l21A8, a=0,1,

f\b(dte"*,dtef;fl,A; en)|AL

< 16 = |[Enl3at+clleyt —en 2 e —eu 2 3Ar,

f\b(dteﬂfl,dtenfl,Azdteg)yAt4

1

_16Hdteu|\2At2 Te e AP el ey —ei ) Iflley ! —ei PR, a=01,
—|b(dte”_l,dte”_l,A,jldteﬁ) ’At4

1, . o 1 4 o
_16HdteuH21At2 el IGAE el An(en™ e ) llen —ea?1Tllen —ea AL,
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Forall 3<n <N and «=0,1, combining above inequalities with (4.4), we obtain
)2, Vi n-1y2 , YV n—1)2 5 n12 A 42
(Hew2+3lebli2 1a8) = (llet 12+ lleh 12,088 ) + 3 [ drel 2t
1., . _
—glldiey HEAL+veg]7. At
1~ _ v, . 1. _ Vi o,
<buo1 (lleb™ 245 et 13188 ) At (lleh 213+ e 22 088 ) At
a—1 @
+8v A, Puen||5At+16[| A7 Pren|[FAL. (4.5)
As o= —1, we have
1 _ 1% _
(lexli2a+5 llexligar) — (llea™ 121+ les~ 3a¢)
5 1 _
+§HdteﬁH2_1At2—gl\dteﬁ’lHz_lAt2+VHeﬁH%At

1%

1~ _ v, 1. _
<5bua (el M2 1+ S lle 388) At o (1le 212, +5

lew=2(3at) At
+16|| A7 Puen||5AL +c||drel 5O
a=1
+cllept —en 2 Flen " — el 2 (I5At+8v AT Prenll§AtL, (4.6)
where
by =c|| Apuy (ta—1) |3+l Al H[3+cllef ™t —en 2|+ cl| Ayl — el m2)|6Ar,
Cia=c||Aey " |5+cllep Tt — el AT+ cH () || Ap (el —ea?) [loAt

+eH(—a) || An(ey™ =y ?) [3lle™ e 21 7At.

Here and below, H(a)=1 for all « >0 and H(«a)=0 for all & <0.
Noting the fact that d,, = %(bn +Cy), by Theorems 2.2 and 3.2, we have

N
At) d,<C. (4.7)

n=1

Thanks to Lemma 4.1 and summing (4.5) from n =3 to m, we get

v o1 _
et B+ llet I s at+at Y (5 Idiehl 2at+v]ell, )
n=3
v 1 m—1 _ v
<Ilek 2+ lled 12 bt + g e [2AL24At Y do(llek 12+ lleh]12 1t
n=1

a—1
2

m 14
+v ALY (8]|A,7 Puen|3+16v| A7 Pren|[3At)
n==3

el 2,V 2 1
<At dy(llesl3+5 ek 2. at) +Car .
n=1
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For all 3<m <N with a =0,1. Using (4.7) and Lemma 2.2, we deduce that
ez 13+ e HAth (Glaetlzac+vlgilzg) <car—, @)

with a=—1,0,1, choosing i, =2A%et At € Wy, v, =0, g, =0 in (4.2), it yields
(diel,2A% e AL) +ﬁ(é’%, QA% AL)4-2b (el ! Th( no1), Akel) At
+2E(uh(tn7]) AheT)At_Zb(eu AheT)At—b(dteﬁ 1 AheT)Atz

1b(dte” ! dte’% L ALL) AL

—b(ei ! del !, Alelt) At — 5

=(en,2A567AL).
By Lemma 2.2, the Cauchy inequality and (2.2b), we obtain
21b(ey™ Ti(tn-1), Ajiet) | At +2[b(wy (1) €7, Ajer) | At
:2’5(3{‘;1,Th(tn_1),A ey A"‘dteTAt>’At+2’ (uh p1), e, AR 42 Aﬁdte’%At)’At
<2Colle lall AT (tn1) o l|EF s 188+ Crollel™ lasal|AnTa(tn-1) olldsel AP
+2C70ller " lall Anwn (tu—1) o 1F 188+ Cyoller llaa | Apun (a1 olldsef AP
<Pr /162210t +1/16] e |70 +-cl| Ay (b ) B (e

Prlv
o llet2.a0) At

1, )
He” 2 188 Atcl AuTr (1) I3 (e 13+
]b(dte” 1 e JARY | AP+ b Jdel” L A%eL)| A
V/16H6THa+lAt+c”AheT HiEles™ —et™ 2||2+I\e”‘1—6$‘2||i+1At)At
+1/16Hdte’%HzAtzwllAhEﬁ*lH%(He’% —er 2 |itller —er 221 A0 AL,
2lb(ey 5 Afer) At
Prtv/16||e4||2 At +1/16||delt] |2 A1
+ell gy F(ler e 2R+ ller et 2R at)AL,
—\b(dte” Ldiel™!, Ajel)| AP
SPr‘1V/16H etll3 1At +1/16] ey [ZAE +cllef ™
—ey e~ 2R AR, a=0.,
Tz e _
1b(eey ™" dier ™, Afdier) | At
<1/16||dse |20 +1/16]|dsels ||2A2 +-c|| Ay (el !
—ey 2)lloller™ —er?[Z 148, x=0,1,

1

2|b(dte” Ldet 1A Ten) | AP
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<Prlv/16][e}|3at+cllen "t —ei 2Rl — el 2 3Ar,
1.~
*|b(dten_l,dﬂ?_l,A_ldtei%)|At4
<1/16||dteT|]21At2+1/16|\dte “13A8
+el|Ap(ey ™ —ea ) Gller " —er 2T len —eh 25,
2|(e n/AheT)’At

Pr-ly _
< 3 HeTH 1AH‘ ||‘7lt3THzAt2

+8Prv YA, Phen||0At+16||A,§e;||5At2.
Then, for all 3<n <N with « =0,1, one finds
Pr~
(r|e';~||2+T||eTH 18) = (e B+ Y e 12,

*HdteTH Atz—*lldte Yz Af2+PflVH€TH 110t

~ _ _ 1. _ Pr _
< (e R+ e ) a4 2o (e 22+ T2 0t ) At

2
212 Prtv 1 1 4T 2
el AnTi(tn ) B(1e 1R+ 2 el 12100t 48P A4, Bre 3
el A B (e — e 22+ e el IR A At 16 AFPre [3AR, @49)
and with « = —1, we have

Prly Pr—ly

(HETHZ1+ HeTuéAt) (s 12+ —5—lleh " 13t
+fudte'%nmﬂ—f||dte';-1||2_1At2+Pr-1v||é'%||3At

Pr~ Pr~

1~ 1
b (Jeg 1+ 2 ey 1H%At)At+2cn 2 (lley 211
el AR el 1 er 2 e i s
pr1

v e”—2\|§At> At

el ATl ) I3 (e 121+ = leb  I3aE) At+8Prv 1| A, Piel 3

+cuAhé';-1||%(||eﬁ-1—eﬁ-2||2_1+||eﬁ-1—eﬁ-zuom)At+16||A,sPhen||oAt2, (4.10)

where

b1 =cl| Ayuy (ta—1)IF+cl| Anei 5+clled™ —ei I +cll Aned™ —ea ) lI3a,
Cna=c|lApey [+clles™ —ei 2t +cH (@) | Ap(ey™ —eg™) oAt
+eH(—a) | Ap(ey™ —ey ) [§ller " —er2[I7At
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Noting d,= %(En +¢,), using Theorems 2.2 and 3.2, we have

N ~
At) d,<C. (4.11)
n=1

Applying Lemma 4.1 and summing (4.9) from n =3 to m, we get

Pr—ly _
e I3+l 12 HAth (5 ldich 2t +Pr v e 2.

22, Prtvi o 2112 A g2 = (2 PrTV
<N+ T 2,180+ g ldich 2 8t S 8 e+ 2 e o)
2 _ Pr v
e 3 ATt DB (llew 2+ e 121 ) At
n=3

m
+c2||Ahé'%—1u%(||e::-1—eﬁ-2||§+ne:;—1—ez-zniHAt)At
a—1
+Prv‘1At2 (SHA 2 henH0+16P1’_1vHA2PhenH%At)
<At Zd (|eT||2 TVHe'%HiHAt)-l-CAtl_“.

For all 3<m <N with a =0,1. By Lemma 2.2 and (4.11) to above inequality, we get

pr1 _ _
e 2+~ e +1At+At2(f||dfeﬂ|2At+Pr W2, ) <Cant @12)

=3
Substituting (4.8) into (4.12) obtains (4.3a) with « =0,1. From (4.3a) with « =0, one finds
m
AP Y |ldrel dief [ < CAL,
n=2

Finally, we deduce (4.3a) for « = —1 by using (4.6) and (4.10). O
Theorem 4.2. Under the assumptions of (A1)-(A3) and (3.9), for all 1 <m < N, we have

ezt et |2 o +min{v, Pr=v} ey eff |24 At

m
1
ALY (Eudteg,dteg”% LAt+min{v, Prlv}|e", | 1) <CAP.

n=1
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Proof. Firstly, taking v;, = ZA}TZeﬁAt € Vi, q,=0, P, =01in (4.2), we obtain

et 2o —llew™ 12+ 1 drel ]2 208+ (Heu!l2 —lleat 12 1)At

+-2v|[et||* At+-2b(e ”’1,uh(tn,1),A U)AE+2b(wy (te1),€h 1 A, el At
—2b(ent e A2l At —b(el !t diel T AL el AR
1
—b(dte”_l,éﬁ_l,A; eﬁ)Atz—Eb(dteﬁ_l,dteﬁ_l,AEZeﬁ)AtS
=2(eq, A, 2el)At. (4.13)
Noting the fact that

1 1
eg = dte(’;At—l—eg’l, eg zég—l— EdtegAt, eg’l :Eg, — Edte(’;At, ¢ takesuor T,

and using Lemma 2.2, the Cauchy inequality and (2.2b), we have
2|b(elt uy(tao1), A} 2diell) [AP+2|b(wy (b1, €, Ay 2diell) | AP
<2Cryollel™ | -1 Apun (ta—1) lolldsey || 20£
1 _
<gelldenl oA el Ay (taa)llollen ™ (121082,
Zlb( n-1 uh(tn 1) A -2 n 1)|At+2|b(uh( n— 1) -1 A -2 n 1)‘At
*I!eu”|!21At+*Hdteu||21Af3+CHAhuh( a1 l3llea™ 12248,
1
g

2]b(E”_1,E”_1,A_2dte”)|At2g — |\dsel||* LA 4|32 Y12 AL,

20b(ey ey LA ey 1)|At<Cvo||E” Hl-allAney lolleq ™" -2t
fHe” M2y AttcllAyeg [ lle 12208,
b(deel= 1 et A 2 del) | AP+ |b(el diel ™t A, 2del) | AP

< el o0 el Ay Bl —el 21168,

|b(dt€n 1’ n— 1A 2 n 1)|At2+|b( n— ldten 1A 2 P 1)‘Af2

S*HdtenflHz_lAt‘o”rCHAh?”*lHo!le”*lﬂzszf,
E!b(dte” 1 el 1 A 2dte )]At4< C')/oHdte” 1H ||deel™ 1“ Il deel|l LA
1 _ _
RHdtequzAtZHHe’l T—en 2Rl deel 15AE,

1 P _ _ _
Slbdiey " dieg ™!, Ay 2ey ) |AE < 2Coyolldiey lolldeey [ leg " | 248
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1
<gldei [Gat el dey [ llen " (12208,

/t" (s—tu-1)(tn )(fss,A (dteﬁAtﬁ—eﬁ’l))ds

fh—1

1 _ b
< g lldiellP AR+ el 2 o0t +ent [ (6Bt F)ds

n—1

tn
KVZ/ (S - tVl—l ) (t” _S) (]'ThsszA;?2<dteﬁAt+eﬁil))ds

tp1

1
< qe el oA ey 28t oA [ ([T 3+ 8] Tos )

n—1

tn
sz/ (jTh, A}, > (deei D+~ 1) )ds
n—1

1
<qelldiel22A8 + ey 1IIZzAtﬂLCKZV‘*AtS/ (I Tl[5+At]| Ty 13)ds

n—1

A / " bs(up(s),up(s), A 2 (dre At -+ 1)) |ds

tp—1

_ b
SC’YoAfZ/ (llns =1 [ Apwllo-+ 1w llollwns 1) ds (lldee ]| 2+ lleg ™ [ -2)

n—1

1 _
glldtequzAtzﬂ/ (Il Apun I+ us [[5)ds]leg 12 2

n—1

e [ [(A1+AP] A ) sl 21+ (AP o ) s 3]

]

/tn (s—tnu—1)(tn—s)a(upss, A} ( dte”At+e ))ds

tp—1

1 v, tn
< ldiel oA P+ S a2 At [ (AR s [+ At g 21 s

n—1

ty
A2 / s (A2 (dre At +¢" 1)) |ds

tn—l

%Afz/t (llwnss |- [| Anpllo + l[wns lo T wns 11 )ds (| dreg | -2+ lleg™ [ )

n—1

1
< liehlZanrve [ (L aul+ sl asles 2

n—1

ty
+CA1‘3/ (DA || Ay ][§) [ nss |21 + (At +AF | uys [15) [ wns | [5] s
n—1

For all 3 <n <N and using the above inequalities with (4.13), we get

1505

v _ Vo 1 v, _
(llexli2 45 llewl2oa8) = (llew ™ 2o+ e~ I 1A8) + 5 et |2 A8 + - 242 At
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1~ v o _ _
<5 ;_1(Heﬁ”H2_2+§HEIT1||31At)At2+CHAheﬁ Sllen ™ —en 212 A +-cl ey |24 AF
+ellgg M glen  FAt+c(1+[lep " —eu 21D 1y [5AE +clldrey 2 AP

tn Vo i—n—
4 [ (AR R+ 8 [ (1 Ty At T D)+ 5 41218

n—1 n—1

tn tn
e [ (AP sl BBt w2 s+ 408 [ (1T, 3+ At Ty )

n—1 n—1

tn
e [ (A4 AP Ay 1) g 21+ (At AP [ 1) e 3]s

Fn—1

tn
AR [ (A AR Ay ) a2y + (56 A ) s 1], (414)

n—1

where

~ tH
bé_lZC(IIthﬁfllﬁAtJrHAhuh(tn—l)||(2)+HAh?ﬁ*1H%+AFl/ (Il Apupl I3 + l[s 15) s)-

n—1

Noting 6/1\;1 = %E,’V by Theorems 2.2, 3.2 and 4.1, we have

N
AtY d, <C. (4.15)
n=1

Using Theorems 4.1, 4.2 and summing (4.14) from n =3 to m, we obtain

v o1 _
et 12 o+ el 2 A+t Y (5 llded]2 At +vifz2, )
n=3
m—1 v
<At @(HeﬁHz_l—l-EHeﬁH%At) +CAP. (4.16)
n=2

Secondly, choosing ¢, =2A,, e At €Wy, v, =0, g, =0 in (4.2), it yields

3 Pr1ly N o
12— llef 12 o+ ldsel |2 A + (et 12, = [les M 12 ) At +2Pr My leh |2 At
+2b(el ™, Ty (tno1), A}, 2el) At +2D (wy, (F4—1) €8 1, A, 26l ) At

—2b(en ten A2 At—b(elt delt T A e ) AP

—b(deel et LA eT)AtZ—fb(dte” Ldelt ™1 A2l ) AP
=2(e), A, 2elt)At. (4.17)
Using Lemma 2.2, the bilinear term properties and (2.2b), we have
2b(el !, Ty (tn—r), Ay *deel) | AP +2|b(wy (ty—1),57 ", A} 2dielt) | AF

1 _ _
SEHdte'%szAfzﬂLCHAhuh(tnA)H%He'% Y2 A2 4| Ap T (te-1) 13 llen |12 1 AL,
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2|E(uh( n—1),€7 1 A ze? 1)|At‘

< Prly

20b(elt, Tu(tnun), A, Ze’; DAt

H?THz_lAtJr* ldee 121 A8 +cl| Apuy (£—1) I3 le7 |12 A8,

1, )
HeﬁHz_lAHgHdteﬁHz_lAt3+CHAhTh(fn—1)H%HE’% H2 At
.4 B 1 o o
2|b(ey" et 1/Ah2dt€’%)\Af2§*Hdte’%HEzAterCIIEﬁ HSller 3 A,
b2 A A< Y H’” 2 s At Apey I ler 1204,

|E(dt€ﬁ_1,?§l~_1,Ah_2dt€1%) |At3+ ’b( :11 1,dte’%_1,A;2dte’%) |At3

1507

1
< e ldiet|22A8 el Apergllen " —eq 12, A el Aney [lgller " —ep?[121A8%,

_ 1
|b(diey " e Ay Per ) |Ar < *IIdte"_l||31Af3+C\IAh?’%_1II%He?lHZ_zAt,

e dieh A2 |AR < < i 28 el Al Bl 224,

1,- _ _
T e N 1 L [ 1
1,- _ _ _

E|b<dte" L A2 AP < £ el At el el Rlel 208,

(s—ty-1) —s)(gss,Agz(dte’%AH—eg_l))ds

-1

tn
< E||dte'%||2_2At2+ et ||2_2At+cAt3/t (llgss |3+ At gss|13)ds

n—1

;\-\‘

tu 1
(s—=tu—1) (b —5)@(Tiss(5), Ay * (i€t At +21) ) ds

Prlv, o 3 [ 2 2
B2 A+ AP [ (| s |3+ At Ti |21 )ds
n—1

AP [ Bis(on(), Tils) Ay (st ) ds

tp—1

\

tp—1

< 16||dt€TH22At2

< s laetlZoalve [ (1T B+ T R)dslef 12

]

et [ [(A+APIATIR) s+ (A4 ] T ) s ]

n—1

ty
AP / 1B (wy (5), Ty (5), A 2 (dyelt At +-e"1) )| ds

n—1

el Zo80+c [ (LA [+ 1T )asle 12,

n—1

_16

tn
e [ (At AT el 21+ (A0 Ty |3) sl Flds
n—1
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Combining above inequalities with (4.17), for all 3<n <N, we obtain

(llet 12 _1At) - (He';fluz R
1 3Pr _ _
+§||dt5’?‘|2—2At2 || [ er 2 At

1~ _ _
<sb (eI !!21At)At+ o (lle 22 2|2 at) At
+cr|e?;1H%Hz’;ﬂu%At%cuAhez Bler " —ep 212 A +cPr v 12
el Ay Bllen —eu 2R AR +cldiel 2, A +clldrel |2 A8
elldiel BAF +cll AnTi(ta 1) [3lle 12,482
el — e 2 R el RAL +clldief I AL +cldie 2, A8
ty tn
+eB8 [ (g 3+ Atlge B)ds-+cAP [ (| Tius 3+ At Tl 21)ds

n—1 n—1

tn
e [ 1A+ AL AT ) g 1+ A+ AL Tyl ) s |31

tp—1

tﬂ
e [ (A4 AP AT ) s 21+ (At AR i) s, (4.18)

th—1

where ¢),_, =c||Apuy(ty—2) H%,
b,y =c(||deel 2 A+ || Ay (ta—1) |3+ A 13+ | A 113

+/t (ART MG+ Ts 1§+ 1 T 15) s + | A T (Fu—1) 113)-
n—1
With Theorems 2.2, 3.2, 4.1 and noting the fact that d/, = : (b, +¢,), we have

N ~
At) d, <C. (4.19)

n=1

Summing (4.18) from n =23 to m, using Theorems 4.1 and 4.2, we get

Pr
eI+ = 12 At -t 2 (5 dich 2500 +Pr v 2,
/ 2 P 2 3
<At2d (HeTH S+ HeTHOAt +CAPR. (4.20)
Using (4.19) and applying Lemma 2.2 to (4.16) and (4.20), we complete the proof. O

Theorem 4.3. Under the assumptions of (A1)-(A3) and (3.9), for all 1 <m <N, we have

(tm)Heu,eTHO—i—mm{v Pr- v}AtZU tn) ||eu,eT||1§CAt3.

n=1
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Proof. For all 3 <m <N, summing from n =23 to m, using Theorems 2.2, 4.1, 4.2, 4.3, and
multiplying by o (t,) in (4.6), we get

t m||2 —I—fv M2 At + At y ot 1 die’||? At+vl|e? 2
m) HeuH—l ZHEuHO Z (") ZH teuH—l 1/HeuHO
<At E (

~ 1%
+2A¢ Z duo(ty) (!IeﬁHZ_ﬁEHeﬁH%N)
n=2

ent = dte”AtH

ey dte”AtH At)+CAt3

m—1
~ v

<CAP+2At Y. dyo(ty) (||eﬁ||2_1+§\|eﬁ|\8At). 4.21)

n=2

For all 1 <m <N, applying Lemma 2.2 to (4.21) and using (4.7), we have
mp2 Vi ,m2 u 1 "2 —n |2 3
o(t) (el 1P+ 5 Nl 13at) + A8 Y ota) (5 Idrel 2 At +v|EilF) <car. @22)
n=3

Multiplying by o (t,) in (4.10) with « = —1. Summing from n=3 to m with 3<m <N, we
get

Pr= 1 1=
e T||%At)+mza t) (5 dse |2, 804t e 1)

n=

(b (41121 +—5—
m—1
gAté(

m—1
~ prt
+2At2dna(tn)(\|e’%|!31+ “lletl3at)

1 PrYv_ 2
eT~|—§dte’%AtH_1+T eT+§dte’%AtH0At)+CAt3

P

<CAP2A Z o (t) (HeTHZ Y H THgAt) (4.23)

Applying Lemma 2.1 to (4.23) and using (4.11), for 1 <m <N, we get

o (tn) (Nl 3at)
- 1 ni2 =1, 1151 (12 3
+At20(tn)(§||dteTH_1At—|—Pr 1/||eT||O> <CAP. (4.24)
n=3

Thanks to (4.22), multiplying by o(t,) in (4.5) with « =0, summing from n =3 to m with
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3<m <N, we obtain
my2 . Yym2 - 1 n|2 Sn |2
o (t) (el B+5 et Fae) +at Yo () (5 et Bat+v]ElR)
n=3
1
<AtZ(H 4o dte”AtH0+ 2" + = dte”AtH%At)JrCAt2
~ v
+2AtZdn(f(tn)(||63||%+§H€ﬁll%At)
n=2
2 o 2 Va2
<CAt +2AtZdna(tn)<|]eﬁ||o+§|]eﬁ||1At). (4.25)
n=2
For all 1 <m <N, by using Lemma 2.1 to (4.25) and (4.7), we have
m) 2 YV ,my2 - 1 2 —n |12 2
o(tw) (lles I3+ ller3at) +at Yoo (ta) (5 Idiekat+vileg|}) <car. @26)
n=3

For all 3<m <N, applying (4.24), Theorems 2.2, 4.1, 4.2, 4.3, multiplying o (t,) in (4.9)
with « =0 and summing from n =3 to m, one finds

71 m 1 B B
o) (e I3+ e} At)+Atza<tn>(§udte';-||%m+m lle )
n=>3

m—1
1
<At) <||eT+ dteTAt||0+ H T+§dte’;At||%At)+CAt2
n=2

m—1
+20t Y dyo(ty) <H3T||0+ > HeTul )
n=2

m=1 _
<CAP+2AL Y duo(ty) (HeTHO—i— H n|12A ) (4.27)

n=2
For all 1 <m <N, thanks to (4.11) and using Lemma 2.1 to (4.27), we have
w2, PP . L2 —1 (151 (|12 2
o (t) (15 5+ llef [7a8) + At Y o(ta) (5 Idseh [Fat+ Prv 25|} ) <CAP. (4.28)
n=>3
Secondly, taking v, =2egAt €V, q, =0, 1, =01in (4.2), we get

lruh<tn 1)€ )AH—Zb(uh(tn 1) u 1/eﬁ)At
Ssn—1 n)AtZ

u /

leg I3 —llet ™ I3 +2v[eg T At +2b(e
—2b(e" 1 e At —b(dse 7t

n—
€y
u e

1
—b(e" 1, dsel L AL — Eb(dteﬁ_l,dteﬁ_l,éﬁ)mg' =2(e,,el)At.
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For all 3<n <N, by the similar proof as Theorem 4.2, we obtain
legll5—llea™"II5+vIle 7t
< Sbu e BAk+seuallel 23A0
telley ™ —eh Pl llen ! —en 2TAR +8u || A, 2 Pren 5
Thanks to (4.22), (4.26), Theorems 2.2, 4.1, 4.2, 4.3, and multiplying by ¢?(t,) in above

inequality, summing from n =3 to m for all 3 <m <N, one gets

m
o (b) leg [§+vat Y o (tn) elld
n=>3

m—1 m—1
1 2 ~
<BAtY  o(t) Eﬁ+§dteﬁAtH +4A Y dyo? ()| €]l
n=2 0 n=2
m
et Y o2 () 14, 2Pt 3+ llen ™ —en 2[4 el™" — el 2]
n=3
m—1 __
<CAP+4ALY " duo®(ta)[|ei]l5- (4.29)
n=2

In the same way, taking ¢, =2eTAt € Wy, v, =0, g, =01in (4.2), we have

43~ 15" 13-+2Pr v [ |3t +2b(el ", Ty (bar) 25 A
+2b(uy (ty—1),e L) At —2b(eh el ) At —Db(deelt et el A

—ben el ”)Atz—fb(dte” Ldelt el ) AP =2(e),,eF) At.
For all 3<n <N, by the similar proof as Theorem 4.1, we obtain
e 15— llez 15+ Pr~v|le 1 7At
<Sbuillef  Batteler e 24 ef —ep 2 3ar

1 _
o cnalle 2 Bae+8Pr A4,V 2Rye) A

Using (4.24), (4.28), Theorems 2.2, 4.1, 4.2, 4.3, and multiplying by O'Z(tn) in above in-
equality, summing from n =23 to m with 3<m <N, we have

m
o (tw) € 5+Pr~ vty o (t)||et]3
n=3

m—1
<3At Y o(ta)

n=2

1 2 m—1 ~
ET—|-§dte’%AtHo+4At Y du? (ta) €13
n=2
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. 1/2
+eAt Y o2 (tn) [| A2 Pueh I3+ e —eu 2 Tller e 2|7 Ad]
n=3

m—1 __
<SCAP+4ALY " duo® (ta)||ef][5- (4.30)
n=2

Applying (4.7), Lemma 2.1 and combining (4.29) with (4.30), we complete the proof. [
Theorem 4.4. Under the assumptions of (A1)-(A3) and (3.9), for all 1 <m < N we have

m
o (tw) |leyt e 1T +min{v, Pr-tv}At Y o (ta) (||diey, diet|[5
n=1
+||Ael, Angh|3) < CAP. (4.31)

Proof. For all 3<m <N, using Theorems 2.2, 4.1, 4.2, 4.3 and multiplying by o (t,) in (4.5)
and (4.9) with « =1, summing from n =3 to m, we have

v 2 1 _
(b (el 1+ I Aneit [3AE) +At Yo () (5 e 3at+v] A ]F)
n=3
m—1
<ary (
n=2

m—1
~ v
< CAt+2At 2 Ao (tn) (||eﬁ||§+§|mheﬁ||gm),

1oy 2, v n|2 - ny2, v n12
eutpdieist| +2 [ Anel3ar) +Cat+2at Y- duo(t) (llehl3+5 | Anedlfat)
n=2

Pr 1 _ _
o(t) (Nl 13+ 1| Ane T||5At)+m za ta) (5 et 1308+ Pr 1o At )

1 1
<AtZ( ot~ dteTAtH — L Anefli3at) +Cat

nff n erilt retllo
+2At d (ta) (1] 2+ ||A nI2At
gCAt—|—2AtZd~na(tn <||eT||1+ ||Ah T||5At)
n=2

For all 1 <m <N, thanks to (4.7), (4.11) and Lemma 2.1, we deduce that
my2 , V m||2 & 1 ni2 —=n||2
o(tw) (et B+ 1| Aeil 308) +At Y o (ta) (5 Idsek Fat+v]| Azil}) <cat,  (432a)
n=3

2 1
o () (Nl 113 )+atYo(t) (5 diet At
n=3

Pr_11/||AhE’%||%> <CAL. (4.32b)
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Choosing v, =2deg At Vy, q;,=0, P, =0 with a=11in (4.2), for all 3<n <N, by the similar
proof as Theorem 4.2, we have

12, 5 1, o
vl —vilea I+ 5 I deei 5t — glldies " [5AE
v
2

In the same way, taking ¢, =2d;e At Wy, v;,=0, g, =0 with a=11in (4.2), forall 3<n <N,
it holds

v _ _
gibn_1||eﬁ YI2At+—cpq]|e2||3At4-16]| Pyen || At (4.33)

_ _ _ 5 1 _
Prtulle 3 —Prtullef R+ 2 ldiek I3at— g el At

_ Pr—ly _
bu-1llef T AL+ ——cnller 2|3 At+16]|Pyer,|[5A¢. (4.34)

Prly
<

Multiplying by o?(t,) in (4.33), using (4.26), (4.32a), Theorems 2.2, 4.1, 4.2, 4.3 and sum-
ming from n =3 to m, we have

m
vo? (b)|leg |[T+AtY o (tn) | dieg 13
n=3

é”+1dte”AtH2
Lol A | P

m—1 m—1
<4At Y dywo? () ||en||T+cAt Y vo(t,)
n=2 n=2

1 m
+vo(t) HeﬁH%ﬂLgUZ(fz) diegl[5at+cat Y o (tn) || Puenl
n=3

m—1
<CAP+4ALY " dyvo®(t)| b1 (4.35)
n=2

Similarly, multiplying by ¢?(t,) in (4.34) and summing from n =3 to m, by (4.28), (4.32b),
Theorems 2.2, 4.1, 4.2, 4.3, we have

m
vo? (b) [l |[F+AEY 02 (1) | deet I3
n==3

1 2
‘E’%JrEdte’%AtHlJrPr’lwz(b) ez 11

m—1
<cAtY vo(ty)
n=2
1, 2112 I 12 o /2
+g0 (t2)||dset|lgAt+4At Y dyPr—vo? () |lef [T +cAt Y o (ta)]| Prey Ilg

n=2 n=3

m—1 _
<CAP+4At Y d,Prve?(t,)| el |1 (4.36)
n=2

Applying Lemma 2.1 to (4.35) and (4.36), we deduce (4.31).
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Now, we provide the error estimate of p; with nonsmooth initial data. By (A3), (2.4),
(4.2) and Lemma 2.2, we have

llepllo <clldegllo+vleall+clleg" [l (llun(tu) 1+ llwy = 11) +cllexlo-
Thanks to Theorems 2.2 and 3.2, one finds
Ato? (t) [leylls < CAto? (tn) (ldieg 15+ g+ lle 3 +lenll3)-
Summing above inequality from 3 to m, by Theorems 4.1, 4.2, and 4.3, we get
m
At);_laz(tn)HegH%SCAtz. (4.37)

Thanks to Theorem 2.2 and the integral by parts, for all 1 <n <N, we have

o (tn) || pn(ta) — P |I5AE

tn
<20% (1) | el |3At+20% (1)

‘Ph(tn)_Alt/tn_lph(s)dsHiAt

t}l
<202 (t) el BAt-+88E [ 02(6) i (5) lods.
n—1

Finally, summing above inequality from 1 to m, for 1 <m <N, we deduce that
m
AtY " o (t) | pu(tn) —prlI5 < CAP.
n=1

Thus, we complete the proof. O

Combining Theorems 2.3, 4.3 and 4.4, we obtain the following main theoretical re-
sults.

Theorem 4.5. Under the conditions of (A1)-(A3) and (3.9), for all t,, € (0 T/ Z.ml] it holds

7 " time
() — 22, T (b)) — T 0 < C(0 L (b ) A 072 () 2), 1<m<N,
[tt(t) =, T (t) — T |1 < C (0 L (b ) At 402 (£ ), 1<m<N,
m 1/2
(8t Pt lp(t) —piIB) < C(at+h), 1<m<N.
n=1

5 Numerical experiments

In this section, we present some numerical results to verify the performances of the de-
veloped numerical schemes. In all experiments, the time-dependent natural convection
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problem is defined on a convex domain Q= [0,1]2. The mesh consists of triangular el-
ements that obtained by dividing () into subsquares of equal size and drawing the di-
agonal in each sub-square. The finite element spaces are adopted the MINI element for
velocity and pressure and linear polynomial for temperature. The UMFPACK routine is

used to solve the linear systems arising from the discrete algebraic systems. We set the fi-
nal time T;ZS:I =1, the parameters v, k, Pr are 1 and h=At. For comparison, the numerical
results of the following Crank-Nicolson scheme are provided.

Example 5.1 (The Crank-Nicolson scheme for the natural convection problem). Set the

initial solutions ug = uo,T}? =Ty, for all (vy,qp,¥y) € X x My, x Wy, Define the numerical

solution (u}},py, T}}) € Xj x My x Wy, n=1,--- N by
(druy,vy) +a(uy,vy) —d(vh,py) +d(ug,qn) +b(@, @, v,)
= (f(tn)/vh) _KV2 (jTZ/Vh)/ (51)
(T u) +a(Th, 1) +B(a], Ty 1) = (S (£n) P)-

It is well known that (5.1) is a classical second order nonlinear numerical scheme, we
use the Newton iteration to treat the nonlinear terms. The iteration stop condition

VI —llo+ 1T~ T lo <10

is used, uy, and TZ’ are the nth-level iterative solutions.

Firstly, we verify the established theoretical results of Theorem 4.5 with H'-initial
data. The boundary and initial conditions and body forces £, g are given by the following
exact solutions

uy (x,y,t) = gnsin% (nx)sin% (rty)cos(my)cos(t),

uy(x,y,t)=— g 7sin? (7tx)cos(mx) sin? (rty)cos(t),
p(x,y,t)=10cos(mrx)cos(my)cos(t),

T(x,y,t)= ;nsin% (7x)sin? (7ty) cos(mty)cos(t)

- ;nsin% (7tx)cos(mx) sin? (rty)cos(t),

where the velocity u= (u1,u7) and the initial data (uo(x,y), To(x,y)) € H' (see [18]).

In Table 1, we present the relative errors between the exact solutions and numerical
solutions of scheme (3.1)-(3.2). From these data, we can see that the relative errors of
velocity and temperature in H!-norm become smaller and smaller as the mesh refines,
and the convergence orders are O(h). The error orders of pressure are nearly O(h),
which show some superconvergences, the reason may lie in the smoothness of pressure.
Moreover, the error order for u and T in L2-norm is of the order of O(h'®) as the mesh
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Table 1: The numerical results of the Crank-Nicolson/Explicit scheme with H-initial data.

o ol pae VOl g D Rae
[ully [Vuly Il

01 0.067019 - 0.362041 - 0277928 -

005 00184204 18626 0.187497 09493 0.0900259 1.6263

0025 000565494 17044 00939339 09971 0.0302961 15712

00125 000186265 1.6022 0.0468949 1.0022 0.0104063 1.5417

000625 0.000674092 1.4663 0.0234641 09990 0.00373707 14775

At w Rate | .y o Rate  CPU®)

01 00326752 - 0.181239 - 145

005 000945539 17890 0.0906668 09992  7.03

0025 000294663 16821 0.0453439 09997  58.87

00125 0001018157 15331 0.0226746 09998  472.86

0.00625 0.000371619 14541 00113403 09996  4584.74

Table 2: The numerical results of the Crank-Nicolson scheme with H-initial data.

TV{u—uplo

P—pilo

At H_u i Rate v Rate Rate
0 uflo Irllo
0.1 0.0675168 - 0.323773 - 0.280633 -
0.05 0.0187475 1.8485 0.161803 1.0007 0.0891139 1.6550
0.025 0.00543686 1.7859 0.0837612 0.9449 0.0300184 1.5698
0.0125 0.00176032 1.6269 0.0429238 0.9645 0.0104925 1.5165
0.00625  0.000633639 1.4741 0.0228389 0.9103 0.00377609 1.4744
ae HEl Rae Tl Rae  cPUE)
0.1 0.0321728 - 0.181049 - 1.83
0.05 0.00936417 1.7806 0.0906609  0.9978 9.89
0.025 0.00284727 1.7176 0.0453435 0.9996 169.71
0.0125 0.000981062 1.5372 0.0226746  0.9998 1191.89
0.00625 0.000341612 1.5220 0.0113402 0.9996 16858.5

sizes reduce with H'-initial data, which confirms the Theorem 4.5 well. In contrast, the
relative errors obtained from the Crank-Nicolson (CN) scheme (5.1) are presented in Ta-
ble 2. Compared with Table 1, we can see that the accuracy of Crank-Nicolson/Explicit
scheme is comparable with that of the CN scheme (5.1) with the same time steps, but
the Crank-Nicolson/Explicit scheme can save 60% CPU time than the Crank-Nicolson
scheme.

Next, we consider the influences of the initial data for the numerical results, and
choose the following H2-smooth initial data.

uq (x,y,t) =27sin?(7rx)sin(7ry) cos(7ry) cos(t),

up (x,y,t
p(x,y,t) =10cos(7x)cos(my)cos(t),

~— —

= —Znsin(nx)cos(nx)sinz(ny)cos(t),
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T(x,y,t) =27sin’(7rx)sin(7ry) cos(7ry) cos(t)

—27tsin(7tx) cos(7rx)sin?(7ty) cos(t).

We present the relative errors of the Crank-Nicolson/Explicit scheme and the Crank-
Nicolson scheme for the natural convection problem with H?-initial data in Tables 3-4.
From these data, we know that the time convergence orders of velocity and temperature
in L2-norm of both numerical schemes are 2, which confirm the well-known theoretical
analysis [19] well.

Finally, combining the data provided in Tables 1-2, we can see that the relative errors
become smaller and smaller as the time step decreases. The higher smoothness of the ini-
tial data, the more accurate of numerical solution is obtained. The error decreases more
slowly as the time steps less than 0.025 with nonsmooth initial data, while there are no in-
fluences for the accuracy of numerical solutions with H2-initial data. Another interesting

Table 3: The numerical results of the Crank-Nicolson/Explicit scheme with H2-initial data.

N =l poe VO e P20 Rate
[allo [Vl ol
0.1 0.0690326 - 0.361623 - 0.280436 -

0.05 0.0172267  2.0026  0.181268  0.9964  0.0890037  1.6557
0.025 0.00420379  2.0349 0.0915812  0.9850 0.0299049 1.5735
0.0125  0.00107255 19706 0.0468918 0.9657 0.0102821  1.5402
0.00625 0.000267906 2.0012  0.0234581 0.9992 0.00360688 1.5113

V(T=TTo MT=T;To
At STl Rate TTls Rate CPU(S)
0.1 0.0374768 0.181012 1.78

0.05 0.00938669 1.9973  0.0906547 0.9976 8.72
0.025 0.00224005 2.0671  0.0453404 0.9996 79.11
0.0125 0.000582718 1.9437 0.0226721  0.9999 624.07
0.00625 0.000145659 2.0002  0.0113362  1.0001 5226.82

Table 4: The numerical results of the Crank-Nicolson scheme with HZ-initial data.

N ol poe VO o P26 Rac
[allo [Valg Iplo
0.1 0.0706045 - 0.323331 - 0.280751 -

0.05 0.0175661  2.0070  0.161824  0.9986 0.0889595 1.6581
0.025 0.00441545 19922 0.0821415 0.9782 0.0298910 1.5734
0.0125  0.00110449 1.9992 0.0424163 09535 0.0103573  1.5291
0.00625 0.000266768 2.0497  0.0218331 0.9581 0.00362797 1.5134

V(T-T;)To MT=T;To
At VTl Rate Il Rate CPU(S)
0.1 0.0368658 0.181034 13.627

0.05 0.00930105 1.9868 0.0906586  0.9977 222.52

0.025 0.00232981 1.9972  0.0453414 0.9996 1101.86
0.0125 0.000582625 1.9996 0.0226721  0.9999 6460.91
0.00625 0.000145651 2.0001 0.0113362 1.0001  21095.01
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phenomenon is the computational cost of solving the discrete algebraic equations. The
used CPU time with H'-initial data less than that with H?-initial data in both the Crank-
Nicolson/Explicit scheme and the Crank-Nicolson scheme. Therefore, we conclude that
the smoothness of the initial data has important influences on both the theoretical results
and the computational cost.
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